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ABSTRACT 

This study deals with the distribution of solar and infrared radiation in a multiple 
scattering and absorbing fog consisting of water droplets and water vapor. An iterative 
solution of the radiative transfer equation, as formulated by Chandrasekhar (1960), is 
presented here, which is utilized to obtain radiative intensities, fluxes and their vertical 
divergence for the entire infrared spectrum. A sufficient number of sample computa- 
tions is carried out also in the solar spectrum such as to verify the applicability of the 
numerical procedure for the entire heat spectrum. All calculations are made for two 
fog models, representing low and high fog for a liquid cloud water concentration of 0.1 g 
per cubic meter. The exact structure of spectral lines is taken into account. Computa- 
tional results verify the applicability of the method for the entire spectrum for a fog 
extending to a height of at least 160 m. It is believed that the computational procedure 
as developed is capable also of obtaining information about the radiative behavior of 
clouds and fogs of far greater thickness. 

1. Introduction 

The prediction of radiation fog and its be- 
havior after formation represents a very intrigu- 
ing but also very difficult problem which pres- 
ently has not been solved satisfactorily on a 
physical-mathematical basis. Two excellent stud- 
'ies on this subject are due to Kraus (1958) and 
Rodhe (1962). Both authors treat the radiation 
problem in a very simplified manner and, there- 
fore, do not claim great accuracy in their radia- 
tion treatment. Anewer study by Zdunkowski & 
Nielsen (1969) treats the radiation problem in a 
more exact manner by accounting for the over- 
lap effect of water vapor and water droplets 
in addition to using exact Mie computations. 
Their study of the radiation problem is still 
incomplete in two respects: the influence of 
droplet scattering and the possible effects of 
solar radiation are still disregarded. 

I n  order to treat the problem complex of the 
prediction and maintenance of radiation fog in 
an entirely satisfactory manner, the influence 
of radiation alone must be understood first. 
Effects of moisture diffusion and heat conduc- 
tion can be added a t  a later time. It is the pur- 
pose of this paper to present an exact method 

permitting the computation of radiative fluxes 
and their divergences in the presence of gaseous 
and droplet absorption and emission as well as 
multiple scattering. By specifying the water 
droplet distribution function, as thought to 
apply to fog, numerous attenuation coefficients 
and scattering functions are computed and 
utilized in obtaining fluxes and radiative tem- 
perature changes for the entire infrared spec- 
trum. Furthermore, sample computations for 
the solar spectrum are presented to demonstrate 
the applicability of the method for flux com- 
putations pertaining to the entire spectrum. 

Two fog models are used in this study, a high 
fog extending to 160 m and a low fog extending 
to 160 cm. Due to the complicated nature of 
the scattering function which at times requires 
an expansion into a series of Legendre polyno- 
mials of 150 terms, it is not possible to include 
polarization effects. 

Mathematically, the entire problem consists 
of solving the radiative transfer equation as 
formulated in an exact manner by Chandrase- 
khar (1960). His general formulation will be used 
to include explicitly the influence of particle 
and gaseous emission and absorption utilizing 
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the exact mathematical formulation of a spec- 
tral line. No further reference will be made to 
Chandrasekhar. 

2. Mathematical analysis 

2.1. Definitions 
In  order to give a brief and coherent presenta- 

tion of the basic equations, it is first necessary 
to define the most important quantities which 
arise in Section 2. 

Ia ( tA ,  p, 9) radiative intensity at  wave length 
A, at optical depth ta  and direc- 
tions p, 4. 

t A  = - &-(PA + K A ) d z  optical depth in terms of 
the droplet extinction coefficient 
P A  and the absorption coefficient 
Ka of atmospheric gases. z stands 
for the height and H represents 
the altitude of the upper fog 
boundary. 
zenith and azimuthal distances of 
the radiative intensity, with p = 

COB 6. 
zenith and azimuthal distances of 
previously scattered light, with 

direction of the parallel solar ra- 
diation. 

6, d 

6'9 b' 

p' = 00s 6'. 
-Pa? d o  

JA(ta, p, 9) source function. 
I,, A(za, p, 4) - Ia(tA, + p ,  4) =upwardly directed 

radiative intensity. 
I * ,  a ( z ~ ,  p, 9) - I , ( , ,  - p ,  4) =downwardly di- 

rected radiative intensity. 
Jl, A ( ~ , I ,  p, 9) source function for 11, A ( t a ,  p, d). 
J z ,  A ( ~ A ,  P ,  4) source function for I , ,  ~ ( t l ,  p, 4). 
Eo, a intensity of solar radiation at the 

upper boundary of the fog. 
ER solar intensity at the top of the 

atmosphere. 
Ba Planckian emission function. 
B G ,  a black body radiation of the 

ground. 
k.4 total absorption coefficient di- 

vided by total extinction coeffi- 
cient. It is treated as a constant 
in this investigation. 

1, if m=O 
4, rn { o, if $. = Kronecker symbol. 

must be normalized so that 
energy is conserved. This results 
in the condition: 

where the integration is to be 
extended over the unit sphere 
surrounding an elemental scat- 
tering volume. 

In  this investigation, the solution of the radia- 
tive transfer equation is based upon the expan- 
sion of the phase function into a series of Le- 
gendre polynomials, i.e. 

N 

pa (cos e) - 2 p l . ~ p l  (COS e) (2) 
1-0 

with P I  denoting the Legendre polynomials. The 
coefficients of the series p l , A  are to be deter- 
mined from electromagnetic theory and by 
specifying a droplet distribution function. In  
terms of (p ,  +; p', #) and by introducing the as- 
sociated Legendre functions P y  the expansion 
(2) can be written 

N 

P(P, 4; P', 6') = 2 (2 - 6 0 .  rn) 
r n - o  

f N  I 

where 

(2-m)! 1-m, ..., N 
( I  + m) !' PrA=PIJ-- 0 Q m =G N 

In  connection with the expansion of the phase 
function into a series of Legendre polynomials, 
the following symbols are introduced: 

N 
F ( m )  LA(P9PO) = c ( -  l ) '+ rnPr l~ rm(PC1)~f " (Po)  

I - r n  

N 

w a ) ( p l  Po) - c PrA p;" (A PI" (Po) 
I - r n  

N 
R(m) l .d (P9  Y ' )  = 2 P?Amr)pf"(P') 

I = r n  

N 

p a  (cos 0) phase function of water droplets. Rpa)(P, P') = 2 ( -  1)'+rnP?1prm(,u)p,m(p8) (4) 
0 is the scattering angle. p A  (cos 0) I = r n  

Tellus XXII (1970), 3 



300 0. KORB AND W. ZDUNKOWSKI 

For reasons of simplicity, the reference to wave 
length is omitted from now on. 

2.2. Solution of the radiative transfer equation 
It is assumed that the ground fog, whose 

lower boundary is the surface of the earth, can 
be described as a plane-parallel and infinitely 
far extended horizontal layer of finite optical 
thickness. This layer is illuminated from above 
by parallel solar radiation and the diffuse radia- 
tion of atmospheric gases. Scattering processes 
of solar light above the fog are disregarded. The 
entire extinction process of the sun's energy, 
before reaching the cloud top, is therefore due to 
absorption. This means that by far the largest 
part of the solar radiation is still parallel a t  the 
top of the fog. If the albedo of the ground is not 
taken into account, the fog is illuminated from 
below only by means of the black body radia- 
tion of the earth's surface. 

