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ABSTRACT

A basic fluid state of vertical thickness h, static stability s a:nd rota~ion rate (//2) .is
perturbed by an arbitrary distribution of heat sources and sinks whiCh propagate m
the azimuthal direction with relative frequency w. If (/2 - w2) (w 2 - gS)-1 > 0 the forced
azimuthal perturbations pump kinetic energy and w-dire~ted angular m.om~~tum t~

infinite radii. At the mean radius of the heat sources there IS a com~ensatmg. to~que

which causes a mean spin of the air in the opposite sense to w: In ~hlS.generalizatlOn ~f

the "rotating flame effect" quasi-linear th~ory is ~sed.but VISCoslt;r IS neglected. ~t IS
suggested that the condensation-evaporatlOn heatmg m a developmg cloud acts m a
similar manner to these heat sources. An application to the problem of Tornado­
genesis is suggested.

1. Introduction

A weak mean rotation inside a cylindrical
pan of water can be generated by rotating a
flame around the underside of the pan (Fultz
et aI., 1959). This effect has geen attributed to
thermally induced vertical Reynolds stress
in a viscous fluid (Stern, 1959; Davey, 1967). In
experiments with mercury Schubert & White­
head (1969) have observed a much larger effect
-the mean fluid motion was four times larger
than the flame speed. They also suggested
that this effect can account for the mean
motion of the upper part of the atmosphere
of Venus, which is sixty times larger than the
rotation of the planet itself. Malkus (1970)
makes the interesting suggestion that even if
the length of the day on Venus were infinite,
a net momentum of the upper atmosphere
might develop as a finite amplitude instability.
A "small" spin of the upper atmosphere at
"time zero" could be amplified by the seperation
of angular momentum produced by the solar
induced convective effects. These ideas are
based on two dimensional models and neglect
the influence of the mean density stratifica­
tion which is immediately set up when a homo­
geneous fluid is subjected to horizontal heating
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and cooling. Kelly & Vreeman (1970) added
a basic static stability to the problem and
examined the generation of mean currents
when the heat source is moved at resonance
speed through a bounded layer of fluid.

The purpose of this paper is to extend and
generalize the foregoing work by including
some effects which are omitted and by neglect.
ing some effects which are known. In particular
we deal with an atmosphere which is bounded
vertically but unbounded in the radial (r)
direction. We postulate a source and sink of
heat which propagate at constant angular
velocity in the azimuthal direction. The
forced velocity perturbations are computed by
linear theory and the radial flux of angular
momentum is computed as a function of the
basic static stability, the mean rotation of the
fluid, and the differential rotation of the heat
sources. It is shown that as long as these
parameters are such as to permit a propagation
of (kinetic plus potential) energy to the far-field
(r = 00) then there will be a corresponding eddy
flux of angular momentum whose sign is deter­
mined by the rotation of the heat sources rela·
tive to the fluid. The variation of this momen­
tum flux at the radii of the heat sources gives
rise to a non-linear torque. The magnitude of
this torque is discussed for the case where
rotational restoring forces dominate over
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[- TmW' vr, vo, W, em p]

When (1) and (2) are substituted into the
inviscid BOUBBinesq field equations and the
result simplified, one obtains the following
separated set:

Vo vo(r) cosnz/h

Vr vr(r) cosnz/h

p =Re p(r) cosnz/h el(m!+wt)

W iw(r)sinnzlh

tp tp(r) sin nz/h (2)

(3)

(4)

(5)

(6)

(7)

. dp
~WVr - fvo = - dr

inp
iwvo + fVr = -­

r

wtp-8w=eQ

1 d in in
- -rv +- ve+- w=O
r dr r r h

where e denotes the amplitude of the heating
function and !i.T is the amplitude of the fluc­
tuations in potential temperature which it
causes; T m is the mean absolute air tempera­
ture; h is the vertical (z) half-wave length;
Q(r/R) is an arbitrary radial (r) dependence;
R is the mean radius of the heat source; and
n ;;. 1 is the azimuthal (0) wave number. At
any fixed (r, 0, z) point there will be cor·
responding fluctuations in potential tempera·
ture, radial velocity, azimuthal velocity,
vertical velocity, and pressure given [respec­
tively] by:

where em is the mean air density and p is a
normalized pressure, just as 1/J is a normalized
potential temperature. It is easily shown that
the spatial dependence of these fields, corre­
sponding to the form of heating assumed in
(1) and consistent with the linearized inviscid
BOUBBinesq equations, are:

2. Energy and momentum flux in a
differentially heated fluid

gravitational restoring forces. This situation
might occur inside a large thunderstorm. It is
suggested that the angular momentum of the
Tornado is supplied by the "mother cloud" as
it pumps oppositely directed angular mo­
mentum to the far field.

