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ABSTRACT

The problem of motion of atmospheric waves superimposed on a basic state of no
motion and a constant temperature lapse rate has been solved. It is found that there
exists several vertical modes. For each of the vertical modes there exists several hori­
zontal modes, each moving with 8 separate speed and having a certain south-north
variation of the amplitudes of the geopotential, the stream function and the velocity
potential.

The solution is obtained by expanding each variable for each vertical mode in 8

truncated series of associated Legendre functions. It is found that the waves connected
with the first vertical mode behave 8S waves in a homogeneous fluid with a free sur­
face, while the waves connected with the second and third vertical modes move with
a much smaller speed. All waves move from east to west. The structure of the waves
is compared with the structure as obtained from atmospheric observations with fair
agreement.

The solutions are compared with the motion of transient, very long waves as ob­
tained from a quesi-geostrophic model.

1. Introduction

In a recent paper (Wiin-Nielsen, 1970, here­
after referred to as I) an analysis was made of
the motion and structure of transient, very
long waves in the atmosphere. The investiga­
tion was based on a perturbation analysis of
the waves superimposed on a basic state char­
acterized by no motion and a constant tem­
perature lapse rate. The main results of the
investigation described in I were that there
exists an infinite number of vertical modes,
each characterized by an equivalent depth and
each with a separate speed of propagation,
that the basic mode depends critically on the
lower boundary condition and can be described
as the divergent barotrophic mode, because it
corresponds to the mode present in a homo­
geneous fluid with a free surface, and that the
higher vertical modes are described with good
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approximation by Burger's (1958) equations
and by a simplified lower boundary condition
(00 =dp/dt = 0 at p =Po = 100 ob).

In order to keep the analysis relatively
simple, a beta-plane geometry was adopted in
I. The advantage of this approach is that it is
possible to obtain a formula for the phase speed
in a closed form, and it becomes rather straight­
forward to analyze the influence of the various
parameters which enter into the problem.
These parameters are the equivalent depth, the
width of the channel, the horizontal wavelength,
and the values of the Coriolis parameter (f)
and the Rossby parameter (fJ=df/dy). However,
it has been shown that the beta-plane approxi­
mation cannot be justified as a satisfactory
approximation when we are dealing with the
largest horizontal scale (Phillips, 1963). If we
want to make a more detailed comparison
with the observed motion in the atmosphere
than was possible in I, it becomes necessary
to replace the beta-plane geometry by the
more realistic spherical geometry. The main
purpose of this paper is to report the results
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of such an investigation. The investigation will
follow the same lines as in I, the only dif­
ference being the adoption of spherical geo­
metry.

where V: is a notation for the quantity in the
bracket in (2.5).

The horizontal flow will be described by a
stream function Vi and a velocity potential X.
In terms of these functions we have:

2. The model

The perturbation equations using the same
basic state as in I are

1 0Vi 1 »x
u~ ---+----

a orp a cos rp oA

where the notations are the same as in I except
that Ais longitude, rp latitude, and a the radius
of the earth. It becomes convenient to replace
the first two equations in (2.1) by the cor­
responding vorticity and divergence equations
obtained in the usual manner. They are

~ (o</» + i1w~O
of op

while C=V'Vi and V·y ~V'X·

As will be seen later our problem will be
analogous to the problem treated by Eliasen &
Machenhauer (1969) using a homogeneous
fluid with a free surface. To ease a comparison
with this study we shall adopt the same nota­
tions and scaling whenever possible. In agree­
ment with this statement we write the pertur­
bations of the stream function, the velocity po­
tential, the geopotential and the vertical veloc­
ity in the form:

Vi= Vim(rp, p) elmo.-el)

X~ iXm(rp, p) e1m(i.-el)

</> = 20 1'Jm(rp, p) etm(i.-et)

(2.6)
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(2.2)
It is furthermore convenient to introduce

the nondimensional phase speed

where the vorticity Cis:
'II me

8= -=
20 20

(2.8)

,. ~ __1_ (~ _ oU cos rp)
~ (2.3)

a cos rp oA orp

and the divergence V . v is:

V . v = _1_ (OU + oV cos rp) (2.4)
a cos rp oA orp

while V' denotes the spherical Laplacian

where 'II is the frequency.
When (2.7) is substituted in (2.2) and the

last two equations in (2. 1), and we furthermore
introduce the new coordinate f! ~ sin rp, we ob­
tain the following system of equations:

• • oVim V2 V'8V Xm+mXm+(I-f!)- + fl sVim= 1'Jm
Of!

