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ABSTRACT

The baroclinic instability theories which are relevant to the differentially heated, rotat-
ing annulus are reviewed and recalculated in a way which brings out the importance of
the vertical stratification of the fluid. Experimental measurements of the wave-regime
neutral surface are presented which qualitatively agree with most of the predictions of
the theories; in particular, good agreement with the predicted effect of the vertical
stratification is obtained. Some details concerning an observed transition from high
amplitude waves to low amplitude waves are given. Also some experimental evidence
on the existence of a one-wave mode and a mixed one-wave and two-wave mode is

presented.

1. Introduction

In a previous paper, Kaiser (1969) (hereafter
referred to as “I”), the thermal properties of
the symmetrical regimes of flow observed in a
rotating differentially heated annulus of fluid
were discussed. A flow, either symmetrical about
the axis of rotation, or of a wavelike nature is
observed. The occurrence of these regimes is
governed by the values of a gap thermal Rossby
number, Ro,=gdEr/2Q2Ar2, and a Taylor num-
ber, T',=4Q2Ar!/v?, where g is the local gravita-
tional acceleration; d, the fluid depth; Er, an
unspecified horizontal fractional specific volume
difference; Q, the rotation rate; Ar, the gap; and
», the viscosity of the fluid at the mid-point.

Several years ago it came to the attention of
this author that Brindley’s (1960) computa-
tions, when plotted in a T, Ro,-plane (Fowlis,
1964), produced a diagram quite similar in
many respects to the spectrum diagrams which
had been obtained by Fultz (1964). At that time
there was sufficient rudimentary experimental
evidence (Fultz, 1964) to indicate that the verti-
cal stratification parameter, Sz ( =gdEz/22Ar?,
Ez being the overall vertical fractional specific
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volume difference), is probably as important a
parameter as Ro, and T, in determining the
nature of the observed flow. The instability
theories were recalculated so that the neutral
surfaces for each wave number could be dis-
played in a T,, Sz,, Ro,-space. The published
material does not exhibit this dependence in
usable form.

Then experimental spectral measurements
were made to compare with the above-men-
tioned aspects of the theories. The results lend
strong credence to the qualitatively comparable
predictions of most of the theories. Also a
transition from a high-amplitude to alow-ampli-
tude wave regime was investigated along with
the question of the existence of a one-wave
mode.

The dimensions of the annulus are: Ar =2.442
cm, d =13.00 em, and the radius of the inner
cylinder is 2.456 cm. The upper surface is free,
but a lid is positioned 2 ecm above this free sur-
face. The working fluid is distilled water with
0.19% by volume of a detergent.

2. A survey of the baroclinic instability
theories

The various instability theories (Eady, 1949;
Davies, 1956, 1959, Kuo, 1956; Brindley, 1960;
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Fig. 1. Theoretical stability-variation curves for
gseveral wave numbers: (a) Barcilon (1964); (b)
Lorenz (1962); (c) Brindley (1960), T, =10% and (d)
Kuo (1956), T, =10°.

Lorenz, 1962; Barcilon, 1964) examine the cri-
terion for the stability of an infinitesimal wave-
like perturbation on a very simplified basic state
having linear or quadratic variations of density
and zonal velocity both in the horizontal and
vertical directions. In all cases approximate so-
lutions are used. The theories also consider se-
veral different geometrical configurations as
well as a variety of boundary conditions. Prob-
ably the most important distinction among the
theories is the retention or neglect of viscous
and thermal diffusive effects.

Both inviscid theories—Eady and Davies—
give similar instability criteria: any particular
wave becomes unstable below a critical value
of the vertical stratification, the higher wave
numbers becoming unstable at lower values of
8z,, and there is, of course, no dependence on T o

When viscous and thermal diffusion effects
are included, the simple results of the inviscid
theories are drastically altered. For a fixed value
of T, the Sz,- constant criteria becomes strongly
Ro,-dependent for values of Ro, <1, and in most
cases, at sufficiently low values of Ro,, the
neutral curves for each wave number are inde-
pendent of Sz,! Each neutral curve also has a
strong dependence on T ; thus forming a neutral
surface. These three-dimensional spectra of Bar-
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cilon (1964), Lorenz (1962), Brindley (1960),
and Kuo (1956) are illustrated in Fig. 1 for each
wave number from 1 to 6 (Lorenz found wave
number 1 stable for all values of the parame-
ters). In all of these theories, if T, is fixed, and
Sz, is sufficiently small, the neutral curve Ro,-
values continually decrease as the wave number
is increased indicating that no particular wave
number is most unstable; hence no one maxi-
mum wave number is predicted along any
sizable portion of the envelope of the lower
curves.

