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ABSTRACT

An attempt is made to apply the method of empirical orthogonal functions to stationary
random time series. The basic assumption motivating the use of the method is that a
time series in many realsituations may be considered as composed of randomly distrib-
uted physical processes of a duration, which is limited due to dissipation, dispersion
or diffusion. The method makes it possible to determine certain characteristic features
of the processes but is so far incomplete in the sense that it does not allow for a deter-
mination of the corresponding energy spectrum.

1. Introduction

There are few fields of research that have the
advantage of research in meteorology, an
availability of data that at least at present goes
far beyond the means of processing and rational
storing. Observations are taken almost every-
where and almost at all times to be utilized by
routine forecasting services or by services that
periodically issue climatological reports. After
that, they are left to research workers for what
use they can make of them and it is therefore
natural that one major concern for research in
meteorology should be the development of
statistical methods suitable for retrieval of
significant and physically valuable information
from large amount of data. One such method
that seems to have considerable potentiality
and during the past decade has received in-
creasing attention is the method of expansion
into empirical orthogonal functions (Lorenz,
1956; Obukhov, 1960; Holmstrém, 1963; Ruk-
hovetz, 1963; Grimmer, 1963; Koprova & Mal-
kewich, 1965; Mateer, 1965; Alishouse et al.,
1967; Hauser, 1967) and others.

The method may briefly be described as a
series expansion in one or several dimension
where not only the amplitudes but also the
expanding, orthogonal functions are determined
from data with the condition of optimized con-
vergence. The computations required for cal-
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culating the set of orthogonal functions are
easily made on a standard size computer even
if a very large amount of data is utilized. The
theory has so far only been developed for such
data where a fixzed interval in one or several
dimensions is naturally given. Typical exam-
ples are wind, temperature, humidity or height
data over a given pressure interval (Obukhov,
Holmstrom, Rukhovetz, ete.) or sets of surface
pressure data over a fixed geographical area
(Lorenz). However, we have in meteorology
other types of data where in general a fixed
interval cannot be given a priori. As one ex-
ample we may consider continuous measure-
ments of the velocity components in a turbu-
lent, atmospheric boundary layer or in a tur-
bulent channel. As a second example one may
take long series of surface temperature anoma-
lies. In these two cases we are dealing with time
series of a type that normally are referred to as
stationary random functions and the purpose
of this paper is to develop a method for
analysis of such data.

One may give different interpretations to the
physical background of a stationary random
function, an interpretation that may have to
be varied from case to case. However, very often
the function we measure is a variable that in
some way is representative of the state of a
physical system and even if this system may be
influenced by random external forces or may
develop internal instabilities it seems quite
inconceivable that it should normally behave
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in an entirely random fashion. On the contrary,
one would expect the system, when excited, to
pass through successive phases of a rather well-
defined process during which dispersion, dis-
sipation or diffusion will act and ultimately
bring the energy down to a zero level, provided
new energy is not brought into the system.
Naturally, during the duration of one process
the system may again be excited, possible in a
different part, and through interaction or super-
position behave in a seemingly erratic way.
But this does not change the basic assumption
we shall make here that the behaviour of the
systems to be considered is characterized by a
number of continuous processes, each of limited
duration.

Considering the example of a turbulent wind
component this assumption implies nothing
more than introducing the concept of eddies,
entities of limited extent but dominating the
measurements during a short period of passage.
In the case of temperature anomalies measured
over long periods of time we consider the trend
during shorter intervals to be dominated by
passing cyclones which thus constitute what
above has been called a process. Numerous
other examples exist, not only in meteorology
but also in most other fields where measure-
ments are made.

2. Autocorrelation

In order to study the characteristic proper-
ties of a time series of this kind we take f(z),
existing in the interval (0, 7') and where T
is large, to be composed of a large number
M, of randomly distributed processes, f.(t).
Each process is centered around a point ¢,
and no process has a duration longer than
2AT, so that

0 almost everywhere for ]-r l <AT
fm(®)

=0 everywhere for |1|> AT
(2.1)

There is no restriction on the random distri-
bution of the points ¢, and the processes may
be partly overlapping. With this definition it
is obvious that the time series may be written

M
f&) = 2 fult—ty)

m=1

(2.2)
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and we may, without loss of generality, also
take