Inside the fog layer, however, processes due 
to scattering and absorption are taking place in 
the presence of true emission of cloud droplets 
and atmospheric gases. Therefore, the diffuse 
radiation field existing inside the fog is de- 
scribed by Chandrasekhar's complete equation 
of radiative transfer. 

The phase function, occurring in the radiative 
transfer equation, is expanded into a series of 
Legendre polynomials. This makes it possible 
to seek a solution of the transfer equation in the 
form 

N 

I ( r ,p ,$ )  = 2 I(m)(Gp) cos m,,-$) ( 5 )  
m -0  

This procedure results in the elimination of the 
azimuthal dependency of the transfer equation 
due to the orthogonality relations of the angular 
functions. The determination of the diffuse ra- 
diation field inside the fog layer and at its 
boundaries requires the solution of the radiative 
transfer equation. According to the fog model, 
as described above, the following boundary con- 
ditions are adopted: 

Top of the fog layer: 

r=O, I p - O ~ ( r = O , p ) * O ;  I$m*OJ(r=o,p)=o 

Surface of the earth (albedo = 0): 

r-T,I~'"'O'(T,p)=Bo; I$m*o)(T,p)=O (6) 

Inspection of equation (6) indicates that the 
diffuse radiation, incident at the upper fog 

boundary, is assumed to be independent of the 
azimuthal angle. The quantity I$'o' (t = 0, p )  
depends only on the temperature and moisture 
distribution of the atmosphere above the fog as 
well as on the carbon dioxide mixing ratio of 
the air. Therefore, (t = 0, p )  must be eval- 
uated for each direction of incidence and for 
each wave length using the Lorentz formulation 
of the distribution of absorption along a spectral 
line. Furthermore, formula (6) does not include 
the parallel solar radiation which is accounted 
for by an additional term in the source function 
of the transfer equation. 

With the above boundary conditions, the 
formal solution of the equation of radiative 
transfer is found to be 

(7) 

The source functions are given by 

As will be recognized, the source functions con- 
sist of three terms. The first terms, containing 
the integral expressions, deal with the effect of 
multiple scattering of water droplets. The terms 
containing E,  and B represent the primary 
scattering of solar radiation and the true emis- 
sion of cloud droplets and atmospheric gases. 
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Next, those terms of the source function are 
integrated in equation (7) which deal with the 
primary scattering of the solar radiation. 
Denoting this part of the diffuse radiation field 
in the fog layer by I$ and Ik?), one obtains 

for t = O  1>p>o 

t*O 1>p>o 

Evaluation of equation (9) requires the con- 
sideration of certain special cases. These are 
listed in Appendix 1. 

Finally, to obtain a more compact and read- 
able notation of equation (7) with (8), several 
terms are combined. The inclusion of the 
boundary conditions, as stated by equation (6), 
leads to the following definitions: 

The remaining terms of (7) and (8) implicitly 
include the intensities of the diffuse radiation. 
For this reason, the following symbols are in- 
troduced. 

+ dm) ( t ,  $1 R?"' ( p ,  p')]  dp' (11) 

Using equations (10) and (1 l), the solution 
equations (7) are now written as 

fim) (t, p )  =arn) (T, p )  + QI"' (t, p; am), .Cirri)) 

(7, p )  = Kim) (t, p )  + QP (t, p; p, Ik"') (12) 

This type of solution to the radiative transfer 
equation is suitable for an iterative determina- 
tion of the radiative intensities in the fog. The 
iterative procedure is discussed in section (3.4). 
It must be kept in mind, however, that the solu- 
tion equation (12) pertains to monochromatic 
radiation only. The integration over the spec- 
trum is described in a later section. 

2.3. Radiative fluxee 

The radiative flux is defined by means of 

I(m) (7, p )  COB m(do - 4) P d4 d p  li' - 2 
m-0 

(13) 

This equation simplifies to 

r+i  rzn 

This simplification is due to the fact that I('") is 
no longer a function of 4 and that the integra- 
tion of cos m (+o -4) is taken over a complete 
cycle. For the flux divergence computations 
that are required in this study, only the case 
m = O  needs to be considered. No such simplifi- 
cation will result if the exact distribution of the 
radiative intensities is sought. 
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3. Computational methods 

3.1. General conaiderationa 
The atmosphere is subdivided into two main 

layers, D and E, which label the air above and 
within the ground fog. All optical path lengths 
will be measured downwardly and are counted 
zero at the top of each main layer as shown in 
Fig. 1. 

Furthermore, for computational purposes it 
is convenient to consider the functional rela- 
tionship of the Planck function versus optical 
path length instead of using B( T )  directly where 
T ,  exceptionally, stands for temperature. Such 
treatment is permissible since any t corre- 
sponds to a unique atmospheric temperature. 
It is necessary to subdivide the main layers D 
and E into a number of suitable sublayers de- 
noted by the running numbers 1, 2, ... m*, ... n*. 
Pbnck’s function at  the upper and lower bound- 
ary of each sublayer are denoted by Bhm*) and 
BLm” respectively. An example of the plot of B 
versus t is shown for the E-layer in Fig. 2. As 
will be noticed, a main layer is subdivided in 
such a manner that each sublayer may be 
described by a linear distribution of B(t ) .  The 
total path length of layer E is given by 

n* 

Using the sublayer notation described above, 
one finds for the inclination BZ’) of the 
Planckian curve of the m*th sublayer 

5’0 TOP O f  ATMOSPHERE 

D 

C’ To. T.0 7-7-7-7 

Fig. 1. Subdivision of the atmosphere. 

The distribution of B(tE) in the m*th layer is 
therefore given by 

(17) B(m*) g = B(m*) E , O  f B(Enf:) ‘t(Em*) 

where TP*) refers to any position within the 
m*th sublayer. 

3.2. The computation of long wave radiative inten- 
sities outaide the cloud 

In  the troposphere the emission and absorp- 
tion of infrared energy is almost exclusively due 
to water vapor and carbon dioxide. Atmospheric 
aerosols are disregarded. The radiative transfer 
by atmospheric gases is described by the Lo- 
rente spectral line formula. The distribution of 
the absorption coefficient along such a line is 
given by 

Fig. 2. Subdivision of the fog. 
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Here K O ,  A is the value of the absorption coeffi- 
cient a t  the center of the spectral line at  A =A,, 
and a is the half-width. Let d*cr define the 
distance over which a spectral line stretches 
itself. If ev stands for the density of the absorb- 
ing gas, p and p o  for pressure and normal pres- 
sure, the average transmission D of the spectral 
line may be written in terms of the effective 
absorbing mass w, using the transformation 
variable x = - ( A  -A,,) ( 4 2 )  as 

(19) 
Following Moller (1944), as will be explained 
later on, the spectrum is subdivided into nu- 
merous intervals each of which may be charac- 
terized by a single artificial spectral line. In  the 
ideal case, such a composite spectral line ex- 
hibits exactly the same absorption properties as 
the contribution of all the real lines in the inter- 
val. Since the radiative transfer equation per- 
tains to monochromatic radiation only, the 
transmission function must therefore be com- 
puted for each parameter x and is then given as 

=exP ( - rD(x) /p )  (20) 

Here ztop stands for the radiatively effective top 
of the atmosphere. In  order to obtain the total 
downward flux at  the top of the cloud, one 
must first average the downwardly directed 
intensities of the diffuse radiation field accord- 
ing to equation (19) for each spectral interval, 
i.e. 

$$n = 0 )  

The total downward flux, according to equation 
(14) consisting of the sum of diffuse and parallel 
radiation is then 

p* (To) = 2Z lo1 1 k m  -’) (TD, p )  p dp 

where ER stands for solar intensity at the top of 
the atmosphere. For ground fog and ground 
albedo zero, one has at  the lower boundary 

Tellus XXII (1970). 3 
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where BG stands for the black body radiation 
of the ground. 