There are two basic considerations involved
in the "rotating 'name" effect. If horizontally
adjacent regions of a fluid are heated and
cooled, with no secular drift in mean tem­
perature, then in the statistically steady
state the total momentum flux due to edddies
and viscosity must balance. Past and present
theories indicate that counter-gradient Reynolds
stresses are ubiquitous features of such differ­
entially heated fluids, and the mean flow which
develops is balanced by other effects which
transport momentum down the mean velocity
gradient. However, previous theories give no
qualitative insight into the direction in which
the stresses act. Under what conditions is the
mean motion in the opposite direction to the
motion of the heat source TIt will be shown in
this section that the sign of the Reynolds-stress
is determined by the energy flux. The latter
is determined by the inertial properties of the
unbounded basic fluid in the present problem,
and by the energy requirements of viscous
boundary layers in some previous models.

Consider an ideal BOUBBinesq gas with uni­
form static stability (8) which is at rest in
a coordinate-system rotating with angular
velocity (//2). Different regions of the fluid
are now heated and cooled, by mechanisms,
left unspecified. In addition these heat sources
rotate around some fixed point with relative
frequency w. This forced field of diabatic
heating may be parameterized by the sub·
stantial derivative of the potential temperature
of each individual parcel of air. Denote the latter
quantity by the real part of [called "Re"
hereafter]

. (r). nz t-MTmQ R sIDhel(m!+W) Eqs. (3) and (4) correspond to the horizontal
momentum equations with the Coriolis force
included; (5) is the separated vertical mo-

(1) mentum equation containing the effect of
potential temperature fluctuation (- T m1/J);
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(6) is the linearized first law of thermodynamics
and (7) is the mass continuity equation. Note
that the vertical velocity in (2) satisfies rigid
boundary conditions (w =0) at z =0 and
z =h. From (3) and (4) we obtain

By similar procedure we can also compute
the "pressure-work" integral (W) as follows:

nwp dp
Vo= -+f-

r dr

f2 -002

vr = ( - i) [nfP + 00dP]
r dr

f2_ W 2

and from (5) and (6) we obtain

11',
w=-wp-geQ

h

(8)

nhr *
~ -Rev p2 r

nhr p (nf dP*)- -Im-- - p*+w-
2 f2-W2 r dr

nhw dp*
---Imrp­
2(/2_ 002) dr

By comparing (12) and (13) we obtain:

W(r) = - ':! 3(r)
n

(13)

(14)

1 d dp n 2 11',2 002- f2 gnQe(w2- f2)
--r---p+---p= (10)
r dr dr r2 h2 gs - 002 hw(gs - 002 )

If we use an asterisk to denote a complex
conjugate then eq. (11) may be simplified by
means of (2) and (8), as follows:

Let us now relate the flux of angular momentum
through a cylindrical surface to the pressure
fluctuations. The former quantity is !!m3(r),
where

In the following section we shall show the
importance of eq. (14) for an understanding
of the rotating flame effect. That equation is
a generalization of the energy-momentum
flux relation obtained for adiabatic gravity
waves in stable laminar flows (Booker &
Bretherton, 1967), even though the latter
studies are confined to vertical propagation in a
vertically unbounded atmosphere whereas we
have restricted the discussion to a radially
unbounded atmosphere. However, in the adi­
abatic wave problem it has been found that
the momentum flux must be constant, with the
exception of critical layers in the shear flow.
We shall see that the heat sources relax this
contraint on the momentum flux and this gives
rise to net non-linear forces even when
there are no critical layers. This consideration
would also seem to be important in problems
of vertical propagation of energy in the atmo·
sphere.

