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ABSTRACT

The main factors determining the short term variations of the river Thjorsa in Iceland
are rainfall and the melting of snow and glaciers. Time dependent spectral analysis was
applied to investigate seasonal variations in the second order properties of the varia-
tions of Thjorsa and their relationships with temperature and precipitation.

In late summer a linear model of Thjorsa and the temperature and precipitation at
the meteorological station at Haell provides & good fit of the observations. Because of
non-linear effects connected with snow melting linear models are less appropriate during
the winter although they can still explain & significant proportion of the variations of
Thjorsa.

The most important information for predictions a few days ahead are past values
of the river itself. Some improvement can be achieved by also taking meteorological

observations into account.

Introduction

The objective of this study is to demonstrate
the use of time dependent spectral analysis for
investigating seasonal changes in the variations
of a river and their relationships with the
weather. The river is Thjorsa in Southern Ice-
land (Fig. 1). Its drainage area is about 7500 ki3,
509 of it above 630 m. The average flow at our
point of observation, Urridafoss, is about 32
Gl/day. About 20%, of the flow is drainage from
the two glaciers, Vatnajokull and Hofsjokull.
Continuous records are available from 1.9.1953.
Before that date readings on a mounted scale
were carried out about twice per week.

The western part of the drainage area is
covered by grey basalts of early Quaternary age.
The eastern half is in the Neovolcanic zone. The
total area of glaciers on the drainage area is
about 1100 km? The effect of geographical
factors on the characteristics of Icelandic rivers
is discussed by XKjartansson (1965) and Rist
(1956).

The meteorological data consists of daily
averages of temperature and precipitation at
Haell (Fig. 1). The average temperature is 4.1°C
and the precipitation 2.8 mm/day. The altitude
is only 130 m which implies that most of the
drainage area has a lower temperature. The
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distance from the sea is probably of considerable
importance to the temperature, especially dur-
ing the winter when the temperature of the sea
is much higher than the air temperature. A,
large proportion of the precipitation, therefore,
falls as snow. Because of the low temperature
evaporation is not a major factor in determin-
ing the relationship between Thjorsa and the
weather. Vegetation is sparce and there are no
forests which further reduces the evaporation.

Theoretical considerations

A linear model of the relationship between
river, R, temperature, 7', and precipitation, P,
at the time ¢ can be written as follows:

R(t) = f wylt, T) T(¢t—1)dt

+ f wp(t, 7) P(t—7)dv + Z(t) (1)

wy(t, T) and wp(t, T) are weight functions which
describe how R(f) depends upon values of T'(t)
and P(t), v days apart from ¢. Z(t) is an error
term to account for such variations in R(¢) as
our model fails to explain.
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Fig. 1. A map of Iceland, showing locations referred to in this paper.

The river does not depend on future values
of precipitation and temperature, nor is there
any significant feedback from the river to the
meteorological variables. It would, therefore, be
natural to use zero rather than -—oco as the
lower limit in the integration. The integration
from —-oo ismainly a mathematical convenience,
but as we shall see later it has certain other ad-
vantages as well.

If B, T and P are stationary series and w, and
wp are independent of ¢ we have a system which
has been studied extensively in the literature
(Akaike, 1965). We use the notations

0
Wil - f ) exp (—inn)ds (@)

for the Fourier transform of wz(t),

Sgr(u) = the power spectrum of R,

Rpp(u) = the cross spectrum of R and P

and an analogous notation for other spectra
and weight functions. If Z is independent of T

and P, Wp(u) and Wp(u) can be obtained from
the equations

Sprlu = 2nWp(u) Spp(u) + 22 Wp(u) Spr(u)
Sgrp(u) = 2aWr(u) Spp(u) + 28 Wp(w) Spp(u).  (3)

Unless other references are provided all as-
pects of the theory and estimation of spectra
relevant to this paper are described in detail in
the book by Jenkins & Watts (1968). The review
paper by Kisiel (1969) deals with the applica-
tion of spectral analysis to hydrology. It also
contains an introduction to the estimation of
spectra.

The partial power spectrum of R with T eli-
minated is defined as

Sgr.plt} = Spa(w) — Spp(w) Spp(u)/Spr(u). (4)

It describes the distribution of that part of
the power of series R which cannot be accounted
for by a linear relationship with 7°. In the same
way the partial cross spectrum of R and P with
T eliminated is defined as
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Spp.r(u) = Spp(u) —Spp(v) Spp(w)[Spr(w). (5)

The solutions to equations (3) can then be
written:

2aWr(u) = Spr.p(w)/Syp. p(%),
2nWp(u) = Sgp.r(4)/Spp.p(1). (6)

