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ABSTRACT 

The Boundary Value Problem of Physical Geodesy is usually treated as the problem of finding 
reliable corrections to  be applied to an accepted ellipsoidal model of the Earth in order to get 
the true values of the gravitational force and the shape of its level surfaces in external space. 
The accuracy in determining these corrections corresponds, as a rule, to neglecting errors of the 
order of the flattening of the Earth (3 of obtained values). This first approximation ident,ifies 
theEarth’s topography with the so-called Telluroid (see Fig. 1 and below), andusesas only bound- 
ary values s . ~ .  true free air anomalies (see not:s). 

To study the solvability of this problem, integral equations are well suited. For numerical 
work, they are now-a-days not difficult to handle, because of the availability of powerful high- 
speed computers. As to my opinion, there is not yet any fully satisfactory solution obtained, 
which fulfills all boundary conditions. If it should turn out, that no available harmonic models 
can satisfy the surface-condition and the infinity-conditions (see below) with sufficient accuracy 
(see above), we have to admit, that we need additional information along the Earth’s surface 
to be able to solve this important problem, by reducing it to the level case of Stokes (see Ap- 
pendix 1). 

The paper describes a direct use of a double-layer approach for the S.C. Malkin’e function H ,  
(see below), from which all wanted corrections in space may be deduced. This approach is sug- 
gested, because the solvability condition of the resulting singular Fredholm-equation can be 
used for defining, beforehand, the correct model gravity y .  The solution, by definition of the 
double layer potential, satisfies the weaker infinity condition 

lim rH,  = 0 
r+m 

If it also satisfies the stronger condition 

lim rBH,  = 0 
r+ m 

accurately enough, ought to  be investigated further. 
Appendiz 1 deals with the simpler problem of a purely oceanic Earth. It was mainly written 

to ezpZain theoretically the procedure, when solving the general case (arbitrary topography) 
with double layer approach. 

Appendis 2 develops several formulas, which could be used in numerical computations, when 
dealing with the general case. 

Appendiz 3 gives an additional explanation of the relationship between model gravity and 
the measured gravity along the Earth’s surface. 
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586 ERIK TENGSTROM 

Notations 

x 
s Telluroid 
0 Unit sphere 
P, Q 
Pc =PI,&‘ Orthogonal projections from P, Q t o  
PY 
n P ,  VQ 

B Slope of telluroid 

Mean Earth sphere with radius R 

Points on telluroid with radii rp, rQ 

External point with radius r 
Normals to telluroid a t  P and Q 

Tangent of slopecomponent in direction of y, angular radius of rQ from 
rp. Observe its sign! tg 8, = (aH,/Ray) 
Distance Py - Q, 
Distance P - Q; D = As/rp = 1/p2 - 2,u cos 
in D,, ,u =rQ/r 
Distance P -Q’ 
A,/R = 2 sin y /2  
Normal heights of P and Q 
Azimuth of y (a also flattening of Earth Ellipsoid) 
Momentum of double layer (a, also density of single layer) 
True free air anomaly g(P) -y(P,), Pe point on spherop with same po- 
tential as P has on its geop. 
Equator value of yo, the normal gravity on Ellipsoid 
Disturbing potential, resp. Malkin’s function at  P, 
General spherical harmonic, resp. Legendrian of order N 
Gravitational constant 6.67.10-* cgs; k2M: Mass constant of Earth 
Characteristic system for a normal kernel K(P, &) 
Height anomaly a t  P 
Deflections of the vertical a t  P 

+ 1 where ,u = rQ/rp, or generally 

The problem in Geodesy of finding the S.C. disturbing pot,ential T, which is equal 
to the difference between the Newtonian potential for the Earth and the Newtonian 
potential of the ellipsoidal model, a t  one and the same point in space, has been treated 
in different ways during the last 3040 years, using as boundary values the true 
free air anomalies AgF along the Earth’s surface without making reductions, con- 
taining unknown densities and curvatures.1 

Molodenskij et al. tries to determine T directly as a single layer potential, the 
density of which satisfies a regular integral equation of Fredholm’s type (1962). 
Here the infinity condition 