The inviseid theory instability curves are
also contained in Fig. 1. Eady’s results are just
the upper vertical portions of Barcilon’s curves,
and Davies’ neutral curves concide with the
upper portions of those due to Brindley.
Brindley’s curves, for several values of T, are
shown for wave number 4 in Fig. 2a—here
Davies’ curve for wave number 4 coincides with
the T, =co curve. The set of Kuo’s curves for
wave number 1 are shown in Fig. 2b.

Under certain limiting conditions, the insta-
bility criteria of Davies, Brindley, Barcilon, and
Eady all approach each other. This demon-
gtrates a very important point: the inviscid
theories appear to represent a regular limit point
of the viscous theories!

All of the viscous theories do predict a spec-
trum diagram similar in some respects to those
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Fig. 2. Theoretical stability-variation curves for a
fixed wave number: (a) Brindley (1960), m =4; and
(b) Kuo (1956), m =1.
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Fig. 3. The normal-stability spectrum constructed
from the stability-variation curves of Kuo.

which have been determined experimentally
(Fultz, 1959, 1964; Fowlis & Hide, 1965)—see
also Fig. 6. Increasing Ro, ,, from a small value
corresponds to moving up and to the right along
a line of positive slope in, say, Fig. 2b. First,
the lower branch of a wave-number neutral
curve is crossed, and as Ro, ,, is increased to
sufficiently large values, the upper branch is
eventually crossed. From a diagram such as
Fig. 2b one can see that, for a fixed wave
number, below a certain value of T,, this nor-
mal-stability line will not intersect the indi-
vidual wave neutral curve, so each wave num-
ber will have a minimum value of T, associated
with it, and this marks the ‘“knee” of the
neutral curve in a T, Ro,-plane.

Fig. 3, constructed from Kuo’s theory, illu-
strates the spectrum diagram which results from
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the superposition of the wavenumber neutral
curves. The upper and lower branches become
respectively the upper and lower symmetry
transition curves, and the wave regime neutral
curve is the envelope of all the individual wave-
number transition curves (only wave numbers
up to eight were considered for the diagram).

Fig. 4 is a composite of all the envelopes for
the various theories constructed in the same
manner as Fig. 3. The experimentally deter-
mined envelope is included for comparison. The
“Davies (corr.)” curve in Fig. 4 is based on a
viscous correction given in Davies (1956),
whereas the other ‘“Davies” curve does not
have this correction. The lower symmetric por-
tion of Davies’ neutral curve is based on his
1959 paper.

Some question arises as to whether Ro, ; or
Ro, , is the better analogue to the Rossby
number used in these theories. The theories
assume basic states which do not have any
thermal boundary layer structure on the vertical
walls, whereas the measurements presented in
(I) show pronounced boundary layer structure
in the upper symmetric regime. For this reason,
Ro, ,; is probably the better analogue.

Why consider Ro, ; and Sz, as independent
parameters when any complete theory should
predict both from the imposed conditions? First,
no good complete theory presently exists—the
problem is the lack of an accurate relation be-
tween Ro, ;, Sz, and the imposed conditions.
Secondly, by considering the instability theories
as applying to any reasonable flow in which
Ro Sz, and T, are related differently than
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Fig. 4. The neutral curves from all the theories based on the experimentally determined relations between
Ro,, ; and Sz, (see text). The numbers on the curves are the predicted wave numbers.
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Fig. 5. Temperature traces from the fluid obtained as the wave-regime neutral curve is crossed. (a) A
lower symmetric transition at 5.0 sec~! (T, = 3.9 x 107) showing the onset of waves, and (b) an upper sym-
metric transition at 1.05 sec~? (T, =1.76 x IO“) showing the gradual decay of waves.

in the annulus problem, the instability portion
of the annulus theory has wider applicability.
Thirdly, and most importantly, this author
feels considerably more insight is shed on the
phenomenon of baroclinic instability by sepa-
rating the instability problem from the steady-
state flow problem.

