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ABSTRACT

The problem of the baroclinic instability of zonal flow is formulated under assumptions
gimilar to Green’s model. The dynamic equations of the model lead to a single differen-
tial equation for the vertical velocity, which is of the confluent hyper-geometric type.
The eigen-value problem is solved and numerical methods are only used to find the
roots of the characteristic equation.

It is shown that, for large values of the nondimensional shear A (which is related to
Green’s parameter y = 2A!), there is a continuous transition from fast growing unstable
modes to unstable modes with small growth-rate. The eigen-values of the characteristic
equation of the model do not show the continuous transition from the conjugate com-
plex roots to the real roots as appears in the numerical computations of Green (1960)
and Hirota (1968). On the other hand, for smaller values of the shear, a continuous
transition from the unstable to stable solutions can occur. On the long wave side of
such a transition point there are weak unstable waves whose steering level is outside
the flow; on the short wave side there is a slight gap in the spectrum of unstable waves.

The structure of the waves is discussed and it is shown that the unstable waves
with slow growth rate have the structure of a baroclinically unstable wave in a shallow

layer close to the lower boundary,

1. Introduction

The well-known solutions found by Charney
(1947) and Eady (1949) to the problem of baro-
clinic instability of a zonal flow were analyzed
by Green (1960). He studied numerical solu-
tions”of a model which combined the essential
characteristics of both Charney’s and Eady’s
models. Green’s model includes the latitudinal
variation of Coriolis parameter (as in Charney’s)
and an upper rigid boundary (as in Eady’s).

Green’s analysis shows that for values of
B(au/ez) >0 one of Eady’s neutral solutions (the
short neutral mode with steering level in the
lower layer of the fluid) becomes unstable and
therefore there is no short wave limit for the
instability region of the wave spectrum. These
short unstable waves are not found in two-layer
models which have been studied by several
authors. An explanation of this difference was
given by Bretherton (1967a). In Bretherton
(1967b) it is shown that the presence of a cri-
tical layer in which the phase speed of the per-
turbation is equal to the speed of the basic flow
prevents the existence of (non singular) neutral
modes.

Green’s model has been studied more re-
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cently by Hirota (1968), again by numerical
methods. He compared the different solutions
obtained when the number of layers used for the
computation is modifed. He finds that the num-
ber of critical curves of vanishing growth rate
increases with the number of layers.

Parallel to the above investigations, Burger
(1962) has shown, analytically, the existence of
unstable solutions for wavelengths longer than
Charney’s critical wavelength and proved that
there is no upper limit for the long unstable
waves. Similar results were found by Miles
(1964 a, b) who suggested a distinction between
two types of instabilities which he calls “strong”
and “weak’ instabilities, the latter being asso-
ciated to the presence of a critical layer.

The present paper contains an analysis of
Green’s model. The dynamic equations describ-
ing the behaviour of the model are combined
into a single equation for the vertical speed,
which turns out to be of the confluent hyper-
geometric type. The general solution can there-
fore be studied in detail. Numerical methods
are only required for the adjustment of the
general solution to the boundary conditions..

The results we have found confirm and extend
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Green's and Hirota’s results. There are, how-
ever, certain discrepancies which seem to be
introduced by the finite-difference scheme they
have used.

2. The model

The basic features of the model coincide with
Green (1960). They are:

(i) Horizontal rigid surfaces at the upper
and lower boundaries;

(ii) Adiabatic motion and incompressible and
inviscid fluid;

(iii) A constant latitude variation of the Corio-
lis parameter;

(iv) Small values of the Rossby number
(B, = U,/fL<1) and large values of the Richard-
son number (R, =ogh?/Us>1).

The basic flow is a constant vertical shear
flow and the middle level will be our reference
level. The east—west surface wind of the basic
flow will have speed U,. The west—east upper
top wind will have the same speed.