3.3. The determination of radiative inteneitiee 
within the cloud 

Equation (12), together with (10) and ( l l ) ,  
solve the transfer problem which is considered 
here. Due to the fact that for a given phase 
function the quantities I:;’, I$‘$, Rim’, R$““ 
can be determined, equation (12) is suitable for 
iterations. The iteration method which is adopted 
here is explained in section 3.4. In  order 
to begin with the first step in the iteration pro- 
cess, the emission integrals of the long wave 
radiation in (10) must be evaluated. Instead of 
evaluating these integrals directly by numerical 
procedures, it is more convenient to use an 
analytical method and apply numerical integra- 
tion procedures at  the point that the analysis 
cannot be carried any further. The coupling 
of equations (7) and (17) results in the following 
equations describing the diffuse intensity due 
to the emission of atmospheric gases and drop- 
lets within the m*th layer as shown in Fig. 3. 

TOPOf f00 Il l  

”* 

///I\‘ S Y R f A C E  / / / \ \ \  

Fig. 3. Distribution of optical depth in I-18pr.  
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The upwardly directed intensity at the upper 
border and the downwardly directed intensity 
at the lower border of the m*th layer are given 
according to (24) by 

Here k assumes the following form: 

where k remains sensibly constant throughout 
the fog layer. 

In  equation (25) the quantities I\'"-') (T(Em*), 
p)  and (T(Em*-'), p )  pertaining to the 
lower and upper boundaries of the m*th partial 
layer of E must now be eliminated. This is ac- 
complished as follows. 

(T(Em*-'), p )  one applies (25) to the first partial 
layer a t  the upper boundary of the fog and 
obtains the intensity I$'"-') (Tg), p).  From equa- 
tion (6) one finds the boundary term of this 
layer whose evaluation is discussed in section 
3.2. The intensity I$mpo) (Tg), p )  is now used in 
(25) as the boundary term for the second partial 
layer to determine I$'"*o' (Tg', p )  a t  its lower 
boundary. This procedure of successive substi- 
tution is used to obtain (T',m*-" , p )  which 
is then substituted into the second equation of 

Beginning a t  the lower boundary of the fog, 
the corresponding procedure is used to obtain 
If'"''') ( T(Em*), p )  which permits the elimination 
of this quantity from the first equation of (25). 
The resulting equations are somewhat lengthy. 
Therefore, they are not displayed here but are 
reproduced in detail in appendix 2. 

This information permits the determination 
of the upwardly directed intensity a t  the upper 
boundary and the downwardly directed inten- 

To determine the radiative intensity 

(25). 

sity at the lower boundary of the m*th layer. 
Furthermore, using the relationships of appen- 
dix 2, substituting m* = 1  or m* =n*, and re- 
cognizing that Ii'"-') (Tg), p )  = I('"-') (0, p),  one 
obtains the intensities of the ascending and 
descending radiation at the upper and lower 
boundaries of the fog, respectively. I n  the ab- 
sence of scattering processes, one may now 
determine for any value of x and p the upwardly 
and downwardly directed intensities at any de- 
sired level within the fog. Such detailed pro- 
cedure is necessary because of the complicated 
iteration scheme to be discussed in the next 
section. Moreover, by replacing the suffix E in 
terms of D, the same equations are used to 
obtain the intensities of thermal radiation of 
atmospheric gases outside the cloud or fog layer 
where k = 1. 

3.4. The solution of the radiative transfer equation 
by iteration methods 

With the aid of equations (12) it  is possible 
to develop an iterative procedure in order to 
obtain the radiative intensities I:'"' (7,  p )  and 
I:'") (t, p )  for 0 '<zE < TE. The following bound- 
ary conditions are applied. 

T E  = 0, I:'") (TE = 0, p )  = (TD, p )  

t E  = TE, .Ti'"' (TE, p )  = B, (27) 

Inspection of (12) indicates that the func- 
tions K ,  and K e  are independent of the inten- 
sities I ,  and I ,  of the diffuse radiation field. 
Therefore, K ,  and K ,  are suitable as the zeroes 
approximation. With the aid of the iteration 
index v one can write 

The general iteration equations for v = i assume 
the forms 

v = 1 ,  2, ..., n (29) 
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It will be seen that the ith approximation is 
computed from the (i - 1) iteration and the 
zeroth approximation (Y = 0) which is explicitly 
included for each Y .  The iteration process is 
physically meaningful. The first substitution 
means that the primary scattered light and the 
radiative energy due to the emission of gases 
and droplets penetrate the entire cloud. Every 
droplet is therefore illuminated with this radia- 
tion and reradiates a certain fraction of the inci- 
dent radiation. The light which is now available 
for secondary radiation in direction p is the 
primary scattered light illuminating the droplet 
from all directions p'. Every continued substitu- 
tion then includes the effect of one higher order 
of scattering. 

Convergence for all ( r , p )  is assumed if the 
following inequality is satisfied. 

with j = l , 2  

The reasons leading to the selection of E =0.01 
are discussed in section 5. 

3.5. Extension of the analysis to the entire spec- 
trum 

The equation of radiative transfer is valid 
only for monochromatic radiation. The exten- 
sion of the analysis to the entire spectrum is 
briefly described next. The infrared spectrum, 
extending from approximately 3.5 microns to 
95 microns is subdivided into 37 intervals, each 
of which is characterized by constant droplet 
attenuation coefficients and by the composite 
spectral line. Since the absorption coefficient 
of the composite spectral line varies rapidly 
along the line profile from its maximum value 
k, at the line center to the cut-off point x =d = 10 
of equation (IS), the radiative transfer equation 
needs to be evaluated for a number of x-values. 
This is accomplished by subdivision of the 
spectral line from x = o  to x =d into twenty 
equal intervals. For each value of p ,  for a 
given height above as well as inside the fog, the 
radiative intensities I$"'-') and Itm-') are then 
evaluated for each of the twenty-one x-values. 

The averaging process over a composite spec- 
tral line, as indicated by equation (19) or by an 
equivalent expression involving I$"'-'), is car- 
ried out a t  all considered heights by means of 
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Simpson's rule. Numerical tests indicate that a 
subdivision of the spectral line into more than 
twenty intervals does not result in noticeable 
improvement. Indeed, a subdivision into ten 
equal intervals gives already acceptable results. 