Important remark: The effect on AgF of now-a-days errors in geocentric positions of P and 
Q (see figure) can always be neglected when deriving !Z’ and its directional derivatives to 
within the accuracy of Stokes. Cf. also Aardoom’s paper in this number of Tellus. 
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Pig. 1. I n  the first approximation (accuracy of 
Stokes), the Ueoid and Ellipaoid are identified with 
same sphere C, the surface of the Earth with the 
Telluroict. 0 is the gravity centre of the Earth= 
geometrical centre of the Ellipsoid. The angular 
positions of P' and Q' on C are equal to  ellipsoidal 
latitude and longitude of P and Q, the normal heights 
H p  and H q  of which define the Telluroid. 

lim rT = 0 
r+m 

cannot be ascertained in advance, because Q, in 

Q, T = Is% dX 

must be solved, before the equator gravity of the model ye can be computed, S 
being the S.C. Telluroid, or, the surface created by points a t  distance H (normal 
height) from the mean Earth sphere. 

Q, (Ag,, 8) must fulfil (1 4 

But it must also fulfil the stronger condition 

lim r 2 T  = 0 
r+ m 

(3) 

where Y ,  is a general spherical harmonic of first order. It has not yet been proved, 
that the AgF also satisfy (3a), even if AgF is correct, according to (1 a). 

Bjerhammar (1960-63) (cf. Aranov & Arnold) makes use of a formal "downward 
continuation" to define from AgF and topography a new anomaly Ag* along the 
mean Earth sphere, satisfying the (simplified) integralequation of the first kind 

If this equation can be solved, or, rather the equation 

A g F = I  J 2 (2n+1)p"+2PnAg*da, 
4n u n = 2  

Tellus XXI (1969), 4 
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Ag* gives by means of Stokes’ generalized formula 

the correct disturbing potential in empty space. It is, even in the simplified case of 
a telluroid with Lyapunow-properties, still unclear, under which circumstances (4a) 
may be solved for an analytical Ag,-model. Starting with (4) and defining an analyti- 
cal Ag*-function, which, through (4), gives rise to  an analytical Ag,, coinciding with 
measured values in a finite number of discrete points, the problem is solvable, but 
the result depends on the form of the function, defined by a finite number of coef- 
ficients. In  this case, the infinity conditions 

Ju Ag*da = 0 and 

must also be proved to hold. 
Brovar (1964) uses Malkin’s function 

l a  H = - - (r2T),  
r ar 

and forms a Fredholm equation from the approach (n, = v g  in not:s and Fig. 1) 

the sum of a double layer and a single layer. 

With 

the total kernel disappears, if S+C (Stokes’ spherical case). 
The resulting integral equation in 

is regular, and gives for any Aq, distribution a unique solution, as inMolodenskij’s 
case. Sg must, however, satisfy the infinity conditions 

ye cannot be defined (cf. Molodenskij) before the integral equation has been solved 
for the whole Earth. The solution 

Ss(Ag,, 8) 

Tellus XXI (1909), 



THE GEODETIC BOUNDARY VALUE PROBLEM 689 

is naturally very elaborous to obtain. The validity of (5c) is still questionable. T is, 
of course, derived from the definition of H, integrating with respect to rand  watching 
the infinity conditions for T .  

Because of the difficulty to define ye before starting to work on H (or T ) ,  which cha- 
racterises the previous approaches, I have tried to utilize, for H, the double layer 
directly: 

with the infinity condition 

lim rH = 0 (1’) 
r+oo 

automatically fulfilled. 

fulfils the stronger condition 
It would seem logical to try to find a harmonic function, which a priori also 

lim r2H = 0 (3‘) 
I+ Do 

It can be shown, however, that no multiple potential of second order, which should 
obey both the necessary infinity conditions, can approach the limits along the 
surface, given by 

lim HpJ = - rp AgF(P) 
1-Wp 

P,+P 

The form of such a potential would be 

It neither defines a Fredholm equation, nor a meaningful equation of the first kind. 
The kernel 

does not satisfy the demands of kernels with improper singularity! 
The integral equation of the double hyer is from (6) 

The equation has an improper singularity for A = 0; S is assumed to be a Lyapunow- 
surface model with exponent a (positive), and we see, that the kernel always satisfies 

(k (2/a); k < l) ,  which means, that it is absolutely less than the quotient between 
a continuous function, going to zero with As, and a power of As with an exponent 
smaller than 2. (7) may therefore be treated, using all theorems of Fredholm. 