We shall use the following symbols:

H depth of the atmospheric layer

h H/2

U, speed of the basic flow at the bottom
and the top of the layer

AU 2U,

U(z) U,z/h speed of the basic flow

zonal velocity component
meridional velocity component
vertical velocity
potential temperature
acceleration of gravity
Coriolis parameter
wave number
, phase velocity
¢,=0,/U,dimensionless phase velocity
B df/dy
¢ =ev/ex vertical component of the relative
vorticity

aa-Q og e

120

G= 5

oz
o )}

U,k

static stability

square root of the Richardson number

3. The dynamical equations

The equation of motion, taking into account
the geostrophic approximation and written as
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in the thermal wind equation, is:

12 (3.1)
dz oz’ ’
where we have defined » =g In 6. It is assumed
that the motion is independent of y.
The vorticity equation, for the scale of motion
in which we are interested, can be written:

Dt o
ot o (3.2)

The thermodynamic equation, under the as-
sumption of adiabatic motions, is D6/Dt =0.
Introducing the parameter », we obtain:

Dx au
——fo— + =0 3.3
Dt e e :3)
Finally we have the continuity equation:
MLl (3.4)
or oz

4. The confluent hypergeometric equation
and the boundary conditions

We assume harmonic perturbations in the
z-direction

(u, v) ~ oxp [ik(x — Ct)],

where C =C, +1C,is the complex phase velocity.
From (3.1) to (3.4) we can write the perturba-
tion equations:

o  lox

& fo @b
By B oy 1.
i7" f(U O)v oo 0, (4.2)
1 o UL,
f(U—O)ax vdz+fw—0 (4.3)

Defining & = 2ukf-(U ~ C), where u represents
the square root of the Richardson number, and
introducing in the equations (4.2) and (4.3), we

obtain:
E o g)or B
2 k oz

Tellus XXII (1970), 3

(4.4)



THE BAROCLINIC INSTABILITY PROBLEM

in which « = ug/kf, and:

Eon

20z

au k
k,ugz-v+ %g—,uw=0

(4.5)
From the last two equations we can obtain the
perturbation differential equation of the vertical
velocity:

2
w
et

d dw 1 .
§E-20) — 2 —a) o ~ = (E—20)'w=0 (4.8)

£ ¢ 4

If we now introduce the transformation:

d
w=p—e£, where p=§e‘f”¢<e), (4.7)

the equation (4.8) is transformed into the con-
fluent hypergeometric equation:
£ +(2-8)¢" —ad =0, (4.8)

where the primes indicate differentiation with
respect to £, and:

aty=1-%=1-4&

2 ok} (4.9)

The general solution of (4.7) is the linear combi-
nation:

¢ =Agpa,2,§ +BY@, 2,§), (410
where:
a_  ala+1)&
pla,e )= 1+ ok (4.11)

¥(a,2,8) - Lia+m) ]

1 -]
@) @) ,,._o[r(a— 1) m! (m + 1)1
% [In &+ (@ +m) —p(1 +m) —p(2 + m)JE™ (4.12)

In the last series, y is the logarithmic deriva-
tive of the gamma function.

The general solution (4.10) must satisfy the
boundary condition that the vertical velocity
vanishes at the rigid boundaries. This condition
can be obtain from (4.7):

w=18&e"[¢(a, &) -24'(a, £)]  (4.13)

which becomes w=0 for the values of &:
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2uk
E=8 - (U,-0) =)

2uk
§=ty= =7 (0,+0) = -

From (4.13) and (4.10) two linear and homo-
geneous equations in A and B result, so the
determinant of the coefficients must vanish:

[p(a, &) —2¢'(a, &)1 [Y(a, &) —2F(a, &)]

—[p(a, &) —2¢'(a, &)1 [¥(a, &) —2¥7(a, &)] =0
(4.14)

When a is a negativ integer or zero the series
(4.11) and (4.12) are not linearly independent
solutions. In that case one solution is given by
the associated Laguerre polynomial and the
other linearly independent solution may be cal-
culated by the Wronskian method.

