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ABSTRACT

The baroclinic stability properties of non-geostrophic atmospheric flow in a channel
are investigated. The model is- formulated so as to include the effects of latitudinal
variations of the perturbations and the basic state parameters, which constitute an
essential aspect of the non-geostrophic baroclinic stability problem. Spectral and
finite-difference techniques are applied to obtain numerical solutions and the results
are found in agreement. In order to allow for high horizontal resolution the present
calculations are restricted to a particular two-layer model which appears to incorporate
the major non-geostrophic aspects of the baroclinic instability problem.

A purely non-geostrophic type of baroclinic instability is found which bears some
resemblance to barotropic instability in spite of the absence of latitudinal shear in
the zonal flow. This instability is introduced by the twisting term in the vorticity
equation and the non-geostrophic advection of temperature in the thermodynamic
equation. For low Richardson numbers and short cyclonic waves this instability at-
tains the same order of magnitude as the quasi-geostrophic baroclinic instability. The
major instability found in the present model however is not different from the major

quasi-geostrophic instability.

Phillips (1964) has suggested that the most
important non-geostrophic effects in baroclinic
stability studies might be related to the de-
pendence of the perturbations on the horizon-
tal coordinate normal to the basic current. It
is the purpose of the present investigation to
make a quantitative evaluation of these effects
by computing the stability properties of a
baroclinic basic current in a channel.

The characteristic equation for the phase
speed of the perturbation pertaining to the
baroclinic stability problem may be written in
non-dimensional form so as to involve the Ross-
by number Ro= V/QL where V is a charac-
teristic velocity, L is a characteristic length,
and § is the angular velocity of the earth’s
rotation. The quasi-geostrophic equivalent of
the characteristic equation may then be ob-
tained by retaining only the zero order terms
in Ro and non-geostrophie corrections may be
found by considering higher order terms in Ro.
This approach was followed by Magata (1964),
and Phillips (loc. cit.) pointed out explicitly
that the first order Ro terms in the characteris-
tic equation for the non-geostrophic Eady
problem (and therefore the non-geostrophic
corrections) are directly related to the latitu-
dinal variations of the perturbations.

The main difficulty of the non-geostrophic
baroclinic stability problem lies in the fact that
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the characteristic equation is not separable
with respect to the latitudinal and vertical co-
ordinates. Magata (loc. cit.) treated the lati-
tudinal dependence approximately by dif-
ferentiating the primitive system of equations
with respect to the lateral coordinate y, then
replacing the coefficients in the equations by
constants, and regarding the differentiated per-
turbation quantities as separate dependent
variables. Stone (1966) and Sela & Jacobs
(1968) assumed periodic (exponential) solutions
in the north-south direction. It should be rec-
ognized however that atmospheric circulations
tend to be constrained in latitudinal direction
and, consequently, it is probably more realistic
study the instability of a flow in a channel.
The present study employs numerical meth-
ods to investigate the non-geostrophic sta-
bility character of a baroclinic channel flow.
In order to evaluate the effects of the depen-
dence of the perturbations and the static
stability upon the lateral coordinate, it is
desirable to retain a large horizontal resolution
at the expense of a limited vertical resolution.
Therefore a special two-layer model is employed
which appears to incorporate all the effects of
the north-south dependence present in more
sophisticated models, and which is less sensitive
to the spurious short wave cut-off to instability
found in the more familiar two-level models.
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The baroclinic stability problem is concerned
with the behavior of small perturbations super-
imposed on a uni-directional basic current with
vertical shear in a hydrostatic, inviscid, and
adiabatic fluid. The present two-layer flow is
described by equations (44) through (49) pre-
sented by Lorenz (1960) but with the balance
equation (48) replaced by the divergence equa-
tion. Linearizing the equations and assuming
periodic solutions in the zonal direction z and
the time ¢ of the form exp i(kx —At) we obtain

