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ABSTRACT

Woe investigate the linear hydrostatic boundary layers which bring the horizontal mo-
tion to rest at the shore of & lake of horizontal extent L and depth H containing &
homogeneous fluid with constant, though vastly differing, horizontal and vertical eddy
viscosities, Ay and A,. The lake rotates with angular speed f/2 about a vertical axis
and the motion is induced by a steady, nonuniform wind stress. Our results are appli-

cable when

(HIL)® < (Ay/fH)Y (A]fLY) < (4,/fH?* < <1.

It is found that under these conditions the flow near the shore is determined by the
local wind stress and the local value of the interior velocity parallel to the coast. It is
found that under certain wind stress conditions there is a region of flow, adjacent to
the shore, in which the fluid is effectively confined to the coast.

Introduction

Over the past decade, the boundary layers
adjacent to the vertical walls of rotating con-
tainers have come under intensive theoretical
investigation (see Greenspan (1968) for a sum-
mary). These analyses have generally assumed
that the depth and horizontal extent of the
containers are comparable or that the horizon-
tal and vertical Ekman numbers are of compa-
rable magnitude. There are cases, namely flows
in shallow lakes, where both these assumptions
are invalid. We shall construct a theory capable
of dealing with situations when

(H|LY < (Av/fH)Y (Ag/fLh) < (Ay[fH) < <1

where H, L, Ay, Ay and f/2 are the depth, width,
horizontal and vertical eddy viscosities, and
angular rotation rate for the flow under con-
sideration.

The model

Consider the flow of a homogeneous fluid of
density o contained in & basin of uniform depth
H, horizontal extent L, rotating about a verti-
cal axis with angular speed f/2, acted upon by
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a steady nonuniform wind stress at the free
surface, and undergoing a turbulent motion with
constant horizontal and vertical eddy viscosi-
ties Ay and Ay. The motion is viewed from a
cartesian reference frame with the origin at
some point on the shore, at the free surface,
the 2z’ axis taken vertically upwards, the z’
axis is normal to the coast directed into the
fluid, and the 3’ axis is parallel to the coast
and counterclockwise from the 2’ axis (Fig. 1).
The dimensional (mean) velocities in the (z’, ¥,
2’) directions are (u’, v’, w’). The flow is caused
by a wind stress (v3, 7,) applied at the free sur-
face. We non-dimensionalize the variables as
follows:

Lz, y)= (', y'), Hz =2, U(u, v) = (W', v)
H ’ ’ ’ 1 2,3 ,
Uzw=w»erLP—e gz +§eff =p" (1)

Ty=MAX[v, (&', y'), Tz, y")],

U= Ty 8=U

Ql Avf’ 'f_L

Ty (0 7)) = (25, 7y), By = Ag|fL*, By = Ay|fH'
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Fig. 1. Geometry of the basin.

where 7’ is the horizontal distance from the axis
of rotation. The dimensionless governing equa-
tions are:

du op 2 o'u
— —v=—-—+E,NVNgu+ Ey — 2a
sdt v ax+ HYHY v P (ze)
dv op 2 v
—tu=-——+EVgv+ Ey— 2b
€ oy TV Vo (2b)
H\*dw op (H\’ . w
=) —=-= +(Z) (BENVho + By
E(L) dr oz +(L) HVH© * By oz"
(2¢%)
ou 0o 0
022,28, %2 (2d)
oxr oy oz
where
d @ P P & @
—=u—+v —tw —,Vy=—g+—
dt oz oy oz o By

We first require that ¢ is sufficiently small
so that the inertial terms are, everywhere, neg-
ligible. We further assume that

(H/LY'<E4E}< <1

We can later verify that this allows us to drop
the ‘“‘viscous” terms in (2¢’) and replace this
equation with

op

0z

(2¢)
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By doing this we surrender the possibility of
setting the vertical velocity to rest at the shore.
There will be a thin boundary layer adjacent
to the coast, in which the pressure is non-hy-
drostatic, which brings the vertical motion to
rest, and which will not be discussed here. The
horizontal velocities supported by this layer,
which can be shown to be of width H, are of a
smaller order than those considered in this
paper and hence do not affect our analysis.
Thus, the solutions obtained in this paper will
be valid at all points in the flow, except for
the pressure and vertical velocity which will be
in error within distance H from the shore.

