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ABSTRACT

When two incompressible homogeneous fluids in relative motion are stratified in a
gravitationally stable configuration and are subjected to rotation about a vertical
axis, the interface and the free surface slope away from the horizontal. Such a
system possesses rotational modes of oscillation in addition to the external and inter-
nal gravitational modes. The dynamic stability of small amplitude motions super-
imposed on this system is studied. For unstable modes, the phase speeds and the growth
rates are presented as a function of wavelength of the perturbations and shear of the
basic flow. In particular, it is shown that the instability can occur as a result of a
coupling between an internal gravitational mode and a rotational mode.

I. Introduction

We are concerned here with the dynamic sta-
bility of the equilibrium configuration shown
in Fig. 1 with respect to small amplitude per-
turbations. This configuration consists of two
incompressible homogeneous fluids of densi-
ties p, and g, superimposed one on top of an-
other with the heavier fluid (p,) at the bottom
to insure gravitational stability of the system.
These fluids are laterally bounded by rigid
walls at ¥y =0 and y = W and each fluid is mov-
ing in the positive x-direction with a constant
translational velocity @, and 4, (@, +4, in gen-
eral). In the absence of rotation, the fluids
will have uniform depths (D, and D, as shown
by the dotted lines in Fig. 1). In this case, the
system is only capable of exhibiting gravita-
tional (external and internal) modes of oscilla-
tion and any dynamic instability that is real-
ized is purely a manifestation of the Kelvin-
Helmholtz instability. As is well known, this
instability is usually restricted to rather small
wavelengths of the perturbations. If, however,
we now assume that the system is rotating
about a vertical axis with angular speed Q, the
depths of the fluids can no longer be uniform.
The translational velocities %, and %, bring
into play the Cariolis forces which would then
require balancing pressure gradients. These are
generated by the interface and free surface
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sloping away from the horizontal as shown in
Fig. 1. Under these conditions, the system
exhibits an additional mode of oscillation—the
rotational mode which is normally referred to
as the Rossby mode in meteorology—in addi-
tion to the gravity modes. The features of these
rotational modes normally resemble the char-
acteristics of meteorologically important wave
motions that are observed on synoptic weather
maps. Our primary concern here is to investi-
gate the stability of the basic state which pos-
sesses both the gravitational and rotational
modes.

The study of the above stability problem has
an application to the problem of frontal in-
stability in meteorology. The Bergen school of
Norway has demonstrated that instability as-
sociated with narrow transition zones between
warm and cold air masses is a possible factor
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in determining the growth of a perturbation in
the middle latitudes. In an idealized situation,
one can represent each of these air masses by
a homogeneous incompressible fluid and the
transition zone by a surface of zero-order dis-
continuity—called the front—with respect to
density and tangential velocities. The dominant
characteristics of the frontal model are that
the frontal surface is inclined at an angle to
the horizontal and intersects the ground. One
of the earliest attempts at a mathematical ana-
lysis of this model is that of Solberg (1928).
His model consisted of a rigid top and bottom
both of which are inclined at the same angle
to the horizontal as the frontal surface. In spite
of this simplicity, Solberg’s results showed that
it is indeed possible to have unstable waves
whose wavelengths are approximately in the
range of incipient cyclones when the frontal
surface is no longer horizontal. It may be re-
called that without the sloping front, the only
instability the two-fluid system can give is the
Kelvin-Helmholtz instability, which is usually
confined to wavelengths much smaller than
the scale of the incipient cyclones for reasonable
values of shear (@, —@,). Subsequent to Sol-
berg, the mathematical analysis of the frontal
problem was done by Kotschin (1932) and
Eliasen (1960) with rigid top models in which
the frontal surface intersects the ground. Re-
cently Orlanski (1968) made a more elaborate
analysis of the Kotschin model.