Tellus XXI (1969), 4 
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The homogeneous equation to (7) is 

It has only one linearly independent solution, a constant x ,  because 

Remark: it can be shown, that the kernel of (7)  is a normal one, wherefore the solu- 
tion, if it exists, can be expressed by means of the resolvent of Schmidt in known 
way, using the welldefined system of characteristic functions and eigenvalues, ob- 
tainable by successive approximations (same theorems as for a Hermitian kernel 
are valid). A simplified procedure of getting such a solution may be illustrated, 
using the spherical case, see appendix I! 

In  order to obtain a solution of the skgular integral equation (7), -rQgF(&) must 
be orthogonal to the one only existing, linearly independent solution p(p, A) of the 
transposed homogeneous equation 

that is 

With Stokes' accuracy, (10) may be written as 

/ux(&) A g F ( & ) d o Q  = O  

and (9)-after some algebraic computations-as 

where now X=psecB. 

x is proportional to a characteristic function, and the simple successive approxima- 
tion method by Schmidt can by conveniently applied. In  the spherical case, (8) and 
(9) are identical (real Hermitian =symmetrical kernel), and therefore the first 
approximation x1 = 1 is practical. The second approximation is then 

The right number might be written 

Tellus XXI (1969), 4 
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Here S, is a local correction term, varying with P but always negative, S,  is also 
local and varying with position, but it also varies in sign. As known, the S.C. terra- 
incorrection is a positive local correction, the expression of which (constant density 
e assumed) is 

Therefore, in such a case, 8, may be written 

which shows the role of C ,  in deriving ye [2]. Probably the function S, + 8, and its 
further approximations for the real Earth is very small and will not change appreci- 
ably the value of ye, obtained by putting 

In AgF do = 0 (cf. spherical case) 

A g F = g - Y e f o + f H ,  where now 

with fo = 1 - 0.0052884 sin2 ple - 0.0000059 sin2ple 

fH = (0.30878 - 0.00045 sin2 pie) H - 0.oooO000725 H2 

corresponding to a model with a= 1/297,0 and a=6,378,400 m. For the correct 
treatment of the B.V.-problem it is, however, necessary to take it into account, if 
its effect on ye is bigger than some tenths of a mgal. 

Using anomalies, defined by g, X and correct y e  according to (lOa), we may ob- 
tain solutions @ of (7), and these solutions give Hy-functions, which satisfy the 
weaker infinity condition (1). But a correct solution must also satisfy (3'), which 
means, that the following property of @(ASF, 8)  should be true. It has been derived 
in a similar manner as (9a), letting r in r2Hy go to infinity. We obtained 

Equation (7) can be written 

rP 
2n 

1 aHQ 
-cosypQ-- -shym @(&)doQ= - -AgF(P).  (7a) 

rQ ay 

According to the properties of the kernel in (7), the solution of (7a) may be expressed 
as a Schmidt-series, from a derivable system of characteristic functions and eigen- 

Tellus XXI (1969), 4 
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values (page 006). In  practical work, the solution is obtained directly by a con- 
venient successive approximation-procedure. 

As we have accepted Stokes' accuracy, (13) and (7a) may be simplified to 

and 

(7 b) 

If we could reduce AgF from the telleroid to the mean Earth sphere, according to 
the solution of the integral equation of the first kind (Bjerhammar, 1963; cf. also 
Tengstrom, 1965) 

aR(P)='/ Z ( 2 n + l ) y n + 2 P , ( A g ~ ( & )  + G ( & ) ) d a ~ ,  (14) 
4~ u n = 2  

y being equal to R / (  R + H p ) ,  the result AgF + G could be used to construct the cor- 
rect T, above the topography by means of Stokes' generalized formula (see appen- 
dix 1) .  Tn this case, the infinity-conditions 

[ (&F+G)dO=O 
J U  

and 

would be valid. 
From the anomaly-distribution AgF -i G along the mean Earth sphere, the correct 

H ,  along the telluriod and everywhere in space might be computed as a double 
layer potential of momentum p, satisfying 

Here, obviously, plR is an angular function, distributed along the unit sphere. Now, 
(7 b) can be transformed to 

The sum of the integrals (g(P)) inside [ ] cannot be equal to G ( P ) ,  because +v, 0 
being distributed along the telluroid, p along the mean sphere and producing the 
same H,. So, forming anomalies 

Tellus XXI (1969), 4 
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AgP(P) = AgF(P) +g'fl-l)(P), 

starting with 

the equation and its successors 

cannot be solved by means of the Schmidt-series for the spherical case (see appen- 
dix l), using the characteristic functions and eigenvalues of the spherical kernel 
l/A,,, because the condition of solvability 

IU Ag',"'do = 0 

is contradictory to the condition, already fulfilled 

ju Ag,xda = 0. 