The boundary conditions for the linear prob-
lem we have formulated are as follows:

ou ov
Atz=0,E} ——=t,,E3 —=1,w=0 (3a)
oz oz

Atz=~1,u=0,v=0, w=0 (3b)

At the coast, u=v=0 (3¢)

We now proceed along well established lines.
We assume that the flow field can be decom-
posed into two solutions. First is the interior
solution for which 8/ax, 8/ay=0(1) and which
is defined for all (x, y, 2). Second is the coastal
solution, which decays away from the coast and
has large gradients normal to the coast. The
two solutions overlap near the coast and to-
gether satisfy (3c).

The interior solution

The interior solution has a/ox, 8/ay=0(1).
Assuming first that E, = O(E$), we can, through
order Ey, neglect horizontal friction, and the
governing equations become:

op ou
—v=~-—+Ey — 4a
v dx Vo (42)
1% v
u=-2, g, (4b)
oY oz
&
0- - (4c)
oz
ou v ow
0= —+4—+— (4d)

ox oy oz
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The solution to these equations must satisfy
(34, 3b). The interior solution is itself compos-
ed of three parts, i.e., the top Ekman layer
() solution which has 3/oz = O(Ey } and vanishes
away from the top, the inviscid (I) solution has
a/oz=0(1) and exists for —1<2<0, and the
bottom Ekman layer (B) solution which has
a/az=O(E;*) and vanishes away from the bot-
tom. We first consider the inviscid solution.
We expand the dependent variables as follows:

o0
K2
(up 1, 01 P1) =K20E v (Wig> Vigs O15> PIx)

Hence, the zero, first and second order solu-
tions satisfy:

oPIx

-V = ——— 6a
X o (6a)
op
'I,I/IK=—‘Jr (6b)
oy
0
0- P 6¢)
oz
o ou v
0= ﬂf+_“"+l’ (6d)

oz ox

where %k =0,1,2. Eliminating the pressure
through cross-differentiating (6a) and (6 b) and
differentiating these equations with respect to
z leads to:

=——=—=0
0z oz oz

Clearly the shear stress condition of (3a) must
be satisfied by the top solution alone. This so-
lution, which must vanish away from z-=0,
satisfies:

a’uT
—Vp=—=F (7a)
0%
v
up = —a (7b)
oz
pr=0 (7¢)
ow Uy ov:
=__gt (—T T), (74d)
0z or oy
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where z =zEy (- 0o <z<0). The solution to this
set is well known and to order E% is

Ugp + tvp = (T, +1i1,) exp (Viz—in/t) (8a)
oty 0T

o= —E} -2 8b

lez 0 V(ax ay) (8 b)

and the volume flux carried by the top Ekman
layer, M, is

0

Mzp=Mz, +iMp,=E} f (up+ivr)dz
-0
= E(z,—iz,) (8¢)
To satisfy the last part of (3a), i.e.,
wT+wI|z=0:O’
requires:
oty ot
wplz=0=0; wlllz=0=?;“a_;; m3)z=0=0 (9)
omg

Since - 0, this implies:
2

_ oty 0Tp
wp=mp=0,wy =—-—
ox oy

Thus, we have satisfied (3a). The bottom solu-
tion satisfies equations (7) with the subscript
B replacing the T and z redefined as z=(z+1)
E;t(0<z<o0). The solution of this set of
equations, with satisfies the first two parts of
(3b), is

ug+ivg= —(uy+iv)) exp (- Viz) (10a)
E‘k’ ovy ou

wglz=-1= -—_(_1__1) (10b)
l/2 or oY

and the volume flux carried by the bottom Ek-
man layer, Mp, is

o0
MB=MB,+iMByEE‘*,J (ug+ivg)dz  (10¢)
o

E} .
= = (om0 + i(oro =) + O(E)

To satisfy the last part of (3b), i.e.,
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w3+w1|z:_1 =0
requires, from (10b),

1
wlo|z=—1=0’ wn ,z=~1=ﬁ (%—:L;)),

| 1 (oo, oun
opliecy=—= |— ——
fmlz=—t Ve \ox @y

Equating the results of (9) and (11) yields:

L(avm QU Ty {)ﬁ
V2 ox oy or oy

(11)

1 ar, ot
or — Vi - X 7= 12
}/2 HPIo w  dy (12)
1 (o
and — (—,U-I—l —%) =0
Velox oy
or Vipn=0 (13)