3. The experimental neutral curve

A careful mapping of the wave-regime neutral
curve with a dense grouping of data points was
obtained to bring out some of the fine scale fea-
tures of this curve. The equipment and accuracy
are the same as in (I). Great care was taken to
obtain as nearly isothermal conditions as pos-
sible on each wall and the spatial deviations in
temperature on each wall were generally under
59, of the imposed difference, except at values
of T,>10% along the upper symmetry curve,
where anomalies up to 11 %, were observed (the
deviations on the working fluid side of the walls

were significantly less than this). For most of
the data, all the probes used in (I), which en-
tered the fluid vertically, were removed be-
cause these probes tended to set off wave-like
disturbances, particularly in the knee and
lower symmetric regions. These disturbances
were quite irregular compared to the normal
baroclinic waves; but sufficiently deceptive that
an erroneous neutral curve was obtained before
the problem was realized and eliminated. Along
the upper symmetric transition curve away
from the knee region, the presence or absence of
these probes produced little if any detectable
change in the determination of the transition
points between the wave and symmetric regi-
mes.

The instability theories consider an infinite-
simal perturbation superimposed on the basic
state, and the experimental procedure used to
obtain the transition points is one which es-
sentially follows this same philosophy. The rota-
tion of the apparatus remains constant through

Tellus XXII (1970), 3
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an experiment. Starting with a temperature dif-
ference below the critical value, it is slowly in-
creased until the first definite indication of the
desired transition occurs. The desired pattern
may either develop and maintain itself or decay
back to the original one. If the latter occurs,
the temperature difference is again slowly in-
creased until the transition is firmly established.

Temperature increase rates of less than 209,
of the imposed temperature difference per hour
were always used to insure quasi-steady-state
conditions. The bulk of the transition data away
from the lower symmetric transition curve was
obtained with a 109, or less increase rate. This
slow rate insured that the measured critical
temperature difference for the transition was
within 109, or less of the actual value, and
reproducibility checks generally confirm this.
Several transition points at the knee were ob-
tained by decreasing the rotation rate in 19,
steps every 5 min. The rotation decrease and
temperature increase methods produce data
reproducible and compatible to within 59%. The
temperature increase procedure causes the ex-
perimental fluid to traverse an upward vertical
path on Fig. 6, while the rotation decrease tra-
jectory is upward and to the left along a line
with a slope of —1 in a T, Ro,-plane.

Fig. 5 illustrates these procedures and the
nature of the instability when the neutral curve
is very slowly crossed. Fig. 5a shows the tem-
perature trace from the mid-point of the fluid
at 5.0 sec—! as a six-wave pattern gradually
develops. The actual transition from the lower
symmetric to the wave regime occurs at the
point marked Aj—the temperature increase
rate is 109 per hour. Fig. 5b illustrates the
gradual decay of a three-wave pattern as the
upper symmetric transition curve is crossed at a
7% per hour rate, the transition occurs some-
where in a small region centered on the point
marked B;. These traces illustrate the nature
of the transitions to or from the symmetrical
regimes, the sensitivity of the detectors, and
the care used in obtaining all the transition
data.

Following the procedure outlined above,
about 70 high quality transition points were
obtained along, and interior to, the wave-regime
neutral curve. The normal-stability spectrum
diagram resulting from this data is shown in
Fig. 6. The solid circles represent transitions
from the symmetrical to the wave regimes, the

Tellus XXIT (1970), 3
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Fig. 6. Normal-stability neutral curve and a portion
of the wave-regime spectrum based on Ro, ,. The
solid circles are the symmetry-wave transition
points, the open circles are the high-amplitude-low-
amplitude transitions, the inverted triangles are
the six to five and three to two wave transition
points, the z’s are the five to four and two to (2-1)
transition points and the triangles are the four to
three and (2-1) to one transition points. The large
numbers indicate the regions where the various
wave modes occur and the small numbers are the
wave numbers observed at those transition points.

x’s and triangles are for wave-to-wave transi-
tions, and the open circles map out the transi-
tion from a high-amplitude to low-amplitude
wave regime (see Section 5). The large numbers
represent the wave numbers observed in the
various portions of the wave regime. The gross
features of this diagram are the same as the
earlier ones of Fultz (1964).