(9)gs-w'

By substituting (8) and (9) in (7) and simpli­
fying one obtains the following equation for
the pressure fluctuations produced by the
heating:

hr
2

[3(r) = 8 0 d8[vre
i(RO+wt) +v:e-i(RO+wt)]

x [voel(Ro+wt) +vo·e-1(RO+wt)]

nhr2 *
= -- Revrvo

2

= nhr
2

1m (n fp + 00 dP) (nwp* + f dP*)
2(/2 - 002)2 r dr r dr

nnh dp
3(r) ~ 1m rp* - (12)

2(002 - f2) dr

3. The non-linear torque

First let us note that the character of the
solutions of (10) depend on the sign of the
coefficient of the third term on the left of (10).
If (00 2 - f2)/(gs - 00 2) is positive this means that
the basic fluid is capable of radiating inertia·
gravity oscillations into the far-field (r .... 00);

otherwise energy is trapped near the source
of excitation. The former case is of interest
here and we have to distinguish between two
sub·cases:
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If either (15) [strong stability] or (16) [strong
rotation] holds then energy will be radiated to
the far field.

In this section we shall suppose that the heat·
ing function is finite in an annular strip be­
tween R - AR < r < R +AR and zero outside.
After a sufficient time has elapsed a purely
periodic (eIO>t) oscillation will be set up at each
finite radius. In the region r < R - AR the
(kinetic plus potential) perturbation energy is
then constant in time and it follows from
energy conservation that W = O. However,
in the region r > R + AR the energy of the far
field is always increasing with time and there­
fore W(r) must be a positive constant. In the
region R - AR <r < + AR the quantity W
varies because of the energy generating correla­
tion of temperature and heating function. It
then follows from (14) that 3 must decrease
from zero at r < R - AR to a negative constant
at R + AR. Thus the region R - AR <r < R + AR
is gaining angular momentum. If 1/2 +net)
denotes the mean angular velocity inside
the annular region then according to the con­
servation of angular momentum

as the difference of the pressure gradient on
either side. For r < R the right hand side of
(10) vanishes and p is a Bessel function of order
n. Only J n' the Bessel function of the first kind,
is single valued at r = 0 and therefore the
solution for r < R is

(20)

(19)

Q=~G~-I)

50
00

Qdr=R

The solution of (10) with this value of the
heating function and with a continuous value
of the pressure at r = R, is the Greens function
of the general inhomogeneous problem. This
solution will have a discontinuity in pressure
gradient, and various other peculiarities at
r = R, but the far field solution and the net
torque [3(R + AR) - 3(R - AR)] is well be­
haved and can be used to infer the value of
the torque when AR is finite but not too large.

We first integrate (10) across the discontinuity
radius and obtain:

(15)

(16)

an
at

3(R + AR) - 3(R - AR)

(27th) (2AR)R3 (17)

In(r/).)
per) - p(R) In(RI).) (21)

In the following section 3(R +AR) - 3(R - AR)
will be computed for the case AR = O. We may
note here, however, that i'r and Vo are each
proportional to gAT/Tm and therefore 3 is
quadratic in this quantity. It follows on dimen­
sional gronds that

where r is some non-dimensional function.

where p(R) is the value of the pressure at r = R,
and

(22)

For the region r > R we use the "radiation
boundary condition" and choose that combina­
tion of Bessel functions which correspond to
a wave propagating energy radially outwards,
Le. to a positive value of (13). Since the asymp­
totic values of the Bessel functions are:

4. Computation of the torque when fiR = 0 x-..oo (23)

In this section we compute the value of
3(R + AR) - 3(R - AR) as a function of (wl/gs
etc.) when AR = O. In this case the heating
function is the Dirac delta function:

the appropriate pressure solution is:

J n(rl).) =+= iY,,(r/A)
p=p(R) J,,(R/).) + iY,,(RI).)

(24)
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In that which follows we shall also make use
of the following properties of Bessel functions:

use (-) when 00 > f [case (15)]

use ( +) when 00 <f [case (16)]

(26)

small but finite there are minima and maxima
in the torque for certain values of 00" between
f" and ga.

A sample calculation is of interest. Suppose
the heat sources and sinks are at rest in an
inertial frame and let the fluid be rotating
cyclonically with angular velocity no = 112.
Let the static stability be a = 0, let R = hand
let n = 1. In a coordinate system rotating with
the fluid the heat sources rotate anticycloni­
cally with frequency 00 = no = 112. Consequently

,1. = hlnV3 and (29) becomes:

(29)

(28)

Now since rpdp·ldr is constant for r > R we
may evaluate it at r - 00 using (24) and (23).
On substituting the result in (12) we get

It remains to evaluate p(R) and for this
purpose we substitute (24) and (21) in (20) to
obtain

p(R) [J~(R{).)+iY~(Rp.) _ J~ (RIA)]
A In(RIA.)+iYn(RIA.) In(RIA.)