The analysis leading to (12) and (13) is fairly
standard, see Welander (1957) for a different
approach. The coastal solutions must satisfy
null conditions at z=90, -1, and together with
the interior solution satisfy (3c¢). We shall end
our analysis at order E} as to proceed to a
higher order in the coastal solution appears to
be difficult. The vanishing of horizontal motion
at the coast places boundary conditions on (12)
and (13). We require as our first boundary
condition that the horizontal component of the
zeroth order interior velocity normal to the
coast must vanish, i.e.,

n xVpp="0, (14)
where n is a vector normal to the coast. Equa-
tions (12) and (14) specify the zeroth order
interior velocity. If the right hand side of (12)
does not vanish identically there will, in gen-
eral, be a zeroth order velocity parallel to the
shore. The coastal boundary layers must (I)
bring this zeroth order tangential motion to
rest. Further, the layer must (II) cause the
volume flux of the top and bottom Ekman
layers to vanish at the coast. In accomplishing
(I) and {II) first order velocities are induced at
the coast. The layers must (III) bring this first
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order motion to rest. In doing this we deter-
mine the value of the first order normal interior
velocity at each point of the coast which sets
the boundary condition to equation (13) which
completes the problem through order Eé} We
shall proceed by satisfying part of the condition
(II) first.

The coastal boundary layers

Let us examine the flow in the region near
the origin as this is a typical coastal area. We
assume that the boundary layer solution

- 2
(@, %, w,p) has —> >-—,
ox oy
and so satisfies
2 o 2 -
o ou ou
—ﬁ:—£+EH—2+EV . (15a)
op " o'
U= ——+ By —+ Ey — 15b
., " oot Vazt (15b)
-
oz_f (15¢)
an 90 dw
= 22 (154)
oxr oy oz

These equations can be shown to have a more
general application. Let (x, ) and (&, o) be the
local normal and tangential ecoordinates and
horizontal velocities. The horizontal mixing
terms will then contain first derivatives with
respect to z and y as well as terms involving
the curvature (assumed to be on the order of
L™"). By examining the full equations in these
coordinates we can show the following. If we
have a layer of thickness E’}I with (@, 7) = O(E%}),
then the errors obtained by using equations
(15) instead of the full equations will be at most
of order Ey if Eyz Ey. Further, if we have a
layer of thickness E}/E} with %=0(E}) and
# =0(1), then the errors obtained by using equa-
tions (15) instead of the full equations, will be
of order E% in % and of order Ey in 9, if

Ef<E}< <1

Therefore the solutions of equations (15) will be
valid through order E} if we require the above
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inequality to hold, as wenow do. We now turn to
solving equations (15) through order E subject
to conditions (I)-(III). We assume that bound-
ary layer solutions are composed of three parts.
First we have the modified (by horizontal mix-
ing) top and bottom (T, B) Ekman layer solu-
tions and a solution (I) non-vanishing over —1
<2< 0 in which vertical mixing is unimportant.
The Ekman solutions satisfy

2 . 2 -
ouUs o U
—oy =By +— (16 a)
ox z
0, 90
=By —3+= (16b)
ox 2
dw o, oD
e 3(——’ ) (16¢)
oz or oy
i=T, B,

where for the top layer E=z/E‘*,, and for the
bottom layer z — (z+ 1)/E}. Consider the top
layer first. Define

0
M=M,+iM, = Eé,f (fig+ t07) dz

Integrating (16a) and (16b) with respect to z,
and noting the zero stress condition at z =0, we
obtain

- M,
-0, By
i,-1,2

x

Solving this we find
M-E}4 exp (- Viz/E})

Thus, we have a top Ekman layer of thickness
E}. We use this solution to satisfy (II) at the
top by choosing

A= —(1,—17,),
where T 'r,,Er,I,-o, T, |,=0
Therefore,

M- -Bb,-iv,) exp (-Viz/BY) (7)

Tellus XXII (1970), 6
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We now obtain the I solution for this boundary
layer. We require that wr+ oy |z~ = 0. Integrat-
ing (16c¢) with respect to z leads to:

SRR Ay
T |2=0= o + oy

£}
"_177'*' ~Zgin (0 +n/4-7), (18)
where
EEx/VE,, rEl/m, tan0=?
z
Hence
wrs0= %nfsin(mg-i) (19)