The weight functions wp(r) and wy(t) can be
recovered from equation (6) by the inverse
Fourier transform. Much of the following discus-
sion will be concerned with the estimation and
interpretation of wp, and w;. The second order
properties of the series themselves, expressed
by the power spectra, are also of interest. Certain
aspects of the relationships between the series
are better expressed by coherences and phases.
The coherence of R and T is given by

Crr(4) = | Spp(w)|*/Spp(t) Spr(w). (7)

It takes values between zero and one and is
one in the case of a perfect linear relationship.
The phase is defined as

$rr(u) = arg Spr(u). (8)

It can be converted into a time lag At at each
frequency by

At =dfut+nd, n=0, £1, £2,..., (9)

where 1 is the wavelength, given by

A =2n/u. (10)

In the lowest frequencies the ambiguity in-
volved in selecting »n in equation (9) is usually
easily resolved by physical considerations. Par-
tial phases and coherences are obtained by
replacing the spectra in equations (7) and (8)
by the partial spectra.

The simplifying assumption that wp and wgp
are independent of ¢ is obviously rather unre-
alistic. It takes the snow which falls in January
longer on average to reach the river than the
rain in May. A change in temperature by one
degree has a different effect in February than
August.

Both the river and the meteorological vari-
ables have seasonal variations in the mean
These will be regarded as deterministic com-
ponents here and are supposed to have been
subtracted from the variables in our model.
The weight functions, wp and w; also vary sea-
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sonally. But, unlike the seasonal components in
the means of R, P and 7', this variation cannot,
with impunity, be assumed away in a linear
model.

With observations extending over several
years at our disposal we could estimate wp(t, 7)
and wy(?, T) for each day of the year by methods
described by Stefansson & Gudmundsson (1969).
The number of observations behind each esti-
mate would be small. It is obviously essential
to impose further restrictions on w, and wy,
enabling us to carry out a smoothing over ad-
jacent t’s as well as averaging over the years.

If our model is to provide a useful approxima-
tion to the actual situation, w(¢,, t) and w(t,, 7)
should not differ much unless the seasonal
change in the meteorological factors between
t, and ¢, is comparable with the standard devia-
tion of P or T. The temperature is the main
factor in determining the seasonal pattern of
the weight functions. Its standard deviation is
of the order of 3°C and the amplitude of the
annual variation is 6.4°. This suggests that
averaging over two months would hardly in-
troduce & serious bias in estimates of wp and wy.

The time it takes the precipitation to reach
the river differs greatly depending upon where
and when it falls. Some of the snow that falls on
the glaciers remains there for months or years.
The contribution from the January precipita-
tion to the flow of Thjorsa in August will be
much the same whether it is all accumulated
during a heavy snowstorm on the 13th or evenly
spread over the whole month. Post glacial lava
beds are porous and cause long delays between
precipitation and runoff whereas rain tfalling in
the more watertight grey basalt areas quickly
reaches the river. The phase lag between the
diurnal variations of temperature and glacial
runoff is a matter of hours.

These considerations suggest that the same
factors which cause long delays between mete-
orological variations and the corresponding re-
sponse in the rivers also act as high frequency
filters. In so far as rapid variations in Thjorsa
can be attributed to meteorological variations
of the same frequency, i.e. follow a linear model,
their phase difference will not correspond to a
long time lag. For low values of 7, estimates of
wp(t, 7) and wyp(t, ) will, thereore, not be much
affected if we only use values of P(f) and 7'(¢)
from the same interval as included in the
smoothing of the weight functions.
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The second order properties of our series,
especially R and T, vary seasonally as well as in
the mean. These variations are of interest them-
gelves in addition to their influence upon the
relationship between river flow and the weather.

Priestley (1965) shows that provided the
statistical properties of the series change slowly
with time an evolutionary spectrum can be
defined which expresses the same main charac-
teristics of the series as the ordinary power
spectrum, but varying with time. Evolutionary
spectra are based on a generalisation of the
spectral representation of a stationary process,
which is given by

X(2) = J’“’ exp [ut] dZ(u), (11)
)
where Z(u) is an orthoganal process, i.e.
E|dZ(u)|* = dF(u) (12)
EdZw)dZ(v) =0 uness u = v
If the derivative of F(u) exists we have
Sxx(u) = F'(u) (13)

The evolutionary spectrum is based on a
spectral representation of the form

X(t) = f°° A(t, u) exp [tut]dZ(u), (14)

where Z(u) is still an orthogonal process. The
evolutionary spectrum at time ¢ is then given by

Sxx(t, u) = |A(t, w) |58 gx(u), (15

provided the functions A(f, u) satisfy certain
conditions—see Priestley (1965, 1966).

A study of the seasonal changes of the second
order properties, therefore, implies an investiga-
tion of [A(t)|2 which we have stipulated to be
periodic with the period one year.

