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ABSTRACT

A simple model of small waves occurring on upper fronts in the rear of quasi-stationary
surface cold fronts was derived. The latent heat release is partly included in the modelling
assumptions. The analysis of the frequency equation shows that the most intense wave
development is to be expected in the regions with the greatest slope of the upper front.
During the development of an unstable wave the cusp point is formed on the front.
Stable waves are possible in the model, too. The influence of orography may be incor-

porated in a simplified parametrical form.

Introduction

In this paper a certain type of progressive
wave on the frontal surface of the Margules
type is studied analytically to give a simple
theoretical model of small waves occuring on
upper fronts in the rear of quasi-stationary
surface cold fronts. Such small waves are often
connected with pronounced precipitation ac-
tivity. Therefore, the influence of the latent
heat release is partly included in the model.
Typical synoptic conditions responsible for the
development of these waves in middle Europe
are described, e.g., in (Briadka, 1967). The follow-
ing discussion focuses attention on the basic
stability properties of the waves in question.

Basic equations

Let us consider the slanting frontal plane of
the Margules type separating two basic currents
U, =const, U, =const. Only zonal currents are
discussed later for the sake of simplieity but the
analysis remains essentially unchanged if meri-
dional basic currents are considered. The air
densities p,, p, will be regarded as constants in
each air mass while the colder air is assumed to
lie below the frontal plane. The static stability
of the system is thus insured. The angle between
the frontal plane and the horizontal plane will
be denoted as «. The co-ordinate system is

1 This work was carried out while the author
was associated with the Meteorological Branch,
Department of Transport, in Toronto, Canada.

chosen as follows: the z-axis is formed by the
intersection of the two planes and is orientated
eastward; the y-axis lies in the frontal plane
and forms with the meridian the angle «; the
z-axis which is normal to the frontal plane is
pointed upward into the warmer air. We thus
use a ‘‘quasi-standard’’ co-ordinate system con-
nected with the frontal plane (Fig. 1).

Let us deal with wave motions which arose
on the interface of the two currents. We shall
assume that the geometrical co-ordinates of air
particle z, y, z are related to the corresponding
Lagrange parameters a, b, ¢ as follows:

x=a+Ut+rb,c)sink(a —yt), y=>b+s(b, c)—
r(b, ¢} cos k(a —yt), z=c+a(b,c)—
Mr(b, ¢) cosk (a —yt), M =const. (1)

This choice represents from the formal point
of view a certain generalization of the assump-
tions used by Gerstner (Kotshin, 1963; Lamb,
1932) in his classical model of trochoidal waves.
The relations (1) may be specified for the indi-
vidual air masses by means of the indices 1, 2.
For the velocity components we have

or
v, = p” = —kyr(b,¢c)coskla—yt) + U, )
oy .
v, = " = = kyr(b, ¢) sin k{a —yt), (2)

1%
v, = ;j = — Mkyr{b, ¢) sin k(a - yt) = Mv,
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Fig. 1. The “quasi-standard’” co-ordinate system.

where y denotes the phase velocity, k =2rL-1 is
the wave number, 7(b, ¢) characterizes the wave
amplitude and s(b, ¢) and o(b, ¢) are auxiliary
functions the form of which will be discussed
later. The meaning of the dimensionless para-
meter M which relates simply v, with v,, will
also be illustrated later.

The above quantities a, b, ¢ which serve to
identify an individual air particle, are not the
initial co-ordinates of a particle. Hence, the
continuity equation in the Lagrangian form
reads with respect to the assumption on in-
compressibility

6(90, Y, z) - 3(170, Yoo zo)
3(‘11 b, c) a(a, b, c)

(3)

where x,, ¥, 2, now denote the initial co-
ordinates of the particle to which a, b, ¢ refer,
i.e., z, =z(a, b, ¢, t,) etc. Physically, a, b and ¢
may be used to define the motion of air particles
in the straight basic current U in the absence of
waves.

If we neglect dissipative forces and confine
ourselves to motions of synoptic character, in
middle and higher geographical latitudes, we
may write the components of forces per unit
mass as F, =2Qu, sin (p —a) —2Qu, cos (p — )
~2Qu, sin (p ~a), F,= —gsin a -2 Qu, sin (p
~a), F,= —gcos a +2Quv, cos (¢ —a) ~ —gcosa.
Here g denotes the gravity acceleration, ¢ is
the geographical latitude and Q the angular
velocity of the earth’s rotation. The validity of
the inequality |&%z/é1*| <g cos « is further as-
sumed for the large-scale motions. By means of
this assumption small-scale convective move-
ments are excluded. If the notation G' =g sin «,
g*=gcosa, [*=2Qsin(p—a) is introduced,
the equations of motion may be written in the
Lagrangian form as follows:

Tellus XXT (1969), 5
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The symbol p stands here for pressure. The
quantity f* which corresponds to the Coriolis
parameter f = 2Q sin ¢, will be regarded as con-
stant due to the relatively small horizontal di-
mensions of the short frontal waves the wave-
length of which usually lies in the interval
108 <L <10*m. By the scale of the waves the
use of the cartesian co-ordinate system may
also be substantiated. Eqs. (3) and (4) are the
governing equations of the model.