Now let us consider the induced horizontal ve-
locities @; and #;. With /ox = O(EH*), (15 a.) and
(156b) imply that @,-O0(?;) and p;= O(EHﬂ,)
Equation (15d) implies that ;= —O0(Bboyp=
o(E%). Therefore, to lowest order, the equations
to be satisfied by the (I) solution are

ap a'a
o= - By~ (20a)
o ox
'
i;-By —5 (20b)
ox
o ]
Al L) S (20¢)
ox oz
.
Pr_y (20d)
oz

Now the bottom Ekman layer exists solely to
bring the horizontal motion to rest at the bot-
tom. The horizontal velocity in this layer is of
order Et, and the vertical velocity

- oty - Ey
op=0 B} = 0=
e 52 or -0 (5

Hence, the vertical velocity in the bottom layer
is of order E{}, smaller than wj, and we must re-
quire that w;|.-—1=0. Requiring for matching

i
purposes that —6—! =0, we have, integrating (20 c)
2

= —(z+1)—x’ (21)
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Setting z to zero in this expression, equating
the result to the right-hand side of (19), and
integrating once with respect to x yields 4.
Then integrating (20b) we obtain ;. To sum-
marize

4;=Ebre ®sin (9-7) (22a)

b= -E%’,ﬂz‘j5 cos (f ~x) (22Db)

- E} _
wr=(z+1 E’i re %sin (0+Z-—m) (22¢)

To carry the analysis to a higher order would
require the explicit solution of the bottom Ek-
man layer, hence we stop at this order. This
analysis is quite similar to one performed by
Pedlosky (1968) for an oceanic circulation prob-
lem with Ey=E,.

We have now satisfied part of condition (IT).
To satisfy (I) and (III) requires another bound-
ary layer solution (i, 9;, w; ¢ =T, B, I). We
therefore seek a solution of (15) for which
v;=0(1), @;=o(v;), and which has U _ovr_ 0.

2z oz
We tentatively assume this layer has a thick-
ness, say L., greater than E}, If this last as-
sumption is valid, then the top Ekman solution
is identically zero since there is no non-trivial
solution of (15a) and (15b), with the pressure
and horizontal mixing terms dropped, which
satisfies the zero shear stress condition at z =0,
and vanishes away from the top. Therefore

~ . 8ty vy ~ . .

wrjz-0=90. Since — =-— =0, ©; is proportio-
oz oz

nal to z and must be of the same order as oy

~ 1
where wp=0 (E'%, (L)

). Differentiating (15 a)

x

and (15b) with respect to « and y respectively,
ol

subtracting the results, and neglecting ~a—£ with
Y

o
respect to —a—l, leads to
@

. .-
owy o vy EH
- =EBy—5-=0 (—s)
oz ox L;
e . E} . E}
Since m;=O(wg) =0 (L—:) we find L, = O (17,*, .

Since we now know the length scale of this
boundary layer, we define z by 7 (EL/(Ey/2)t) = .
Rewriting equations (15) in terms of this inde-
pendent variable, we have:

G. S. JANOWITZ

_(Ev/z)* 3_131

B\t 84, ' i,
+ (_) -6? + By —

! E} ez \2 oz
(23 a)
api (Ev\tao &
g= P (2} 20 g, 20 (23
oy 2
0- 2Pt (23¢)
oz
o, EY om; EbF o9
: - =0, (23d)

2% (Byi2)t oz (Byl2)t oy

where ¢=1, B.
We now expand the dependent variables as
follows:

. . ® <l- Ey ¥
(op Gy, 0np1) =K§::0(EV/2) [”IK’ (?) g,

1 )
(Bv/2)t . E} . ] 24)

Substituting these expansions into equations
(23) leads to the following two sets of equa-
tions:

. or
gy — ke (258)
o
.-
ov
I (25b)
ox
5
0 P (25¢)
oz
3_1"?’2 a_w1_0=0 (254)
ox 0z
. op
and o= n (263)
ox
- .
o v
= — KPR, 200 (26 b)
oy ox
0 _%n (26 ¢)
oz
Pn fon, g2 (26 d)
ox oz oy
h 1>K Eh
where = =
(Ey/2)t

Tellus XXII (1970), 6
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The boundary conditions at z=0 are

~

(:)Io =wn=0
Differentiating (25b) with respect to z, sub-

. .o
stituting the result into (25d), noting ;1 =0,
2

and then integrating with respect to z yields

~ & Vo
W= —2% <3
ox

(284)