Next, the spectrally averaged values are in- 
tegrated over angular distances according to 
equations (13, 22) to obtain spectrally averaged 
fluxes. These fluxes are multiplied by the proper 
band widths of each spectral sub-region. Results 
for the total infrared spectrum are then ob- 
tained by summation of fluxes over all 37 
spectral intervals. 

Similarly, the solar spectrum, extending from 
approximately 0.28 microns to 3.5 microns, is 
subdivided into 15 spectral intervals. The parti- 
tion occurs in such a manner that occurring 
water vapor absorption bands are not separated. 
Each one of the sub-regions is characterized 
by constant droplet attenuation coefficients. 
For those regions containing a water vapor ab- 
sorption band, the composite spectral line para- 
meters are provided also. The averaging process 
and the integration over the entire solar spec- 
trum is analogous to the procedure adopted for 
the infrared spectrum. 

4. Radiative input parameters 

In  the light of the preceding discussion it is 
evident which quantities must be known for the 
evaluation of the radiative transfer equation. 

k,: 

These quantities 

the volume extinction, scat- 
tering, and absorption coeffi- 
cients 
maximum absorption coeffi- 
cients of composite spectral 
lin0S 
the normalized phase func- 
tion 
coefficients used to expand 
the phase function into a se- 
ries of Legendre polynomials 

are of primary physical im- 
portance and are only obtainable after compli- 
cated and laborious computations. More or less 
sporadic data available in the literature, often 
in unusable graphic format, are not sufficient 
to satisfy the requirements of this study. A 
brief discussion on the input parameters will be 
given next. For details see Zdunkowski & Strand 
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Fig. 4. Maximum absorption coefficients of compo- 
site spectral lines for 6.3 microns water vapor band. 

(1969). All arising Mie computations are carried 
out in an exact manner with locally developed 
Fortran programs. 

The spectrum ranging from 0.28 p to 95 p is 
divided into fifty-two intervals. Fifteen of these 
spectral regions pertain to the solar spectrum, 
which is subdivided in such a manner that occur- 
ring absorption bands are not separated. For 
wave length less than 1 p, the absorption data 
by Fowles (see Linkes Meteoro~ogisches Taschen- 
buch, 1953), for the spectral region from 1 p to 
4.25p, the absorption data of Wyatt et al. 
(1962) and for wavelengths larger than 4.25 p 
the absorption data tabulated by Elsasser & 
Culbertson (1960) are utilized to obtain k, 
values. Least square computations indicate that 
d = 10 gives the best fit. Some of the results of 
the k, computations are shown in Fig. 4. Com- 
putations of the droplet attenuation coefficients 
are based upon the indices of refraction of pure 
water. The real part of the refractive index for 
0.3 p <1 GO.7 p is taken from Linkes Meteoro- 
Zogbchee Taschenbuch I1 (1957). Corresponding 
imaginary parts are computed from absorption 
data provided in the Smithonian Meteorological 
Tables. For wavelengths from 0.7 p < 1 < 3.75 p 
the new tabulations of Irvine & Pollack (1968) 
are utilized, while for 1 >3.75 p the indices of 
refraction of McDonald (1960) and Herman 
(1962) are taken into account. 

The evaluation of the attenuation parameters 
for a unit element of cloud air, containing the 
entire spectrum of droplets of radii r, requires 
the specification of the droplet size distribution 
function n(r).  Based on numerous measure- 

t \\ 

\ 

\ 

'\ 

\ 

\ 

\ ' Bs 
10.' ' *;\ I F ,  

10 ZS *O 55 70 85 SO 

Pig. 5. Distribution of attenuation coefficients in 
cm-1. 

ments of liquid water content and droplet 
sizes of layer clouds and fogs, Best (1951) pro- 
poses the following interpolation formula in 
terms of the total liquid water content W,, 

s 
I. 

p 
, I  -r 

NA 

Fig. 6. Analytic representation of phase function at 
1.13 microns, radius vector on logarithmic scale. 
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Fig. 7. Angular distribution of scattered infrared light at 10 microns, radius vector on logarithmic scale. 

n ( r )  = 12.605 WL * lOE(2P)-O.' exp{ - (2)3.3}, 
W k 3  W L  

(~m-~br- ' )  (31) 

Here P is the mean radius of size increment. The 
quantities WL(g/ms) and oL (microns) are re- 
lated by means of 

wL = 1.1 - 1 0 - ~ ~ 1 i 7 ~  

The attenuation parameters are then evaluated 
for a liquid water content of 0.1 g/ms which is 
thought to apply to a fog. Denoting with Qs the 
scattering efficiency factor, the volume scat- 
tering coefficient can be written as 

Similar expressions are valid for absorption and 
extinction. The upper limit r1 = 15 microns, is 
the largest radius still contributing to the in- 
tegral. For this value, the droplet number den- 
sity is less than 1O-"J particles/cms. The distri- 
bution of ps ad BE for the infrared spectrum is 
shown in Fig. 5. 

As soon as /Is is known, the phase functions 
for scattering angle 8 are obtained in terms of the 
Mie intensity functions i ,  and i,. This is ac- 
complished by means of 

where k* = 2n/l. 
Two sample phase functions are depicted in 

Figs. 6 and 7. The radius vectors representing 
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the scattered light are shown on a logarithmic 
scale. The ratio of forward to backward scat- 
tering is nearly four orders of magnitude for the 
short wave side of the solar spectrum but de- 
creases with increasing wavelength. The pro- 
nounced lobes of the solar spectrum phase func- 
tion have completely disappeared in the infrared 
range. The undulating line of Fig. 6 approxi- 
mating the solid line, represents the analytical 
approximation of the phase function. The ap- 
proximation requires about 150 terms of the 
Legendre expansion. At 10 ,u the approximation 
curve and the phase function nearly coincide. 
Only fifteen terms are needed for the expansion. 
The expansion procedure, together with some 
numerical details, is described in appendix 3. 

5. Convergence and limiting cases 

The reliability of the computational proce- 
dure will be checked now by considering two 
limiting cases. First, a spectral interval in the 
solar spectrum is chosen where no absorption 
processes are taking place. In  such a region, the 
expansion of the phase function into a Legendre 
series requires approximately 150 terms. I f  nu- 
merical inaccuracies occur, they will be most 
noticeable in this spectral interval since more 
than 100 scattering processes take place till the 
condition on E is satisfied. The flux divergence 
pertaining to a non-absorbing medium equals 
zero. From this follows that the sum of the 
fluxes, including the direct still parallel solar 
radiation, must remain constant with height. 
This condition is found to be satisfied with a 
high degree of precision for E =0.01 while for a 
somewhat larger E value, constant net flux is 



308 Q. KORB AND W. ZDUNKOWSKI 

not obtained. Indeed, all computations are 
checked to see i f  constant net flux with height 
is obtained by setting temporarily all absorption 
coefficients equal to zero. Now illumination of 
the fog takes place only by parallel solar radia- 
tion and the black body radiation of the ground. 
It should be noted that constant net flux is 
obtained only then, if integration over angles 
and optical path length takes place over suffi- 
ciently dense intervals. Having found optimal 
conditions for the time consuming integrations, 
the true absorption coefficients for water vapor 
and droplets are introduced into the solution 
equations to carry out the required computa- 
tions. 