Most of the traditional stability analyses in
meteorology are made for the long planetary
waves for which the so-called quasi-geostrophic
approximation is introduced. This approxima-
tion, first introduced by Charney (1947), ef-
fectively filters out the gravity waves leaving
only the rotational waves in the system. Use
of this approximation greatly simplifies the
necessary mathematical analysis. However, when
one is concerned with the stability of perturba-
tions of a smaller scale—as those on a frontal
surface—this approximation can no longer be
justified. Consequently, one has to deal with
a non-geostrophic system containing both
gravitational and rotational modes. There have
been some studies of this ageostrophic stability
problem (Arnason, 1963; Derome & Wiin-Niel-
sen, 1966; Stone, 1966; Sela & Jacobs, 1968)
but the precise nature of the stability charac-
ter and the interaction between the gravita-
tional and rotational modes, if any, is not
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properly brought out. In the previously men-
tioned studies on frontal stability, the analysis
of the problem was quite complicated in view
of the frontal intersection with the ground and
the role of the ageostrophic effects introduced
by the presence of the gravity waves is not
clearly brought out either. It is with a view to
investigate this aspect while trying to keep
the necessary analysis simple, that we selected
the model described earlier. Since the char-
acteristic feature of the frontal theory is the
inclination of the front, rather than its inter-
section with the ground, the results obtained
here may still be applicable in an approximate
sense to a frontal situation.

II. Dynamical equations

The physical model is described in the pre-
ceding section. As mentioned there, we are
dealing with motions whose scales are much
smaller than the radius of the earth. Conse-
quently, these motions may be described using
a Cartesian =z, y-plane with a constant Coriolis
parameter f=2Q sin ¢, Q being the angular
speed of rotation and ¢ is the geographical lati-
tude. We further assume that the scale of the
motions is such that the hydrostatic- or the
long wave-approximation is valid. Then the
motion in each layer can be described by the
shallow water equations:

ay

o U= —g(eVhy + Vh)) (2.1)
dh,

Y V,=0 (2.2)
d

dl;’ ~ f{U,]= —g(Vhy + Vh,) (2.3)
dh,

E+h2V-'l92=O (2.4)

In these equations, the subscript 1 refers to the
quantities in the lower layer and subscript 2 to
those in the upper layer. ¥ =(u, ») is the hori-
zontal velocity vector, h is the depth of a layer.
The vector [¥] denotes a rotation of ¢ through
ninety degrees in the negative sense of the
z, y-plane. &€ =g,/o, is the density ratio and for
a gravitationally stable configuration 0 <g <1.
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The system of equations (2.1) to (2.4) has an
exact solution corresponding to the basic state

vl = (111, 0) vn = (112, 0)
dh, dh, _
d—y‘ =&, f E; =&,/ (2.5)
where we have defined
_ &y —1, _ U, — U,
& =21 fy= 2 (2.6)
Yg(l-e) *Tg(1-¢)

We now assume that the translational veloc-
ities 4, and @, in the basic state are constant
(%, +%,) and that the domain of interest is
bounded by rigid boundaries at y =0 and y =
W. The depths of the lower and upper fluid
layers are then given by (for y >0):

ﬁl=l—)l+&lf(y—v—:)

ﬁ,=D,+&gf(y-~g—/) (2.7)

where D, and D, are the layer depths at y =
W/2. They are also the uniform depths that
the fluid layers will have in the absence of ro-
tation.

The dynamical equations (2.1-4) are now
linearized about the state of equilibrium ex-
pressed through equations (2.5, 2.7) for the

examination of the stability problem. The
linearized equations are

oh oh.
Lju,—fo,+g | = +y,—) =0 2.8
/Uy fo; g(ax Vi ax) (2.8)
oh. oh
Liv,+fu+g | = +9,—2) =0 2.9
05+ fy g(ax Vi ay) (2.9)

ou ov
Lyhy+ 3, fo,+ by (5;’ + 5’) =0 (2.10)

where j =1 or 2 and u,, v;, h; are perturbation
quantities.
We have defined

y,=¢ and y,=1
4 b}
Li=— +4,— 2.11
ot ox @10
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The equations (2.8-10) represent a coupled set
of six homogeneous equations in as many
unknowns. The necessary boundary conditions
to be adjoined in order to complete the speci-
fication of the problem are:

u;, v;, h; are periodic in x (2.12)

and v;=0aty=0and W

In the next section we outline the method of
solution for the boundary value problem (2.8-
12).