Differentiating (26b) with respect to Z, and
substituting the result into (26 d) leads to

t 1 2 ~ ~ ~

o 0 ov ow
_:‘—Kﬂ)+K—I°+—h=0

ox oxoy oy oz

From (25a), the middle terms cancel and we
obtain

~ v
o= —2 — (28 b)
ox

We note that i, is the only dependent variable
affected by the value of K. Since #;=0(Ey),
and we shall end our analysis at order E}, K
does not affect our results. We now analyze
the bottom solution to obtain a second relation
between ;and ;. Let z = (z+ 1)/E}. Expanding
the dependent variables as follows:

(ﬁB’ 58; Wps P )

® . (Ey/2)t .
= KEO(EV/2)K I:"ZBK’ Vg» (_%/}_) wBK, 0] (29)
- H

and substituting these expansion into (23)
leads to

- o Up,
~Pm =y (308)
2~
~ 0
Gpo=" (30b)
% 1 20
Bo, DB (30c)
ax  |o oz
odp, o'
~ 'Bi
and ~Pm =yt (31a)
2~ 2.
v ov
gy =+ =" (31b)
0z ox

Tellus XXII (1970), 6
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o 1231 1 6(:)31

——+—=—=0 31
ox |2 oz (31e)

The boundary conditions at z= —1 (z=0) are

figy=0 (32a)
PBo= — 1o (32b)

Do = — W1y (32¢)

and tig, = —Up, (33a)
Ppy = —vp (33b)

wp— — o (33¢)

The solution to equations (30) satisfying (32 a, b)
is

(figy+10m) = — 105, exp (- Vi2)  (34)

Integrating (30c) with respect to z leads to

~ -9 [
wBolé_ao =V2 ;;:J‘

0

fig,dz
or, using (34),
v,

(:’Bo IE-o = - ;2.7

Satisfying (32c), and using (28 a) evaluated at
z= -1, leads to

8 ~ -
0 V1o avlo

ox ox

or Dpo=AEE (34a)
Ggy= AEF (34b)
01o=2A8EE (34¢)

We also note that the total mass flux carried
by the bottom Ekman layer, M, is, to lowest
order
-]
My- MB,+4JMB,=E‘*,J (fip+10p) dz
[}
3
. (1+4) A &%

Ve

To solve equations (31), we rewrite (31a, b) as

(34d)
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2 2%
0 L~ aS5p
3 SBl_"LSBl == -zo

ox

[\V)

z
where S, =g, + i D, t = 0, 1. Using equations (34)

a*85,

o =18 =4 exp (-Vizy  (35)
2

The solution to (35) which satisfies (33 a, b) is

8= — [(A &% +ivy) +~§AZ€5] exp (- Viz)
(36)

Substituting (36) into (31) and integrating with
respect to z leads to

Wwgyls=0= —— +=Aér
Bllz 0 oz 2

Satisfying the final condition, (33c¢), using (28b)
evaluated at z= — 1, yields:

3~ ~
o vy v 3 .
“on_oon 3,
ox ox 2

We solve this to obtain:

o =V2B&F -3 AzéF (37)
To summarize our coastal boundary layer solu-
tions through order E‘*,, and now letting

- ~ ~

(g, vy, wp)

denote the total coastal boundary layer correc-
tion to the interior solution, u;, vy, w;, we have:

34

v—Aed i B} [BéwZ ———=qze?
V2

—7éf cos (0—7_5)] +0(Ey) (38a)

S

4 e e
1=E} [ﬁ &% 1 ré¥ sin (G—x)] + O(Ey) (38D)

~ E}
w,=17£|:(z+1)-::6dB sin (ojtyzZ —5:)

Ed
2—; er‘“i], (38¢)
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where o= (2 Ey)}, z=2/V2 Ey. The volume flux
carried by the modified top and bottom layers,
to order, E}, are

My~ —Eh(z,~it;) exp (= V2iz) (38d)

- ¥

MB:_IEL-’(HZ')A@@ (38¢)
V2

The interior solution near z=0 is, noting that
we reqired that u;,,=0 at 2=0,

ur=Edup|seo-+O(Ey) (39a)

vr=vplemot Edopnlemo+ O(Ey)  (39b)

where vy, | r=¢ has already been determined from
(12), (14) and (6 a). The volume flux carried by
the interior top and bottom Ekman layers are,
near =0,