One of the most interesting features of the
wave regime neutral curve is the presence of
cusps associated with a change of wave number.
These generally went undetected in the earlier
experimental work (Fultz, 1964; Fowlis, 1964,
1965) because the density of the data was not
sufficient to establish definitely their existence.
Since the transition data are reproducible to
within 5 to 10 % at all points around the neutral
curve, and since these cusps represent about a
159% deviation from a smoothed transition
curve, their existence is relatively certain.

Along the upper symmetry curve, near T, =
3 x 107, the upper symmetric transition data
indicates an apparent zero-order discontinuity.
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Fig. 7. The normal-stability neutral curve of Fig. 6
converted to Ro, ; using the relations found in (I).
The shaded region is the high-low amplitude transi-
tion and the faint dashed spectrum is that of Fig. 6.

The wave regime neutral curve is broken to
indicate this uncertainty, and the faint dashed
curve merely suggests a possible alternative.
There was no change in wave mode associated
with the transition points on either side of this
apparent discontinuity, so no cusp is indicated.
‘What the nature of this discontinuity is, is un-
known.

In all cases, the cusps are definitely associated
with a wave-number change. In several cases,
while occupying the transition points which are
at the apex of the cusp, the fluid displayed
either a top surface pattern or internal tem-
perature trace which had some characteristics
of both of the wave modes associated with the
cusp. Lorenz (1962) stresses the importance of
these cusps: ‘“They would lend support to the
hypothesis that the transition curve is com-
posed of segments of transition curves for indi-
vidual wave numbers.”’

The wave-number transition curves just in-
side the neutral curve appear to be extensions
of the individual neutral curves for each wave
number and, of course, emanate from the cor-
responding wave-number discontinuity on the
neutral curve. They appear to correspond to the
solid portion of the individual wave-number
neutral curves of Fig. 3 in the sense of approxi-
mating a nonlinear instability theory by a lin-
earized theory. A few transition points in the
wave regime near the neutral curve were ob-
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tained by slowly decreasing the imposed tem-
perature difference. This causes a transition to a
higher wave number (in the temperature in-
crease case, the wave number decreases). The
transition curves obtained (not shown in Fig. 6)
also emanate from the same cusps as those of
the increasing case, but they now have a strong
resemblance to the dashed curves of Fig. 3—a
downslope away from the cusp. Whether the
upper portion of the wave regime neutral curve
is crossed from above or below does not seem
to produce much difference in the critical value.
The increasing transitions occur at values of
Ro, ,, about 10 %, greater than for the decreasing
case (Fultz, 1964). In the wave regime, away
from the neutral curve, however, the corre-
sponding differences can amount to several
hundred percent.

As was pointed out before, Ro, ; is probably
a better analogue than is Ro, ,, to the thermal
Rossby number used in the theories because of
the existence of the side-wall boundary layers.
Using the results given in I and additional infor-
mation concerning the relation of Ro, ; to
Ro, ,, along the periphery of the wave regime,
a T,, Ro, ;-spectrum (Fig. 7) was constructed
from Fig. 6—the dashed curve of Fig. 7 is the
Ro, ,-spectrum. The most interesting feature
i8 the transformation of the high-low amplitude
transition curve into a zone (shaded in Fig. 7).
This unusual transition will be described in
Section 5.

A set of temperature profiles obtained along
the upper symmetric transition curve is shown
Fig. 8. The dashed curves represent the scaled
temperature field and the solid curves the scaled
specific volume field (0 is the outer well tem-
perature and 10 the inner wall temperature).
As can be seen, the temperature field in the
fluid has much more “‘structure’ than the rela-
tively simple basic states treated by the insta-
bility theories. Because of this, any detailed
quantitative comparisons between theory and
experiment are probably not too meaningful.
The various theories predict values of Sz, from
0.90 to 5.40 for the upper symmetry curve, and
experimentally (T, > 107) the vertically averaged
value of 8z, is 1.3 while the local maximum
value is 3.6 for the upper symmetry transition.
It is interesting to note that, for T, >10¢ the
internal isotherm slope in the fluid varies by
only 69 along the upper symmetric transition
curve.