With the aid of Eqgs. (1) and (2) the equations
of motion (4) can be written as:

rk(ky® — f*y — H — Mg*) sin k(a — t)

_2 (e)
oa \g ’
or
[rky(f‘ —ky) + (H + Mg*) s

o
+ kyra—; (f* - ky)] cos k(a —yt)

or Pl a8
iyl —fyr e -2 _ g1+ 2
vy = = ( ab)

L2 (E) (5)
ob\g ’

[rky(f" —kv)?: +(H + Mg*)

or or
x =~ | cos k(a —pt) + kylky — f*)r —
ac]cs (@ —yt) + kylky i)rac
_g*(l.}_a_a)._His

ac
-2 (l’)
ac\p
where H =f*U +G. We shall try to integrate
the system (5) to obtain a relation for the pres-
sure p(a, b, ¢, t). For this purpose the auxiliary
functions s(b, ¢} and ofb, c) are to be specified
conveniently. In order that Eqs. (5) may be
integrable we put

8(b,c)= —b+k~! Inrd,ec),
o(b, 0) = ;;u k(H + Mg*) (b, o)~k Ykt | (8)

- f*y - Mg*)In r(b, )].
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By means of this choice the system (5) may be
rearranged to the form

2}
by [r(j*y —ky® + H + Mg*) cos k(a — yt)
i

~ 3kr®(f*y — ky" + H + Mg*)
-k '(fy-ky'+H+Mg*) Inr
—g¥c- pgil] =0.

By integration of Egs. (7) we obtain (except for

an additive constant)

pla, b, e, t) = —g*oc +o(f*y — kyz +H + Mg*)

e’ (b, ¢y — k' In 7(b, c)).
(8)

x [r(b, ¢) cos k(a —yt) —

The equation of continuity (3) yields after
rearrangement and with respect to Eqgs. (1) and
(6) the relation

1
(o7
kr ab

Eq. (9) indicates that mass is conserved in the
model and that the motion described by Egs.
(1) and (6) is dynamically possible. Obviously,
Egs. (6) serve as a sort of the condition of inte-
grability of the governing equations (3) and (4).

The general vorticity equation of the model
may be derived as follows. If ¢ is regarded as a
parameter, Eqs. (4) may be united and rewritten
to a compact form

o)

ot ot
d( +gz)

0

Since the expression d(pe~! +g*z) is a total dif-
forential, the expression on the left-band side
of the last equation must be a total differential,
too. Hence

0 [ 4 oV "
— +— (o, +G+—|=0.
ay(f T at) ox (f £ at)

With respect to the assumption f* =const we
thus arrive at the vorticity equation in the form

3(Tys Yo» 2o) \
aa,b,c)

oz, y, 2)

a(a, b, ¢) )

(rz e )y
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o

p + D=0 (10)
with
= aﬂ’ — %, D= % + aﬁ’
o ay o ay
In Eq. (10), d&/ot corresponds to d&/dt in Eule-

rian concept

Conditions on the frontal surface

Let us consider the conditions on the frontal
surface under the assumption that the frontal
surface is physically identical with the inclined
frontal plane separating the basic currents. The
original frontal plane may be described without
loss of generality by the relation ¢ =0. It follows
from the condition of non-penetration of air
particles across the frontal surface and from
Eqgs. (1) that the parametric equations of the
frontal surface after the wave-like deformation
read

x =a + Ut +r(b, 0) sin k(a —yt), y=b+s(b, 0) —
r(b, 0) cos k(a —t), 2 =a(b, 0) —
Mr(b, 0) cos k (a —yt). (11)

The frontal surface may be constructed by
means of Eqs. (11) if the function r and the
quantity M are known. In co-ordinates a, b and
¢, the equation of the frontal surface assumes a
simple form ¢ =0.

The formulation of the dynamic condition is
generally not easy when using the Lagrange
method because air particles adjacent to the
frontal surface may generally have various
values of the Lagrangian parameters a and b
after the wave-like deformation. But we can
consider the continuity of the frontal pressure
field in an initial time ¢, =0 when the wave-like
deformation and wave amplitude are supposed
to be very small. Now one can demand the dy-
namic condition to be fulfilled in the form
1@y =@y, b, =by, ¢ =0, £ =0) =p,(a; =a;, b, =b,,
¢ =0, ¢t =0). The air particles adjacent to the fron-
tal surface have the same geometrical position.
Therefore the following condition may be pre-
sceribed: @, =3, Y1 =Y, 2, =2, fOT @, =a,, b, =b,,
¢ =0, ¢t =0. In addition, we put M;=M,=M =
const in order for the continuity of the vertical
motions to be satisfied on the frontal surface.

Tellus XXT (1969), 5
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The continuity of the frontal pressure then de-
mands with respect to Eq. (8) that r,(b, =b,,
c=0)=ry(by =by, ¢=0), o\(f*y —ky*+f*U,+G
+Mg*) =gu(f*y —ky* +f*U, +G + Mg*). Hence
the frequency equation of the model is obtained:

y- i{f*““ [f"+4kf* U0, - U,
2k 0~ Qs

t
+ 4k(G+Mg‘)] } (12)

It follows from Eqs. (1) and (6) that the fulfill-
ment of the above mentioned condition z, =x,,
Yy =Yg, 2, =2y fOr @y =ay, by =by, ¢ =0, ¢ =0is now
guaranteed if the initial wave amplitude is sup-
posed to be so small that, strictly speaking, the
terms containing r%(b, 0) can be neglected with
sufficient accuracy in the expression for z in
Eqgs. (1).