My =B} (zr,—ity) (39¢)

3

E ,
Mg= —'V*g(l'kz)vlolz=07 (394d)

To satisfy condition (I), we choose
A= —V1 II=0

This choice of A also brings the volume flux in
the bottom Ekman layers to zero at x=0; this
completes condition (II). To satisfy condition
(IIT), at o =0, we must choose

A . . V1o
uhlrzo = — [7_2_+r sin 0] = — [‘r sin ()-—V—E |z=o]

(41a)

and o1 |e=0= —[B -7 cos 6] (41Db)
We note that the right-hand side of (41a) is
known from the zeroth order solution and equals
the volume flux normal to the coast carried
shorewards by the interior Ekman layers. There-
opn
oy
coast, equation (13) can be solved yielding

fore, with u,, lr=0 (= - |,=0) specified at the

vn lr:o-
With vy, IIQO known the problem is completed
by choosing

B =1 cos 0—v11|I=0

Tellus X XII (1970). 6
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Thus, the total velocity near the coast and
outside of the Ekman layers which we now de-
note as ur, vy and wr, is

vp=vp|eo (1-8%%) + B} [

| o &%
V— =0
+ 7{cos 0&*% - &% cos (0 — 7))

4o |zo0 (1 —eu)] +O(Ey) (424a)

Ve

+7é% sin (§—z) -7 8in 0] +O(Ey) (42Db)

E}
wr = EH [(z+ 1)zéf sm(G +z—-x)

v
ur =B} [ﬂ |20 (1 &%)

B} .
~ 51 2Vle=08+ O(By) | (420)

By substituting (42 c) into the right-hand side
of (2¢), we can verify that the error produced
by making the hydrostatic approximation is of
order E} smaller than the smallest retained
term if

(HILY'< By E¥(<Ey< <1) (43)
We note that in (42b) we omit terms of order
Ey with respect to terms of order E}. To be
consistent with this, we should omit terms of
order E} with respect to terms of order 1 in the
rest of our solution. First consider the case
when vy, |;—,+0. The first and third terms inside
the bracket on the right-hand side of (42a) are
order E} smaller than the term outside the
bracket and must be omitted. The remaining
term in the bracket is only order E} smaller
than the term outside the bracket for z=0(1),
and must be retained. Therefore for vm',-o:i:O,
we are consistent by taking

[cos §&*F — &% cos (9 — )]

(42a)

v =0y, |1=0(1 —éu)—i—Eé,‘t

Equations (42 b, ¢) are consistent as they stand.
If vy, | z=0=0 which may be caused by an irrota-
tional wind stress field (v;,=0), then dropping
these terms in equations (42) leads to the con-
sistent results:

Tellus XXITI (1970), 6

593

r=E}[vg|c-0(1 - &%%)

+7(cos §&*¢ &% cos(9 -z))] (444a)
up=E}[v&® sin (§ - %) — 7 sin 6] (44b)
E} _
or=—7 [(z+1)7&¥ sin (0 +nf4—-%)] (44¢)
EH

In either case, we can define a stream function,
yr, such that

oyr oyr
Up=—"-, = —— 45
T oz or ox (45)
This function is
o D12
Yr l/— z=0

—(1+2) t(sin §— &% sin (9 —5))] (46)

Lines of constant yr then correspond to pro-
jections of streamlines in the (z, z) plane. Also
—yr(0, z) equals the total volume flux carried
by the top Ekman layers in the x direction,
and yr(-1,z) equals the flux carried by the
lower Ekman layers. If v,o, z=0=0, then (46) im-
plies that it is possible for yr to vanish at some
value of z, say z,, other than zero. In fact for
z2+0, yp vanishes if

&esin 7,

tan = — (47)

1-é&% cos z,

Except for the case §~ 0, for each value of in the
“confinement range” (- (n/4), 0) and (3=/4, n)
there, will be one value of z, say z,, where yp,
hence up vanishes. At this value of & there will
be no net exchange of mass with the interior
by way of the Ekman layer nor any exchange
in the underlying region. The fluid in the range
(0, z,) is confined there and moves along the
shore. This has practical significance in pollu-
tion problems. A plot of § versus the confine-
ment distance, z,, is presented in Fig. 2.