1 T 1 M AT
EL f(t)dt=5m2=] f_”f,,,(r)dpo (2.3)

The variance of the time series is

1 T 1 T M M
E, J; f’(t)dt = —T— . mZ=1 121 fm(t - tm) fk(t - tk)dt
(2.4)

where on the right hand side we have made
allowance for the possibility of overlapping
processes. However, since f,(¢t ~t,) vanishes for
(¢t-t,) > AT, the right hand side may be
transformed into

].MM AT

)

m=lk=1dJ —A

. fn(@ e+, -t )dr  (2.5)

Since ¢, —¢, here is a random variable, f.(r +
t, —t) is also random, and since the function
furthermore may be taken to have a vanishing
mean value the expression (2.5) will be negli-
gible unless ¢,, =¢,. We therefore find the vari-
ance to be expressed by

aT

1 [T 1 X .
7 L f’(t)dt=EmZ=l Tf,,,('r)dr (2.6)

-4

Turning now to the autocorrelation function
R(6) we have

T T
R(p) f f’(t)dt=f F) fe+0)de
0 0

T
=22 f Tt =) it +0~ i)t
m k JO
where the last term may be written

aT
2.2 fu(®) flv + 0+, ~t,)dT
m Kk -aT

Here again f(t +6 +¢t, —#) is a random func-
tion with vanishing mean value and the term
will therefore tend to vanish unless ¢, =#,.

We thus find

1 aT

RO) = —rgp—— 3 j I 0
o dtm —A

gJ‘—Asz ) (2.7)
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In view of conditions (2.1) it is easily seen that
the autocorrelation function will be subject to
the following conditions

0 almost everywhere for |6 I <2AT

O) |6]>2aT

=0 everywhere for

Thus in a time series composed of randomly
distributed processes one can determine the
maximum length of any of the processes from
the behaviour of the autocorrelation function.
If we now also assume that the time series
is extended beyond the limit 7' and that, on
this extension, we have the same type of
randomly distributed processes, then we may
take the mean value (2.3), the variance (2.4)
and the autocorrelation function (2.7) to be
independent of changes in 7' or in the starting
point, ¢t =0. The series will then behave in the
same way as a stationary random function.

3. Eigenfunctions to the autocorrelation

The problem to be considered may now be
stated in the following way. If a stationary
random time series is given and if, from the
physical situation, we have reason to believe
that the series is composed of randomly distrib-
uted processes, is it possible to find a criterion
showing the extent to which this assumption
is true and furthermore, to determine charac-
teristic features of the processes involved?

In order to give reasonable limits to the
possibility of an answer we shall first consider
a hypothetical case where we take the points
t, to be known and thus, that the time series
f(t) can actually be separated into a very large
number, M, of functions f,(z). In such a case
the most compact way to describe all the pro-
cesses is an expansion by means of the proper
set of M empirical orthogonal functions, g,(7)
so that

M

fn(®) = 2 Camalr) (3.1)
m=1

where, for g,(r) we shall take the normalization

aT

— 2 (z)dr=1
OAT _ATgn(T) T

and where the theory (Holmstrom, 1963) will
ascertain that the following two orthogonality
conditions
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1 [aT
AT T.‘ln(T) 9elT)dT = O3 (3.2)
-4

HAYE

M
= 2
%nm Om = Oy Z Xnm
1 m=1

are fulfilled. Naturally, if all the process func-
tions f,(7) are orthogonal, the convergence of
the series (3.1) will be slow and the series ex-
pansion not give any advantage over the de-
scription of the time series by means of the
functions f,(r) or by the time series itself. On
the other hand, if they are mostly non-ortho-
gonal—and in an empirical time series where
similar processes are repeated again and again,
they most certainly are—a rapid convergence
of the series (3.1) may be expected. In such a
case and from a statistical point of view, a
determination of the set of functions g,(r) up
to a certain order and of their respective fre-
quency and amplitude as measured by ,, o3
will give a satisfactory knowledge of the char-
acteristic properties of the processes involved
and it is therefore this information that we
should try to obtain when we not proceed to
the more realistic case where the points ¢,
are not known.