DO +iku*e + J(y, 6) + J(z, ) — V.(6Vy) = 0

Do + iku*d + J(1, 0) + J(y, ) — [VE.Vy] =0 @
DV + J(p, ) +iku*Vir + [u*a(V3y)/oy] = 0(2)
DVt + J(x, f) + iku*Vip — V.(fVy) =0 (3)
[DV2y +J(x )] —aVi + V.(fV1) ) z:

where 0 is the vertical-mean potential tempera-
ture, o is the static stability, v and t are the
streamfunctions for the vertical-mean wind
and the wind shear, and x is the velocity po-
tential of the lower layer, all of which are per-
turbation quantities except if denoted by a
bar which refers to the basic state. V is the iso-
baric gradient operator, J is the Jacobian
operator, D =i(k@i —A) where @ is the vertical-
mean basic state wind, and u* is the basic
state windshear measured over 250 mb. The
Coriolis parameter f is assumed to be a linear
function of the latitudinal coordinate y and the
conditions for a balanced basic state may be
written df/dy = —bu*f, dé/dy =cu*f. The nu-
merical values of the constants a, b, and c,
are found to be a=0.124 Oy, b=8.295,’0ﬂ,
¢=3.101/C, where C, is the isobaric specific
heat.

The usual quasi-geostrophic counterparts of
the equations above are obtained by discard-
ing all the terms within the square brackets
and by treating ¢ and f as constants in the last
terms of (1), (4), and (5). The bracketed terms
in the divergence equation (5) constitute the
difference between the energy-consistent bal-
anced system of equations and the primitive
equations, and therefore introduce the addi-
tional class of non-rotational modes of oscilla-
tion. Obviously, the latter is the only non-
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geostrophic effect retained if the perturbations
are assumed to be of infinite width.

Equations (1) through (5) are to be solved
subject to the boundary condition that the
latitudinal velocity component must vanish at
the walls of the channel. The equations are re-
duced to a system of algebraic equations by
using series expansions in latitudinal direction
and also, for comparison, by replacing the
y-derivatives by finite differences. In either case
the result is an eigenvalue problem where 1 is
the eigenvalue. The details will not be presented
here, but similar solutions have been given by
Rao & Simons {1970). Computations have been
carried out for the values of the Coriolis para-
meter and its variation with y taken at 45 deg
of latitude, for a mean zonal wind @ =20 m/sec,
a basic state static stability & = 15 deg measured
over 250 mb, and for various wind shears and
wave lengths. Only a few selected results are
presented here which are representative of the
general findings. The width of the channel is
set at W =5 000 km. However, since the per-
turbation may in the lateral direction be de-
composed into a set of perturbations of “effec-
tive width” W,=W/n, n=1, 2, 3, ..., a8 is done
explicitly in the spectral solution, we effectively
consider a large number of lateral wave num-
bers.

If ¢ and f are treated as constants in the last
terms of (1), {4), and (5), the equations have
constant coefficients and permit periodic solu-
tions of the form exp (iny/W,). In this case the
“effective width” W, of the perturbation refers
to one half of the lateral wavelength. Two such
periodic solutions are of interest and will be
discussed first. The first one applies to the
equations obtained by discarding the terms
within the square brackets, i.e., the quasi-
geostrophic equations. Examples of this are
presented in the first column of results in Table
1, denoted by QG. If we restrict the effective
widths to W,=W/n, n=1,2,3, ..., where W =
5000 km, the lateral scales smaller than the
ones shown in the table for each wavelength
are stable due to the familiar short wave cut-
off to instability. Gates (1961) has presented
the quasi-geostrophic stability analysis of the
present model for the same basic state para-
meters, # and &, but for perturbations of in-
finite width, and showed that the spurious
short wave cut-off was considerably reduced
as compared to the usual two-layer models.
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Table 1

First column of results: instability of baroclinic perturbations periodic in lateral direction for quasi-geo-

strophic (QG) and non-geostrophic (NG) case, as obtained from equations (1) through (5) with constant

coefficients and without last terms of (2) and (3). Last three columns: primary baroclinic instability in two-

layer channel model as obtained from spectral (SP) and finite-difference (FD) solutions for a channel of

width W =5 000 km. Imaginary parts of eigenvalues (in parentheses) representing growth rates per day

preceded by real parts of eigenvalues divided by wave number k representing ‘‘wave speeds” in m/sec.
Vertical shear between layers 2u* =25 m/sec