Having established the accuracy of the flux 
computations in case of purely conservative 
processes, the accuracy of the absorption cal- 
culations must be tested by considering a second 
limiting case. 

Temporarily setting the scattering coeffi- 
cients equal to zero, fluxes and their divergences 
due to water vapor and water droplets absorp- 
tion and emission are obtained and compared 
with results obtained using conventional meth- 
ods (see, for example, Zdunkowski, 1963). 
Again excellent agreement is found for all test 
cases. 

10 C N  
I I 10 IS 2 0  

Pig. 8. Convergence test at 4 microns. 

J rn 4s. 
t . C O 0 1  

160 M FOG 
E V A L U I T E O  AT C E N T E R  OF 
SPECTRAL L I N E  
N I N U W B E R  OF l T E R 4 T l O N S  

Pig. 9. Convergence test at 8.5 microns. 

Finally, if both absorption and scattering pro- 
cesses are taking place, convergence is best ob- 
served by considering upwardly and down- 
wardly directed intensities for a given height 
and direction as function of the number of itera- 
tion processes to satisfy the condition e = 0.01. 

This is demonstrated in Figs. 8 and 9 for 
wavelengths 4 and 8.5 microns in case of a fog 
extending to a height of 160 meters. Iteration 
number one corresponds to the zeroth approxi- 
mation. As will be seen, the intensities increase 
rapidly due to lower order scattering and reach 
saturation values with an increasing number of 
scattering processes without showing any no- 
ticeable oscillations. 

It is interesting to observe the sensitivity of 
the numerical solution to the choice of e. Con- 
sider again Fig. 8 which pertains to a wave- 
length of 4 microns. A choice of e =0.02 
discontinues the iteration process after 23 
iterations. Inspection shows that the intensities 
have not quite reached saturation values. Tak- 
ing e = 0.01 requires 30 iterations while a choice 
of e = 0.001 discontinues the iteration process 
after 57 iterations. A choice of E -0.001 instead 
of e =0.01 triples computer time without sig- 
nificantly improving the accuracy of the compu- 
tations. For a wavelength of 8.5 microns, a 
choice of e =0.02 requires 7 iterations. Inspec- 
tion of Fig. 9 indicates that the intensities have 
not reached saturation values. For E = 0.01, 
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Fig. 10. Comparison of downwardly directed inten- 
sities at the surface of the earth as computed by 
the iterative and exact methods for a Rayleigh 
atmosphere and po = 1.00. 

saturation is reached requiring 13 iterations 
while 24 iterations are needed to satisfy the 
condition E =0.001. Again, computer time is 
tripled by choosing E = 0.001 instead of E = 0.01 
without significantly improving the accuracy 
of the computations. Further test computations, 
not reported, for different wavelengths and dif- 
ferent points along the spectral line indicate 
that the choice of E =0.01 is sufficient for all 
practical purposes. 

A n  additional appraisal of the accuracy of 
the method is obtained by applying the solution 
scheme to the solar spectrum and the conserva- 
tive Rayleigh atmosphere. For this idealized 
atmosphere, due to the simplicity of the phase 
function, an exact solution of the radiative 
transfer equation is known which takes into 
account all orders of scattering as well as polari- 
zation effects. Results are tabulated by Coulson 
et al. (1960) who used the molecular optical 
thicknesses obtained by Deirmendjian (1955) 
on the basis of the Rand model. Using the data 
of the same model (Grimminger, 1948) to match 
the tabulated optical thicknesses, a comparison 
is made between the results obtained with the 
present and the exact solutions for ,p - ,po - 0. 

Fig. 10 shows the distribution of the down- 
wardly directed intensities at the surface of the 
earth, as computed by both methods, for a solar 
zenith angle of zero degrees and zero ground 
reflection. For a small optical thickness, t = 0.02, 
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the present and the exact methods give nearly 
identical results as evidenced by curves 1 and 2. 
The intensities pertaining to two larger optical 
path lengths, curves 3 and 5 (present method) 
and curves 4 and 6 (tabulated values) show rea- 
sonably small deviations. Moreover, the devia- 
tions are not systematic since the intensity 
curves cross each other. Radiative fluxes (not 
shown), the quantities of main meteorological 
interest in heat budget considerations, are nearly 
identical. 

Fig. 11 refers to the same conditions but to a 
solar zenith angle of approximately 66.4 degrees. 
For t = 0.02, curves 1 and 2, both methods yield 
identical results. Deviations are reasonably 
small for the larger optical path lengths as de- 
picted by curves 4 and 6 (pres6nt method) and 
curves 3 and 5 (tabulated values). It is noted 
that the total atmospheric optical thickness 
values of 0.02 and 1.00 of the Rayleigh atmo- 
sphere refer to the wavelengths of 0.8090 and 
0.3020 microns, respectively. These are the small- 
est and largest optical path lengths for which 
the intensities are tabulated. 

The distribution of upward and downward 
intensities at  the upper and lower boundaries 
of the atmosphere is displayed in Fig. 12 for 
t -0.25 and po = 1. The effect of a uniform 
ground albedo A is considered in some instances. 
Curves 1 (present method) and 2 (tabulated 
values) show the upward intensities at the top 
of the atmosphere for A = 0. The small devia- 

, , ~ ~  I I 30 I ' ' 6b ' ' gb 

ZENITH RNGLE ~ G . I  

Fig. 11. Comparison of downwardly directed inten- 
sities at the surface of the earth 88 computed by the 
iterative and exact methods for a Rayleigh atmo- 
sphere and po - 0.40. 
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Fig. 12. Comparison of the upwardly and down- 
wardly directed intensities for a Rayleigh atmo- 
sphere a8 computed by the iterative and exact 
methoda with ground reflections of zero and 0.26. 

tions resulting from the two computational 
methods are even less significant if A =0.25, as 
is apparent from curves 5 (present method) and 
6 (tabulated values). The downwardly directed 
intensities at the surface of the earth for A = 0.25 
are shown by curves 3 (tabulated values) and 4 
(present method). Again, deviations resulting 
from the exact and the iterative methods are 
very small. 

It is known that the Rayleigh atmosphere is 
particularly sensitive to polarization effects due 
to the shape of the Rayleigh phase function. 
The deviations of the two methods are attrib- 
uted to polarization which is disregarded in the 
iterative scheme. Figs. 10, 11 and 12 are com- 
puted for E =0.001. Results do not differ sig- 
nificantly using the somewhat less restrictive 
value of E = 0.01. 

6. Results 

6.1. General remarks 
The computations deal with two fog models, 

a low fog extending to 160 cm and a high fog 
extending to 160 m. In both cases a liquid cloud 
water content of 0.1 gram per cubic meter, a 
value representative of stratus clouds, and satu- 
ration vapor pressure with respect to a flat 
water surface are assumed to exist within the 
fog. The sounding used in these computations is 
constructed in the lower part of the atmosphere 

but corresponds to average conditions at tem- 
perate latitudes above the height of 1 kilometer 
as recorded by London (1950). The temperature 
distribution is assumed to be the same in both 
cases. Details are shown in Fig. 13. 

Computations are carried out for the entire 
infrared spectrum which extends from 2.5 to 
95 microns. As far as the solar spectrum is 
concerned, calculations are carried out to the 
extent only as to test the applicability of the 
flux method. 