It is then natural to approach this case by
the assumption that any point ¢ in the time
series could be the center of a process. Forming
the residual

¢ +1) — B h(z) = r(t, T)

we shall require the residual (¢, 7) to be mini-
mum for all ¢ and all 7, or, in the least square
sense

T AT
f f [f(t+7) — B(t) k(x)]2dtdT = minimum
t=0dJ —AT
(3.3)
Taking the variation with respect to B(f) and

g(r) we find a stationary value of the integral
(3.3) if

T T
f fE+T)B@)dt=h(z) | Bxt)dt  (3.4)
0 [}
AT aT

f ft+7) h(z)dr — B(t) f h(z)dr
—AT —-AT

Elimination of g(t) gives the integral equation

AT
K(r—7')h(v')dz’ = Ah(z)
AT

(3.5)
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where the kernel K(r—17’) is given by
T

K(r-7') =f fe+)f(e+v')de
0

T
=R(x-7') f f()dt (3.6)
0

with R(r —t’) being the autocorrelation func-
tion of the time series with argument (v —7’).
The function A(r) is assumed to be normalized
according to

1 aT

— h(r)dr=1
SAT ) _sr (x)dr

and the constant 1, which we shall here call
eigenvalue (not its reciprocal) is given by

T
A=2AT f prt)de (3.7)
0

Since the autocorrelation function and the
variance of the time series can easily be deter-
mined, the kernel K(r —7’) is known and equa-
tion (3.5) may be solved numerically, giving a
set of eigenfunctions 4,(r) and a corresponding
set of eigenvalues 1,. The eigenfunctions are
orthogonal since the kernel is symmetric.

What we have obtained here is the set of
empirical orthogonal functions that with op-
timum convergence will give a series expansion
of f(r +7) in the interval |t| <AT if ¢ is chosen
in an entirely arbitrary way. This means that
t may be chosen at, close to or far from one of
the points £,,. In this formulation there is no a
priori reason to limit the interval for the ex-
pansion to 2AT. We could just as well have
asked for the set of eigenfunctions that with
optimum convergence expands the time series
over the intervals 4A7T, 6AT or any other
arbitrarily chosen interval.

It is here of a certain interest to study in an
example the effect of a variation of the length
of the interval over which the expansion is
made. For this purpose a time series has been
constructed from three even functions of the
form

9,(r)=A,¢7%"; gy(v) = (4,72 + By) ™™™
95(1) = (A, 78+ Byrr+ C,) e

where a has been chosen so that g, ~g,~g,~0
for |v| 21 and the coefficients A, B and C so
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that the functions are orthogonal and further-
more normalized according to (3.2). The func-
tions are shown in Fig. 1a, b and c.

For demonstration Fig. 2 shows an example
of an interval of a time series formed by a
random distribution of these functions, 6 of
each, and with randomly chosen positive or
negative amplitudes. With the aid of these
functions the kernel (3.6) has been formed as

051

-10

A ‘ : U

‘ , |

m ! J L ]e

=30 -20 -10 0 10 20 30
—=T

Fig. 1a, b, c. Orthogonal functions for the syn-
thetic time series.
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Fig. 2. Part of synthetic time series.

+1
K@) = f [P, 9,(0+7)g,(z) + P, 9,(0 +7) g,(z)
-1

+ Py g0 +7) g,(v)1dx (3.8)

and with P,=1, P,=5 and P;=9 the corre-
sponding, normalized autogorrelation function
has the form given in Fig. 3.

Extending now the integration (3.5) over the
intervals (-1, 1), (-2, 2) and ( -3, 3), respec-
tively, equation (3.5) has been solved for a
total of 30 eigenfunctions in each case, by
which the total variance is reduced to about
19, of its initial value. The eigenvalues de-
crease very slowly. Due to the form of the
kernel the eigenfunctions are either even or
odd and in Figs. 4, 5 and 6 we show in each case
the eigenfunctions corresponding to the first,
second, fifth and eight eigenvalues. These have
been chosen only as examples and it may there-
fore be added that even a more complete com-
parison shows that a change in the interval
results in a complete change in the form of the

10
o /‘V/ \ AN

-3 — - i

a0 20 E 00 10 20 30

Fig. 3. Autocorrelation funetion for the synthetic
time series.

eigenfunctions and furthermore that, as one
could expect, the eigenfunctions do not show
close similarity to the generating functions g,
g and g,.