5. The characteristic-value problem and
the numerical treatment

If we take the wavelength A and the vertical
shear A in the dimensionless forms:

RN S
(o9)3hk  pU, k

(5.1)

LU f
oghhp  W'U,B

(5.2)

the parameter «=ufB/kf defined in (4.4) be-
comes:

o= A (5.3)
80, in the diagram in which 4 and A are the
coordinates, the lines along which « is constant
are straight lines. Along these lines the series ¢
and ¥ (4.11 and 4.12) are functions of & only,.
and (4.14) is the equation for determining the
characteristic values.

As ¢ is a complex variable and can be expres-.
sed as:

§=X—iX,=2—";k(U—C') (5.4)

the real and imaginary parts are:
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b.q =2—l;k(U—0,) (5.5)
x, 3’;—’“0, (5.6)

At the boundaries the real part takes the values:

2uk
X, = —’f‘— (Uy=C,) (z=h) (5.7)

2uk
X, = =" (UoC) (@=—h)

5.8
; (5.8)

We have found numerically those values of
X,, X, and X, that satisfy equation 4.14 along
the lines « constant.

The complex phase velocity and the wave-
length may be determined from the values of
X;, X,, X, which satisfy the characteristic
equation. By combination of (5.7), (5.8) and
(5.1) we obtain:

4

X~ Xy (5.9)

4
X+ Xp=-or (5.10)

where ¢, =C,/U,. From these relations the di-
mensionless phase velocity results:

X, +X,
= ——= (5.11)
X —Xp
When the thermal wind of the basic flow is
westerly, as in our model (U’ >0), equation
(4.14) contains no solutions for values of X, and
X, outside the ranges

X,>0
-X, <X, <X,

It follows from (5.11) that ¢, <0. All waves are,
therefore, retrograde waves, with reference to a
system in which the air at the central level is at
rest. These waves have a phase velocity greater
than the speed of the surface wind when X, is
positive, and smaller than the surface wind
when X, is negative. Obviously when X, =0 the
retrograde waves have the same speed as the
surface wind.

From the values of X, X,, X, we can also
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obtain the expresion of the dimensionless growth
rate:

/ Xy

kC)= ——— 5.12
X, = Xy) (6.12)

6. The neutral solutions

The neutral solutions are found when we
assign real values to the variable & When
X; =0, the remaining imaginary part of equa-
tion (4.14), due to the logarithmic term in the
series V', does not vanish simultaneously with
the real part for any negative value of X,.
Neutral waves must therefore satisfy the condi-
tions

X,>0
0<X, <X, (6.1}

In a diagram with coordinates X, X, all
neutral-wave solutions can be represented as
isolines of constant «. They are curves contained
in the sector limited by the straight lines X, = X,
and X, =0. We have drawn two such diagrams.
Fig. 1 shows some neutral-wave curves for
small values of «, up to 2.1. Fig. 2 has an ex-
panded X, scale and shows neutral-wave curves
for two arbitrarily selected larger values of
ol =7 and «=9.5). In both diagrams any
straight line through the origin is a line of
constant speed. In view of (5.11) and (6.1) all
values of the phase velocity are within the range

—oo<e¢, < —1

This means that the neutral modes never
reach the speed of the flow at any level. There
are, therefore, no neutral waves with steering
level within the flow. This result differs from
Hirota’s (1968).

The curves represented in Figs. 1 and 2 have
the following features. Firstly, when « is small,
there is only one branch for each value of «
(Fig. 1); as « increases, the number of branch-
es for each value of « also increases (Fig. 2
shows three branches for « =7 and four branches
for « =9.5). The transition from one branch to
two or more branches was found numerically to
occur at o =o ~3.3. Secondly, for values of
« <2 all curves end at X, =X, and X, =0. It
follows from (5.9) that the wavelengths of the
corresponding neutral waves are bounded:
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Fig. 1. Neutral solutions for several constant (small) values of «. Dotted lines: isopleths of X, + X,.

4 <A<
—w S Ao
X,
For «>2 the curves have one branch which
does not intersect the X, axis and the wave-
length can therefore have any value.