If vy |,=°=t=0, the flow field can become quite
complicated and no generalizations seem pos-
sible. Therefore we illustrate a few interesting
examples.

First we consider the case when vy, =0, vy, =
1.0, t=1.0, 6 = — 0.25 radians, and E;,=0.01.
We plot the fofal volume flux carried in the z
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Fig. 2. A plot of the confinement distance, z., ver-
sus the angle the wind makes with the z axis.
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Fig. 3. A plot of the Ekman layer fluxes and the
tangential velocity versus z for vsolz~0=0, vr1|z=0=
1.0, 7=1.0, 6= —-0.25, Ev=0.01.

direction by the top and bottom Ekman layers,
now denoted by My, My respectively, versus
z and the tangential velocity versus z in Fig. 3,
and we plot the streamlines in the z -2z plane
in Fig. 4. We note that, to lowest order, My, =
—0.0247, Mz=0, and that this is a case of con-
finement. We see from Fig. 4 that the mass
carried by the top layer towards the shore is
ejected in the region 1.4<x<3.0. This mass
flows outward filling the region —1<2<0. For
0<z < 1.4 there is a region of confined flow.
We next consider the case when wv;,,=1.0,
7=1.0, 6= - 0.25, and Ey=0.01. The results are
shown in Fig. 5 and 6. We note that My, =
~0.0247 and Mg, = —.0707. The mass carried
towards shore in the top layer is again ejected
in the region 1.4 <z < 3.0. This mass now returns
to the interior filling the region —-0.3<2<0.
The bottom layer also carries mass towards,
shore. About three quarters of this mass is

G. S. JANOWITZ

Fig. 4. Projection of the streamlines in the z—2z
plane for vr -0 =0, vn|z~0=1.0, T=1.0, § = — 0.25,
Ev=0.01.
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Fig. 5. A plot of the Ekman layer fluxes and the
tangential velocity versus z for vo|z=¢= 1.0, v1|z—0
=0.0, 7=1.0, 6= - 0.25, Ev=0.01.

Fig. 6. Projection of the streamlines in the r—z
planeforvrjz=o=1.0,v11[z=0= 0.0, T=1.0,6 = — 0.25,
Ey=0.01.

ejected in the region z> 0.7 and returns directly
to the interior. The remainder of the mass
leaves the bottom layer in 0 <x<0.7. It flows
under a small recirculating region and enters
the top layer in 0 <z <0.4. The top layer carries
this mass away from shore. It is ejected from
the top layer in 0.7<x<1.4 and flows towards
the interior. Hence the region 0<x<1.4 con-
tains mostly waters originating in the bottom
Ekman layer.

Tellus XXTI (1970), 6
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Fig. 7. A plot of the Ekman layer fluxes and the
tangential velocity versus z for vo}z=0=0, v1|z=0=
1.0, 7=1.0, 6= +0.25, E,, =0.01.
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Fig. 8. Projection of the streamlines in the z — z plane
for v10|z=0="0, vi1|e=0=1.0, T=1.0, f= +0.25, E,=
0.01.

The third case considered is when v =0,
vn=10, v=1.0, = +0.25, and £y =0.01. Here
Mypoe = +0.0247 and Mz=0. The relevant in-
formation appears in Fig. 7 and 8. A flow of
mass of flux - 0.0247 approaches the shore
under the top Ekman layer. It flows under a
large recirculating region which occupies the
region 0.2<z<4.0 with a maximum depth
|zmx|~0.5, and enters the top Ekman layer in
0<z<0.2. This layer flows outwards and con-
tinues to receive mass from the recirculating
region until, at z=1.0, My~ 0.05. It then grad-
ually ejects the excess mass back into the re-
circulating region in 1.0<zx<4.0 and the re-
mainder (M =0.0247) flows into the interior in
the top Ekman layer.

The last case considered here has v;,,=1.0,
=10, 6=0.25, and E;-0.01. Here My, -
+0.0247, Mp,, = —.0707, and the relevant ma-
terial appears in Fig. 9 and 10. The bottom
layer carries mass towards shore. About one-
half of this mass leaves the layer in z>2.0 and

Tellus XXTI (1970), 6
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Fig. 9. A plot of the Ekman layer fluxes and the
tangential velocity versus & for vrolz~0=1.0, v11]z=0
=0,7t=10, 6= +0.25, B, +0.01.
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Fig. 10. Projection 'of the streamlines in the z—z
plane for v fz=0 =1.0, v1i1|z=0=0,7=1.0,0= +0.25,
E,—0.0L

flows outward occupying the region —1.0<z<
~0.3. The remaining half of the mass is ejected
from the bottom layer in the region 0<z<2.0.
The top layer flows outwards over the recir-
culating region and about one-third of the mass
it carries at z =2.0 is ejected and flows outwards
occupying the region —0.3<2<0. The remain-
ing mass flows away from the shore in the top
layer.