Eq. (12) may be rearranged and simplified
by the requirement p,(f*U, + &) =g,(f*U, +Q),
which results in the well-known Margules equa-
tion for the slope of the quasi-stationary frontal
plane:

tg a= —flo. Uy —0:U,) [g(0; —@2)

—2(e, U, ~0aU»)Q cos ¢] L. (13)

The quantity tg « is related directly to the

frontal shear in g and U because of the identity

U,+U,
2

g te
a.U,~aU,= (91"9')+IT’(U1“U2)-

Let us denote the colder air mass lying below the
frontal plane by the index 1, the warmer air by
the index 2. Let us further assume in agreement
with typical synoptic conditions the existence of
a westerly current U, > 0 in the warmer air above
the frontal plane while U120,g,l U, I <p,U,.
Hence tg « > 0. (With meridional basic currents,
this corresponds to a warm southerly wind above
the frontal plane, « being now the angle between
the y-axis and the parallel.) By a combination
of Eqgs. (12) and (13) one finds
y =k~{Q sin (p — a) +[Q? sin? (p —a)
+kgM cos a]}. (14)

The expression for the pressure (8) may now
be rewritten to the form p(a, b, ¢, t) =o(f*U + Q)

Tellus X X1 (1969), 5
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[7(b, ¢) cos k(a —yt) — tkr¥(b, ¢) k-t 1n r(b, ¢)] —
—g*pc +const. Analogically the expression for
a(b, ¢) in Egs. (6) may be rearranged: o(b, c) =
(1/2g*)kr2(b, ¢) (f*U +G +Mg*). Under ty-
pical conditions the difference o,(b, =b,, ¢ =0) —
= 03(by =by, ¢=0) =(1/2g*)f*kr*(b, =b,, ¢=0)
x (U, — U,) isasmallnumber. Hence the relation
21(@; =@y, by =by, € =0, £ =0) =24(as =a,, by =b,,
¢ =0, t =0) is fulfilled approximately even for
finite values of r3(b, 0), whereas analogical condi-
tions for x and y are valid exactly. These re-
quirements, together with Egs. (1), prescribe
the character of the initial wave-like deforma-
tion (the particles adjacent to the frontal surface
practically adhere one to another during the
initial wave-like impulse which even may be of
finite amplitude type in the first approximation).

Since v, and v, are continuous on the frontal
surface and since the equation of the frontal
surface assumes a simple form ¢ =0, we may
write the kinematic condition as follows:

(% _ a_x,) a(c, y, 2)
ot ot | 8(a, b,c)|a1=a,. bi=b,
c=0,t=0

:(Ul_Uz)(a_w_z_a_ya_z

=0.
oadb oab 3a)a|=ll.. by=by
c=0,1=0

(15)

Eqgs. (15), (1) and (6) generally imply that
(%3/3g*) (f*U +@Q + Mg*) (or®/eb) — M(dr/ob =0 at
b, =b,, ¢ =0. Hence the function r(b, ¢) may take
the general form

r(b, ¢) = B(b)C(c) +I'(c), C(0) =0, T'(0) >0,

I'4(0) =T'5(0). (16)
By this choice we confine ourselves to a parti-
cular type of the solution fulfilling the kinematic
condition. It follows from Eqs. (16) that »(b, 0) =
=T'(0) =const. That is, the amplitude of the
wave-like deformation of the frontal surface is
independent of b. The condition r,(b, =b,, ¢ =0)
=r4(bg =b,, ¢ =0) mentioned earlier obviously is
satisfied by Egs. (16). One may demand that
or/dc <0 since the real waves observed in the
atmosphere are rather ‘‘shallow”, as far as their
vertical extent is considered. However, the exact
form of the funections B, C and I' will not be
examined here.



728
Stability properties

Let us put in Eq. (14) formally o =Q =0,
M =1. We thus get the relation for the gravity
waves derived by Gerstner. On the other hand,
for M =0 and for positive sign before the square
root the frequency equation (14) degenerates
to the expression for simple inertial oscillations
which reflects the stabilizing effect of the earth’s
rotation. Since the model must be reducible to
simpler inertial oscillations, only the choice of
the positive sign before the square root has any
physical meaning. For M <0 unstable amplified
waves may occur on the frontal surface; the
case M >0 leads only to stable (neutral) waves.

It is necessary, in order to complete the struc-
ture of the model, that the parameter M be
estimated. To do so, we shall deal in a very
simplified form with some thermodynamical
aspects with special emphasis on the condensa-
tion effects in those parts of the wave where
precipitation activity takes place. For the sake
of simplicity, the air is assumed to be saturated.
Let us consider a mass of 1+ W, tons of air
which consists of one ton of dry air and W, tons
of saturated water vapour. Here W, is the satu-
ration mixing ratio. Let us assume that the
latent heat released per unit time by the con-
densation of —{dW/dt) tons of water vapour is
used exclusively to heat the dry air. We thus
neglect the heating of the water vapour and
assume that the condensation products fall out
immediately. Because of the latent heat release,
the first law of thermodynamics may be written
in the Lagrangian variables as follows:

(17)

The symbol I denotes the latent heat of conden-
sation. The specific heat at constant pressure
¢, (as well as the specific gas constant R) are
taken to be the values for dry air. The satura-
tion mixing ratio is connected with the tempera-
ture T and the saturation water vapour pres-
sure e, by the relation W, =ee,(p —e,) " ~ee,p1,
where ¢=const =0.622. Hence Jde/dt =&~"9/o¢
(pW,) so that the combination with the Clausius-
Clapeyron equation in the approximate form
aT /ot = RT?(ele,)~10e /ot yields

oT T @
- = —(PWy). (18)

at  elgW;at

v. VITEK

This is a relation valid for the phase change in
question. From Egs. (18) and (17) we get with
the aid of the equation of state

oW, (el—c, TYW, op

T T o Rt (19)
ot (el’W+c,RT )g ot

where & ~c¢,7 >0. Condensation thus takes

place with dp/dt <0. Eq. (19) is identical with
Berkofsky’s relation derived by means of Eule-

rian variables (Berkofsky, 1962).