III. Method of solution

The coefficients in the dynamical equations
(2.7-10) are constants in z so that a solution
of the form

u;=U; (y, 1) e*, v;=V;(y, t) e
j=12. 3.1)
h;=H,(y, t) e**

automatically satisfies the equations and the
boundary condition in z. Substitution of this
into the equations yields

aU.

Ej + ikit, U, —fV, -+ ikg(H, +y;Hy) = 0 (3.2)

ov; . oH, aH,)

— + ik, V;+fU;+gl— +9,— ] =0 3.3

o 1;f19(ay " oy (3.3)

oH 1%

?EI + ki Hy+ a1V, + by (z’kU, + —a—’) =0 (3.4)
Yy

with boundary conditions V;=0 at ¥y =0 and
w.

This system of equations has been solved by
spectral and by finite difference methods.
Considering first the spectral solution, we seek
solutions of the form

Iy

Vit y) = go Vi) sin W (3.6)

in order to satisfy the lateral boundary condi-
tions. Since now V', is an odd function of y, it
follows from the equations that U; and H, are
even functions of y, thus
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Ujit,y) = 2 Uj(t) cos %” (3.7)

=0

S lny
Hyt,y)= 2> Hj(t) cos W

=0

and further f is an odd function and E, is an
even function of y to satisfy the appropriate
parities of all quantities in a mathematical
sense. Again on a mathematical plane, if all
integrations are performed over an interval
~ W <y <W, then sines and cosines are or-
thogonal and all odd functions integrate out.

Substituting the expansions (3.6, 3.7) into
the dynamical equations (3.2, 3.3, 3.4), multi-
plying the U;, H; —equations by cos nzy/W and
the V; —equation by sin nay/W, and integrating
over the interval 0 <y < W, we obtain the spec-
tral equations

avy o 3 :
A iki; UJ = 3 0, f"V}+ikg(H] +y,H]) =0
-0
(3.8)
avy o nag
—L +ika, Vi + D MU - =2 (H 1y, H}) =0
dr Yy Eof i W( Ly HY)
(3.9)

dH}

+ika; H}

+

M3

l
EN [a] Vi B (ikU} + v_; V})] =0

(3.10)

1

0

where n=0,1,2,..., §,=1 for n40 and §,=4%
for n=0, and the coefficients are defined as
follows:

2 [V /
f’"sv—vfo fsinlWycosr%g/dy

2 (¥ /

which can be computed once f and h-, have
been specified as functions of .

For computational purposes the series must
be truncated, say at n=N. We have then a
system of 6 (N +1) prediction equations, but
since (3.9) can be discarded for n =0, we have
only 6N +4 coupled equations. The system
can be cast into the form
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da
—+ikAa-0
T A

(3.12)
where a is the column vector consisting of the
6N +4 time-dependent variables and 4 is a
matrix of order (6N +4) x (6N +4) with time-
independent elements. The solution of (3.12) is
of the form

a~e—ikct

(3.13)
Substitution of (3.13) into (3.12) yields the
equation:

(A—-cI)a=0 (3.14)
which shows that the ¢’s are the characteris-
tic values of the matrix 4. Combining this
time dependent part of the solution with the
z-dependent part given by (3.1) we see that the
perturbation quantities wu; v,, h; are propor-
tional to exp [ik(x ~ct)]. Thus a positive real
value for ¢ represents waves progressing in the
positive z-direction. If ¢ is complex then a
positive imaginary part will give an exponen-
tial growth in time for the perturbations, which
are then considered unstable. In the present
problem complex roots occur in conjugate
pairs, thus any growing root is accompanied by
a decaying root. However in the Fourier inte-
gral representation of an arbitrary disturbance,
this decaying wave would not make any sig-
nificant contribution.

For an independent test of the spectral solu-
tion we have also obtained the solutions to the
system [3.2] through [3.5] by finite difference
methods. The boundary conditions [3.5) sug-
gest the use of a staggered grid system. The
channel width W is subdivided into (N +1)
strips, the variables U; and H; are defined at
the centers of the strips, the variables V, are
defined at the boundaries (where they are zero)
and between the strips. Derivatives with re-
spect to y are replaced by central differences.
Again we obtain a system of 6N +4 variables
which are only time-dependent and the system
can be written in the form (3.12).