Selutions for two-layer channel model

Perturbation
Solutions Without last terms of (2), (3)
Wave Effective periodic Including
length width W/rn  in lateral Constant y-dependent last terms
(km) (km) direction coefficients coefficients of (2), (3)
5 000 QG 14.4 (+1.02) SP 14.2 (£1.00) 14.2 (+.98) 14.1 (£.97)
NG 14.2 (+1.00) FD 14.2 (1£1.00) 14.2 (+.98) 14.1 (£.97)
2 500 QG 15.5 (1.91) SP 15.3 (+.87) 15.3 (+.87) 15.3 (+.81)
NG 15.4 (+.89) FD 15.3 (1.86) 15.3 (+.86) 15.4 (+.81)
5 000 1667 QG 15.7 (£.72) SP 15.7 (+.68) 15.6 (£.70) 15.8 (+.64)
NG 15.7 (£.71) FD 15.7 (+.67) 15.5 (+.69) 15.8 (1.63)
1250 QG 15.7 (+.52) SP 15.6 (1.49) 15.4 (+.52) 15.8 (+.43)
NG 15.6 (+.51) FD 15.5 (+.45) 15.3 (+.49) 15.7 (1 .40)
+
1 000 QG 15.3 (+.29) SP 15.3 (+.26) 15.2 (+.32) secondary
NG 15.3 (1.28) FD 15.2 (1.18) 15.1 (+.25) instability
5 000 QG 15.4 (+.92) SP 15.3 (+.81) 15.4 (+.90) 15.5 ( 1.60)
NG 15.4 (+.81) FD 15.3 (+.80) 15.4 (+.89) 15.5 (+.62)
2 000 2 500 QG 15.3 (+.73) SP 15.2 {+.62) 15.3 { +.66)
NG 15.3 (+.62) FD 15.2 (+.57) 15.3 (£.62) +
1 667 QG 15.1 (+.21) SP 15.1 (£.08) 15.1 (+.26) secondary
NG 15.1 (+.14) FD — — instability

The second periodic solution to be considered
differs from the quasi-geostrophic solution in
that the bracketed term of (5) is retained.
This divergence effect has been discussed re-
peatedly in the meteorological literature and
is in general found to reduce the quasi-geo-
strophic instability of the shorter wavelengths.
Such non-geostrophic solutions have been en-
tered into the first column of Table 1 below
the quasi-geostrophic solutions and are identi-
fied by NG. Of course, this non-geostrophic
effect increases with decreasing Richardson
numbers which are associated with less geo-
strophic flow.

Turning now to the channel solutions sub-
ject to the previously stated lateral boundary
conditions, it is obvious that the numerical
solutions include simultaneously a spectrum
of waves of lateral scales W,=W/n, n=
1,2,3, ... Now the periodic solutions discussed
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above—which do not satisfy these boundary
conditions—are very useful to identify the vari-
ous eigenvalues and to correlate each unstable
mode with a specific harmonic component of
the y-dependent perturbation amplitude. This
will enable us in the following to refer to a par-
ticular effective perturbation width in pre-
senting a given unstable root. Recalling that
the main purpose of the present study is to in-
vestigate the effects of the y-dependence of
the perturbations and of the coefficients in the
equations (1) to (5), we consider three cases,
examples of which are shown in the last three
columns of Table 1. For each case and for each
perturbation two entries are shown; the upper
one represents the spectral solution and the
lower one is the finite-difference result. The
spectral solution is truncated at 10 terms, re-
sulting into a matrix of order 50, at which point
the growth rates as shown in the table do no
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Table 2. Non-geostrophic instability in two-layer channel model resulting from twisting-tilting term
in the vorticity equation and non-geostrophic advection of temperature in the thermodynamic equation,
i.e., last terms of Eqs. (2) and (3)

Spectral solutions truncated at n =10. Real parts

of eigenvalues divided by wave number k to obtain

“wave speeds” in m/sec; imaginary parts of eigenvalues (in parentheses) represent growth rates per day.
Width of channel W =5 000 km, wave length of perturbation L =1 000 km, shear between layers 2u* =25

m/sec
Latitudinal wave number n
1 2 3 4 5 (] 7 8 9 10
Without last terms of (2) and (3)