The mathematical theory of evolutionary
spectra has not yet been extended to cross
spectra. Brillinger & Hatanaka (1969) investi-
gated systems of equations similar to our equa-
tion (1) and conclude that the estimation of the
impulse response can be carried out in a similar
way as in the stationary case, using estimates
of time dependent spectra and cross spectra.

G. GUDMUNDSSON

Estimation

Power spectra of series from the natural
sciences, including our series, usually decrease
with increasing frequency. In such cases reduc-
tion of power in the lowest frequencies may be
necessary in order to prevent bias in estimates
at higher frequencies. Here the filter

14

1
Yk)=X (k) - 595 ,EM

(15~[i)) X®+) (16)
was applied to all series. X (k) denotes the ori-
ginal daily observation and Y (k) the filtered
value. This is a powerful low frequency filter.
At 1 ¢/48 days it eliminates about 509, of the
power and beyond 1 ¢/30 days its effect is small.

Our observations are from the 12 years from
1954-1965. Each year is divided into six over
lapping intervals of 96 days. The observations
in each interval are weighted by multiplication
by the function

C(m) = 0.5 — 0.5 cos (2nm/97), (17)

where m takes the values from 1 to 96. The
intervals start at 1/1, 3/3, 3/5, 3/7, 2/9 and 2/11
which implies that our estimates of spectra and
impulse responses will be centered around
February, April, June, August, October and
December.

We call the weighted and filtered daily value
of the river on the day m in the interval § of the
year k R, (m) and calculate the complex Fourier

series
96

Agpln) = kz R, (m) exp [2nimn/96] (18)
=1

for n from 0 to 48 with a similar notation for the
other series. From the Fourier series we obtain
the periodograms and cross periodograms:

Ippi(m) = Apy(m) A pje(m)
I ppy(m) = A pp{m) Agjr(m) (19)

The spectra and cross spectra were estimated
by averaging over the years and two frequencies,
e.g.

1 12 m(u+1)
Sgpj(u) = .E Z Z Ippj(m) (20)
k=1 m=m(u)
where
26
K =48z C(m) (21)
1
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Fig. 2. Seasonal variations of Thjorsa and the tem-
perature and precipitation at Haell. Divide by 10
into the values on R-axls.

u = (m(u) +0.5) ¢/day. (22)
The estimates were carried out for
m{u) = 0,2, 4, ... {23)

All the power spectra and cross spectra of our
series were estimated in this way for each of the
6 overlapping intervals indicated by j.

These estimates differ from those described
in most of the literature in that the averaging

is mainly over time and not frequencies. A
notable exception is Bartlett’s paper (1948).
With 12 years data at our disposal we could in
fact have avoided altogether averaging over
frequency. The reduction in the output from
the computations were at least as important
in the decision to include two periodogram ordi-
nates from each year in each estimate of the
spectrum, as the reduction of the variability.

The distribution of our variables is very
skew; observations more than six standard de-
viations above the average occur every now
and then for both R and P. The confidence
intervals that have been worked out for spectra
and phases and coherences of Gaussian series
are, therefore, of doubtful validity here. This is,
however, not a matter of great concern. With
24 periodogram ordinates behind each estimate
of the power spectra these become smooth and
as we have over 20 estimates with little over-
lapping of the frequency bands of adjacent
estimates, a peak in the spectrum needs not
be large to be detected with confidence. It is
usually advisable to consider the phases and
coherences together. Estimates of the phase, ac-
companied by coherences of 0.2 or even smaller,
appear to be fairly accurate.

The effect of the weighting function of equa-
tion (17) is to increase somewhat the variability
of the estimates, sharpen the definition of their
position in the year, produce a correlation of
about 0.25 between a periodogram ordinate
and each of its neighbours on either side on the
frequency axis and reduce the interdependence
of estimates farther apart in the frequency do-
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Fig. 3. Power spectra of the flow of Thjorsa.
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Fig. 4. Power spectra of temperature and precipitation in February and August.

main. A detailed discussion of its effect on
spectral estimates is given by Cooloy, Lewis &
Welch (1969).

Results

The filter in equation (16) eliminates the
seasonal variations in the mean. These varia-
tions are of course closely related to the seasonal
pattern of second order properties. The results
of an estimation of the seasonals by means of
the Fourier series at 1, 2, 3, 4, 5 and 6 c¢/year,
using data from 1949-1965, are given in Fig. 2.
The largest contribution to the annual variation
of Thjorsa comes from the melting of the gla-
ciers. It follows the annual variation of the
temperature during the summer, but is fairly
constant during several months in the winter
when surface melting is negligible. The effect of
the glaciers is modified by snow melting which
produces a maximum at the end of May and, in
a smaller degree, by the autumn peak in the
precipitation.

The estimates of the power spectra of Thjorsa

Table 1.