Thus we see some of the great variety of
flow patterns described in Equation (46). Apart
from the case of confinement, no generaliza-
tions seem possible regarding the details of the
transfer of mass from the Ekman layers to the
interior. It is this method of transfer which
may be of significance to life at the edge of
the basin.

Some Final Comments

We note that the parameter range under con-
sideration
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() <) () -
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is of some physical interest: For example, rea-
sonable values for (H, L, f, Ay, Ay) for Lake Erie,
located in the northeastern United States, are
respectively (2 x10°cm., 10’ ¢m, 107* rad/sec,
10 em®/sec, 10* em®[sec). The above inequality
is satisfied by these values and becomes:

4x107%<107"<107%< <1

We also note that the results obtained here
are based on the crude modeling of turbulent
mixing by the use of constant values of the
Austauch coefficients. How crude the results
obtained by this modeling are, can be deter-
mined either by comparison with the results
obtained by the use of a more realistic model
of turbulent mixing or by comparison with ob-
servations. At present neither of these compar-
isons exists. If this theory predicts the general
wind configuration under which confinement
occurs or the general wind configuration under
which mixing of top and bottom waters is
enhanced or suppressed, it should be considered
fairly successful.

G. S. JANOWITZ

This brings us to the effects of stratification
which are currently under study for the above
range of parameters. We may tentatively ob-
serve that since many lakes undergo fairly large
annual variations in their stratification the re-
sults obtained here may apply over some period
of the year. We must await the results of the
current study for a more quantitative statement.

Lastly, we initially required that the radius
of curvature of the coast be on the order of L.
This condition is more stringent than it need be.
We can simply require that ratio of boundary
layer thickness to radius of curvature R be of
order E}. This leads to the condition that

> EL.

N

for our theory to be valid everywhere.
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NPUBPEKHBLIN IOTPAHUYHBIA CJION B O3EPE, KOI'TA TOPU3BOHTAJBHOE U
BEPTUKAJLHOE YHCJIA DKMAHA UMEIOT PASJIUYHBIN MOPAXOK BEJIUYUH

Mu uccaegyeM nUHelHBE THUAPOCTATHYECKHE
NIOrpaHuyHbIe CJIOU, KOTOpHE ofecrneynBaloT 3a-
TyXaHue ckopocTn y Oepera o3depa ¢ FOpH3OH-
TanbHEIM pasmepoM L u rayOunoit H, cogepmxa-
1[ero OJHOPOAHYIO HHAKOCTh C IOCTOAHHBIMHU,
XOTA ¥ CYIIeCTBEHHO pa3jUYHHIMM TOPHU30H-
TadbHOIl M BePTHMKAJBHON BHUXDPEBHIMU BA3-
rocrAMN Ay u A,. O3epo Bpamaerca ¢ yraoBoit
CKOPOCTBI0 f/2 OTHOCHTENILHO BepPTHKAJIBHOMN
oCH, U IBUKeHHe UHAYIUMPYETCA CTALMOHAPHBIM
HEOMHOPOIHHM HampAxeHueM BeTpa. Hamu
Ppe3yJIbTaThl NPUMEHUMH, KOrAa

(H/L? < (Ay/fH)VY(AR/fL?) <(Ay[fH?)*<]1.

Haiineno, uro npm »5TUX YCIOBHAX TeyeHHe
BGnusu Oepera onpefensieTcA JIOKAJAbHBIM Ha-
NpsKeHNeM BeTpa M JOKAJIBHHIM 3HAYeHHEeM
CKOpOCTH, mnapaijenbHoit OGepery. Haitgeno,
YTO NIPM HEKOTOPOM HANpPAMKEHUM BeTpa Ccylie-
CTBYeT TeueHudA, NMpUIeKAIUA K Oepery, B Ko-
TOpoit HUAKOCTD dPPeKTUBHO OrpaHUYeHA Y
Oepera.
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