(2.9)

[
1 0

2

1 0 ( 0)]
X cos'~ oA2 + cos rp orp cos rp orp (2.5) V2 oWm - 0

sXm + ep -
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where
gh

Q = 4Q2a2

where V: in terms of the new coordinate p is:

V2 • • (1 2)8Xm V2 • 0s s 'Pm + m'Pm + - P - + P • Xm =
8jt

An inspection of the first two equations in
(2.9) and equation (2.11) reveals that these
equations can be solved by a separation of
variables in the form:

It is a straightforward matter to eliminate
wm between the last two equations in (2.9).
These two equations are then replaced by the
equation:

R

am(jt)= L A(m,m+2r)P(m,m+2r,p) (3.1)
r-O

(3.2)

3. Numerical results

The series of associated Legendre functions
used in order to obtain appropriate solutions
to the system (2.14) are of the form

The system (2.14) is completely analogous to
the system solved by Eliasen & Machenhauer
(1969) for their case of a homogeneous fluid with
a free surface. In that case h is simply the depth
of the fluid which they took to be 8 800 m
resulting in a value of Q = 0.1. In the present
case we have removed the arbitrary choice of
the equivalent depth which is determined by
the solution of (2.13) as described in 1. These
values of h determine our values of Q in the
system (2.14).

Since the system (2.14) is completely equiv­
alent to the system of equations presented by
Eliasen & Machenhauer (1969) we shall adopt
their method of solution which consists of
expanding each of the variables tPm' Xm, and 7}m
in a series of associated Legendre functions.
The reader is referred to the paper by Eliasen
& Machenhauer (1969) for the details of this
procedure. It suffices to mention that each
series is truncated at a certain place which
determines the degree of accuracy with which
the eigenvalues are determined. While the
convergence of the series is rapid for values
of Q equal to 0.1, it turns out that the smaller
values of Q which correspond to the higher
vertical modes require more terms in the series
in order to give good accuracy in the determina­
tion of the eigenvalues. The numerical results
of the study will be presented in the next sec­
tion including a discussion of the meridional
structure of the waves.

where am can be either tPm, Xm, or 7}m' if am (p,)
is an even function of p" i.e., am(p,) is symmetric
around the equator. On the other hand, if
am(p,) is an odd function, i.e., antisymmetric
around the equator, we use a series of the form

R

am(jt) = L A(m,m+2r+ 1)P(m,m+2r+ l,p)
r-o

(2.11)

(2.10)

(2.12)

(2.13)~ (! dF) + ~F=O
dp a dp gh

'Pm(jt, p) = F(p) tPm(P,)

Xm(P, p) ~ F(P)Xm(P,)

7Jm(P,' p) = F(p) Tfm(P,)

2 8[ 2 8] m
2

Vs = - (l-p)- ---2

8p 8p 1- jt

2 2 2 8 (1 8fJm)VsXm-s4Qa - -= - = 0
8p C1 8p

if F(p) satisfies the equation:

2 .... 21 ay,m 2 .A 2 ""sVsXm+Xm+(l-jt )-+ pV.'Pm=V.7Jm
8p

QV:Xm+BTfm=O (2.14)
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where - (gh)-l is the constant of separation.
We note that (2.13) is identical with the verti­
cal structure equation found in I. The solutions
to (2.13), including the discussion of the various
boundary conditions, can therefore be adopted
without change from 1. We have therefore
from the previous investigation all the numeri­
cal values of the equivalent depths listed in
Tables 1-4 of 1.