Og Op Op

(G1) (°C) (mm)
February 12.4 3.4 5.0
April 11.2 2.8 4.4
June 9.1 1.6 4.4
August 5.1 1.5 5.7
October 8.4 3.0 6.8
December 6.1 3.8

are given in Fig. 3. Figure 4 shows the power
spectra of the meteorological variables in the
intervals centered around February and Augst.
Apart from the effect of the filter in the lowest
frequencies, the main characteristic of the power
spectra of Thjorsa is a gradual decrease towards
the higher frequencies of the order of a factor of
50 from 1 ¢/21 days to 1 ¢/2.4 days. The power
spectra of the temperature behave in a similar
manner, but the abatement is somewhat smal-
ler. The power spectra of the precipitation
are almost constant except for stochastic varia-
tions, but a slight decrease takes place towards
the higher frequencies. This indicates that much
of the seasonal variation of the power spectra
can be described by a multiplicative factor
which is proportional to the variance. Table 1
gives the standard deviation of the filtered
values in each interval.

The standard deviation of the river was esti-
mated by

12 96

Z Z Rﬂc(m)2
k=1m=1
o~ 98

12 > C(m)

m=1

(24)

and the standard deviation of 7' and P was
estimated in the same way.

The large variations of Thjorsa in Feburary
are due to snow melting. The average tempera-
ture in most of the drainage area is considerably
below the freezing point. Precipitation in the
form of snow can, therefore, be accumulated for
long periods of time. But the standard deviation

Tellus XXII (1970), 3
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of T is large enough to enable the temperature
occasionally to rise adequately to melt a large
proportion of it in a short time. The conditions
are fairly similar in the April interval.

Snow melting is still taking place at the higher
altitudes in June and the glaciers have now
entered the picture. The sharp reduction in the
standard deviation of 7' from the mid-winter
values is a major factor in limiting variations of
Thjorsa during this period.

In August practically all snow has vanished
except from the glaciers which dominate the
flow. As in the June interval the small standard
deviation of T keeps down the variations. The
main factor in determining the effect of precipi-
tation of Thjorsa is whether it is rain or snow,
but the speed with which it reaches the river
also depends upon the state of the ground.
When it is frozen the water flows rapidly along
the surface. In late summer when there is no
frost in the ground more rain is captured as
ground water. This helps reducing the fluctua-
tions of Icelandic rivers in August.

In the interval centered around October a
great reduction has taken place in the contribu-
tion from the glaciers. But due to the increased
variability of T, considerable melting can still
take place in exceptionally hot days. The large
values of the mean and standard deviation of the
precipitation further augment the variations of
the river.

By December melting from the surface of
glaciers is negligible and the precipitation is
back to normal. The great increase in the spec-
trum of R from December to February under-
lines the effect of few large floods on the second
order properties of Thjorsa during the winter.
In December the higher average temperature
of the preceeding weeks, together with the large
standard deviation of T, prevents the necessary
accumulation of snow for floods comparable to
those taking place later in the winter.

The seasonal pattern of the power spectra are
fairly similar at all frequencies, i.e. A(¢, u) does
not greatly depend upon u. A few nuances are,
however, worth mentioning.

A narrow peak occurs in the August spectrum
at 1c¢/2.8 days. Its height is only about 0.4
on the log,, scale, but it is clearly significant.
There is no sign of this peak in any of the other
spectra of R nor in the August spectra of 7' or
P. The cause of a narrow distinct peak at this
high frequency must be something which first
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effects an increase of the river for about 24 hours
and then turns into the opposite effect or vice
versa, beginning with the decrease. I have no
doubt that the peak is caused by the combined
effect of melting from the glaciers and evapora-
tion on other parts of the drainage area. Urrida-
foss is about 150 km from the glaciers. This en-
tails a delay between the impact of the weather
on the glaciers and our records of the river. The
evaporation affects the whole drainage area and
is, therefore, observed at once at Urridafoss.
The peak is reduced, but by no means elimi-
nated, in the partial spectrum Szy.r(u). The
main reasons for this are probably the effect of
the wind which affects both melting and evapo-
ration and the fact that the temperature has
little effect on evaporation in wet conditions. In
all the other time intervals considered here,
melting of snow closer to Urridafoss than the
glaciers masks the effect of the evaporation.
The presence and small size of this peak is a good
demonstration of the relative unimportance of
evaporation in explaining the characteristics of
Icelandic rivers and the power of spectral anal-
ysis for revealing them.

The largest values of the power spectrum are
in February. This spectrum is also the smooth-
est, especially in the higher frequencies. This
may be & coincidence, but I think it can all be
traced to the dominating influence of a few
large floods. In the floods R(t) can change by
several standard deviations in a single day.
These big jumps exert a dominating influence
on the spectral estimates at the higher frequen-
cies. In spite of the steep increase of Thjorsa in
the floods the largest values are not reached in a
single day. Nor does the return to normal take
place in one day. This accounts for the decline
of Spp(u) with increasing frequency.