Tellus XXII (1970), 3
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Fig. 8. Specific volume profiles obtained adjacent to the neutral curve: (a) at the knee, ) =0.69 sec™1,

T,=7.5x10% Ro,

w=0.148, Ar, T'=0.30°C; (b) Q =1.008ec!, T, =1.5 x 10%, Ro,

» = 0.416, Ar,, T = 1.80°C;

() ©=2.00 sec™l; T,=17.6x10%, Ro, ,,=0.804, Ar, T =13.74°C; and (d) 2=5.00 sec™, T,=2.6x 108,

Ro,

» =110, Ar, T'—68.14°C. In cases (c) and (d) the dashed lines are the corresponding temperature

fields. Ar,, T is the imposed wall-to-wall temperature difference.

4. An Sz, Ro -cross section of
spectrum space

At one rotation rate—1.0 s~1, T, =1.55 x 10¢
—the vertical stability of the fluid was increased
over its normal value by imposing equal positive
temperature gradients on each cylinder wall.
This was accomplished by electrical heaters
placed in each bath near the cylinders and
extending most of the vertical extent of the
cylinders. As the bath liquid is forced to flow
up past each heater it is gradually warmed
producing the desired vertical gradients on the
cylinder walls. The wattage dissipated by each
heater was adjusted until the temperature dif-
ference across the cylinders was nearly equal
near the top, bottom, and at mid-depth. Flow
rates of 63 cc sec~! were used for each bath.

This scheme actually worked very well as the
profile of Fig. 9 demonstrates. In the normal-
stability case (isothermal cylinder walls), the
vertical temperature difference on the working
fluid side of each cylinder was about 109 of
the bath difference. In the high-stability case of
Fig. 9, the vertical temperature difference on

Tellus XXII (1970), 3

each wall was increased to 559, of the bath tem-
perature difference! For this profile, the bath
temperature difference was about 0.5°C, and
200 w of heat was dissipated by each heater.
The experimental technique used to obtain
the stability-variation spectrum was essentially
the same as that used for the normal stability
case—a slow controlled differential temperature

Fig. 9. High-stability specific volume profile.
Q=1.00 sec!, T,=1.5x10% Ro, ,=0.047, and
Sz, —0.0313.
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Fig. 10. Stability-variation spectrum at 1.00 sec-1.
The solid circles are the symmetry-wave transition
points, the open circles are the wave regime transi-
tion points, and the z’s are the normal-stability
transition points obtained with the bath configura-
tion used in (I). The dashed line is the normal sta-
bility relation for this case and the numbers are the
observed wave numbers.

increase at rates of 209, per hour or less. The
power to the heaters in each bath was set well
before the occurrence of the desired transition.

The results of these altered stability runs are
summarized in the spectrum diagram of Fig. 10.
Ro, is the thermal Rossby number used by
Fultz (1964) in his older work and lies inter-
mediate between Ro, ,, and Ro, , although the
high-stability profile of Fig. 9 indicates that it
would be very close to Ro, ; for most of this
data. Sz, is a vertical difference measured at
the mid-gap. The dashed curve is the normal-
stability relation at 1.0 s~1, and the x’s are the
transition points obtained with the bath con-
figuration used for all the normal-stability data
(e.g., for Fig. 6). The solid circles represent the
transition points between the symmetric and
wave regimes, the open circles are some wave
transition points, and the numbers represent
the wave numbers observed.

This stability-variation spectrum agrees gua-
litatively, especially in the knee region, with
the similar type of theoretical diagram obtained
from Kuo’s, Lorenz’, and Brindley’s theories
(see Fig. 1) but disagrees with Barcilon’s lower
symmetry behavior. The lower symmetric tran-
sition curve becomes almost independent of Sz,
at sufficiently small values of Sz, and the upper
symmetric transition curve appears to be ra-
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pidly approaching a dependence on 8z, only, as
the theory predicts. The importance of Fig. 10
lies in the qualitative agreement with the theore-
tical Ro,, Sz ,-diagrams.

5. The high-amplitude, low-amplitude
wave transition

The “high-low” transition displays character-
istics quite different from all the other regime
and wave-number transitions, and it most cer-
tainly appears to be of fundamental and ‘‘opera-
tional”’ importance.