Introducing (2.12) and (2.13) in the first
two equations of (2.9) and equation (2.11) we
get the following equations for tPm' Xm' and Tfm:
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Table 1. Successive approximations to the eigenvalues corresponding to Rossby waves (m -1,
Q =0.1)

'im R=O R=1 R=2 R=3 R=4 R=5 R=6

odd -278.69 -297.81 -298.03 -298.03 -298.03 -298.03 -298.03
even - 73.92 - 68.52 68.34 68.34 68.34 68.34 68.34
odd - 41.14 41.76 41.77 41.77 41.77 41.77
even - 29.99 28.48 - 28.46 28.46 28.46 28.46
odd 20.31 - 20.43 20.43 20.43 20.43
even 15.79 15.26 15.26 15.26 15.26
odd - 11.74 11.77 11.77 11.77
even 9.56 9.34 9.34 9.34
odd 7.56 7.57 7.57
even 6.36 6.26 6.26
odd 5.25 5.25
even 4.53 4.47
odd 3.85
even 3.38

In (3.1) and (3.2) P(m, 71, p) is the associated
Legendre function, while A(m, n) is the un­
known coefficient. It is seen from (2.14) that
if 'im and Xm are even functions of u, then ljJm
is odd and vice versa. R determines the point
at which the series (3.1) and (3.2) are truncated.
The minimum value of R is clearly R = O. We
would expect on the other hand that a larger
value of R would give a more accurate deter­
mination of the eigenvalues.

The basic equations (2.1) of the problem in­
dicate that we can expect to find eigenvalues
corresponding to gravity-inertial waves and
other eigenvalues corresponding to Rossby­
type waves. This was also clearly indicated by
the solutions presented by Eliasen & Machen-

hauer (1969) for Q = 0.1. In this study we shall
only be interested in the Rossby-type waves
although all eigenvalues were determined by
the numerical solutions of (2.14). The eigen­
values corresponding to gravity-inertial waves
are easily recognized from the numerical solu­
tion because they appear in pairs and have
large numerical values.

A fundamental problem in this procedure is
the numerical value of R necessary to insure
an accurate determination of the eigenvalues.
It is seen from (2.14), (3.1), (3.2), and the equa­
tions presented by Eliasen & Machenhauer
(1969) that R =0 leads to a cubic equation for
the eigenvalue. Two of the roots in this equa­
tion correspond to waves of the gravity type,

Table 2. Successive approximations to the eigenvalues corresponding to Rossby waves (m = 1,
Q =0.0039)

'im R=O R=1 R=2 R=3 R=4 R=5 R=6

odd -60.57 -116.96 -147.60 -157.54 -159.17 -159.34 -159.35
even -11.08 15.80 16.07 15.32 - 14.99 14.93 14.93
odd 4.65 6.88 8.41 9.03 9.18 9.19
even 4.39 6.22 7.08 6.97 6.77 6.72
odd 3.37 4.26 4.92 5.24 5.33
even 3.31 4.12 4.59 4.60 4.49
odd 2.87 3.39 3.67 3.82
even 2.84 3.27 3.52 3.50
odd 2.54 2.84 3.02
even 2.52 2.80 2.91
odd 2.24 2.47
even 2.22 2.43
odd 1.97
even 1.95

Tellus XXIII (1971), 3
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Table 3. Successive approximations to the eigenvalues corresponding to Rossby waves (m = 1,
Q =0.0018)

~m R=O R=1 R=2 R=3 R=4 R=5 R=6

odd -35.92 -79.86 -110.14 -126.79 -132.66 -133.96 -134.15
even - 5.72 9.70 11.02 10.85 10.43 10.22 10.17
odd 2.24 3.55 4.79 5.64 6.04 6.17
even 2.12 3.27 4.26 4.73 4.71 4.57
odd 1.69 2.19 2.73 3.16 3.14
even 1.62 2.13 2.63 2.97 3.06
odd 1.44 1.73 2.03 2.28
even 1.43 1.71 1.99 2.20
odd 1.32 1.51 1.69
even 1.32 1.50 1.76
odd 1.23 1.37
even 1.23 1.36
odd 1.15
even 1.14

while the third root is the first approximation
to the speed of one of the possible Rossby waves.
The next approximation will be R = 1 which
gives an eigenvalue problem corresponding to
a sixth degree equation. Among the six roots
of this equation two will correspond to Rossby­
type waves. In general, we get (R + 1) Rossby­
type wave speeds if the series (3.1) and (3.2)
are truncated at a certain value R. We shall
later be concerned with the interpretation of
the various numerical values by investigating
the meridional structure of the waves. How­
ever, at the moment we are mainly concerned
with the accuracy of the solution for given
values of Rand Q. As examples we present the
values given in Tables 1-3.