Consider now two series of 96 values, both
with the same variance and zero average. In the
first all except one value are euqal, the second
consists of independent normally distributed
random variables. In the first case all the perio-
dogram ordinates have the same value; in the
second they are approximately exponentially
distributed. The properties of the daily values of
Thjorsa in mid-winter lie between these ex-
tremes. Their affinity with the first provides an
explanation of the smoothness of the February
spectrum.

The preceeding argument is corroborated by
the shape of the October spectrum which pre-



348

c x Cpr ¢AT
° Cqp $Rp
s CrpPrp

G. GUDMUNDSSON

180°~

1809

a =X
a a
900 904; 2 af 4 a
a a aal®
& aa
ooRa o0 A: A ) 1
-90° -90°- E]
o X
-180° Y 1 1 PR A
Nl 2 3 4 cldoy | 2 -3 4 c/day
FEBRUARY AUGUST

Fig. 5. Phases and coherences in February and August.

sents fairly large variations, although smaller
than the spectra from February to June. But
in October no huge snow melting floods take
place. The shape of the largest snow melting
floods is affected by the exhaustion of the snow
supply, and the occurrence of one flood reduces
the probability of having another in the near
future. This applies neither to melting from
glaciers nor precipitation which dominate the
October spectrum which is closer to the hypo-
thetical case of normal variates. The spectrum
is fairly irregular in shape and abates little
beyond 1 ¢/3.4 days.

We proceed now to more direct means of in-
vestigating the relationship between variations
in the river and the meteorological variables.
Fig. 5 shows the estimates of the phases and
coherences of our series in the February and
August intervals. Considering the dominating
effect of the floods on the second order proper-
ties of Thjorsa it may seem surprising that its
coherences with precipitation are larger than
with the temperature. At this time of the year
the average temperature is more than one
standard deviation below the freezing point on
most of the drainage area. The indifference of
show melting to what happens in 7' below the
freezing point reduces the coherences of R and
T. Precipitation is accompanied by southerly
winds and a high temperature which is reflected
in significant coherences between T and P. The
coherences of R with T indicate that for predict-
ing snow-melting temperatures the inaccuracy

of the rain gauge at the upper end of the tem-
perature scale, as compared with the thermo-
meter, is more than compensated for by its more
sensible attitude during cool periods. Contribu-
tion of the raw material for floods enhances the
coherence of Thjorsa with the precipitation in
the lowest frequencies.

In Fig. 5 the sign of the phases is such that a
negative value implies that the meteorological
series are leading the river when n =0 in equa-
tion (9). In the lowest frequency band the esti-
mate shows the river leading the precipitation
by 4.1°. This anomaly is not too large to be
blamed on the stochastic element and as the
wavelength is 192 days it is perhaps not sur-
prising that estimation from 96 days intervals
produces peculiar results. However, keeping in
mind the connection between positive tempera-
tures and P, a physical explanation is also at
hand. In response to a temperature variation of
the shape of a sine-wave the snow supply is
reduced during the rising part of the positive
half which leads to a diminished flow of melt-
water during the decline of 7'. The response of
the river would then not be in the form of a
sine-wave and its peak would appear before the
peak of the temperature. The response of the
river can be represented by a Fourier series.
The component at the same frequency as the
temperature would be such that the river was
leading the temperature.

After the lowest frequency band the phase
difference between R and P increases slowly

Tellus XXII (1970), 3
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towards the higher frequencies. At 1 ¢/3.4 days
it corresponds to a time lag of about 0.7 days.
Beyond that the lag shortens and becomes less
regular. Thjorsa has similar phase differences
with both temperature and precipitation at fre-
quencies where the coherence is large enough to
produce meaningful estimates of the phase.

Both temperature and precipitation exhibit
large coherences with Thjorsa in August. The
temperature has a slightly greater effect in the
lowest frequencies, but in frequencies over 1 ¢/20
days precipitation is more important in shaping
the fluctuations of Thjorsa. One reason for the
decline of the coherence of R and T at the
higher frequencies is the contribution of the
wind to the melting. The power spectrum of the
strength of the wind declines more slowly to-
wards higher frequencies than Sr,(u).

The phase difference between Thjorsa and
both temperature and precipitation increases
gradually up to about 1 ¢/2.8 days where the
peak in the power spectrum of R occurs. The
time lag between R and T decreases slightly
with the frequency and is about 1.7 day at 1 ¢/3
days. The phase lag between R and P is smaller.

The coherences do not signify any relation-
ship between temperature and precipitation in
August, but more than half of the phase estimates
fall into the first quadrant.

We now turn to the investigation of the esti-
mates of the weight functions in the linear
model of equation (1). Together with the power
spectra, either the phases and coherences or the
weight function contain all information about
linear relationships between Thjorsa and the
temperature and precipitation. Fig. 6 shows the
estimates of the weight functions.