The stability calculations discussed in the
following section have been computed by both
methods. The results were essentially the same,
but the spectral method showed somewhat bet-
ter convergence and therefore only the spectral
results are presented in the following. Table
1 shows a typical convergence pattern for both
methods. The occurrence of the two pairs of
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Table 1. Convergence test for complex eigen values

Wave speeds ¢, and e-folding times 1/ke; as a function of truncation, N. k, wave number; F D, finite dif-
ference method; SP, spectral solution. In this table @, =10 m sec~!, %y =40 m sec!, £ =0.98, W =500 km

D,=D,=5km.

kW =1 kW =2
FD spP FD SP
n ¢, ljke,;
1 12.92 +2.493 14.14 +1.878 12.86 +1.529 14.01 +1.124
37.09 1 2.530 35.86 & 1.905 37.1711.526 36.0211.124
3 14.34 +2.018 14.73 +1.928 14.33 +1.264 14.72 +1.206
35.69 1+ 2.060 35.301+£1.973 35.7311.260 35.3511.205
5 14.62 +1.964 14.81 +1.927 14.63 +1.237 14.82+1.215
35.4112.008 35.2211.973 35.44+1.233 35.25 £ 1.212
7 14.72+1.946 14.84 +1.926 14.73 +1.228 14.85+1.217
35.31 +1.992 35.20+1.973 35.34 +1.225 35.23 +1.214
9 14.77 +1.938 14.85+1.926 14.78 +1.225 14.86 +1.218
35.26 +1.985 35.19+1.973 35.29 +1.221 35.21 +1.215

complex roots will be explained in the follow-
ing section.

IV. Results

In determining the characteristic values ¢ of
equation (3.14), it is necessary to prescribe the
values of the following parameters: 131, l_)z, £,
Uy, g, W, k. In most of the cases, the numerical
values assigned to the various parameters are:

@, =10 m/sec
£=0.98, f =10"¢ gec?

W =500 km
D,=D,=5km

Then the values of the wave number k and speed
of the upper layer %, were varied while deter-
mining the characteristic values ¢. The numeri-
cal values for complex c¢’s are presented in
Table 2 for a truncation of the spectral series
at N =9 in terms of the phase speed c, and the
e-folding time 1/ke; of the perturbations. This
then gives a matrix of the size 58 x 58 for A.
The values of ¢, and ¢; shown in this table have
converged quite well. This can be seen by an
examination of Table 1, in which ¢, and e-
folding time are presented as a function of the
gize of the matrix A. The bars in Table 2 repre-
sent computations which gave stable roots only.
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A rather curious feature of the results pre-
sented in Table 2 is that when instability oc-
curs, we seem to obtain two pairs of complex
roots ¢ =¢,+ic; and ¢’ =c, +ic; and they are
located symmetrically about the mean speed
% (@1, +4;) as far as the phase speeds are con-
cerned. This situation holds for @, <45 m.sec-1.
Then we obtain a small stable region before
passing on into another region of instability
around %, =47.5 m.sec~!. Further, the instabil-
ity seems to be bounded on the long-wave and
and short wave-side of the spectrum.

The symmetry of the c,’s of the two pairs
of roots with respect to the mean speed—as
well as the occurrence of two pairs of complex
roots-—is rather an accident and is due to the
choice D, =D,. If D, +D, this symmetry is no
longer realized as will be shown later and one
of the two sets of complex roots may sometimes
disappear as a consequence. The implications
of the existence of two unstable roots when they
occur together are important in the considera-
tions of the representation of an arbitrary dis-
turbance. In the conventional stability analy-
sis, the existence of an unstable normal mode
implies that any arbitrary disturbance will
start growing at a rate essentially determined
by this mode. However, if two unstable nor-
mal modes are present with approximately the
same growth rates, whether an arbitrary dis-
turbance starts to grow initially—and if so,
at what rate—depends very much on the phase
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Table 2. Spectral model, N =9, W =500 km, ¢ =0.98, D, =D,
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=5 km, %, =10 m/sec?