Eq. (19) is based, inter alia, on the approxi-
mate relation W, ~¢e,p—' which was used for
the sake of comparison with Berkofsky’s rela-
tion. If the complete relation W =ce(p —e,)!
is used we get

W, (-, T)(e+ W)W, ap
ot ['W(c+ W) +c,RT g ot

instead of Eq. (19). The numerical value of the
fraction on the right-hand side of the last equa-
tion is practically the same as in Eq. (19).

If the difference between the numerical value
of the specific humidity and the mixing ratio is
ignored, the individual change in the saturation
mixing ratio may be expressed in the absence
of turbulent diffusion of humidity as follows
{Marchuk 1967):

P el Bg—8,) V= —cyl (8, 6,)

% (v, €08 a + v, 8in &) = — ¢, 17 (3g — 85) vy,

x (M cos o +8in a). (20

In Eqgs. (20) use was made of the relation for v,
in Egs. (2). The symbol V denotes the vertical
velocity related to the horizontal plane, d, is the
dry-adiabatic temperature lapse rate and d, the
saturation adiabatic one. By comparison of Egs.
(20) and (19) and after substituting for v, and
dp/ot one arrives at the expression

(el e, T)W,UF*U+ &)

M=-— 2
("W + ¢, RT")c,(0g — ) cos &

- tga,
(21)

where tg « is given by the Margules relation (13).
The fraction

(el —c, TY Wil

A=-— 2
(el Ws+chT )epo(dg—3;)

Tellus XXI (1969), 5
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must be regarded as a constant for the air both
below and above the frontal surface due to the
assumptions M, = M, =M =const and g,(f*U, +
+@) =g,(f*U, +G), so that the quantities W,
and T in Eq. (21) must be replaced by typical
mean values which fulfill the condition 4, =4,
=A. The analysis of this condition shows that
it is satisfied if (7T',/T,)® > W,,/W,,. Naturally,
the value of 4 and M may vary from case to
case.

The parameter M is now expressed in terms
of the slope of the original frontal plane and of
representative mean values of certain thermo-
dynamical quantities. The slope of the frontal
plane is to be considered in the range of synop-
tically important values of «, thus approxima-
tely in the interval 0 <tg « <1/50. The assump-
tion M =const obviously does not permit ade-
quate description of the development of the
moisture field and serves, together with other
simplifications, only to give an approximate so-
lution to the problem. The model is likely to be
useful as a first rough theoretical information
on the three-dimensional behaviour of the waves
under discussion.

From the relations (21) and (14) we get, using
again the concise notation, the resultant fre-
quency equation of the model:

_ . kg*Ao(f*U + @) }
)/=k l{if*_i_ I:i'f* _kg*tga+ g—i(os_a._)] }
=k"{tf* + [if*”—kg* tg o

_ * b3
kg —s (el cpT):/Vsl(G+f U) ] } 22)
(el" Wi+ ¢, BRT") c,(64 — J;5) cOS o

The foregoing insight into Eq. (14) indicates that
Eq. (22) describes a certain type of modified
inertial-shear-gravity waves. Let us deal more
thoroughly with the inequality M < 0 which re-
presents the necessary condition of instability.
The practical form of this inequality reads with
respect to Eq. (21)

o (el—c,T) W,
(' W+ ¢, RT") ¢, (83 — ;) cos

-tga<0
(23)

since G'>f*| U | under typical conditions (tg « >
1/500, |U| <20 m sec~!). The physical in-
terpretation of the inequality (23) seems to be

Tellus XXI (1969, 5
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rather simple. The parameter M reflects the
influence of three factors controlling the stabil-
ity of the wave: the destabilizing shear effect
expressed by the term —tg «x and the combined
stabilizing influence of the gravity and the
vertical motions acting during the condensation
and precipitation process in the saturated air.
The stabilizing tendency of the vertical veloci-
ties is probably comparable with that described
by Kuo (1953) and may be seen directly from
Eq. (21). The maximum (and in the saturated
air unreachable) tendency to instability would
oceur with M = —tg « =limw, .o M. But the ver-
tical velocity related to the horizontal plane,i.e.,
the quantity V =v,(M cos a +sin «) would now
equal zero. Hence unstable waves generally
exhibit a quasi-horizontal motion regime (the
angle f between the three-dimensional velocity
vector and the horizontal plane fulfills the ine-
quality 0< § <« for 0 > M > —tg «). With insta-
bility the destabilizing shearing effect must
prevail over the combined influence of gravity
and precipitation release due to large-scale ver-
tical motions. The fulfillment of the condition
(23) depends strongly on the value of W, while
the probability of instability increases with de-
creasing W . Numerical estimates indicate that
only negative temperatures (in °C) are ‘‘favou-
red” by unstable waves. Hence the wave devel-
opment is much preferred (at least in this
model) if condensation takes place in the mean
at sub-zero temperatures resulting in the forma-
tion of supercooled liquid water in the cloud
system of the upper wave.