When the integrals in equation (1) are re-
placed by sums over daily values, wT and wp
have the dimensions G1/°C and Gl/mm re-
spectively. The weight functions can be nor-
malised through multiplication by the ratio of

Table 2.
wyp wp
February 0.08 0.25
April 0.15 0.13
June 0.15 0.22
August 0.14 0.30
QOctober 0.14 0.24
December 0.12 0.17
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Fig. 6. Weight functions in a linear model of Thjorsa,
temperature and precipitation.

the standard deviations oy/on and op/oy respec-
tively. Table 2 shows the average value of the
three largest values of the normalised weight
functions for each of our intervals. The norma-
lised values are a measure of how far the varia-
tions of R can be accounted for by a linear rela-
tionship with T and P.

It has already been pointed out that both T'
and P serve as indicators of snow melting in
February. The maxima of wy(t) and wy(r) are
both in the interval 0 <7 <1 day which shows
the relative importance of melting in the lower
parts of the drainage area, closest to Urridafoss,
at this time of the year.

In April the rain gauge is of less importance
as a thaw-meter. The coherences between T
and P are lower than in February which impairs
the reliability of the rain-gauge for the purpose.
At the same time the thermometer has become
more useful because of the increase in the mean
temperature. The shape of wg{t, ) (Fig. 6) is
fairly similar in the three intervals of April,
June and August and so are the values in Table
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2. The sharp rise of the seasonal average of
Thjorsa during the latter half of the April in-
terval marks the beginning of the melting of
the snow on glaciers and high ground. This
continues in the June interval. Apart from the
delay caused by the distance to Uridafoss the
August value of the weight function can be re-
garded as an estimate of the impulse response
of the glaciers to changes in temperature.

Table 2 shows that in these intervals the
largest values of w;(7) explain about the same
proportion of the variations of R as the largest
values in the October and December intervals.
However, in April-August w;(t, 7) declines more
slowly as T increases beyond the maximum of
the weight function and thus accounts for more
of the variation of Thjorsa than in auturmn and
early winter.

The April and October intervals are rather
similarly placed with regard to the mean value
of T (Fig. 2), but in April the effect of the tem-
perature takes longer to reach its maximum and
extends over a longer interval of time. I shall
endeavour to mention some factors which might
explain the great difference in the shape of the
two weight functions, but feel rather uncertain
as to their relative quantitative importance.

The average value of Thjorsa rises sharply
during the latter half of the April interval. Snow
on the lowest part of the drainage area is liable
to melt away at any time and thus does not
greatly affect the seasonal averge. The increase
of R shows that a significant inroad is being
made on the snow at the higher altitudes which
takes longer to reach our point of observation.
Contrariwise, snow is accurmulating at the higher
altitudes in the October interval.

There is more frost in the ground in April
than in October, but when there is no snow
cover to insulate the ground, the few uppermost
centimeters freeze quickly which is all that is
needed to ensure a quick delivery of water to
the river.

As explained in connection with the power
spectra the variations of R in October are more
Gaussian in character than those in April. This
should lead to more reliable estimates of the
cross spectra. The weight functions are cal-
culated from the partial spectra. Equation (5)
shows that if there is no linear relationship
between 7' and P the partial spectra are identical
with the ordinary spectra. The coherences of T'
and P in October are slightly, but not much,
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smaller than in January. The phase differences
of R and T obtained from Spp(u) are larger than
those of Spr.p(u). In April the coherences of R
and T are low and there is accordingly little
difference between Spp(u) and Sgr.p(u). Esti-
mates of partial spectra are less accurate than
the ordinary spectra, I do not know any inves-
tigation of sample properties of partial spectra.

The model of equation (1) is & linear approxi-
mation to a highly non-linear relationship. The
main non-linear factors in the relationship
between Thjorsa and the temperature are the
different effects of variations in temperature
above and below the freezing point and the
amount of snow on the ground. The singularity
in the behaviour of water at the freezing point
is also the main cause of non-linearity in the
relationship between the river and precipitation.
As the temperature in the April interval is
about 1°C higher and snow more abundant
than in October, non-linear effects are probably
smaller.

This comparison of spring and autumn has
touched on many important factors for the
interpretation of the results of this study. I
only add one more: even at the lowest altitude
of the drainage area there is a great variation
in the time that elapses until precipitation which
falls as snow melts and reaches Thjorsa. This
random element annulls the coherency between
snowfall and R in frequencies where the stand-
ard deviation of the time lag is of the same
order of magnitude as the wavelength. As most
of our wavelengths are <10 days the estimates
of wp(7) should largely be regarded as represent-
ing the relationship between Thjorsa and rain-
fall.