It should be finally pointed out that Eady’s
neutral solutions (« =0) would be located in our

>

diagrams in the region X, <0, X, > 0. We cannot
reach these solutions asymptotically since X,
remains positive when o — 0.

Let us now see how the spectrum of neutral
modes is distributed in a 4, A diagram (Fig. 3).
According to (5.3) the lines « =const (or a =
const) are straight lines through the origin. We
have noted that for small values of a the wafe-

H=95

Fig. 2. Typical cases of neutral solutions for larger values of c.
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Fig. 3. Spectrum of neutral modes. Dashed lines:
critical neutral solutions with phase velocity ¢, = — 1.
The figures indicate the number of neutral roots in
each point A, A of the regions bounded by the critical
neutral lines.

lengths of the neutral modes have a lower bound

Lot
(4 Xt

The corresponding values of X, are found by the
following method.

Because of the singularity of the logarithmic
term of the series ¥'(a, 2, X,) defined in (4.12)
for X, =0, the values of X, are determined by
the roots of:

F(a,X,) = X} exp (- X,/2) [p(a, 2, X,)

~2¢'(a,2, X,)]=0 (8.2)

For the values of a which are neither a negative
integer nor zero, ¢(a, 2, X,) is the series defined
in (4.11). For the small values of a (let us say
a <$; ie. a<1), the roots of (6.2) satisfy the
approximate relation X,~ 3«. With this relation
and (5.9) we obtain:
A=1i (x<1) (6.3)
Thus, for large nondimensional shears this
parabola bounds the region where neutral solu-
tions exist (dashed line in Fig. 3). There are no
neutral solutions for any wavelengths which
have A <A, This limiting parabola agrees with
the limit found by Green (1960). When o2
(small shears) the parabola degenerates into a
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line approaching asymptotically the straight
line x =2 (a =0) (Fig. 3).

We can see in Fig. 2 that for large values of
a(x>a’) more than one branch of solutions
reaches the limit line X, =0. This means that
the parabola is not the unique line of neutral
solutions with phase velocity c,= —1. In fact
we can see in Fig. 3 several lines representing
the locus of the critical values which correspond
to neutral modes which propagate with phase
velocity ¢, = — 1.

‘When 4-0, A0 these critical lines show an
interesting feature: they become respectively
asymptotic to the straight linesa= -1,a= -2,
..., etc., in the same manner as the parabola
(6.3) did with respect to the straight line a =0.
These asymptotic lines correspond to Burger’s
singular curves (Burger, 1962) (Miles 1964 c).
On the other hand, the generic straight line
a=-n(n=0,1, 2, ..) has n intersections with
the critical lines (see Fig. 3). In fact, for the
negative integers or zero values of a the series ¢
in the condition (6.2) is defined by the asso-
ciated Laguerre polynomials:

1
-m,2,X,) = — LW (X
‘P( m ¢) mel m(X¢)

(@=-m; m=0,1,2,...}

X)- 3 (m”) (XY

r=0 \M—7 r!

F(~m, X;) will have a number of roots equal
to the degree of the Laguerre polynomial.

We wish to call attention in particular to the
critical line of neutral solutions which tend
asymptotically to thestraightlinea = -1 (« =4)
when 1-0, A—0. This line is the boundary
of two regions in which the roots behave dif-
ferently, as it is explained below. We sall a-
region the region limited by this neutral line
and the A-axis, and §-region the region limited
by the neutral line and the A-axis (see Fig. 3).

Inside the a-region, as we have already said,
there are no neutral roots for the values of
A <2, (6.3), and there is only one neutral root
for every value of 1>, Inside the b-region
there are subregions whose boundaries are the
set of critical neutral lines we have defined.
In these subregions there is an increasing num-
ber of neutral solutions for each point (4, A).
The numbers in Fig. 3 indicate the number of
roots at each point within each subregion. These
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numbers are obviously the counterpart, in the
A, A diagram, of the number of branches for
each « in the X, X, diagram (Figs. 1 and 2).