= Rgne oo2-f2

h (ga-002)w

Simplifying by use of (25) gives

p(R)

In(RIJ..)+iYn(RIA)

niR2 (R) gne 002- f2=(+)-J -
- 2 n A h (ga-002)oo

and substituting this in (27) yields

3(00) = nh100'- f2\ [~!!,Jn (!!.)]"(ge)2 R2
(ga-002)2oo2 2 h A

_ (gtJ.T) 2nhR2
100'- f21 [7!..2!!. J n (!!.)] 2

T m (ga - 00")" 2 h A

A= ~(ga- 00
2
) l

:re 002- f2

The foregoing result implies that as 00 - f the
length A- 00 and the torque vanishes. On the

other hand if 00 -+ Via then ,1. -0 and (29) be­
comes infinite. It also appears that if tJ.R is

3(00)=

(
gtJ.T)

2
(:re

2
) " - (gtJ.T) "- h3 (l2) - J~(nV3)=35ha-

fTm 2 fTm

This angular momentum flux is equivalent to a
certain azimuthal force acting at radius R = h,
and its value in dynes may be obtained by mul­
tiplying the foregoing equation by em and
dividing by R = h. For a pan of water with h = 3
cm, f = 1 sec-I, tJ.T = 1°C and T;.l equal to
the coefficient of thermal expansion one
finds that the azimuthal force is of the order
of several dynes. With the same amount of
heating the kinematical effect in mercury
should be larger than the effect in water.
The experiment proposed here differs from
earlier ones insofar as it is the fluid and not the
flame which is rotated.

5. Discussion and application

By parameterizing the non-adiabatic heating
we have been able to ignore the conductive and
viscous action in a real fluid and to generalize
the rotating flame effect by including the
influence of a basic static stability and rota­
tion. We showed that a differentially rotating
heat source can pump kinetic energy and
angular momentum to large radial distances,
thereby generating an azimuthal circulation
in the vicinity of the heat sources. If a finite
cylindrical container is provided with a "beach",
or other wave absorbing device at its outer
rim, then a statistically steady state may be
reached in which the total angular momentum
of the fluid has been increased. In this version
of the rotating flame effect it is the lateral
Reynolds stresses which are important in
transferring momentum to the walls, especially
if the fluid is stratified.
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These effects of internal heating might be
important in our own atmosphere in connection
with clouds. The evaporation and/or condensa­
tion inside the cloud may provide an energy
source for a different scale of motion aBBociated
with the paBBage of air thru the cloud. For
example, when air flows over a mountain a
parcel may condense on the windward side
and evaporate in the lee of the mountain,
thereby giving rise to a stationary heat
BOurce and sink. The latter can then cause
new perturbations in the airstream which are
eBBentially forced dry adiabatic (secondary)
motions. This well known example furnishes
a precedent for the supposition that a develop­
ing cloud may move at a different speed than
the mean motion of its environment.

Now consider a region of the atmosphere
in which the vertical lapse rate of temperature
exceeds the moist adiabatic and approaches the
dry adiabatic throughout the entire depth (H)
of the "homogeneous atmosphere". If the air
is saturated it will be unstable and give rise
to cumulonimbus convection, such as occurs
in thunderstorm conditions. This entity of
active regions of condensation and evaporation
is called the "mother-cloud". Let us disturb it
by a cyclonic vortex, which may be provided
by a meso-scale eddy in the synoptic flow
(Fujita, 1958). This starting vortex paBBeS thru
the field of heating and cooling and to BOme
extent will tend to drag the cloud along. But
before momentum equilibration can occur the
differential heating and cooling of the vortex
produces a rotating flame effect which tends
to accelerate the air relative to the heat sources.
The amplification of the angular velocity
continues until some steady value n is reached.
The steady state is characterized by an inward
eddy flux of cyclonic angular momentum at
the radius of the mother cloud and an equal
loss of cyclonic angular momentum at the
base of the tornado funnel. The dynamics of
the tornado itself is beyond the scope of these
speculations (see Kuo, 1966) but we will aBBume
that the radius of the funnel is of a smaller
scale than the equilibrium radius of the mother
cloud. The latter is aBBumed to be determined
by, and of the same order as, H. It is now
suggested that the growth of the vortex is
self-limiting in the following sense. Two im­
portant non-dimensional numbers are: The
ROBBby number (Ro) based on n and the
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horizontal perturbation velocity, and the ratio of
the dry stability to nlg-1• According to linear
theory the horizontal velocity fluctuations are
proportional to g(AT/Tm)O-I, provided the dry
static stability is leBB than 4Qlg-l, and the
ROBBby number is then given by

If R o is much leBB than unity the eddy streBBeS
will accelerate the flow. If R o is much greater
then unity the non-linear terms will dominate
over the rotational terms and destroy the cor­
relation which is neceBBary for the streBB. It
is therefore suggested that the flow is self­
limiting at R o"" 1, Le.