Values of ¢, in m/sec and e-folding time in days (in parentheses) are as a function

of (@, —1,;) and wave number
Uy — Uy kWw=1 1.2 1.5 2. 3. 4, 6. 12.
37.5 28.8 (+.62) 28.9 (+.53) 28.9 (+.45) 29.0 (+.43) 29.0 ( +.75) 44.5 (+1.1)
36.5 28.4 (+.72) 13.2 (+2.2)
35.5 27.9 (+3.09) 27.9 (+1.9)
35.0 — — — — — — 10.8 (+2.0)
44.6 (+18.0)

32.5 35.4(+1.89) 35.4 (+1.67) 35.4 (+1.52) 35.5 (+1.80) — —

17.2 (+1.88) 17.2 (£1.68) 17.2 (+ 1.56) 17.2 (+2.14)
30.0 35.2 (+1.97) 35.2 (+1.69) 35.2 (+1.42) 35.2 (+1.22) 35.2 (+1.66) — —

14.9 (+1.93) 14.8 (+1.65) 14.8 (+1.40) 14.9 (+1.22) 14.9 (+2.21)
27.5 34.8 (+4.04) 34.8 (13.28) 34.8 (+2.54) 34.7 (+-1.86) 34.7 (+1.38) 34.6 (+1.75) —

12.8 (+3.43) 12.8 (12.83) 12.8 (+2.24) 12.8 (£1.70) 12.9 (+1.3 ) 13.0 (£ 2.44)
25.0 — — — — 10.2 (+£35.) 10.7 (+4.00) 11.1 (+2.81) —

34.6 (+6.42) 34.1 (+2.62)
22.5 — — — — — -
20. — — — — — —
15,  — — — — —
10. — — — — —
| P— — — — —

of these two normal modes relative to one an-
other.

Let us now examine the mechanism that is
responsible for producing the instability. In-
formation on the mechanism can be obtained
by tracing the change in the value of the roots
as i, is increased. As mentioned earlier, there
are basically three types of modes in the model.
(I) external gravitational modes; (II) internal
gravitational modes; (I11) rotational modes.

When the secular determinant 4 is trun-
cated at a size M x M, we get M roots which
can then be assigned into each one of the above
categories. Tracing the changes in the values
of these roots as the shear is increased—or
what is the same, 4, is increased—helps us
identify the mechanism initiating the instabil-
ity. To keep matters simple, instead of tracing
the changes in all the M roots, we will restrict
our attention to only those roots which eventu-
ally cause instability when the shear has be-
come sufficiently high. It turns out that these
roots are partly rotational and partly gravita-
tional (internal). The nature of these roots can
be ascertained by comparison with exact solu-
tions for simple cases. Table 3 shows these
potentially unstable roots as a function of 4,
for a specific wave number kW =1.5. In this
table, we have also included for comparison

the quasi-geostrophic rotational modes (k%(@ —
¢)?<f? and the internal gravitational modes
for f=0 (“filtered solutions”). Henceforth,
roots corresponding to filtered models will be
identified by a karat (e.g. é). These results
show that each pair of roots is symmetrically
located with respect to the mean speed U =1}
(@, +,). We notice from Table 3 that the ¢,’s
for the rotational modes are in the range i, <
¢, <7, and the ¢,’s for the gravitational modes
are in the range ¢, <@, and ¢, <, when the
shear is small. As the shear—or @,—increases
one member of the internal gravitational mode
pair approaches one of the members of the ro-
tational mode pair while the other member of
the gravitational mode pair approaches the
second member of the rotational mode pair.
This process is illustrated in Fig. 2. In this
Fig. the solid lines labelled é, —4 and é, -4
show the behaviour of the ‘filtered” solu-
tions—that is, the pure internal gravity wave
solution with f=0 and the quasi-geostrophic
rotational wave as a function of @, The other
two filtered roots é, — i, é; —@ are in the lower
half of the diagram forming a mirror reflection
and consequently are not shown in Fig. 2.
When filtering is not used and the rotational
and gravitational modes exist together, the
behaviour of the roots is shown by the solid
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Table 3. The mechanism of mixed-mode instability