On each critical line (boundaries of subre-
gions) which is asymptotic at the origin to the
straight line a = —m (m =non negative integer),
the number of neutral solutions is m +1 (i.e. the
number of neutral roots at each point of the
neighbouring subregion counted clockwise).

Turning back to Figs. 1 and 2, it can be seen
that for every value of « there are always solu-
tions such that

X,>2a

and X, <2«

It follows that the term « —(X/2) of equation
(4.4) changes its sign with height. There is,
therefore, one level at which

X uk
a—E-I‘T(%—Uc+0,)-O
B
or OT=UC_E“ .

i.e. the waves propagate like Rossby waves rela-
tive to the flow at this level. Equation (4.4) al-
so shows that this is the level of no-divergence.
This level of no-divergence changes from point
to point on the same a-line. It is interesting to
notice that each «-line, as it approaches the
limiting value X, =X,, becomes asymptotic to
the straightlines (dotted lines in Figs. 1 and 2):

X+ X, =4da
or, from (5.10)
4 C
X+ Xpy= — = —
tTAp 1T,

‘When this relation is combined with (5.1), (5.2)
and (5.3) we obtain the Rossby phase velocity

0- -1,

The level of no-divergence is therefore at the
central level of the basic flow.

When « > a’ ~3.3 there are branches (Fig. 2)
with segments in a region such that X, <2« and
X, <2a. They represent solutions where the
term « —(X/2) is positive at all levels, In these
cases the change in the sign which results from
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equation (4.4) is due to the change in the sign
of v with height. These modes propagate with
phase velocities

U—%,<C,< -U, (6.4)

Applying now the above results to the distri-
bution of the spectrum in Fig. 3 we find that
neutral modes in the a-region are all Rossby
type waves. On the other hand, in the b-region
there are also neutral modes moving with the
speed (6.4). Furthermore, an analysis of the
vertical structure of the waves shows that the
neutral waves in the a-region have no nodal
planes. In the b-region one finds waves of more
complex structure. The first b-subregion has
waves without nodal planes and waves with
one nodal plane in the v-field. As one moves
from one sub-region to the next (clockwise) one
finds new waves with an additional nodal plane.
Obviously there are, in addition, nodal planes
for the w-field which are easily found from (4.4)

7. The unstable solutions

When the variable & takes complex values
(X;+0) the solutions correspond to exponen-
tially unstable modes. For almost all wave-
lengths we found two conjugate complex solu-
tions of the characteristic equation (4.14). This
pair of roots corresponds to an amplifying and
a decaying mode. We have shown in Fig. 4, for
some constant values of the parameter «, the
curves representing unstable solutions. We have
selected different scales for both axes in order to
expand the region in which we are interested.
The line X, = —X, (which is also C,=0) cor-
responds to the limiting case « =0 which cor-
responds to unstable solutions in Eady’s model.
The numbers on each line are values of X,
which are related to the growth rate by the
relation (5.12). It can be seen that the unstable
waves with the fastest growth rates shift toward
the short wavelengths when « increases. On the
other hand, in the shortest wavelengths, for
o 40, unstable roots appear with slow growth
rates which have an asymptotic tendency to-
ward one branch of the Eady’s neutral roots
when o« —+0. This portion of the curves cannot
be shown in Fig. 4 because we have used an
expanded scale for X, in order to show some
other new features. The asymptotic behaviour
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Fig. 4. Unstable solutions for various constant values of «. The figures on each line correspond to the
growth rate X;. The upper dotted lines (X, > 0) are neutral solutions.

of the curves for the shortest wavelength is a
result already found by Green (1960).

In the upper part of Fig. 4 (the quadrant
X, >0, X, >0) the dotted lines represent neutral
wave solutions for various values of «. This cor-
responds therefore to the lower part of Figs. 1
and 2, except that curves for new values of «
have now been introduced.