The complete instability criterion based on
Eq. (14) reads k> —(f*?/4Mg*)) and defines
for M <0 the wave numbers of unstable waves
for which the shearing effect is greater than the
stabilizing influence of gravity, vertical motion
and Coriolis force. For given values of the ther-
modynamical quantities incorporated in M the
amplification of the unstable waves is the grea-
ter, the greater the slope of the original frontal
plane and the shorter the wave-length. The
most intense wave development, vertical velo-
cities and precipitation are thus to be expected
in the regions with the greatest slope of the
upper front. This conclusion is in agreement
with the synoptic experience, at least in middle
Europe. Since in the range of unstable waves
the role of the phase velocity is taken over by
its real part y,,, the unstable waves propagate
with a velocity y,, =k~1Q sin (p — «) =f*/2k, i.e.,
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independently of the currents U, ,, while the
wave velocity equals half the phase velocity of
inertial waves. From an order-of-magnitude
estimate it is immediately obvious that the
model allows only slowly moving waves in the
unstable region. For f* =10-4 sec-! and L =
5 x 105 m, for example, we obtain y,, =4 m sec-1.
On the other hand, with M <0, k < — (f*2/4Mg*)
we get stable, relatively fast waves (y,, =y)
fulfilling also the condition 0 <f < «. The stabil-
ity diagram of the model may be expressed in
terms of k and |M|. The corresponding graph
is a rectangular hyperbola &k = *2/(4| M |g*). For
the critical wave-length separating stable and
unstable waves we have

_8n|MIg*
—_‘.——,

Lcr f*ﬂ

0=>M>—-tga. (24)

The limiting situation M =0, v, =0 corresponds
to stable inertial waves as shown earlier with
the aid of Eq. (14). Approximately, L o sin «
because of f* ~f. The graphical representation of
Eq. (24) is obvious. The case of stable waves
with M >0 seems to be unrealistic. In reality,
new short waves occur upstream relative to the
warm basic current U, which generally requires
a negative or zero group velocity (9/0k) (ky).
This is fulfilled with unstable waves or stable
waves obeying the conditions M <0, k <(f*?/
(4| M |g*)). However, the group velocity is posi-
tive for M > 0. Therefore, this case is to be ex-
cluded.

The assumption M =const seems to be the
most restrictive and artificial simplification of
this model and a source of certain logical in-
consistencies since it leads to replacing actual
values of W, and T by mean values, as already
stated earlier. On the other hand, this “para-
meterized”’ approach simplifies the mathematics
of the model and permits an analytical solution
of the problem. From the physical point of view,
the assumption M =const controls first of all
the stability of the waves in such a way that
the wave amplification takes place with con-
densation at sub-zero temperatures, as men-
tioned above. This property of the model may
be compared with reality. Under typical condi-
tions described in (Briadka 1967) the active part
of the upper front where precipitation release
is pronounced, is located in the height about
4 km and sub-zero temperatures occur there
even during the summer period. We thus may

v. VITEK

conclude that the requirement M =const is not
the best but synoptically rather plausible.

One may ask how is M related to the rate of
precipitation. The condensation (precipitation)
rate per unit volume is §j = —p(8W,/ét) so that
Eq. (20) yields

7
M= ————— —tga,v,>0.
0e,(8g — 8;) ¥, CO8 « gy

The assumption M =const thus implies, ! and
8; —0; being approximately constant, that
j(ov,) ! is constant. From the last equation the
stabilizing role of the condensation process may
be seen again. Hence the model is ‘‘contradic-
tory’’: The condensation due to vertical motions
in the saturated air tends to stabilize the wave
but, at the same time, pronounced instability
connected with strong amplification is generally
accompanied by more intense vertical velocities
and precipitation than weak instability.

Wave geometry and development

On the plane surface of the earth the relation
V =v,(M cos « +sin «) =0 would be valid. Hence
we may infer that it is impossible to introduce
the wave motions on the earth’s surface since
in the saturated air M+ —tg o« and a constant
value of M is assumed everywhere. Therefore,
the model is related theoretically to waves on
the sloped interface separating two semi-infinite
air masses, and, thus, in practice to waves on
upper fronts. Orographic influences cannot be
taken into account in a direct way, either. A
possible parametric form of the incorporation
of orography will be discussed later.

The geometry of the frontal wave follows from
Eqgs. (11) and (16) which describe the wave-like
deformation of the frontal surface. Let us put
Yy =y—ktlnrb, 0), 22=2-0(b, 0), @ =ka. In
the definition of ¥’ the relation for s of Eqgs. (6)
is used. From Eqgs. (11) we now get, owing to
r(b, 0) =T'(0) = const, the parametric equation of
a space curve representing, from the physical
point of view, a wave-like deformation of any
material straight line parallel to the x-axis which
lay in the original frontal plane. These curves
may be regarded as a sort of generating curves
of the frontal surface. Their equation reads for
t =0 and for any value of b

Tellus XXT (1989), 5
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Fig. 2. The possible forms of the front. The curves
1, 2, 3 refer to ¢t <7, ¢ =7, ¢ > 7, respectively.