k, 1.5/500 km; W, 500 km; ¢, 0.98; D, = D, =5 km; 4,, 10 m/sec, upper table: §, and é,, quasi-geostrophic
rotational modes. é; and é,, basic internal gravity modes for f =0. Lower table: Basic rotational and inter-

nal gravitationalmodes of the spectral solution. e-folding time in days in parentheses. U = }(#, + ,)

s 6-0 6-U 6-0 6-0
30 - 6.5 —19.8 19.8 6.4
32.5 - 73 —19.0 19.0 7.2
35 - 8.1 —18.3 18.3 8.0
37.5 -~ 8.9 -17.4 17.4 8.8
40 - 9.7 -16.3 16.3 9.6
42.5 -10.5 -15.0 15.0 10.4
43.5 -10.8 —-14.4 14.4 10.7
44.5 —11.1 —13.9 13.9 11.0
45 -11.3 -13.6 13.6 11.2
45.5 —-11.5 -13.2 13.2 11.4
46.5 -11.8 -12.5 12.5 11.7
47.5 -12.1 —-11.8 11.8 12.0
Wy ¢, - U es—U - U c,—~U
30 — 6.8 -17.2 17.3 6.7
32.5 - 179 -15.4 15.5 7.8
35 - 9.1 —13.6 13.8 8.9
37.5 —11.04+1.72¢ (2.24) 11.0 +1.52¢ (2.54)
40. —10.2 +2.76¢ (1.40) 10.2 +£2.72¢ (1.42)
42.5 — 9.14+2.47¢ (1.56) 9.1 +2.54¢ (1.52)
43.5 — 8.5+1.577 (2.46) 8.5 +1.747 (2.21)
44.5 - 99 — 5.5 5.7 9.8
45. ’ -10.4 -~ 3.6 3.8 10.3
45.5 -10.9 .1 +1.25¢ (3.09) 10.8
46.5 -11.6 .1+5.36¢ (.72) 11.5
47.5 —12.2 .14+7.33¢ (.53) 12.2

lines labelled ¢, —4 and ¢, —@. It is seen that
the modified roots ¢, and c, come together at a
critical value of %, and instability is then ini-
tiated. The magnitude of ¢; is then given by
the vertical distance between the solid and
dashed lines. The instability persists until an-
other critical value of @, is reached and repre-
sents the primary region of instability shown
in Table 2. At the second critical value of %
the modes separate and we get a stable region.
By a comparison with the filtered solutions, we
see that for further increase in i, the value of
¢ —U decreases for the gravitational mode and
increases for the rotational mode. This situa-
tion continues until another critical value of
i, i8 reached when the gravitational mode ¢,
meets its counter part c; coming from below
the axis ¢ —U =0. At this point, the instability
occurring for higher values of %, in Table 2 is
obtained. The instability now is generated by
gravitational modes alone and hence is of the
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Kelvin-Helmholtz type modified by effects of
rotation. The Kelvin-Helmholtz instability in
the presence of rotation occurs for a lower
ghear (or #%,) than in the case of f =0, as shown
in Fig. 3 where the filtered gravitational modes
é4, ¢, come together at a much larger value of
%, to generate instability. Thus rotation, in
addition to introducing the primary instability
region, also seems to increase the Kelvin-
Helmbholtz instability. In any case, the primary
instability is the result of a coupling between
a wave of the internal gravitational type and a
wave of the rotational type. The choice D, =D,
in the present example produces the result that
when ¢, and ¢, merge together, so do the roots
¢, and ¢, yielding the second complex mode.
When D, +D,, one of the two sets of complex
modes may be eliminated. This is due to the fact
that the c,’s of the gravitational and rotational
modes are no longer symmetric with respect to
the mean speed and when a confluence of the
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Fig. 2. Illustration of the confluence of gravitational and rotational modes to initiate instability.
Curves labelled é,—4 and é,—4 are the filtered gravitational and rotational modes. The labelled ¢, — @
and ¢, — @ curves correspond to the non-filtered situation. The dashed curves represent the imaginary
part ¢;, whose magnitude is given by the vertical distance between the solid line and the dashed line.