The curves representing unstable solutions
in Fig. 4 can be divided in two sets: those having
a point of discontinuity in the derivative which
does not reach the X,-axis; and those that reach
or intersect the X;-axis. The two sets are sep-
arated by the critical value « =«  ~3.3 which

corresponds to a curve which is tangent to the
X,-axis. It can be seen that for all values of
o > o there is a continuous transition from the
unstable to the neutral solutions. For « < &’ such
a transition does not exist.

The meaning of these results can be more
clearly seen in Figs. 6 and 7. Both contain the
basic lines, regions and subregions of Fig. 3 with
the addition of the isolines of the growth rate n
for the unstable modes. Fig. 6 shows the n-lines
for A >0.4 and Fig. 7 the same for A <0.4. In
the latter it can be seen that in the b-region
the growth rate isolines form closed unstable
subregions which are bounded by the critical
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neutral lines. When 40 and A 0 these closed
regions tend to be located between the lines
a=0,a=-1, a=-2,..,ete. The growth rate
n -0, in this limiting case on the lines where a
is a negative integer or zero. Because of the de-
finition of 4 and A the limit 4 -~0, A ~0 corre-
sponds to Charney’s model (h-o0) and the
results we have described agree with what has
been demonstrated by Burger (1962) for that
model, that is, there are no exponentially un-
stable solutions for negative integer values of a.
As soon as A takes values different from zero,
the unstable solutions expand toward the long
waves, and we have conjugate complex roots
even on the lines of negative integer values of a.
The parabola (6.3) boundary of the neutral
roots is not a boundary of the unstable solutions
and along the parabola the growth rate of the
unstable roots does not vanish. This result dif-
fers from Green (1960) and Hirota (1968). That
the parabola is not a line of zero growth rate
for the unstable mode can be very clearly seen
in Fig. 4 and it is simply a consequence of the
fact already pointed out that no curve corre-
sponding to values o <2 (which are the values
defining the parabola) reach the X ,-axis.

X

0 1 2 » 3

Fig. 5. Varation of X, as a function of the dimen-
sionless wavelength A, for constant values of o.
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Fig. 6. Isopleths of the dimensionless growth rate n
for large values of the shear (A >0.4).

In Fig. 5, the variation of X; (which is also a
measure of the growth rate) with the nondimen-
sional wavelength 1 is represented for different
values of the parameter «. A typical line for
values « <2, such as « =1.5, protrudes down-
ward towards the A-axis but recurves without
reaching it. Corresponding curves calculated by
Green and Hirota actually reach the axis, a
result which we believe is due to the numerical
approximations they use in their calculations.
This results, in their case, in points of zero
growth rate for the unstable mode on the para-
bola (6.3).

If we consider the isoline n =0.001 in the a-re-
gion of Fig. 7 we see that it comes down close
to a = —1 (only a small section has been drawn),
then goes up fairly close to a =0, recurves, cros-
ses the parabola and comes down close to it,
recurves again near the origin and goes up again,
parallel to the A-axis. A similar behaviour is
suggested for the critical 0-line (of which only
one segment has been represented), except that
it should become the A-axis itself. A further in-
dication of this fact can be obtained as follows.
In Fig. 5 it can be seen that the value of X
tends to keep approximately constant when
A-0. If we write the dimensionless growth rate
n in the form:
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3

A—a

Fig. 7. Isopleths of the dimensionless growth rate n for small values of the dimensionless shear A.

X, X,

n——t
oX;—X,) 4

we see that the growth rate is an approximately
linear function of A, on the lines of constant «,
when A-0. But, on the other hand, for the
small values of «(x<1), and 1-+0, the growth
rate n becomes an approximately linear funec-
tion of 4, because X,/a becomes approximately
constant as a decreases. It follows that n goes
to zero as both 1 and « go to zero, which means
that the A-axis is a line n =0.