Let us consider what happens as the impos-
ed temperature difference is slowly increased
through a range in which the high-low transi-
tion occurs. Starting in the high-amplitude wave
regime, very obvious wave motions are present.
The top surface tracer (fine aluminum powder)
shows strong radial flow from the inner to outer
cylinder in the jet band associated with the
wave motion. The temperature records from all
portions of the fluid also show large amplitude
wave motions—the thermal contrast across
these waves at (F, d/2) is a sizeable fraction of
the imposed horizontal temperature difference.
As the transition is crossed, the high-amplitude
wave motions decay within the time required
for several waves to pass a fixed point, and the
top-surface aluminum powder band suddenly
gives all the appearances of a symmetric flow;
however the temperature records from the in-
terior of the fluid still show wave motions, but
of a much reduced amplitude.

A set of temperature records from the mid-
point of the fluid, obtained as the high-low tran-
gition is crossed, is shown in Fig. 11. The upper
left trace is in the knee region and the transition
occurs at the point marked B;. The ‘“‘thermal
amplitude” of the waves decreases by about a
factor of 3 and the mid-point warms up slightly.
As we progress to higher rotation rates, the
before—after amplitude ratio increases until at
4.0 871 (T, =17.3 x 107, lower left trace) this ratio
is about 10. At values of T, >2 %107, the mid-
point temperature of the coldest portion of the
wave in the low-amplitude regime actually be-
comes warmer than the mid-point temperature
of the warmest portion of the wave observed in
the high-amplitude wave regime just before the
transition. The lower right-hand temperature
record is for a low-amplitude to high-amplitude
transition which was obtained by decreasing the

Tellus XXII (1970}, 3
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Fig. 11. Temperature records from the mid-point of the fluid obtained while travers1ng the high-low
a,mphtude transition. All traverses are from high to low amplitude except that in the lower right,

which is from low to high amplitude.

imposed temperature difference. The rotation
rate is the same as that for the upper right-hand
chart. This illustrates that in going from low- to
high-amplitude waves, the high-low amplitude
sequence of events is reversed, except at about
109% lower values of Ro, ,. There is continuity
of wave number across the high-low transition
except in the small regions where the wave
number transition curves intersect the high—low
transition curve (see Fig. 6).

The suddenness of this transition is matched

Tellus XXII (1970), 3

only by transitions from one wave number to
another, and this suggests that the high-low
transition is a highly nonlinear phenomenon as
probably the wave-number transitions are. The
spectral changes to which the linearized theory
appears to apply are those in which either a
slow increase or decrease of amplitude is ob-
served as the temperature difference is slowly
changed (e.g., Fig. 5). The high-low transition is
certainly not of this nature.

Two sets of specific volume profiles were ob-



284

®

Fig. 12. Specific volume profiles on either side of
the high-low-amplitude transition curve. The dashed
lines are for the high-amplitude regime and the
solid lines for either the low-amplitude (a) or upper
symmetry regime (b): (a) 1.25 sec™?, T', =2.5 x 105,
Ro, ,,=0.278 and 0.337; (b) 3.00 sec™*, T; = 2.0 x 107,
Ro, ,,=0.536 and 1.03.

tained on either side of the high—low transition
curve and these are shown in Fig. 12. The dashed
lines are for the high-amplitude regime and the
golid lines for the low-amplitude regime (or
upper symmetric regime in the case of Fig. 12b).
These profiles very clearly show the readjust-
ment of the internal temperature field as the
transition is crossed. In the low-amplitude re-
gime, the longitudinally-averaged internal tem-
perature fields are essentially the same as in
the upper symmetric regime. This implies that
the radial advection of heat by the wave com-
ponent must be very small in the low—amplitude
case. In the high-amplitude case there are
strong radial heat transports which reduce the
interior isotherm slope compared to the low-
amplitude case.

The drastic changes observed at the free-
surface as the high-low transition is crossed
might suggest some change in the modal struc-
ture of the waves, such as an increase in the
“wave number’’ in the vertical. The amplitude
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of the thermal oscillation due to the wave pro-
pagation past & meridian plane, as a function
of r and 2, is shown in Figs. 13a and b for the
low- and high—amplitude regimes respectively.
Both regimes show essentially the same struc-
ture—a band of maximum amplitude extending
from the lower-outer to the upper-inner cylinder.
Thus, the evidence strongly suggests there are
no additional internal nodal surfaces present
within the fluid in the low-amplitude case and,
in fact, no modal structure change at all occurs in
crossing the transition.