The solar spectrum stretches from 0.28 
microns to 4.75 microns. I n  the infrared part 
of the solar spectrum, the radiative transfer 
equations are not entirely decoupled from ther- 
mal emission since beyond 2.5 microns the 
thermal emission of water vapor and droplets 
becomes noticeable. 

In the following it should be noticed that for 
the solar spectrum the intensities are only eval- 
uated for m =0 ,  which is the only component 
contributing to the radiative fluxes as defined 
in equations (15) and (16). Since in the case of 
infrared radiation, m = 0 is the only intensity 
which is defined, plots of intensity represent 
true distributions. This is not the case in the 
solar spectrum where by equation (5) the term 
m = O  is only the leading term in the expansion 
of the total intensity. The true distribution of 

Fig. 13. Temperature and humidity distributions. 
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Fig. 14. Radiative temperature change in low fog. 

the intensities can only be obtained by sum- 
ming over all terms in the expansion. Results 
will be made available in a future paper. 

6.2. Distribution of infrared radiation in low fog 

The temperature distribution of Fig. 13 is 
used now to discuss radiative temperature 
changes in low fog pertaining to the entire 
infrared spectrum. Due to the presence of water 
vapor alone, the temperature change is very 
small as indicated in Fig. 14, case I. The cooling 
curve coincides practically with the ordinate 
of the diagram and is not shown. 

Next, consider the hypothetical caw I1 that 
the fog consists of water droplets only obeying 
the adopted size distribution function. Above 
the fog a vacuum is assumed to exist. Further- 
more, all scattering effects of the droplets are 
presently neglected so that the extinction of 
the droplets is described entirely by the absorp- 
tion coefficient. In  contrast to the previous 
case, the upwardly directed radiation is only 
weakly compensated by the downwardly di- 
rected flux. This results in an extremely fast in- 
crease of the net radiation which causes an 
average value of radiative cooling of more than 
42 degrees per hour. 

Now consider the total effect of water vapor 
and non-scattering but absorbing fog droplets 
depicted as case 111. As expected, the tempera- 
ture change distribution curve is found to be 
located between the corresponding curves of the 
previously discussed limiting cases. Finally, 
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consider the general case IV which takes into 
account the absorption of water vapor and 
droplets as well as multiple scattering. The 
temperature profiles of cases I11 and IV are 
similar in shape but differ strongly in magnitude 
as expected. Repeated scattering causes a 
considerable increase of the traversed path of 
radiation inside the fog layer. This results in 
larger net absorption rates thus preventing the 
extreme cooling as discussed in conjunction with 
the simplified case 111. The importance of in- 
cluding the effect of multiple scattering in ra- 
diative temperature computations pertaining to 
low fog is evident. A physical interpretation of 
the effect of radiative cooling upon the growth 
of fog is given later on. 

The computations give some interesting in- 
formation about the black body characteristics 
of a thin fog layer. For this purpose, consider 
Fig. 15 which shows the distribution of the up- 
wardly and downwardly directed intensities as 
a function of wave length for a zenith angle of 
zero degrees. As expected, the distribution of 
the upwardly directed intensities follows the 
black body curve of the earth's surface. The 
downwardly directed intensities are shown for 
the top of the fog and for the ground. The 

.Fig. 15. Distribution of intensities for zenith angle 
of 0 degrees in 1.60 m fog. 
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presence of this thin fog increases in the water 
vapor window the downward radiation by about 
one order of magnitude. Due to the small vertical 
extent of the ground fog, black body radiation 
is not observed. Outside the water vapor win- 
dow, the strong absorption bands of the atmo- 
spheric gases exhibit almost perfect black body 
radiation. Upwardly and downwardly directed 
intensities coincide nearly in magnitude. 

Fig. 16 gives the variation of the downwardly 
directed intensities in the water vapor window. 
With increasing zenith angle and decreasing 
height, intensities increase rapidly. Black body 
energy corresponding to the given temperature 
distribution is observed for horizontal view. 
This, of course, is to be expected since the fog is 
assumed to extend infinitely far in horizontal 
direction. The strong intensity variation as a 
function of the zenith angel indicates that the 
fog is still far removed from being a black body, 
since a black body fog would be characterized 
by horizontal distribution lines of the down- 
wardly directed intensities. Upwardly directed 
intensities are not shown since they are repre- 
sented by nearly coinciding horizontal lines cor- 
responding in magnitude to the black body in- 
tensity of the earth. 

I 
b 

Fig. 16. Distribution of downward intensities of 10 
microns spectral band in 1.60 m fog. 

6.3. Distribution of infrared radiation in high fog 
The temperature and moisture distribution of 

Fig. 13 is used now to determine the total in- 
frared cooling rate in high fog. This is shown in 
Fig. 17. The case labeling is identical to that 
in low fog as described in section 6.2. Due to 
the large vertical extent of the droplet layer, 
the lower section of the fog acts nearly as a black 
body thus preventing strong radiative tem- 
perature changes. This black body behavior 
does not exist in the upper fog region where the 
upwardly and downwardly directed components 
of the radiative flux are strongly unbalanced. 

The radiative temperature change due to 
water vapor alone (case I), as in low fog, is 
very small so that the cooling curve practically 
coincides with the ordinate of the diagram. 
The effects of water droplets alone (case 11) as 
well as the combined action of water droplets 
and water vapor (case 111) result in larger tem- 
perature changes than the corresponding values 
pertaining to low fog. In  the generalcaseIVwhich 
includes multiple scattering, the radiative tem- 
perature change a t  the top of the high fog ex- 
ceeds the corresponding value for low fog by 
nearly a factor of two. Again it is evident from 
inspection of Fig. 17 that the effect of multiple 
scattering upon radiative temperature changes 
must not be disregarded. 

Radiative effects upon fog growth can now 
be estimated. The strong cooling rates in the 
top layer of the fog cause supersaturation with 
subsequent formation of more droplets. Hence, 
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Fig. 18. Distribution of diffuse downward fluxes in 
160 m fog. 

the fog increases in density. Turbulence carries 
the droplets across the upper fog boundary 
which often results in nearly explosive vertical 
growth of the fog. If the fog initially is not grow- 
ing in vertical thickness due to the absence of 
exchange processes, strong superadiabatic tem- 
perature gradients must result from radiative 
cooling. These cannot be maintained for any 
extended period of time and give cause to new 
turbulence. 

Next some spectral flux properties of high 
fog are discussed. Fig. 18 shows the distribution 
of downwardly directed fluxes at various 
heights. Fluxes, as before, are obtained by 
integrating over all directions and over the 
distribution of the absorption coefficients of 
each spectral line. In  the near and far infrared 
absorption bands of water vapor, the flux curve 
definitely shows black body behavior. Due to 
multiple scattering processes, the downwardly 
directed flux a t  a given reference height con- 
tains some energy which originated below this 
reference level. Due to the fairly small tem- 
perature range within the fog, one single curve 
is sufficient to describe the downwardly di- 
rected flux a t  all levels outside the water vapor 
window. The window region, however, shows up 
very prominently a t  the top of the fog, since 
here the downward flux of the atmospheric 
water vapor is extremely weak. At a height of 
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150 m the gap in the window is almost closed 
due to the presence of water droplets. A further 
increase of droplet optical path length results 
in increased radiation, so that the surface of 
the earth nearly receives black body energy 
corresponding to some mean temperature of 
the fog. This is equivalent to stating that a 
stratus cloud of 160 m of thickness, to 8 good 
approximation, may be considered to be a per- 
fect black body. 