Table 1 gives the eigenvalues corresponding
to Rossby waves expressed as the wave speed
using the unit, deg. long. dayr", for the case
of wave number 1 (i.e., m ~ 1) and Q =0.1. For
each value of R we present all the eigenvalues
corresponding to both the odd and the even
case. The first column gives the symmetry of
the height field. From this it is known that the
velocity potential will have the same sym­
metry while the stream function will be of the
opposite kind. Furthermore, we have ordered
the eigenvalues according to their absolute
value. It is seen that if we are interested in
only the numerically largest eigenvalues it
would in this case be sufficient to select a
rather small value of R as was done by Eliasen
& Machenhauer (1969).

Table 2 provides similar information for the

Tellus XXIII (1971), 3

case m = 1, Q = 0.0039 corresponding to the
second vertical mode as described in I if the
lapse rate is 8.5°K km-I. It is seen from this
table that larger values of R are necessary to
provide sufficient accuracy. However, R = 6 is
sufficient to obtain the necessary accuracy, in
particular, for the numerically largest values
of the wave speed.

Table 3 is similar to Tables 1 and 2 except
that this table gives the various approxima­
tions to the eigenvalues for Q = 0.0018 corre­
sponding to the third vertical mode for the
same lapse rate. It is seen that the convergence
becomes slower as the value of Q decreases.
However, good accuracy is obtained for R = 6
for the numerically large values, and the re­
maining values are numerically small.

Based upon the information in Tables 1-3
and similar tables for other values of m and Q
(not reproduced) it was decided to use R = 6
for all calculations. All values of the wave
speed, expressed in deg. long. dayr", for m = 1,
2, and 3 and the values of Q corresponding to
the first three vertical modes (lapse rate:
8.5°K km-I) are given in Table 4. The values
for Q = 0.1 are naturally only an extension of
the wave speeds already considered by Ellasen
& Machenhauer (1969). We shall be interested
in the computed wave speeds for the second
and third vertical modes corresponding to the
values Q =0.0039 and Q =0.0018. With excep­
tion of the values in the first row in Table 4
we find relatively small numerical values of
the wave speed for these two vertical modes.
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Table 4. Values of the phase speed for Rossby-type waves in the unit: deg. long. day-' (R ~ 6)

Q ~0.1 Q ~0.0039 Q =0.0018

Height m=1 m=2 m=3 m~1 m~2 m~3 m=1 m~2 m=3

odd c, -298.0 -110.0 -57.3 -159.3 -70.1 -41.3 -134.2 -60.4 -36.4
even c, 68.3 46.9 -31.8 14.9 -14.1 -12.8 10.2 9.8 9.2
odd c. 41.8 29.7 -21.4 9.2 8.8 8.2 6.2 6.0 5.8
even c. 28.5 20.8 -15.6 6.7 6.5 6.1 4.6 4.4 4.3
odd c. 20.4 15.4 -11.9 5.3 5.2 4.9 3.4 3.4 3.3
even c. 15.2 11.8 - 9.4 4.5 4.3 4.1 3.1 3.0 2.9

08
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0.6

-0.6 -0.4

LOr-====~~
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waves in a system as simple as the basic state
employed in this study is naturally that one
obtains infinitely many wave speeds. The val­
ues listed in Table 4 are the wave speeds ob­
tained for the value R ~ 6, but if we increase
R we would naturally obtain additional values.
On the basis of the present analysis it is im­
possible to determine if all the possible waves
are present in the atmosphere, or if only certain
waves, excited by instability mechanisms or
heat sources, will dominate the atmospheric
flow. In an investigation to be published later
it will be demonstrated that some transient,
ultra-long waves are unstable when the basic
state has vertical wind shear. This investiga­
tion is based upon Burger's assumption and a
simplified lower boundary condition as dis­
cussed in 1.