=48 k=74

&W
\

above type occurs between say c¢, and ¢, the
other members ¢, and c, are still far apart. This
will be discussed in more detail in connection
with Table 4.

The instability mechanism generated by a
coupling between a gravity mode and a ro-
tational mode is a rather unique one. This
mechanism straddles the fence—so to say—
between the instability mechanisms for the large
scale motions and the small scale motion. In
the case of the large scale motions, one can
study the dynamics of instability in the frame-
work of a filtered system of equations in which
the gravity waves are no longer present. Hence
the instability, when obtained, must be brought
about purely by the rotational modes. On the
other hand, earth’s rotation is relatively un-
important for small scale motions and their
instability, like the Helmholtz instability for
example, is purely governed by the spectrum
of the gravity modes. For medium scale mo-

Fig. 3. Structures of the two unstable modes in
terms of h, in the primary instability region.
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tions, as the ones considered here, the spectrum
of the gravitational and rotational modes are
equally important and elimination of either one
of these classes of modes might in some cases
eliminate any possible instability that the sys-
tem is capable of exhibiting.

Even though in the model considered so far,
the free surface is supposed to represent the
tropopause, in reality the atmosphere extends
far above the tropopause. To simulate this, we
have superimposed a third layer of infinite
depth on top of the second layer. In order to
keep the slope of the second surface unchanged,
the third layer is assumed to have the same
constant translational speed as the second layer
under equilibrium conditions; that is, @, =1,.
The dynamical equations formally look the
same as those given by (2.8-10) except for a
slight re-definition of the pressure gradient
terms and the method of analysis of the pre-
ceding section goes through without any modi-
fications. The results for ¢, and the growth rate
for the case with infinitely deep third layer are
shown in Table 4 as a function of &’ =p,/p, for
a wave number kW =1.5 and @, =40 m/sec. It
is seen from this that when ¢’ is less than about
0.9, there does not appear to be much effect
of the third layer on the stability character.
However, when ¢ =0.98, one of the two un-
stable pairs has disappeared and we now have
only one unstable normal mode. This mode
propagates with a phase speed closer to the
speed of the upper layer. The mechanism of
instability may be shown to be still the same
as before. The presence of the upper layer has
a slight tendency to reduce the stability.

Table 4. Effect of increasing depth of second
layer or adding a third layer of infinite depth
@y =1y, & =Q4/0,- Values of the parameters k=1.5/

500 km, W =500 km, £=0.98, @, =10 m/sec, @, =
40 m/sec, D, =5 km

&£€=0 D,-6
D, c, 1/ke, 4 c, 1/ke,
5 352  +1.42 0 352 142
148  ¥1.40 148  ¥1.40
6 35.6 +1.56 9 35.3 +1.44
11.9 +4.37 16.3 +1.56
10 36.2 +2.40 .98 35.5 +1.58
15 36.5 +43. .99 35.7 +1.77
20 Stable 1.0 Stable
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Fig. 4. Structure of the unstable mode in the sec-
ondary region of instability.

Continuing with the etfects of upper layers
on the stability, let us now consider the effect
of increasing the depth of the upper layer
while keeping the lower layer depth the same
as before. The results of this are also given in
Table 4. As one might expect, the increase in
the depth of the upper layer tends to stabilize
the configuration. It may also be noticed that
once the uniform depths D, and D, are quite
different, one of the unstable modes is elimi-
nated.

We next consider the effect of different depths
on the stability. It is found that instability is ini-
tiated at a smaller value of the shear (@, —@,) if
D, is small. Further, the region of stability
that is obtained in Table 2 for higher values
of shear is decreased for D, =4 km and dis-
appears altogether for D, =3 km. As before,
the presence of a third layer of different den-
sity or making D,/D,/1, eliminates one of the
two unstable pairs.

The structures of the unstable modes are
shown in Figs. 3 and 4. The top picture in
Fig. 3 corresponds to the mode which is later
eliminated by having either a third layer or an
unequal D, and D,. The bottom picture in Fig. 3
shows the height distribution for the mode
with its phase speed closer to the upper layer
speed. It shows that development takes place
closer to the y =0 boundary or the low levels,
Fig. 4 shows the structure of the unstable nor-
mal mode at @, =47.5 m/sec-t.