The sudden reorientation of the interior tem-
perature field as the high-low transition is cros-
sed is responsible for the ‘“opening up” of the
high-low curve of Fig. 6 into the shaded zone
of Fig. 7. As the high-low transition is crossed
from below, Ro, ; suddenly jumps from the
bottom to the top of this “forbidden region”.
The magnitude of this jump increases with in-
creasing T , and at T, =108 it is 859%. Below
T, =10¢, this transition is not detectable, prob-
ably because the changes associated with it are
quite small.

Several investigators (Fowlis, 1964; Fowlis
& Hide, 1965; Lambert & Snyder, 1966) have
probably reported the high—low transition as
the transition separating the upper symmetric
and the wave regimes. Fowlis & Hide appar-

Fig. 13. Thermal amplitude fields of the waves cor-
responding to the profiles of Fig. 13a. (a) The low-
amplitude wave regime and (b) the high-amplitude
wave regime. The isopleths are in °C. Scaled with
respect to the wall temperature difference, the am-
plitude ratio (high- to low-amplitude) is 3.
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Fig. 14. (a) Measured Ro, ,-field in the symmetric
regime and portions of the wave regimes. (b) Theory
due to Lorenz (1962) relating the internal to exter-
nal Rossby number for wave number 2.

ently determined the identity of the various
regimes by visual observations of the free sur-
face (they had no temperature detectors in the
working fluid), and the properties of the low-
amplitude regime would indicate that, visually,
the high—low transition would appear to be the
upper symmetric transition, except possibly in
the knee region where some marginal vestiges
of waves occasionally can be detected in the
low-amplitude regime. Lambert & Snyder (1966)
explicitly describe the onset of waves from the
upper symmetric regime, and their description
precisely fits that given here for the high-low
transition. All of Fultz’s (1959, 1964) older work
was carried out with thermocouples in the fluid,
and what was reported by him as the upper
symmetric transition is the transition from the
low amplitude regime to the upper symmetric
regime.

One theory (Lorenz, 1962) obtains sufficient
detail in the Rossby regime concerning the
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thermal structure of the fluid so that something
which may be analogous to the high—low transi-
tion appears. A comparison of the Ro, ,-field
in a T,, Ro, ;-plane, as measured experimen-
tally and predicted by Lorenz, is given in
Figs. 14a and b. In both cases, the Ro, ,-field
is multivalued—in the experimental case the
multivaluedness is associated directly with the
high—low transition. Lorenz argues: as Ro, , is
increased from small values, Ro,, ; also increases.
As the dashed curve (Fig. 14b) is crossed, sud-
denly a smaller value of Ro, , is sufficient to
maintain the existing value of Ro, ; and a
gtability analysis for the wave regime above
the dashed curve indicates that the wave per-
turbations are unstable. This argument would
suggest, as the fluid reaches the dashed curve
of Fig. 14, without a further increase in Ro, ,,
Ro, ; will spontaneously ‘“jump” to the upper
portion of the same Ro, ,-isopleth which, in
Lorenz’ theory, lies on the neutral curve. This
feature of Lorenz’ theory may be due to the re-
tention of some portion of the advection terms.

6. The (2-1)-wave and 1-wave modes

In the low-amplitude wave regime, at values
of T,>3 x10% a ‘‘(2-1)-wave” and one-wave
mode was encountered in the regions indicated
on the spectrum diagram of Fig. 6. The one-
wave mode has been previously reported (Fultz,
1959), but not documented. The (2-1)-wave
mode appears to represent a mixture of a one-
and two-wave mode.

Since these modes occur in the low-amplitude
wave regime where visual detection of the modes
is impossible, one has only temperature records
to rely on for wave number identification, and
then one must use the fact which Hide (1958) re-
ported: the wave propagation rate, scaled with
respect to Ro, , is independent of the wave
number. If we further agsume that only integral
wave numbers can exist in a quasi-steady-state,
and this assumption appears well founded both
theoretically and experimentally, then we can
determine wave numbers from a temperature
trace provided that, for one known wave num-
ber, the passage period is known.

Fig. 15 is a temperature record obtained near
the midpoint of the fluid at T, =107 (2.25 sec—1)
as the fluid traverses the two-wave, (2-1)-wave,
and one-wave regions. 4, marks the transition
from the two-wave to the (2-1)-wave mode and
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Fig. 15. An internal temperature record obtained as the two-wave, (2-1)-wave and one-wave regions are

traversed at {2 =2.25 sec! (T, =1.0 x 107).