=k 10 +7,8in O, y = —r,cos O

2’ = =Mr,cos © (25)

where 7, =r(b, 0) =T'(0). Eqs. (25) represent a
three-dimensional generalization of similar rela-
tions valid for Gerstner’s trochoidal waves. The
space curve (25) is now represented in projec-
tion to the zy’-plane by an abbreviated cycloid
x=k"10 +7,8in O, y' = —roco8 O, r, <k~! the
mean square slope S of which may be deter-
mined from the formula

s 1 L (dy'\* (27:1‘0)’] 4
S LJ; (dw) dr=1 [1 7 <1.
The lengthening of the generating curves due to
the initial wave-like impulse may be charac-
terized by means of the quantity P which deter-
mines the length of the projection to the xy’-
plane over an interval equal to the wavelength.

In the present case we get, by virtue of the
foregoing relation,

L AT}
P=f [1+ (dy)] do = 2E 11+ (281 - s
[ dx T

2(28* - &%t 4L
1+(28° -84t

’
T

where E denotes a complete elliptic integral of
the second kind (Monin, 1967). The relative
lengthening of the generating curves due to the
initial wave-like deformation then is

P-L 4

—<-—1.
7

The projection of the generating curves {25)
to the zz’-plane yields

x=k"1® +7r,8in 0, 2’= —Mr,cos 0. (26)

Eqgs. (26) describe for r, <k~ essentially a modi-
fied (‘“‘reduced”) abbreviated cycloid, the ‘“‘ver-

Tellus XXT (1969), 5

731

tical” amplitude of which is | M |-times greater
than the ‘horizontal” one of the curve z =
k=10 +ry,8in O, y' = —rycos O. Thus, the ver-
tical motion is controlled by the thermodyna-
mical factors incorporated in M.

The front in the meteorological sense of the
word (i.e., the intersection of the frontal surface
and the horizontal plane) would be identical
with one of generating curves (25) if M - =
—~tg «, as indicated by the relation z’' =My’.
Of course, it is not the case due to the existence
of vertical motions in the saturated air. How-
ever, it illustrates the geometrical meaning of
the limiting and fictitious situation of a “dry’”’
wave with a purely horizontal motion field
(W,~0, V—0). The possible forms of the front
are shown schematically in Fig. 2.

The foregoing discussion describes in essence
the geometry of stable waves or the incipient
stage of unstable waves. Let us now deal with
the geometry of an unstable amplified wave for
t>0. From Eqgs. (11) we get

2’ =k"'@ +r,6xp (kyim?) sin (O — ky,t),
Y = —14 8XPp (kyim?t) c08 (B — Ly, 1),

2= — Mryexp (kymt) cos (® —kyref). (27)
In Egs. (27) the following abbreviations are
used: &’ =x—-Ut, pyn=k [-(}f*? +kMg"‘)]*.
During the eastward motion of the wave its
amplitude increases. As soon as the wave is
amplified (for ¢ =7) to the value r,exp (kyy 1) =
k-1, the original abbreviated cycloid obtains the
shape of the simple eycloid in the x’y’-plane and
the cusp point develops. A similar transforma-
tion applies in the z'2’-plane to the modified
cycloid the “tip” of which is now pointed down-
ward with M <0. For prescribed 7y, T may be
estimated from the relation T = (kyy,)~*In (kry) 1.
If, for the sake of illustration, the limiting case
M =M = —tg « is mentioned again, the front
is essentially a simple cycloid, too, with the
“tip” pointed northward (cf. Fig. 2, curve 2).
A certain geometrical similarity with the begin-
ning of the occlusion process may be seen here
for M <0. One thus may conclude that the case
M <0, i.e., relatively short, slow, unstable waves
(k> —(f*2/(4Mg*)) end relatively long, rela-
tively fast, stable waves fulfilling the condition
k< —(f**/(4Mg*)), might have some similarity
with reality. We note that the discussion of the
geometry of the waves leads again to the con-
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clusion that only the case M <0 is to be con-
sidered. From the more general point of view,
the formation of the cusp point during the de-
velopment of the unstable waves may be re-
garded as the most important feature of the
internal dynamics of the waves under considera-
tion. The model indicates that it is possible to
describe to a certain degree the qualitative
change in the shape of unstable frontal waves,
even within the framework of some ‘“‘naive’ and
crude assumptions.

The path of an individual frontal particle
(O =const, ¢=0) may be characterized with
respect to Eqs. (27) by the equation of an ellip-
soid

@-k"ey y”
7a exp (2leyimt)  2r5exp (2kyint)

P

+—7————— =L 28
2M’ry exp (2kyym?) (28)

We recognize here again a certain generalization
of Gerstner’s model. The length of the half-axes
depends on time since the ellipsoid ‘“‘expands”
with unstable amplified waves. Hence the cusp
point formation may be described by means of
the corresponding lengths of the half-axes. For
t =7 we find from Eq. (28) that the half-axes in
z’, ¥’ and z’-direction are equal to k-1, V2k-1and
Ve | M | k-1, respectively.