V. Summary and Conclusions

The problem of non-geostrophic instability of
a two-fluid system in a channel has been con-
sidered. It was shown that the primary insta-
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bility in this model is realised as a result of an
interaction between a gravitational and rota-
tional mode. As the channel width is increased,
the mixed mode instability maybe shown to
be gradually replaced by quasi-geostrophic
instabilities (Rao & Simons, 1969). In another
study, Simons & Rao (1970), considered a two-
layer model without lateral boundaries so that
an exact analytical solution could be obtained
under the approximation that the layer depths
are treated as constant except when differen-
tiated. That study shows that the mixed mode
instability occurs as a patch in a region where
neither the Helmholtz type instability nor the
quasi-geostrophic instability exists.

The mixed mode instability obtained in this
problem is, of course, completely dependent on
the non-geostrophic nature of the problem. The
question of interest now is whether the mecha-
nism of instability obtained in this work is
typical of more non-geostrophic situations. The
non-geostrophic stability studies of a contin-
uous atmosphere by Arnason (1963), and
Derome & Wiin-Nielsen (1968) show that their
instability is primarily of the geostrophic type.
However, numerical experiments on the same
model conducted by discretising the vertical
dependency by finite-difference levels indi-
cated the possibility of obtaining a mixed type
of instability in regions where the geostrophic
instability is either absent or very weak. The
appearance of this mixed instability is rather
inconsistent in the sense that an unstable mode
at a certain resolution in the vertical seems to
be replaced by a different unstable mode at a

D. B. RAO AND T. J. SIMONS

different resolution. In any case, it appears
certain that the mixed instability is present in
a system in which the continuous vertical na-
ture of the atmosphere is replaced by a finite
number of levels. Consequently, one may con-
sider the possibility that this instability is a
mathematically introduced phenomenon, in
which case it may lead to considerable dif-
ficulties in any numerical model of a non-
geostrophic atmosphere.

As far as the physical relevance of such an
instability mechanism is concerned, it should
be remembered that the model considered here
is set up as an approximation to a frontal
situation. Since a frontal phenomenon is some-
what of a discontinuous nature, it is quite plau-
sible that a mechanism of the type described
here may be operative in generating the in-
stability.
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VCTONYUBOCTD HAKJIOHHON IOBEPXHOCTU PA3JIEJIA BO BPAIAIOIIENCAHA
OBVYCJIOMHON JHUIKOCTHU

Ecan nBe Hec:xuMaeMule OTHOpOXHEIE KUTKOCTH,
HaXOAAIIMECHA B OTHOCHTEIBHOM JBHIKEHUH,
YCTONUNBO CTPATHOHIMPOBAHEL W BPAMAOTCH
BOKPYI BePTHMKAJABHONX OCH, TO IOBEPXHOCTb
paspgesa M cBOGOJHAA IOBEPXHOCTb MOIYT OT-
KJIOHATHCA OT ropusoHTanu. Takas cucrema oG-
JlajaeT BpALIATENbHHIMH TUNAMu KojeGaHui B
noGaBieHUe K BHEIUHMM M BHYTPEHHHUM TpaBH-
TAIMOHHBIM KojxeGaHusaM. lsyyaercA AuHaMH-
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YeCKad yCTORYMBOCTD MAJHX KojeGaHMit Taroi
cuctembl. JlaA HeyCcTONYMBREIX KoJjebanuit ¢aso-
Baf CKOPOCTb ¥ HHTEHCUBHOCTBb POCTA ABIATCA
OYHKIIMAMY [ITIMHBL BOJIHBI U CABUTa OCHOBHOTO
notroka. B yacrHocTu mokasaHo, 4To HeycTOHYH-
BOCTE MO3KeT GHITh pe3yIbTaTOM B3anMofeiicTBUA
BHYTPEHHUX IPaBUTAIMOHHBIX U BpaIaTebHEIX
KoJeGanuit.