Prediction

A comprehensive search for optimal methods
of prediction for Thjorsa lies outside the scope
of this paper. But because of the practial
importance of river prediction I shall present a
short digression on the relevance of the results
from the spectral analysis for this purpose.

The strongest linear relationship of R with 7'
and P is in the August interval. As a numerical
example the observations of R from 7/8-2/9 in
the last three years of observations included

A~
here, 1963-1965, were predicted by R(m) defined
by the equation

Tellus XXII (1970), 3
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A 6 ]
Rm) = 2 wpk)T(m-k)+ 2 wp(k)P(m-Fk)
k=1 k=1

(25)

where w, and wp are the estimates of these func-
tions presented by Figure 6. The seasonal aver-
ages were subtracted from the observations.
The standard deviation of R(m) was 7.3 Gl and
the standard deviation of the error,
N
Z,(m) = B(m) — R(m), (26)
was 2.5 Gl
In order to assess the value of the relationship
between the river and the meteorological vari-
ables in predicting the river we need a predictor
based only on past values of the river itself.
Suitable methods for constructing such predic-
tors are obtained by regarding the river as a
mixed autoregressive and moving average pro-
cess, i.e.

M N
R(m) = 3 ¢ R(m—k)=Z,(m)+ 3 & Z(m—k),
k=1 k+1

(27)

where Z,(m) is supposed to be a process of un-
correlated residuals, ¢, and d;, are parameters
and M and N are integers defining the size of
the model. A detailed discussion of the use of
this type of process and the estimation of the
parameters is provided by Box & Jenkins (1968).
Given the values of R(m —k) and Z,(m —k) for
k >1 the predictor of R(m) is

N M N
R(m) = — kzlckR(m—k) + kz d,Z,m—-7). (28)

Comparison with equation (27) shows that
Z4(m) represents the error of this predictor.

The serial correlation between R(m) and
R(m ~1) in the data used to test the predictor
of equation (25) was 0.955. If we use this as
—c, in equation (28), assuming that the other
parameters are zero, the standard deviation of
Z,y(m) is 2.2 Gl. By adding one more term to the
moving average part by putting d, =0.4 the
standard deviation is reduced to 2.0 Gl.

The error of this relatively simple predictor
derived from past values of the river is thus
smaller than the standard deviation of Z,(m).
There is, however, a serial correlation of 0.676
between Z,(m) and Z,(m — 1) and by introducing
the model
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Z,(m) = 0.676 Z,(m —1) +¢&(m), (29)
where &(m) represents the residuals, the stand-
ard deviation is reduced to 1.8 Gl. It seems
likely that both this predictor and the one using
only past values of the river can be improved
by a few per cent by introducing more terms
into the mixed autoregressive and moving
average model or some other contrivance. But
I think they provide a fair assessment of the
order of magnitude of the advantages of including
meteorological observations in the predictions.
This amounts to a reduction of the order of 10
per cent in the standard deviation compared
with the predictor based on the river alone.

The models of equations (25) and (27) can also
be used for prediction more than one day ahead.

The performance of the predictors is in ac-
cordance with the results from the spectral
analysis. The reason why the meteorological ob-
servations only provide a modest improvement
on the results derived from the river alone lies
in the statistical properties of the series. The
effect on Thjorsa of changes in the meteoro-
logical conditions is felt immediately, but its
impact also extends over a couple of days. This
introduces relationships between the values of R
at different days which the model of equation
(27) takes into account. These relationships are
also reflected in the sharp decline of the spec-
trum with. increasing frequency.

During the winter the linear model of the
relationship between the river and the meteoro-
logical variables is less appropriate and it was
argued in the previous section that a relatively
small number of large floods dominate the re-
sults of the spectral analysis. Experiments with
models similar to that of equation (25) indicate
that in winter time the linear relationships with
T and P are of little value in predicting Thjorsa
at levels below the seasonal average plus one
or two standard deviations. The winter spectra
of R still show that the values are far from inde-
pendent and this can be used for predicting R.
But, as a result of the skewness of the distribu-
tion and non-linear effects, a single predictor
derived from equation (27) is likely to fall con-
siderably short of the optimum predictor ob-
tainable from past values of R. Possible means
of improvement could be either to use more than
one linear predictor to be selected according to
the value of R on the day of prediction, or to
introduce non-linear terms.



352

Discussion

Time dependent spectral analysis seems to
provide a worthwhile contribution towards a
quantitative description of Thjorsa and its rela-
tionship with meteorological variables. But in
spite of significant coherences at all seasons, the
linear model leaves much of the variations of
Thjorsa unaccounted for, especially during the
winter. I shall here discuss briefly some of the
shortcomings of the model and possibilities for
improvement.