Turning back to Fig. 4 we see that for all
curves representing unstable modes, when
a >a’, the transition from the unstable to the
stable modes takes place at two different points
on the neutral branch, according to whether we
approach this branch, on the unstable curve,
from increasing or decreasing values of X,.
This gap becomes still narrower towards the
short waves (large X,). We have computed the
value of the gap for the curve « =7. The branch
coming from larger values of X, reaches the
X,-axis at a point X; which corresponds to a
wavelength 1 = 2.04. The gap between the points

of transition to neutral modes is AA=0.018.
The meaning of these gaps can be more easily
seen in Fig. 7 as a narrow band of stable modes
which separate contiguous b-subregions.

‘We should also notice (in Fig. 4) that, parti-
cularly for the long waves (i.e. small values of
X,), near the transition of the unstable solutions
to the neutral waves, a pair of the unstable
modes reaches a phase velocity slightly more
retrograde than the speed of the surface un-
disturbed flow (¢, < —1).

The previous analysis of the characteristics
of the several regions and subregions in the
A, A-diagram (Figs. 3, 6, 7) leads to the following
results. The boundary between the a-region and
the b-region is a critical line which becomes as-
symptotic to A ~0.3. For larger values of the
non-dimensional shear there is a continuous
transition from fast growing unstable modes to
unstable modes with small growth rate. The
eigenvalues of the characteristic equation of the
model do not show the continuous transition
from the conjugate complex roots as appears
in the numerical computations of Green (1960)
and Hirota (1968). On the other hand, for small

Tellus XXITI (1970), 3
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Fig. 8. Perturbation pressure field (full line), vertical velocity (dotted line) and potential temperature (dashed
line), for (a) an unstable wave of the first b-subregion; (b) an unstable wave of the second b-subregion.

values of the shear (A <0.3), a continuous tran-
gition from the unstable to stable solutions oc-
curs if the value of the parameter a of the con-
fluent hypergeometric equation is larger than a
critical value.

8. The structure of unstable waves
with small X,

The vertical structure of the fields for the
variables ¢, w, § and p has been calculated for a
large number of unstable waves at characteristic
points of the A, A diagram. Only two such
waves have been reproduced in Fig. 8. They cor-
respond to points 4 and B in Fig. 7. Fig. 8a
corresponds to a wave in the first b-subregion.
It shows the structure similar to that of a stable
wave in middle and higher levels and of a baro-
clinic unstable wave at lower levels. In the sec-
ond b-subregion (Fig. 8b) the unstable baro-
clinic region of the wave is still shallower. The
vertical structure is considerably more compli-
cated showing a double inversion of the sign of
» with height, as well as an inversion in the sign
of w.

The structure of the waves in other subregions
becomes more and more complicated and the
baroclinic zone reduces to a very shallow layer
close to the lower boundary.

On the right side of Fig. 8 the variation of

v9 with height was plotted. We show below
Tellus XXII (1970), 3

that the rate of “production” of eddy potential
energy is proportional to vf. It can be seen,
Fig. 8a and b, that the maximum values of
20 are concentrated in a layer which has the
height of the baroclinic unstable region.

The conversion rate of energ ycan be calcu-
lated as follows. From equation (4.4):

. uo (WY .gu(W
+i == (=) +iG |+
2 1'2 kaz(v) ’/6(«;’

Horizontal (7) and vertical { } averaging give:

(X —Xy) /'h[

-
* 4 ¢ 2 ¢ g\

2,4°kU,
(8.1)
From (8.1), (5.1) and (5.9) one gets:
we
ouU, X, = {% (—vT)} (8.2)

where d =fU’[og is the slope of the isentropic
surfaces in the unperturbed flow.

This relation (8.2) shows that X, measures
the efficiency of the conversion from potential
into kinetic energy. This was already shown by
Green (1960).

From the expression for the available poten-
tial energy (Lorenz, 1955):

,1(9)’
e 20 \f

(8.3)
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we obtain, by using (3.3) multiplied by 6 and
horizontally averaged:

%_9.~ 9

— ==0v0 — Zuh 8.4

at 0 6 54

On the other hand, the vorticity equation

multiplied by v and horizontally averaged gives:

oK f o ow\ g—
e Y Phieg I A
at k*az(vax) 6

where K = §v? is the kinetic energy of the pertur-
bation. We see that the second terms on the
right-hand side of (8.4) and (8.5) measure the
conversion of the eddy potential energy into
eddy kinetic energy, whereas the first right-hand
side term in (8.4) gives the rate at which the
eddy potential energy is produced from the
potential energy of the basic flow (given by the
slope of the isentropics).