However, as a solution @ exists, (7 b) can be solved, using e.g. an appropriate approxi- 
mation method. The result is a moment-function, which should be applied to the 
surface of the telluroid, giving 

When (14) is solvable, we have no difficulties. Using AgF+G in Stokes' generalized 
formula, our problem is unravelled. If discrete measurements are used to secure a 
solution of (14), this means an indefinite interpolation-process, and so an inde- 
finite solution is obtained. I have tried to show (Tengstrom, 1965), that (14) is not 
generally solvable. Therefore I myself regard this approach for very steep topo- 
graphy and irregular Bouguer field as being impossible to apply. 

The difficulties with (7) and (16) is, that H,, resulting from the esistent solution 
@, which we arrive a t  by our successive approximations, and integrated to give T,, 
does not in general satisfy the stronger infinity-condition (3') respectively (13a). 
@, expanded in general spherical harmonics, contains in this case, obviously, all 
orders or all, except order zero (see Appendix 2), and so does aH/aq,Jsiny for a 
given arbitrary topography, and therefore (13a) does not hold. It has only to  be 
shown, that this condition is satisfactorily well fulfilled in the case of the real Earth 
and its topography. Then, if the error falls below the one, accepted by Stokes, the 

Tellus XXI (1969), 4 
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solution of (16) is the answer to the main question of Physical Geodesy. If not, we 
have to admit, that additional information (vertical derivative-measurements of 
gravity) is necessary to be able to obtain the external Newtonian gravitational field 
correctly, also to within the accuracy of Stokes. 

APPENDIX 1 

Spherical case of double-layer 
We have here 

lim H p y  = - rpAgF(P); lim r2H,  = 0. 
T-WP *+ m 
PY+P 

(2* a b) 

@ shall be determined. If this is possible, the disturbing potential T = W - U = the 
difference between actual Newtonian potential of Earth and Newtonian potential 
of Ellipsoid at  the same point in space, is obtained by integrating (1*) with respect 
to r, putting the constant of integration =zero. 

The integral equation of the double-layer is 

The equation has an improper singularity for A, = 0. Z is a Lyapunow-surface with 
a = l ,  so 

which is continuous, and goes to zero for Ac-tO. The kernel 

A:*. c . A= = CA;, 

(3*) may therefore be treated, using all theorems of Fredholm (and also of Schmidt 
in this symmetrical case). 

The homogeneous equation 

has the only linearly independent solution x (a constant), because 

cos ( A V ) ~  ax = 2nx.  

In  order to obtain a solution of the singular equation (3*), -rQhgF(&) must be 
orthogonal to the only existing linearly independent solution p of the transposed 
homogeneous equation 

Tellus XXI (1969), 4 
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that is, 
n 

or, as here rQ = r, = R 
r 

595 

(6*) 

As, for the sphere, - cos ( A V ) ~  = cos (An)c,  (4*) gives the solution of (6*), namely 

p = constant. 

Therefore (5*)  indicates, that AgF must not contain any spherical harmonics of zero 
order. We now have to define the properties of the field on the ellipsoidal model, 
so that 

o being the unit sphere. 

As AgF = ggeoid - yelIirmoidJ 

(7*) means, that S = p ,  mean value over the unit sphere of measured g should be 
equal to mean value of y over the ellipsoid. From this condition ye, the normal 
equatorvalue of y ,  can be computed, using measurements g all over the world, and 
the hgF, securing a solution of (3*), are known. 