Upwardly directed fluxes are not shown since 
black body behavior is found for all wave 
length due to the presence of the earth's surface. 

Very instructive is an investigation of the 
magnitudes of the downwardly directed inten- 
sities in the water vapor window. Some com- 
putational results representing the wave length 
region from 9.75 to 10.25 microns are shown in 
Fig. 19. For small zenith angles the intensities 
at the top of the fog are extremely small. For 
horizontal view, of course, black body energy is 
observed due to the infinitely large horizontal 
extent of the fog. With decreasing height, i.e., 
with increasing optical thickness, the down- 
wardly directed intensities increase rapidly in 
magnitude even for very small zenith angles. 
I n  the lower part of the fog, the dependency of 
the intensity on zenith angle has nearly disap- 
peared as the intensity lines become nearly hori- 
zontal in the neighborhood of the earth's sur- 
face. This indicates that a fog of 160 m of thick- 

Fig. 19. Distribution of downward intensities of 10 
microns spectral band in 160 m fog. 
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ness in this spectral region can be thought of as 
a black body of some representative tempera- 
ture observed within the fog. 

For the strong infrared absorption bands of 
water vapor, no intensity distributions will be 
shown. Black body radiation is observed which 
results in nearly horizontal intensity distribu- 
tion lines. The distribution of the downwardly 
directed intensities pertaining to spectral re- 
gions which are located a t  the edges of the water 
vapor absorption bands show a behavior en- 
tirely analogous to that shown in Fig. 19. Due 
to the presence of the earth's surface, the up- 
wardly directed intensities do not exhibit any 
prominent features and are left out of the dis- 
cussion. They are simply represented by straight 
lines. 

6.4. Distribution of solar radiation in low fog 
For heat budget considerations, one is mostly 

interested in obtaining radiative fluxes. Hence 
it is only necessary to obtain the intensity com- 
ponents for rn = o .  Intensities of the other com- 
ponents (m i o )  do not contribute to the fluxes 
since they disappear when the integration over 
all directions is performed. 

Fig. 20. Distribution of downward intensities in 
1.60 m fog. 

10' 

10' 

10. 

10 

Fig. 21. Distribution of upward intensities in 1.60 m 
fog. 

Consider the distribution of the downwardly 
and upwardly directed to the flux contributing 
intensities as a function of wave length for solar 
and observational zenith angles of 30 and 0 
degrees respectively. The contribution of the 
parallel solar radiation is not included. The 
results are shown in Fig. 20. As will be seen, the 

Fig. 22. Distribution of Downward intensities of 
1.01 microns spectral bend in 160 m fog and solar 
zenith angle of 30 degrees. 
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Fig. 23. Distribution of upward intensities of 1.01 
microns spectral band in 160 m fog and solar zenith 
angle of 30 degrees. 

downwardly directed intensity component in- 
creases with decreasing height for wave lengths 
less than 3 microns. This is to be expected since 
with the decrease of the direct, still parallel solar 
radiation, the diffuse radiation field will in- 
crease in magnitude. For wave length longer 
than three microns, thermal radiation becomes 
effective which results in an increase of energy 
for longer wave lengths. The upwardly directed 
intensity must show the opposite trend for 
wave length of less than three microns, as 
demonstrated in Fig. 21, due to the adopted 
boundary conditions. 

The distribution of the intensities as a func- 
tion of height and zenith angle for a given solar 
distance in low fog is very similar to that in 
high fog. For this reason angular distributions 
are only shown for high fog. 

6.5. DGtribution of solar radiation in high fog 

Since presently results are not available for 
the entire solar spectrum, a somewhat centrally 
located wave length interval extending from 
0.99 to 1.03 microns is used for the sake of dis- 
cussion. This particular spectral region does not 
contain an absorption band. The results, how- 
ever, are typical for other spectral intervals also. 
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First consider Fig. 22 which gives for a solar 
zenith angle of 30 degrees the distribution of 
the downwardly directed to the flux contrib- 
uting intensities. The direct solar radiation, as 
before, is not included. Because of m = o  a 
dependency on the azimuth does not exist. One 
recognizes strong forward scattering in the di- 
rection of the parallel solar radiation at a zenith 
distance of 30 degrees. The maximum value of 
the intensity is not found near the earth's 
surface but in the central part of the fog. In  this 
region the direct solar radiation has been nearly 
extincted so that a further increase of the down- 
wardly directed radiation field cannot take 
place. 

Fig. 23 gives the distribution of the upwardly 
directed intensities. According to the boundary 
conditions, the intensity is zero directly at the 
earth's surface. Intensities increase with increas- 
ing height and increasing zenith angle. The 
strong maximum observed in Fig. 22 is missing. 
The reason for this is the weak backward scat- 
tering. The strong increase of the intensity 
values with increasing zenith angle at small 
heights is explained by the increasing thickness 

z Lnelnl 
w 

40 w I20 160 

Pig. 24. Distribution of diffuse fluxes of 1.01 
microns spectral band in 160 m fog. 
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of the fog. In  the limiting case, at  a zenith 
distance of 90 degrees, the fog is extended in- 
finitely far so that a large number of scattering 
processes contribute. At this particular zenith 
angle the upwardly and downwardly directed 
intensities are the same. 

The diffuse fluxes corresponding to the previ- 
ously shown intensities are depicted in Fig. 24. 
It will be noticed that the upwardly as well as 
the downwardly directed fluxes have non-zero 
values. It is understood that these fluxes refer 
to energy transports as the boundaries are ap- 
proached from inside the fog. The downwardly 
directed radiation has its maximum value at  a 
height of approximately 80 m. At this place 
the direct solar radiation is nearly completely 
attenuated so that the diffuse radiative flux 
cannot increase further. The upwardly directed 
radiation increases in the same measure as the 
downwardly directed diffuse radiation field is 
developed. 

For comparison purposes, the flux contribut- 
ing intensities for a solar zenith angle of 70 
degrees are shown in Figs. 25 and 26. Noticeable 

Fig. 25. Distribution of downward intensities of 1.01 
microns spectral band in 160 m fog and solar zenith 
angle of 70 degrees. 

0 10. 60. SO- 

Fig. 26. Distribution of upward intensities of 1.01 
microns spectral band in 160 m fog and solar zenith 
angle of 70 degrees. 

is that the maximum value of the forwardly 
scattered energy in the direction of the zenith 
distance of the sun is not nearly as pronounced 
as before. The strong increase of the intensity 
with increasing zenith distance is masking this 
effect. The upwardly directed intensities show 
the same regular behavior as observed for the 
zenith angle of 30 degrees. 