From an empirical point of view we have
considerable evidence that only certain modes
of atmospheric motion are present with con­
siderable amounts of energy in the atmosphere.
The major evidence concerning the vertical and
meridional structure is given by Bradley &
Wiin-Nielsen (1968) in terms of empirical ortho-

Fig. 1. Normalized height field as a function of
It ~ sin rp for the first vertical mode and for the first
three Rossby waves. Symmetric case.

This result is in very good agreement with the
results obtained in 1. When we furthermore
recall that the values appearing in Table 4 are
computed under the assumption of no motion
in the basic state, we observe that all the
waves will move with a speed smaller than the
basic current.

The only investigation which has been made
up to the present time of the wave speeds of
the second and higher vertical modes is by
Bradley & Wiin-Nielsen (1968). The major em­
phasis in this study was on the vertical and
horizontal structure of the waves, and the
wave speeds were obtained by a simple visual
inspection of the variation of the phase angle
as a function of time. There is clearly a need
for an empirical investigation of the motion
of the waves in the horizontal fields related
to the higher vertical modes using a procedure
similar to the one employed by Eliasen &
Machenhauer (1969) based on quadrature
spectra. However, there is at least qualitative
agreement between the results given in Table
4 and those presented by Bradley & Wiin­
Nielsen (1968) because most wave speeds are
numerically small, implying that they will
move eastward relative to the earth when cor­
rections have been made for a basic zonal cur­
rent different from zero. It is furthermore in
agreement with the observational study that
the wave speeds for the second and third verti­
cal modes vary rather slowly with the longitu­
dinal wave number in contrast to the first
vertical mode which varies very markedly with
m, the longitudinal wave number. Finally, the
order of magnitude of the computed wave
speeds when corrected for the basic current
compares favorably with those obtained from
the observational study.

The major weakness of a study of transient

TelIus XXIII (1971), 3
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Fig. 2. As Fig. 1. Antisymmetrio ease.

genal functions and by Eliasen & Machenhauer
(1969) in terms of associated Legendre functions.
These empirical results can now be compared
with the theoretical results obtained here and
in 1. With respect to the vertical structure
functions a comparison was already made in 1.
We shall here be concerned with the meridional
structure of the waves whose wave speed was
given in Table 4.

For a given value of the wave speed we can
go back to the linear equations which came
from substituting the series (3.1) and (3.2) in
(2.14). Setting an arbitrary coefficient in the
series of associated Legendre functions equal to
unity we may find all the other coefficients in
the series for the geopotential, the stream
function and the velocity potential. It is then
possible to sum the series (3.1) or (3.2) for each
of the three variables for any value of p.. We
can consequently find am(p.) as a function of
latitude where u'm(p.) is either the geopotential,
the stream function, or the velocity potential.
Because there are three parameters (equivalent
depth, longitudinal wave number, and the com­
puted phase speed) in each case, it is neither
possible nor desirable to display all the latitu­
dinal distributions. It will suffice to give some
examples.

Considering the height field it turns out
that the normalized functions ~(,u) are almost
the same for the three longitudinal wave num­
bers m = 1, 2, and 3 for the same value of Q
and the corresponding values of the phase speed
C for the Rossby-type waves. For each value
of Q and m we have arranged the phase speeds
in a series of numerically decreasing values.
Such a series will be denoted Cll C2 Ca, •••, as in­
dicated in Table 4.

Fig. 1 shows the normalized distributions
~m = ~m(p.) for the first three values cI ' C2, and

Tellus XXIII (1971), 3

Fig. 3. Normalized height field as a funotion of
,u= sin rp for the second vertical m,ode and for the
first three Rossby waves. Symmetnc case.

C3 for the first vertical mode (Q =0.1) and for
the symmetric cases, while Fig. 2 gives the
analogous distributions for the antisymmetric.
cases. Fig. 3 (symmetric cases) and Fig. 4 (an­
tisymmetric cases) show the distributions for
the second vertical mode, while Figs. 5 and 6
correspond to the third vertical mode. The
curves in Figs. 1-6 are all drawn for m = 1 but
almost identical curves were obtained for m = 2
and m =3 (not reproduced) showing that the
meridional distributions are essentially inde­
pendent of the zonal wave number as also
found by Bradley & Wiin-Nielsen (1968) in an
observational study.