Let us return to the geometry of the wave
the further development of which (¢ >7) is again
indicated by Egs. (27). For r, exp (ky;g?) >k~
aun elongated cycloid develops in the x’y’-plane
characterized by a loop in which the warm air
is trapped. An analogical development takes
place in the z’z’-plane. The front in a fictitious
“dry” wave (M =M = —tg «, V =0) is repre-
sented by an elongated cycloid with the loop
of the warm air on its northern side (cf. Fig. 2,
curve 3). The loop gradually spreads northward
during the further amplification of the wave.
Of course, the physical validity of this model
ends, with unstable waves, probably in the stage
t =t when the ‘““tip”’ develops. With the forma-
tion of the cusp point on the front the dissipa-
tive effects, which are not considered in this
model, begin to play a substantial role due to
the enormous curvature of the front in the vicin-
ity of the “tip”’. The above solution also does
not represent the typical asymmetry of the
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wave which in reality we usually observe, and
is in this respect less general than the numerical
solution of a similar problem studied in (Kasa-
hara, 1965). On the other hand, the present
paper corrects, improves and extends the au-
thor’s earlier, preliminary considerations (Vitek,
1965, 1967).

Let us estimate, for the sake of orientation,
some typical values describing the development
of an unstable wave in this model. We put 7' =

-5°C, W,= =0.004, 6,/6,=0.6, tg «=1/130,

Now, M = —10-% and practically all waves are
unstable. For f* =10-% sec-! and a very short
wave L =108 m with a finite initial amplitude
re =L(10%7)-! we have 7=7940 sec. For L =
8 x10° m, T equals, ceteris paribus, approxi-
mately 22 720 sec. These values probably cor-
respond to a moderate degree of instability since
even lower temperatures may occur in the vi-
cinity of the upper front. The vertical velocity
related to the horizontal planeis V =v,(M cos « +
sin ) ~v,(M +tg «). Obviously, V has the
same sign as v,. For the present values of M
and tg o, V=0.0067 v,, where the numerical
coefficient is independent of L. The critical
wave-length separating stable and unstable
waves may lie, according to Eq. (24), within
the interval 10° <L <10® m if -M <4 x10-5.
Hence both stable and unstable waves are al-
lowed in the model, the stable ones being pos-
sible for very small values of |M|.

The wave motion studied is rotational. To
prove this a slight modification of the proce-
dure described by Lamb (1932) may be used.
The expression v,0x +v,d, =6((U —y)r(b, c) sin
k(a —yt)] + (U —yk¥rb, c¢)]da is not a total dif-
ferential so that the circulation equals 2yk?*r(or/
db) 6a db and the vorticity of the element (a, b) is

B 2k’r or
[a(z, y)]/Ta(a, b)] b’
Substituting for # and y from Egs. (1) and using
the first relation of Egs. (6) we get

£(b, c) = 2yk3r2(b, c) [1 — k*r(b, ¢)]-1. (29)
Eq. (29) is a relation analogous to the one for
Gerstner’s trochoidal (rotational) waves. Vorti-
city is conserved, i.e., air particles having the
same b and ¢ have the same vorticity for each ¢.
On the frontal surface the vorticity conserva-
tion also takes place, as may be seen from Eqgs.

Tellus XXT (1969), 5
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(16). Obviously, £(b, 0) =const. The vorticity
equation (10) states that vorticity conservation
is connected with the non-divergent flow. The
formula (29) makes the relative vorticity infi-
nite for » = k-1 but this case is practically mean-
ingless. For any realistic value of #(b, c¢) fulfilling
the inequality r <k-! we have &(b, ¢) >0. Hence
anti-cyclonic vorticity eannot be generated in
the area of the wave. Eq. (29) indicates that the
waves discussed are generally connected with
weak cyclonic vorticity. This conclusion seems
to be in accordance with synoptic experience.

Concluding remarks

The whole “dynamic” part of the model, i.e.,
Eqgs. (1)-(14), was constructed on the basis of
some generalization of Gerstner’s assumptions.
But the model may alternatively start out from
the vorticity equation (10). It is sufficient, in
order to satisfy Eq. (10), that the velocity com-
ponents be chosen so that D=0, §§/d¢t=0. This,
within the general physical concept of the model,
leads back to Egs. (1), to the condition of inte-
grability (6) and to the continuity equation (9).
Finally, the integration of Eqs. (4) produces
Eq. (8). The further discussion is the same as
previously. The model represents a special case
of the integration of the primitive equations in
the Lagrangian form independently of the
starting point but the procedure based directly
on Egs. (1) seems to be more natursl and cor-
responds basically to the standard explanation
of Gerstner’s rotational waves.

The model does not account for orographic
influences which may modify significantly the
vertical velocity pattern. In spite of it, the oro-
graphic or other “local” phenomena may be
introduced indirectly in a simplified parametri-
cal form. Let us put z(a, b, ¢, t) =c +o(b, ¢) —
Mr(b, c) cos k(a —yt) +h(t). Hence

. 2h(t) oh
v, = —~Mkyr(b, c) sink(@—yt) + — = My, + —.
ot at
(30)

The integration of Egs. (4) is unaffected by Eq.
(30) if A(t) is a linear function of ¢ or if

d*n

oh| _ |
de*

at*

Tellus XXT (1969), 5

733

Equation of continuity (3) is not violated, either.
But Egs. (17) and (18) now indicate that the
integration constant in the relation for p(a, b, ¢, t)
is to be replaced by an integration function g(t)
so that
l-c, YW, @ c oh

—(,E———p)—';——q= — 2 (64-6;)cosx—.