B, and transition from the (2-1)-wave to the
one-wave mode. The two-wave pattern (even
though in the low-amplitude region) was posi-
tively identified through continuity of the wave
passage periods across the high-low transition.
The wave passage periods of the segments of
the apparent two-wave pattern just to the right
of A, are within 29, of the passage periods of
the established two-wave mode to the left of
A,. The passage periods of the apparent one-
wave portion of the (2-1) temperature record is
very close to twice that of the two-wave portion
of the (2-1)-wave mode. Also, the passage period
of the one-wave portion of the (2-1)-wave record
is within 59 of that of the apparent pure one-
wave mode whose trace is to the right of B,.
The (2-1)-wave mode region could be considered
as a zone of gradual transition between a regular
two-wave pattern and a one-wave pattern.

7. Summary

For a proper understanding of the phenom-
enon of the baroclinic instability of a viscous
fluid, it is vital that the vertical stratification be
regarded as a parameter equal in importance to
Ro, ;and T,. Infact, the wave regime is bounded
by a neutral surface in T,, 8z,, Ro,-spectrum
space.

At this stage only qualitative comparisons
between theory and experiment appear mean-
ingful. The cusped behavior and the Sz, Ro,-
cross section do indeed provide good agreement.
All of the theories predict slopes of the lower
symmetric transition curve of either -3} or
—% in the T,, Ro,-plane. The experimentally
determined slope is close to — 1. Also, the theory

does not predict a single maximum wave num-
ber along a large segment of the lower symme-
tric transition curve whereas the experiments
definitely show one to exist. The instability
theories appear to have their greatest failure
along the lower symmetric transition curve.

The instability theories considered here are a
first attempt to explain certain features of the
large-scale eddy motions of the atmosphere.
Since they are also capable of explaining the
stability properties of a physicaliy similar labo-
ratory system—in which the response is much
more precise than in the atmosphere—every
effort is needed to accurately assess these the-
ories for the laboratory experiments. When a
theory evolves, which describes in detail all the
aspects of the annulus experiments, then one
can have a high degree of confidence that it
will be equally useful in predicting the various
states of the atmosphere when properly ap-
plied.
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HKOHBEKIMA B I'MTYBOKOM BPAIMIAIOIEMCH KOJBIEBOM COCYIE.
Yacts 2. HeycTo#4nBOCTE BOJH, BePTHKAIbHAA CTPATUPUKAIMA M COOTBETCTBYIOINME TEOPHH.

Haerca oGsop Teopuit GApPOKANHHONK HeycTolt-
YUBOCTH, WMEWIIUX OTHOIIeHMe K AuddepeH-
MUAJIBHO PasorpeBaeMBIM BPAIAIOIMMCA KOIb-
uesnM cocynaM. IIpumBomsarcAa pacuyéThl Ha HMX
OCHOBE, BRIABJIAIONIME BAHHOCTh BEPTHKAIbHON
crparuduKanuy Kuakocru. IlpegcraBieHs sKe-
TMepMMEeHTAJIbHEIE M3MEepeHHsA HEeHTPANbHOH Imo-
BEPXHOCTH BOJHOBOTO peMHMa, KOTOPHE Ka-
YeCTBEHHO COTJACYIOTCA C GOJBINMHCTBOM IIpen-
CKa3aHuit TeOpMM; B YACTHOCTH, MOIYYEHO XO-
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polliee coriacue npexckazaHHOro sddexTa Bepe
THKAJbHON cTparnduKanun. Jatorca HeKOTOpHE
HeTann, Kacaomuecd HaOIOKAeMOro mepexoma
OT BOJH ¢ Goapumioft aMIJIKTYHOH K BOJHAM C
Mmasoit ammaurypoit. IlpeacraBieno rTakike He-
KOTOpOe SKCHepMMeHTAJbHOe yKasaHMe Ha Cy-
eCTBOBAHUE TeUEHMI ¢ OMHOBOJIHOBOM MOIO# B
CMENIaHHOr0 TeYeHHA € ONHO- M JBYXBOJHO-
BEIMU MOZIAMH.