(8.5)

R. V. GARCIA AND R. NORSCINI

It seems, therefore, that the waves we are
studying have the rate of production of eddy
potential energy right at the layer which shows
a typical unstable baroclinic structure.

It should be finally pointed out that the
steering level is found within the baroclinic
layer. The instability is not, however, neces-
sarily associated with its presence. Unstable
waves of similar structure, although exceptio-
nally limiting cases, do not have steering level
within the flow.
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K ITPOBJIEME BAPOKJIMHHON HEYCTONYNBOCTH

IIpo6iema OapokiaMHHON HeycrofiuMBOCTM 30-
HAJTBHOrO TedeHMA (GOPMYIUpYyeTCA HA OCHOBE
MIpeANOIOKEeH NN, aHAJOTHYHEIX Mofesn IpuHa.
JuHaMu4ecKre ypaBHEHNA MOJeJM HPHUBOIAT K
ogHoMy nuddepeHHHATLHOMY YPaBHEHHI BHI-
POKIEHHOr0 THIEpPreOMEeTPUYECKOTO THUNIA AJIA
BEPTUHAIBHON CKOpocTH. PewaeTcA Bagava Ha
co6CTBeHHBIE 3HAaYeHUHd, 4YNCIeHHHE MEeTORBI
HMCHOJIB3YIOTCH TOJNBKO AJIA HAX0KASHUA KopHelt
XapaKTepUCTHYECKOT0 ypaBHeHUsd.

ITokasano, uro gnA 6oapmmux 3HaveHmit 6es-
pasMepHOro cABHra A (KOTOpDHA CBAI3aH C Ia-
pamerom I'puna y=2A-!) cymecTByer Hempe-
PHIBHHIt Tiepexof OT OLICTPO paCTYIIMX Hey-
CTOMYMBLIX MOJ K MOJaM C MaJjoii CROPOCTBIO
pocra. CoOcTBeHHHE 3HAYeHHNA XapPaKTepUCTH-
YeCKOro ypaBHEHHS MOJeJN He YKAsHBAIOT Ha
HeNnpepHBHHI INepexod OT KOMIJIEKCHO COmpsd-

MEeHHHIX K JelCTBUTEIbHHIM KODHAM, KaK 3TO
HMeJO MeCTO B YMCJIEHHHIX peayiabrarax I'pmua
(1960) 1 Xuporu (1968). C apyroit CTOpOHH ANA
MEHBIINX BHAYEHHN CcABUra HENPEepHIBHHIN Ie-
PEXOR OT HeYCTOHYMBBIX K YCTOHYMBBLIM pelle-
HMAM MOKeT UMeTh MecTo. Ha miMHHOBONHOBOM
KOHLle MHTepBaJla HeYCTOWYMBOCTH HMEITCH
ca1a00 HeycTOoHYMBHE BOJHH, CKOPOCTh KOTOPHIX
HAXOAUTCA BHE NPEJesioB U3MEHEHHA CKOPOCTH
NOTOKA; HA KOPOTKOBOJIHOBOM HKOHIlE HMeeTcHa
He(oJIbLIOK TpPOBAJ B CHEKTPe HeyCTONYMBHIX
BOJIH.

ITpn o6CyssaeHUN CTPYKTYPH BOJIH IOKA3aHO,
YTO HeyCTOWYMBBIE BOJHH € He6GoabIIOH CKO-
POCTBIO BO3PACTAaHMA MMEWT CTPYKTYpy Gapo-
KJINHHO HEeyCTONYMBEIX BOJIH B MEJKOM Clioe,
NpUIIEralilieM K HHKHEN rpaHuie.
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