_ (gAT)ln,.., --
HTm

If we now consider the limitation on the value
of the second non-dimensional number men­
tioned above, it follows that the (stable)
difference in potential temperature between the
bottom and the top of the atmosphere must
be leBB than 4AT, or so. This is a very stringent
requirement. Even if the lapse rate of the
atmosphere was dry adiabatic initially, the
vertical transport of heat would tend to
stabilize the system in time. An upper level
ventilating mechanism must be provided or
else the vortex will not be maintained at the
magnitude claimed. We must therefore re­
cognise that our order of magnitude estimates
pertain to upper bounds. An upper bound for
the heat induced temperature fluctuation is
determined by the latent heat of condensation
(L, cal/g), the saturation mixing ratio I" (g water
vapour/g air), and the specific heat at constant
pressure (cp , cal/gjOC). Thus AT,..,Ll"c;l. (Air­
craft observations in ordinary growing cumulus
clouds (J. S. Malkus, 1964) suggest AT = 1°0 as
a typical value.) If we substitute the foregoing
formula for AT in the expression for nand
multiply by H we obtain the important velocity:

(gHLp.c;1 T m-I)l

It is this number which determines the azi­
muthal velocity of the mother cloud under
"fully developed" conditions. As mentioned
previously the velocities in the funnel are of a
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larger order of magnitude. Our main suggestion
in this section is that the tornado is an equi.
librium phenomenon which can "manufac­
ture" its own angular momentum. Although
we do require a starting vortex the system does

not run down when this is exhausted. The
disappearance of the tornado may depend on
thermodynamic limitations rather than the
initial angular momentum.
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OBOBJ.U;EHHH 3cI>cI>ERTA BPAJ.U;AlOJ.U;EfOCH IIJIAMEHH

OCHOBHoe COCTOIIHlfe lRHJJ;KOCTH BepTHKaJlbHott
TOJlIllHHbI It co CTaTHqeCKott YCToAqHBOCTbIO 8 H

CKOpOCTbIO BpaIlleHHII U/2) B03MYIllaeTCII I1pO·
H3BOJlbHbIM paCIIpeJJ;eJleHHeM HCTOqHHKOB H
CTOKOB TeIlJla, KOTopNe paCilpOCTpaHIIIOTCII B
a3HMYTaJlbHOM HailpaBJleHHH C OTHOCHTeJlbHott
yrJloBott qaCTaTott w. ECJlH U" - W")(W" - gs)- ;> 0,
TO BbIHYlRJJ;eHHbIe a3HMYTaJlbHbIe B03MYIlleHHII
HaKaqHBaIOT KHHeTHqeCKYIO llHeprHIO H KOMIIO·
HeHTy MOMeHTa KOJlHqeCTBa JJ;BHlReHHII B Ha­
I1paBJleHHH w Ha oeCKOHeqHOM paJJ;Hyce. IIpH

cpeJJ;HeM paJJ;Hyce HCTOqHHKa TeIlJla I10IIBJlHeTCII
KOMIIeHCHpYIOIllHtt MOMeHT, BbI3bIBaIOIllHtt cpeJJ;'
Hee BpaIlleHHe B03JJ;yxa B HailpaBJleHHH, 00·
paTHOM w. B aTOM ooooIlleHHH .alfllfleKTa Bpa·
IllaIOIllerocH mIaMeHH~ HCIIoJlb3yeTcII KBa3HJlH·
HettHalI TeopHII, HO BII3KOCTbIO I1peHeOperaeTCII.
IIpeJJ;I10JlaraeTCII, qTO TeIlJlO KOHJJ;eHca~HHHCIIa­
peHHII B pa3BHBaIOIlleMCII OOJlaKe JJ;ettcTByeT
aHaJlOrlfqHbIM OIlHcaHHbIM BbIlIIe HCTOqHHKaM

oOpa30M. IIpeJJ;I10JlaraeTCII I1pHMeHeHHe aToro
MexaHH3Ma K 3aJJ;aqe reHe:3IfCa TopHaJJ;O.
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