We notice furthermore that the position of
the northernmost maximum in all cases is
found further to the north as the index of c
increases. The distributions corresponding to
c = C have one maximum and one minimum in

I .
the symmetric cases, but only one maximum
in the antisymmetric cases for 0 < p. < 1.

The speed and structure of the waves con­
sidered in this study are obtained as perturba­
tion solutions using a basic state of no motion

-0.4

Fig. 4. As Fig. 2. Antisymmetric case.
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Fig. 5. Normalized height field as a function of
p, ~ sin g; for the third vertical mode and for the
first three Rossby waves. Symmetric case.

and a specified thermal stratification. Since all
the waves in this case are neutral, we have no
possibility to decide which waves may be ob­
served in the atmosphere. In order to judge
whether or not some of the waves appear in
atmospheric flow it is therefore necessary to
resort to observational studies. It was shown
by Bradley (1967) and Bradley & Wiin-Nielsen
(1968) using empirical orthogonal functions
that it is possible to recognize at least three
vertical and four meridional modes. The study,
based upon atmospheric data for a three­
month period, was unfortunately limited to the
latitudinal region north of 20° N. The first
three latitudinal modes obtained by Bradley
(1967) are given in Fig. 7 as a function of p, =

sin g; and normalized in such a way that the
absolute maximum is equal to one. A compari­
son between Fig. 7 and the theoretical curves
in Figs. 1-6 clearly indicates that there is con­
siderable similarity between the two sets of
curves. Bradley (1967) found that the meri­
dional distributions in the various horizontal
modes were essentially independent of the
zonal wave number. This observation was also

Fig. 7. Normalized height field as a function of
p, = sin g; for the first three Rossby waves based on
observations.

made in the theoretical study. He found,
furthermore, that the horizontal modes were,
for practical purposes, independent of the ver­
tical modes. This observation does not hold
true for the theoretical modes as can be seen
from Figs. 1-6. However, the main difference
in the modes is in the low latitudes due to the
fact that there are both symmetric and anti­
symmetric distributions. In the middle and
high latitudes there is great similarity between
the distributions of ~m(P,) for the various verti­
cal modes for the same values of c.

The meridional variation of the functions
tPm(P,) and Xm(P,) was also calculated. However,
because no observational study exists with
which a comparison can be made, these curves
are not reproduced. It is of interest to in­
vestigate the vorticity and the divergence of
the various modes. These quantities can be
obtained from the series expansions for the
stream function and the velocity potential. If
the expansion of the stream function is

R

tPm{P,)= L'I"(m,m+2r)P(m,m+2r,p,) (3.3)
1=0

we find that the vorticity is given by the
series

with an analogous expression for the diver­
gence expressed in terms of the coefficients for
the velocity potential. It is of special interest
to obtain information concerning the ratio of

~O.4 -02

Fig. 6. As Fig. 5. Antisymmetric case.

R

em(p,) = L (m+ 2r) (m+ 2r+ 1) 'I"(m,m+ 2r)
r=O

xP(m,m+2r,p,) (3.4)

Tellus XXIII (1971), 3
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Table 5. The ratio 0/ RMS-Values 0/ the dioerqence and the vorticity

Q~O.1 Q =0.0039 Q ~0.0018

Height m=1 m=2 m~3 m=1 m=2 m=3 m=1 m=2 m=3

{ c
l 0.044 0.027 0.015 0.092 0.130 0.123 0.095 0.150 0.159

even c. 0.016 0.013 0.010 0.030 0.048 0.055 0.027 0.048 0.059
c. 0.004 0.004 0.004 0.020 0.031 0.034 0.018 0.029 0.035

{cl 0.450 0.153 0.063 0.768 0.487 0.319 0.830 0.559 0.388
odd c. 0.047 0.037 0.024 0.074 0.125 0.140 0.065 0.119 0.148

c. 0.008 0.008 0.006 0.041 0.063 0.066 0.041 0.068 0.080

4. Quasi-geostrophic modes

are no observed waves corresponding to these
modes.