(eI"W,+c,RT)p ot 1 ot
(31)

The stability properties of the model are un-
changed by the condition (31). Now the addi-
tional vertical velocity v,, =dh/dt and other addi-
tional quantities dp,/ot = dq/ot and dW /ot may
be defined as follows:

A P L W
cos o 9t cy(y—0d5) cos o ot

Vg =

(32)

As a consequence of Eq. (32) and the modelling
assumptions used, the additional vertical veloc-
ity may be interpreted either as an individual
pressure change or as an additional sink for
water vapour. This is due to the fact that the
condensation rate per unit volume generally is
~p(@W,/at). The ““local” component v,, which
represents a uniform contribution to the ‘“dyna-
mic’’ vertical veloeity, is to be specified ac-
cording to need. Alternatively, the additional
water vapour sink may be prescribed which is
to be regarded as homogeneous in space. One
assumes tacitly a positive sink v,, >0 as long as
saturated conditions are considered. For suffi-
ciently large values of v,,, i.e., for v,, > | M | kyr,
the whole body of the wave may be regarded as
saturated and the thermodynamical relations
(17)—(20) are valid everywhere.

It is well known from the synoptic analysis
that the short waves often pass along the upper
front without any pronounced increase in am-
plitude. This property is not in contradiction with
the model since both stable and unstable waves
are allowed. But in the formative period of the
wave development a certain degree of instability
probably does exist in any case. Unfortunately,
it is difficult to formulate the transition from
the unstable stage to the stable one of an indi-
vidual wave in a quantitative way since the
above solution fails to give any information as
to what takes place during the development of
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the cloud system of the wave. One process which
necessarily tends to stabilize the wave, may be
evaporation from falling precipitation, provided
the cloud system is only partly saturated. This
results in additional cooling of the ascendent
air mass. The stabilizing effect may be seen in
terms of M in the very first approximation as
follows. Eq. (20) is now to be replaced by the
following relation (Marchuk 1967):

oW,
ot

= ~cnl”l(6d—6s)V+n(ﬁi—m)u. (33)

In the last equation, » is a positive coefficient, «
is the “‘specific humidity” of water and m the
water vapour density. The bar denotes the
maximum value of m. Let us put schematically
and for the sake of simplicity #m —m =const,
uxc V. We then have from Eq. {33)

oW, -1
?=[—cpl (04-0)+ N1V, N=>0. (34)

Eq. (34) is based on a very simplified concept
of superposition and cannot be exactly valid.
But it shows at least that the probability of
relatively large negative values of M is reduced.
Hence, one may expect that the cooling of the
ascending air due to evaporation from falling
precipitation may contribute, in a somewhat
later stage of development, to the stabilization
of the wave. The complete discussion of these
questions is complicated since, inter alia, a
change in wave-length may simultaneously
take place in real situations. Some qualitative
arguments indicate that the stabilization of the
wave may result in the acceleration of the wave
propagation, provided a train of simple, ori-
ginally unstable waves was generated earlier.
Let us assume that the first wave induced was
transformed into a stable one. Accordingly, the
first wave is moving faster. The consequence is
that all the following unstable waves are con-
tinually being drawn out in length so that their
velocities of propagation gradually increase as
they advance. At the same time the probability
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of the transformation into stable waves increases
due to the drawing out in length. This effect has
the same sense as the stabilizing effect of eva-
poration. A similar type of acceleration due to
the difference in wave-length is known from the
theory of surface waves.

Summing up we may say that some basic
characteristics of the short waves on upper
fronts may be interpreted with the aid of a cer-
tain generalization of Gerstner’s rotational
waves. The modelling assumptions used involve
the vorticity conservation in the non-divergent
flow but the existence of unstable amplified
waves is allowed. During the development of
the wave the cusp point is formed on the front.
The model cannot describe the non-linear inter-
actions between the thermodynamical and dyna-
mical effects in spite of the fact that the govern-
ing equations (3) and (4) are essentially non-
linear. This is unsatisfactory, but perhaps the
best that one can expect from the assumption
M =const and other simplifications used. It is
felt that, in order to obtain a more consistent
model, the thermodynamics of the waves in
question should be considered more thoroughly.
We hope that the present model provides a
framework to do so. From the more general
point of view, we believe that the modified
Gerstner’s concept. could be used even for more
detailed numerical investigations of the frontal
systems which are among the major factors in
weather forecasting. -
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IMPOCTAA MOJAEJIb ONHOI'O TUIIA ®POHTAJILHBIX BOJIH B ATMOCOEPE

BLIBOZUTCA TIpocTad MOREND /A BOJH Maioft
aMIJIMTYH HA BEPXHUX QPOHTAX MO3ALN KBA3H-
CTAUMOHAPHEIX NMOBEPXHOCTEN XOJOTHHIX (poH-
TOB. B MO[eaM 4acTMYHO YUUTHBAETCA BHIgele-
HUe CKPHITON TenaoThl. AHAJM3 yPaBHEHUA HJIA
4acTOT MOKA3KBAET, YTO HAUGONBLIETO PA3BUTUA
BOJIH CJeNyeT OujaTh B 06macTaAX ¢ HaMGOJb-
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UM HAKJIOHOM BepxHero ¢poHTa. Bo BpeMma
pPasBUTHA HEYCTOMYNMBO/ BOJNHHI Ha (pOHTe
dopMupyeTCA OCTpoyroiabHasa Touyka. B Momean
BO3BMOMHBL H yCTOﬁl{I/[BbIe BOJHH. BiufAHUe
oporpaduu Takme MOmeT OBITH YYTEHO B MO-
Aeld B HEKOTOPOHl YOpPOINEeHHOH mapaMeTpHu-
4yeckoit gopme.