9.7 9.5 9.4 9.3 9.2 9.0 8.9 8.8 8.6 8.0
19.1 19.2 19.2 19.3 19.3 19.4 19.5 19.5 19.6 19.7
31.1 31.1 31.1 31.2 31.3 31.4 31.5 31.6 31.7 32.0

-20.6 —24.0 -27.3 -30.5 - 33.8 -36.7 —~38.0 —40.7 -45.9 -51.9
59.1 62.9 686.3 69.6 72.9 76.2 79.5 83.0 87.3 95.0
Including last terms of (2) and (3)

9.4 9.3 (+.17) 9.1 (+.32) 8.9 (+.44) 8.8 (+.54) 8.2
19.4 (+.07) 19.4 (+.20) 19.4 (+.30) 19.5 (+.37) 19.6 (+.44)
31.1 31.2 (+.05) 31.3 (+.11) 31.5 (+.18) 31.6 (+.21) 31.6

- 20.5 —24.0 —-27.3 -30.5 ~33.8 —36.7 —-38.1 —40.8 - 45.9 -51.9
59.1 62.9 66.3 69.5 72.9 76.2 79.5 82.9 87.3 95.0

longer vary with increased resolution. The fi-
nite difference results refer to a resolution of
20 points, resulting into a matrix of order 100,
at which point the growth rates still exhibit a
slight increase with increasing resolution, which
indicates a convergence toward the spectral
results.

Considering the three types of channel solu-
tions in turn, we first obtain the numerical
solutions of equations (1) to (5) with constant &
and f in the last terms of (1), (4), and (5), and
without the last terms of (2) and (3). The re-
sults shown in the second column of results in
Table 1 may be compared with the periodic
solutions denoted by NG which apply to the
same equations but without lateral boundary
conditions. Obviously, for this system of equa-
tions the effects of the boundary conditions are
negligible which is also a known feature of the
quasi-geostrophic system of equations. The next
column of Table 1 shows the effects of the
y-dependence of the coefficients & and f in the
last terms of (1), (4), and (5). For practical
purposes this effect is negligible. The last
column presents results for the third case which
includes also the effects of the last terms of
(2) and (3). These are therefore solutions of the
complete equations (1) through (5). However,
the numerical solutions for these equations

produce two distinet classes of unstable modes
to which we will refer as primary and secondary
instability, respectively. The primary instabili-
ties clearly correspond to the quasi-geostrophic
unstable modes and only these are included in
the last column of Table 1. For the larger scales
of motion the differences between these un-
stable modes and those presented in the other
columns of Table 1 are small. For the smaller
scales the quasi geostrophic type of instability
is reduced considerably, but here we observe a
smooth ftransition toward the secondary in-
stabilities which will be discussed presently.
The last terms of (2) and (3) obviously cause
a strong coupling between the lateral harmonic
components of the perturbation, and in effect
seem to introduce a number of unstable modes,
the nature of which does not resemble that of
the familiar baroclinic instability. This may be
illustrated with the help of Table 2. This table
presents all eigenvalues corresponding to a
wavelength L =1 000 km as obtained from a
spectral model truncated at 10 terms of the
series. Again the collection of roots may be
partitioned in sets of five roots belonging to a
specific latitudinal wave number n by com-
parison with the periodic solutions. The upper
part of Table 2 presents the eigenvalues for the
equations without the last terms of (2) and
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(3). As in the quasi-geostrophic case, all solu-
tions are stable for L =1 000 km. The lower
part of the table presents the solutions of the
complete equations for which virtually all roots
are unstable except for the gravitational modes
of oscillation represented by the last two rows.
To identify the nature of the secondary in-
atability we must recall that the quasi-geo-
strophic baroclinic instability results from the
confluence of two eigenvalues associated with
the same latitudinal wave number. However,
the non-geostrophic instability in the lower
part of Table 2 finds its origin in the confluence
of eigenvalues within a horizontal row of Table 2
rather than within a vertical column. It results
from the coupling of two latitudinal wave num-
bers and, assuch, this instability is of a baro-
tropic nature, which is of course precluded by
the absence of latitudinal shear in the basic
flow.