d [ • d l1m] m· (2n a·f~- (1- fl ) - - --.l1m - - + - 11m = 0
dTJ dl' 1 - I' c gk

(4.3)

(4.1)

(4.2)

oV'", ~ f2000 _ 2n 0'"

ot °op a' 0;'

This equation can easily be solved by sub­
stituting the perturbation expression for '"
listed in (2.7) into (4.2), separating the vari­
ables according to (2.12), whereby we obtain
(2.13) for the function F(p) and the following
equation for 11m

It is of interest to investigate to which ex­
tent the behavior of the transient very long
waves as found and described in the preceding
sections can be obtained from a quasi-gee­
strophic model because such a model is used
in some instances for diagnostic and predic­
tive purposes.

The quasi-geostrophic vorticity equation can
be written in the form

where fo is a standard value of the Coriolis
parameter. In obtaining (4.1) we have already
incorporated the same basic state as used ear­
lier in this investigation. Using the same form
of the thermodynamic equation as given in the
last equation in (2.1) one can eliminate 00 be­
tween that equation and (4.1) and obtain:

the order of magnitude of the divergence to the
vorticity in the transient waves, because this
ratio indicates whether or not the waves are of
a quasi-geostrophic nature. As a measure of the
order of magnitude of each of the quantities
it was decided to select the root-mean-square
values computed for the region from the South
Pole to the North Pole (-I';;;fl';;; 1). These
values were computed from the values of em
(fl) and bm(fl), when D = V'X is the divergence.

Table 5 shows tho results obtained for the
ratio of the RMS values of divergence and
vorticity as a function of the vertical mode,
the longitudinal wave number, and for the
first three Rossby-type waves. The numerical
values of cl , c2 , and c. can be obtained from
Table 4. We note first of all that the ratio is
smaller than unity in all cases. It is secondly
seen that the values decrease as the index of
c increases. In general, we find that the ratio
between divergence and vorticity is smaller.
than 0.1 for the second and third Rossby-type
waves. The exception is in the waves where m
is 2 and 3 for the second and third vertical
mode, and the height field is antisymmetric.
In these four cases we find values between 0.10
and 0.15. For the Rossby waves corresponding
to the speeds c. and c. we can therefore state.
that the divergence is about one order of
magnitude smaller than the vorticity. The
same statement cannot be made for the Rossby
wave corresponding to Cl in the case where the
height field is antisymmetric, in which case the
ratio may be as large as 0.8. These waves have
numerically large phase speeds as can be seen
from the first row in Table 4, especially in the
cases where the ratio is large. It should be
stressed that the observational study by Elia­
sen & Machenhaner (1969) shows that there
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Table 6. Values of phase speed for Rossby waves in deg. long. day-l computed from quasi-qeo-
strophic theory (8 = a2f;/gh)

8 1 =8.5 8 2 =46.3 8. =68.6

Height m=l m=2 m=3 m=l m=2 m=3 m=l m=2 m=3

even c1 -68.3 -49.5 -35.0 -14.9 -13.8 -12.3 -10.2 -9.7 -8.9
odd Cs -49.5 -35.0 -25.2 -13.8 -12.3 -10.9 9.7 -8.9 -8.1
even c2 -35.0 -25.2 -18.7 -12.3 -10.9 9.4 8.9 -8.1 -7.3
odd Cs -25.2 -18.7 -14.3 -10.9 9.4 8.1 8.1 -7.3 -6.5
even cs -18.7 -14.2 -11.2 - 9.4 - 8.1 7.0 7.3 -6.5 -5.8

It is seen that (4.3) has solutions of the form motion from east to west in the quasi-geo­
strophic case.

iim = A P(m, n, Il) (4.4)

where A is a constant provided the phase speed
c is equal to

where gk has values as obtained in I.
It is a straightforward matter to compute

values of c from (4.5). We note that the nu­
merical values of c are somewhat arbitrary de­
pending on the numerical value selected for f0'

the standard value of the Coriolis parameter.
In order to ease the comparison between the
values computed from (4.5) and those listed
in Table 4 we have for each value of m, the
zonal wave number, and of the equivalent
depth selected a value of fo which gives agree­
ment between the two values for the compo·
nent (m, m). The values of c computed from
(4.5) on this basis are given in Table 6. The unit
is deg. long. dayr'.