4. Transformation of the eigenfunctions

As already stated we have obtained sets of
orthogonal functions that will optimize the
convergence of a series expansion of f(¢+17)
when ¢ is chosen arbitrarily and v varies in a
given interval. Naturally this expansion can
also be applied around the points ¢, so that we
always have

Im(®) = 2 Baltm) Ba(x) (4.1)

but if we exclusively apply the expansion at
these points, then the expansion will certainly
not retain its optimizing property. There must
therefore exist a transformation

Pr(T) = 2, Oy Ba(T) (4.2)

that will provide functions p,(r) which are bet-
ter suited for expansions only around the points
t,. In order to fix the ideas, let A,(z) be deter-
mined in the interval ( —vAT, vAT) where v
is an integer. In view of the fact that the pro-
cesses f,(v) are randomly distributed and fur-
thermore vanish for |t| > AT, the functions

Tellus XXIT (1970), 6
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Fig. 6a, b, ¢, d. Eigenfunctions no. 1, 2, 5 and 8 to the autocorrelation function in Fig. 3. Interval — 3 to + 3.

pr(r) should also satisfy this last condition.
For the determination of the coefficients w,,
we therefore have

2 Ophy(r) =0 for —vAT <7< —AT and
<

AT <T<vAT (4.3)

Furthermore we require the function p.(7) to
satisfy a normalizing condition, or

1 AT 2
AT [Z W hn(r)] dr=1  (4.4)
—aTLn

and finally, we should require p,(r) to be in-
variant for changes in the coefficient ».

If N is the number of eigenfunctions h,(r)
calculated from (3.5) we could apply (4.3) at
N points in the appropriate intervals and obtain
a complete system for determining w,,. How-
ever, with regard to truncation errors and to
natural limitations in the number of eigen-
functions that can be calculated under practical
circumstances it has been considered better to

apply a minimization to the variance of a
residual in (4.3) together with (4.4) as a con-
straint. This gives the condition

-aT uaT
f [wpy bn(T)]2dT + f [wny P (T)]2dT

—uAaT AT

AT
+.ukf
—aT

where yu, is a Lagrange multiplier. Differentiat-
ing here with respect to wy and taking into
consideration that the set h,(r) is orthogonal
over the interval ( —~vAT, vAT) we obtain

(4.5)

[w 1 Py (r)]2dT = minimum

AT+ (= 1) 2. e Gni =0 (4.6)
n
where we have introduced
AT
Ini = f b, () hy(z)dT (4.7)
—aT

These coefficients do not vanish in general for
n =%1i since the functions h,(t) are orthogonal
over ( —v»AT, vAT) but not over ( - AT, AT).
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Equation (4.6) provides a complete system
for determination of the eigenvectors w,, and
the eigenvalues ;. Since the matrix is sym-
metrie, the eigenvectors are orthogonal except
in the case of multiple eigenvalues, when we have
linear independence and may assume that
orthogonalization has been made. Certain solu-
tions to (4.6) may render the expression (4.5)
stationary without satisfying the condition
(4.3) and it is therefore necessary to find a
method by which uninteresting solutions can
be discarded. We may first notice that if p(r)
vanishes for |z| > AT, then

aT usT
f P(T) PmT)dr = f
-alT —uaT

unT
=z§wnkw,mf
n

hy (1) hy(z)dr
—uAT

Pi(7) p(z)dT

= 20AT 2 w0y — 20AT 81, 2, 0l (4.8)
i 1

where the last relation is due to the orthogo-
nality of the eigenvectors. The set p,(r) is there-
fore also orthogonal. On the other hand we also
have in view of (4.7)

AT
f zMﬂmmw=Z§mww
T n

-6

aT
f hy(7) hy(z)dT = z Z‘ Wk Oy Ini

~aT n

= Z Z‘ Wy Oy, Ini (4.9)
n

Now, multiplying (4.6) by wy and making a
summation over 7 we find in view of (4.8) and
(4.9) that the value of the eigenvalue u, in
(4.6) in which we are interested is g, =0. Itis
easy to see from (4.5) that other eigenvalues
are larger and it is therefore sufficient, in-
:8olving (4.6), to find the solutions correspond-
ing to the smallest eigenvalue.

However, in actual calculations truncation
.and other errors will introduce small perturba-
‘tions in the matrix and one will therefore in
‘general not find one vanishing eigenvalue but
.8 limited number, slightly different values and
all close to zero. This implies that the set p,(r)
‘resulting from the calculations does not need
to be made orthogonal. Remaining eigenvalues,
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which are of no interest in this connection have
been found in a number of test calculations to
be two or three orders of magnitude larger than
those not discarded.