Our series are subject to perturbations, sto-
chastic and systematic. The rain gauges collect
less in stormy weather (Rodda, 1968); both
Thjorsa itself and measurements of it can be
disturbed by slush and ice. These errors are all
prevalent in the months of low coherences. Ob-
servations from a single meteorological station
do not contain all the relevant information about
temperature and precipitation from a drainage
area of 7500 km?. This reduces the coherences,
especially at higher frequencies, but I see no
obvious reason why it should have more effect
in one season than another. In August the
linear model explains about 70 %, of the variance
of the filtered values of R and a part of the re-
maining variation could be accounted for by
including the wind in the equation. This success
of the linear model is a vindication of the value
of the observations at Haell for hydrological
research in this area.

The linear model still explains about 50 %, of
the variations of Thjorsa during the winter. Non-
linear effects and the distribution of R make
linear models and spectra less appropriate to
describe the actual relationships than in August.
A possible way of extending the model of equa-
tion (1) is to introduce terms like

ff wrp(Ty, T) Tt —17,) P(t—1,) dr, dr,.

The weight funetion wgp(t,, ;) would contain
information about the influence of the tempera-
ture at £ — 7, in deciding the effect of the precipi-
tation at ¢ —71, on R(f). Higher order spectra
provide a mathematically attractive generalisa-
tion of power spectra and cross spectra. Bril-
linger (1969) shows how weight functions like
the wyp above may be estimated from the higher
order spectra. Unfortunately for our problem
this procedure relies heavily upon the assump-
tion of normality of the independent variables,
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an assumption which cannot even be contem-
plated as a first approximation in the case of
precipitation.

The weight functions could, of course, be
estimated without using the higher order spectra
The sample properties of estimates of ne di-
mensional weight functions are rather awkward
and it is a great advantage to have recourse to
the phases and coherences. The estimates at
7 <0 also provide a valuable indication of the
reliability of our estimates of wy(z) and wp(t).
In the case of two dimensional weight functions
our a priori knowledge of what a reasonable
result should look like is more limited and, be-
cause of the non-Gaussian character of the pre-
cipitation, there are no spectral estimates from
which to judge the significance of the weight
functions.

Another way of dealing with the non-linear
effects is to obtain new series by non-linear
transformations of P and T and then use the
second order properties of these series in the
same way as we have investigated the original
observations. Examples of such transformations
could be:

T(@) if T(@)>T,
T, =
0 otherwise

and

Pale) = PO FATU) e Bogty + Fot) -1
Py(t) = P(t) Fy(T(2)) ' : '

The functions F, and ¥, could indicate the pro-
portion of the drainage area where the tempera-
ture is above or below 0°C respectively.

Because the transformations are not linear
we can produce a linear model analogus to that
of equation (1) describing R as a function of 3
or more series without other observations than
those of T and P. The series would, however,
tend to be highly correlated and I think com-
parison of different models, each with only two
series on the right-hand side, would provide a
better insight into the hydrological situation
than estimation of a single big model. Phases
and coherences would be more suitable quanti-
ties to use in the comparison than weight func-
tions.
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KPATHOE COOEPHAHUE

I'naBapiMu  axTopamMu, OHNpeHeNARIINMU
KpaTKOBpeMeHHble M3MeHeHHs1 pekn THopau B
WMcnanguu ABJIAWTCH OCAJKU M TaAHHME CHera nu
JegHuKOB. UTOGH MCCIEeN0BATh CE30HHBIE M3Me-
HEHMA BO BTOPOCTENEHHHX CBOMCTBAX W3MeHe-
Hu#t THOP3H U MX BaBUCUMOCTH OT TeMIIEPATyPH
U 0CagKOB, OB NMpHUMeHEH CHeKTPAJbHHIN aHa-
JIN3, 3aBUCAIMUA OT BpeMeHH.

B koHne nera amueitHas Mofeisb THopsaw,
TeMIEepPaTypPH M 0CAAKOB HA METEODOJIOTHMUECKON
craHuun B Xesle JaeT XOpollee COOTBETCTBHE
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Habmogenuii. M3-za HennHeltHHX 3¢dexTon,
CBA3BAHHHX C TAAHMEM CHera, JHHeWHHEe MOJeIn
MeHee NOJ[XOAAIN BO BpeMA 3MMEI, XOTHA OHM BCe
#e MOTYT 00BACHATD BHAYUTENBHYIO YaCTh U3ME-
Henult Tnopsn.

Camoit ruaBHoOlt mHPopManMel AJA NpeuacKa-
3aHNl HA HECKOJABKO CYTOK BHepex ABIAITCA
npomdsie JaHHHe © camolt pexe. Hekoropoe
Yyay4lieHne MoKeT OHTh HOCTUIHYTO, €CIAHN MpPHU-
HIMAI0TCA BO BHUMAaHUE TaKeé M MeTeopoJIoru-
yecKkne HabmogeHnd.