We notice that there are no quasi-geostrophic
wave speeds equivalent to those found in the
first row of Table 4. These waves were charac­
terized by a rather large ratio between diver­
gence and vorticity as seen from Table 5. The
comparison between Table 4 and Table 6
shows, furthermore, that the quasi-geostrophic
wave speeds are numerically larger than those
given in Table 4, indicating a somewhat faster

c=
20

aSf;
n(n+l)+ ­

gk

(4.5)

5. Concluding remarks

The main purpose of this paper has been
to extend the analysis made in I to spherical
geometry. While the vertical modes are the
same as in I, there are significant changes in
the horizontal modes, expressed here in terms
of truncated series of associated Legendre
functions. In addition to a determination of
the phase speed of the horizontal modes for
each vertical mode we have also investigated
the structure of the horizontal modes and ob­
tained a fair comparison with results based on
observations.

The present analysis gives the possible modes
which may exist in the atmosphere. However,
due to the simplicity of the basic state all
these modes are neutral, and a more realistic
basic state is necessary in order to determine
which modes will be dominating the atmos­
pheric flow. The comparison with analysis
based on observations indicates that the basic
modes in both the vertical and horizontal direc­
tions are present in the atmosphere.
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o ,D;BHIREHlUI PA3JIH~HhIXBEPTHRAJIhHhIX MO,D; HECTAnHOHAPHhIX YJIbTPA·
,D;JIHHHhIX BOJIH. ~ACTh II. C<I>EPH~ECRHllCJIY~All

PemaeTCII aanasa 0 ~BHmeHHH aTMoc«pepHLIX
BOJIH, HaJIOmeHHLIX aa OCHOBHoe COCTOIIHHe
nOKOII C nOCTOIIHHLIM rpaaaerox TeMnepaTypLI.
Hanneao, qTO cymecrayer HeCKOJIbKO BepTH·
KaJIbHLIX MO~. ,D;JIII Kam~oit nepraxansaoa
MO~LI cymecrayer HeCKOJIbKO ropHaOHTaJIbHLIX
MO~, ~BHmY~HxclI C paaJIHqHLIMH CKOpOCTIIMH H
HMelO~HX OIIpe~eJIeHHLIit MepH~HOHaJIbHLIi1 npo­
«pHJIb reOIIOTeH~HaJIa, «PYHK~HH TOKa H nOTeH­
~HaJIa caopocrea, Pemeaae HaXO~HTCII paano­
meHHeM Kam~oro rrepexemroro ~JIII Kam~oit

BepTHKaJIbHoi1 MO~LI B KOHeqHLIit PII~ no npH­
coe~HHeHHLIM nOJIHHOMaM JIemaH~pa. Han-
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~eHO, qTO BOJIHLI, CBlIaaHHLIe C nepaoa BepTH­
KaJIbHoit MO~Oit Be~YT cefia KaK BOJIHLI B O~HO­

PO~HOit mH~KOCTH co CBOOO~HOit noaepxnocrsro,
Tor~a KaK BOJIHLI, CBlIaaHHLIe co BTOpOit II
TpeTbeit BepTHKaJIbHLIMH Mo~aMH, ~BHmYTclI co
aHaqHTeJIbHO MeHbmHMH CKOpOCTIIMH. Bce BOJIHLI
~BHmYTclI C BOCTOKa aa aanan, Crpyxrypa BOJIH
xopomo cornacyerca Ccoornercrnyiontez CTpyK·
TypOit, rroayseaaoa no aTMoc«pepHLIM HaOJIlO~e.

HHIIM. PemeHHII cpaBHHBalOTclI C ~BHmeHHeM

aecranaonapasrx YJIbTpa~JIHHHLIX BOJIH, nOJIy­
qaeMLIX B KBaaHreocTp0«pHqeCKoit MO~eJIH.