Since the set p,(r) is orthogonal and since it
is formed from the eigenfunctions %, () we may
take the expansion

mm=gﬂmmm (4.10)

to be valid. It is however not evident that this
expansion is identical to the one given in (3.1).
As a matter of fact, with the set p,(r) only
orthogonalized through perturbations on the
matrix, these functions may correspond to any
linear combination of the functions g,(r). The
author has spent considerable time and effort
on attempts to find an acceptable method by
which the set p,(z) could be transformed into
g.(r) and by which the spectrum of the cor-
responding fourier coefficients «,, could be
determined. So far these efforts have failed.
It is possible that one should attack this prob-
lem by a more sophisticated approach to the
initial, variational problem:.

Taking recourse to numerical computations,
utilizing the synthetic time series discussed in
the previous paragraph is in this connection
not possible. If we solve (4.6) with the aid of
the eigenfunctions to the autocorrelation func-
tion (3.8) it is found that only three eigenvec-
tors satisfy the condition g ~0. With these
eigenvectors the functions p,(r) were formed
and compared with the functions g¢,(t), g.(r)
and gs(r) which were used to form the auto-
correlation function.

Utilizing 12 even eigenfunctions A,(7) and a
resolution corresponding to 16 points in the
interval (0,1) we obtain the set p,(r) shown in
Fig. 7a, b and c¢. For comparison the most
similar of the functions g,(r) have been drawn
on each figure as a broken line.

Taking instead a resolution corresponding to
24 points in the interval (0,1) and utilizing 15
eigenfunctions h,(r) we obtain the result shown
in Fig. 8a, b and ¢. Comparing Figs. 7 and 8 it
is seen that in Fig. 8 the result has improved
considerably with regard to the similarity with
the functions g,(r) and g,(r). On the other hand
the function g,(r) is now not so well represented.

Further tests have indicated that the simi-
larity does not depend on the resolution or,
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Fig. 7a, b, ¢. Transformed eigenfunctions (—) com-
pared with functions (——-) forming the synthetic
time series. 16 point resolution.

after a certain limit, on the number of eigen-
functions utilized. Instead, it has been possible
to show that a very accurate transformation
of the type

gav) = kZ Vien Pie(T)

exists in all cases, provided a sufficient number
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Fig. 8a,b, c. Transformed eigenfunctions (—) com-
pared with functions (——-) forming the synthetic
time series. 24 point resolution.

of eigenfunctions h,(r) are used in order to
form the functions p,(7).

There remains thus a very important part
of the problem to be solved before a conclu-
sive analysis can be made of the processes that
by a random distribution constitute a time
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geries. Even if the results presented here are
defect in this respect, they have been consid-
ered sufficiently interesting to motivate a re-
port. It is the hope of the author that it will
stimulate efforts on the points that need further
clarification.

In this connection it may be pointed out that
there is no difficulty in principle to extend this
type of investigation to several intercorrelated
time series or to extend it to two or several
dimensions even if, at present, computational
difficulties seem rather prohibitive.
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AHAJIN3 N3VYEHNA BPEMEHHBIX PAJOB METOJ0OM SMIIMPUYECKUX
OPTOT'OHAJIbBHBIX OYVHKITUN

ITpexnpHHATA HOUBITKA IPUMEHNTH METON BOM-
NUPUYECKUX OPTOTOHAIBHHIX (QYHKIHMHA K cTa-
IUOHADHEIM BpeMeHHBIM pAnaM. OCHOBHOE Ipefi-
NOJIOKEHNe, M03BOJAKIIEe MCIOJNb30BATh JTOT
METOJ, COCTONT B TOM, YTO BO MHOTMX PeAJbHHX
CHTYALMAX MOKHO CUATATh, YTO CIyYaitHHe
PAOH ABIAITCA CYNEPNO3UIUeNl CIydalHBIM
06pa3oM BO3HMKAOMUX U3NYECKUX IPOLECCOB,
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IJINTENBHOCTh KOTOPHIX OTpaHMYeHa M3-33 JHUC-
CHNIAUUHU, pacceMBaHMA win auddysun. Merox
MO3BOJIAET ONpefelInTh HEKOTOPHIe XapaKrep-
HHE CBOIlCTBa NpPOIECCOB, HO IMOKA He ABJIAETCHA
COBDEMEHHEIM B TOM CMBICJIe, YTO He [aeT BO3-
MOHOCTH OTIPefieJINTL COOTBETCTBYIOIIMIt dHEp-
TeTHYEeCKHuii CIeKTp.