The secondary baroclinic instability is pres-
ent in both the spectral and the finite-dif-
ference solutions and increases with shear as
expected from the shear-dependence of the
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last terms of (2) and (3). The convergence of
the secondary instabilities is rather poor, and
with increasing horizontal resolution more and
more unstable modes tend to be generated. The
secondary instability for the shorter waves is
of the same order of magnitude as the primary
instability, but the non-geostrophic instability
for the longer waves is completely overshadowed
by the quasi-geostrophic type of instability.
While it remains doubtful whether the second-
ary instability will exist in a continuous atmo-
sphere, its existence cannot be discarded in view
of the current use of numerical models of the
atmosphere. Furthermore, the secondary in-
stability is very difficult to separate from the
primary instability in the cases where both
exist together, thus causing a serious problem
for numerical studies of dynamic instability.!
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3AMEYAHHUE K 3AJJAYE O HETEOCTPOO®UYECKON BAPORJIMHHON
YCTONYUBOCTHU

UccnepyloTca cpoilictBa GapoKIWHHONK ycToH-
YUBOCTH HETeOCTPOPHUIECKOTO aTMOCHEPHOTO IO~
ToKa B HKaHaje. Moneixbr BHIOYaeT dPpPeKTH
HIMPOTHHIX M3MEHeHH! BO3MYIeHHil M OCHOBHHE
napaMeTpH COCTOAHHMA MOTOKA, 4YTO MABJIAETCA
CYUIECTBEHHHM aCHeKTOM 3aJa4YdM O HereocTpo-
¢uueckoit OGaporxmuHHONK ycroitumeocru. Mc-
NMOJNBb3YIOTCA METOAH CHEKTPAJBHHX pa3jome-
HAH M KOHEYHHX pasHocTedl NIA NOJydYeHHA
YUCIEHHHX pelleHul, peayabrTaTH KOTOPHX Ha-
HOZATCA B COraacum ApYyr ¢ apyrom. Husa moxy-
YeHNA BHICOKOI'0 pa3dpellileHMA MO TOPN3OHTAIH
3TH BHYMCJICHHA OrpPaHMYUBAIOTCA ONpefeseH-
HORt ABYXCHOHHON MONEIbIO, KOTOpPAA Npex-
CTaBJAETCA BHJIn4Yalone#t B ce6A OCHOBHHE
HereocTpopuyecKkne acmeKTHl 3amaud o Oa-

poxkaunHOM Heycro#uuBoctu. Haitgen umcro
HereocTpoduyeckHit THN GapoKJIMHHON He-
yerofiuMBOCTH, HamoMHMHalomu#t GapoTpomHylo
HEeyCTOUYMBOCTb, HECMOTPA HA OTCYTCTBHE M-
POTHOrO TPajMeHTa B BOHAJBHOM IOTOKe. JTa
HEeyCTOHYMBOCTD BBOJAMTCH YJIEHOM C KPyYeHHEM
B YpPaBHEHHMM BHXPA M Hereocrpoumueckolt an-
BeKIue#l TemMmeparypH B TePMOZHHAMHYECKOM
ypasHeHun. Jlaa MauuX 3HadeHHH dncia Pm-
4apACOHA M KOPOTKAX HMUKIOHMYECKHUX BOJH 3T4
HEyCTONYMBOCTL ROCTHUraeT TOro e MHOPAXKKAE
BEJMYMHH, YTO M KBaaureocrpopmyeckasa O6a-
POKIMHHAA HeyCTOMYHBOCTh. OTHAKO, OCHOBHAA
HeyCTONYNBOCTh, HallJIeHHAA B NAaHHOH Momenw,
He OTJNYAeTCA OT OCHOBHOlt KBasMreocrpodu-
YECKOM HeyCTOHYHBOCTH.

1 Note added in proof: Recently, & solution of the present problem for a continuous atmosphere has been
given by J. Derome and C. L. Dolph (1970): ‘“Three-dimensional non-geostrophic disturbances in a baro-
clinic zonal flow”. Geophys. Fluid Dyn., vol 1, pp 91-123.
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