7. Summary and concluding remarks 

The radiative transfer equation has been 
solved and evaluated taking into account the 
emission and absorption of water droplets and 
vapor in addition to multiple scattering of water 
droplets. The exact structure of spectral lines 
is included in the analysis. The solution method 
consists of an iterative procedure which is 
extremely effective in the long wave part of the 
spectrum for the determination of infrared in- 
tensities and fluxes. The method is also very 
useful for the determination of fluxes in the 
solar spectrum but has not been tested in case 
of solar intensities. For flux computations only 
the leading term of the intensity expansion 
equation is needed, which is the only term oon- 
tributing to infrared intensities. The analysis 
takes into account that solar radiative effects 
as well &B true emission may take place in the 
same spectral region. An arbitrary splitting of 
the heat spectrum into two major spectral re- 

Tellus XXII (1970), 3 



DISTRIBUTION OF RADIATIVE ENERQY IN GROUND FOQ 317 

gions of emission and of no emission, as some- 
times suggested, is not necessary using the pres- 
ent method. 

Two model fogs are discussed in this study. 
Using a particular droplet distribution func- 
tion, radiative intensities, fluxes and flux diver- 
gence ere computed for the entire infrared spec- 
trum. More than forty different phase functions 
are used to describe the variation of scattering 
properties as a function of wave length. This 
makes the present treatment unique. 

Similar investigations are carried out by 
Russian authors (Feigel'son, 1964) using much 
more restricted assumptions, such as grey water 
vapor absorption coefficients and uniform drop- 
let radii. Their results are based upon different 
atmospheric conditions that comparisons of 
computational results are rendered impossible. 
Yamamoto et al. (1966) carried out some in- 
teresting computations pertaining to radiative 
processes in a water cloud for the atmospheric 
window using an averaged scattering function. 
In  this caae the influence of water vapor emis- 
sion can be neglected. Their solution method is 
based upon an entirely different principle which 
does not permit statements about the distribu- 

tion of radiative energy inside the cloud but only 
at the boundaries. 

It appears that the problem of the infrared 
radiative exchange in a stratus cloud or a fog 
of approximately 200 m of thickness can be 
considered as solved by means of this investiga- 
tion. The computational method is also usable 
to obtain fluxes in the solar spectrum. Future 
research will indicate if the method is suitable 
also to obtain the distribution of solar intensi- 
ties in a cloud of 200 m of thickness. Further- 
more, it must be tested what the limiting cloud 
thickness is for which the present method is still 
applicable. 
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APPENDIX 1 

E0(2 - 6 ,  Pirn) (0, po) e-r'pe 
The evaluation of the equations (9) for the 

detemination of the primary scattered light of 
( 1 - k )  m(t, 0) = 7 

the solar radiation in fog requires the treatment 
of several special cases; these are listed next. Iv. 

I. p = po: I$l"d(t, p) - __- ( l -  k)E0(2 - a0, m )  
4n 

V. 

I$?)( 0,O) = 0 

t = 0 and any p and po  

1.0 ( O , l C ) q ,  (1 -k )Eo(2 -60 ,m)  

APPENDIX 2 

The evaluation of the emission integrals of 
(lo), using the assumption of a piecewise linear 
distribution of B(tE),  results in the distribution 
of radiative intensities leaving the upper and 
lower boundaries of each sublayer. Successive 
application of ( 2 5 )  and employment of the prop- 
er boundary conditions, as described in sec- 
tion 3.3, for the m*th sublayer the upwardly 
directed intensities Iimm'O' (T("'*-') E , p )  a t  its 
upper boundary, and the downwardly directed 
intensities I$"'-') (T(g*), p) at its lower bound- 
ary, gives the following relationships: 

p - 0 )  (T(m*-l), E p )  kB$m*) + kB$"*)p 
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+... +exp[-“(,m*’+T‘,rn*-’’+...+T(Ea))/p~ 

x { - kBr’ + kBp’p + kBf’ + kB;” [Tg’ - p ] }  

+exp[-(T(Em*)+T$”*-’)+ ...+ Tg)+@A))/p] 

x {Iimm-’) TD, p )  - kBkl’ + kBf’p} 

The quantity I~mm’o’ (TD,  p),  as required by 
equation (6), represents the upper boundary 
condition of the fog. It is the downward inten- 
sity emerging at the lower boundary of the 
layer D.  

APPENDIX 3 

The approximation of the phase function 
(equation 2) requires the knowledge of the ex- 
pansion coefficients p l .  From previously tabu- 
lated values of the phase function, these are 
computed from 

This equation can be derived (Baur, 1953l) by 
the method of least squares and by means of 
the orthogonality properties of the spherical 
functions as described, for example, by Whit- 
aker & Watson, 1946. 

Consider briefly Figs. 6 and 7. The solid line 
of Fig. 6 (A=1.13 microns) is plotted on the 
basis of 18 1 equally incremented scattering 
angles using the data provided by equation (33). 
Numerical computations indicate that only very 
minor additional details of the phase function 

are revealed by including more scattering angles. 
The undulating line, approximating the “exact” 
pha.se function is obtained on the basis of 158 
terms of the Legendre expansion. Each p l -  
coefficient incorporates all previously tabulated 
values of the phase function. The general outline 
of the phase function is well approximated al- 
though some discrepancies exist. These can only 
be removed by including many more terms in 
the expansion which makes it impractical for 
radiative transfer computations. 

Fig. 7 (A = 10 microns) does not require a very 
dense tabulation since no fine structure is in- 
volved. It is plotted on the basis of 22 non- 
equally incremented scattering angles. A com- 
parison of the “exact” and approximated phase 
functions is shown in the following table for 
randomly selected scattering angles. 

Referenced a8 Linkes Meteorologisches Ta- 
schenbuch, 1953. 

Comparison table of phaae functions for randomly selected scattering angles 

Scattering 
angle 

f .  = 1.13 microns A = 10.0 microns 
\ 

P P 
4n - (exact) (approx.) 

0” 
6’ 

18’ 
40’ 
76’ 

1120 
150’ 
180’ 

0.3603 x loa 
0.2800 X lo* 
0.4186 
0.9588 X 10-l 
0.1055 x 10-I 
0.3887 x lo-* 
0.1709 x 10-1 
0.4653 x 10-1 

0.4811 x lo* 
0.3115 x loa 
0.3968 
0.9875 x 10-l 
0.1166 x 10-1 
0.4550 X 

0.1748 x 10-l 
0.4280 x 10-l 

0.749 
0.899 
1.055 
0.966 
0.905 
0.854 
0.978 
1.087 

1.4300 
1.3524 
0.8696 
0.1563 
0.1155 x 10-l 
0.3438 x lo-’ 
0.2898 x lo-’ 
0.3627 x 

1.4300 
1.3524 
0.8695 
0.1562 
0.0165 x 10-1 
0.3444 x lo-’ 
0.2895 X 10-a 
0.3658 x 10-8 
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The phase function of the infrared wave- 
length is approximated with very high precision. 
Indeed, the same is true for the entire infrared 
spectrum. The phase function of the solar spec- 
trum covers a range of values of four powers of 
ten which makes a high precision approximation 
for all scattering angles very difficult. The shortly. 

largest deviation occurs for a scattering angle 
of zero degrees. A present analysis investigating 
the effect of deviations from the "exact" scat- 
tering function indicates that the transfer cal- 
culations are not significantly affected. Results 
of this new investigation will be publicized 

PACIIPEAEJIEHBE PAABALJBOHHOB 3HEPl?BB B IIPB3EMHOM TYMAHE 
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