(3*) is in our spherical case 
Y sin - 
2 2n@(P) - s, @(&) ~ dC = - RAgF(P), 

4R2 sin'y 
2 

or 

which gives 

or 

1 
Here, - = 1 + P, (cosy)  + P, (cosy) + *. .. a, 
Tellus XXI (1969), 4 
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596 ERIK TENGSTROM 

The general solution of 

is @ = x with A =  1/4n being an eigenvalue. 
The permissible Schmidt-expansion therefore gives the particu1a.r solution: 

and with A, = 1/4n missing: The UP’ are normalized, which means, that j( U$))2du = 1 I 
The bilinear series for the kernel l/A, is 

with 

- - 
Al=G;  1 Uf’(P)= / - P o p ) =  1 /4;; 1 A”G; 3 

4n 

- 
3 2n-  1 

UL3)(P) = fa, Pf)(P) sinA(P) etc., and A,= -. 4n 

with n = 1 missing. 
Check on (lo*) gives 

- _  - 1 + [ c o s ~  (P) cos6 (Q)  + sin6 (P) sin6 ( Q )  c o s ~  (P) c o s ~  ( Q )  
A, 

+ sin6 (P) sin6 (Q)  sin1 (P) sinA ( Q ) ]  + . . . 
= 1 + cos6 (P) cos6 ( Q )  +sin6 (P) sin6 ( Q )  cos (A(@ - A(P)) 
= 1 + cosy* + . . . = 1 + P,(cosy) + P,(cosy) + . . . 

Tellus XXI (1909), 4 
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From this we get the partial sum over v for a certain n, e.g. n = 2 

+ sin 6 (P) sin 6 (0) sin 3, (P) sin 3, (Q) J do = - PI( cos yw) Agpdcr, 

and generally 

so we have 

If now the anomaly is 
AgF= Y , +  Y z +  Y , +  ..., 

which is already secured, (12*) may be written 

Y , ( P ) + Y , ( P ) +  ...+- 1 ( 3 - A  4 n Y ( P )  +- 4nY2(P) +...)I 2n 8n 1 3 2 

- -q Y , ( P ) ( l + * ) + Y , ( P ) ( l + * ) +  ...+ Y P 1 + -  +... 
N (  ) (  Z") ] - 

2n 

Now, to make H ,  approach zero, according to the stronger condition 

lim r2H, = 0, 
r+w 

it follows (see general case), that 

I 
Tellus XXI (1989), 4 
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Therefore - 

This demands that, 

(1, 
or, that Ag, should not contain any spherical harmonics of 1st order. 

Therefore, if Ag, satisfies this condition (which it does, because the positions of 
gravity stations are always accurate enough, and because these stations are assumed to 
be located on a level surface, very near to the ellipsoidal level surface), 

R 2 N + 1  @(P)= -- 2 __ Y N  (P). (13a*) 
~ T C N = ~  N 

From ( l * ) ,  we now obtain 

or 

Tellus XXI (1969), 4 
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using p = R/r .  With dp = - (R/r2)dr;  dr = - (r21R)dp = - (R2 / (p2R) )dp  or dr = 

- (R /p2)dp ,  we obtain for T, 

This may be written 

+ em)] do 
N 

N - 1  f , .. + ___ P,(cosy*)pN-1 + . . . 

or 

which is the generalized formula of St3kes. 

APPEXDIX 2 

The general solution Q, of (7a) can be obtained as the sum of a Schmidt-expansion 
and the general solution of (8), that is, 

where (U(”), A) is the characteristic system of the kernel 

2r,r; K ,=  - 
A; 

Tellus XXI (1969), 4 
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1 
A,  

1 
or - - [ r i  ( H P  - H,) + + higher orders = - + f(P&). 

Ar A: 

As the equation 

is satisfied by any constant, 1/11(4n) is an eigenfunction (normalized) with eigen- 
value 1/(4n) (see (20)). The other eigenfunctions and eigenvalues UZ’, A,, may be 
obtained by successive approximations, e.g. putting Uhl) = P,  c/m) we get 1, = 

3/(4n), Ug)  = P,  vm as a first approximation. The next is 

Normalize: 
4n 

/u&2(Pl + F1)’- 3 da = 1 

We know, that (rp/2n) Ag,(P) contains all orders of spherical harmonics: 

(21) 
r P  - A gF ( P )  2n 

Yo + Yl  + Y ,  + . . . 

The infinite sum in (20) does not contain any constant (harmonics of zero order). 
Therefore, it is possible to determine x in such way, that @ does not contain any 
zero order terms. Just put x = Yo, Yo being known beforehand from the distribution 
of anomalies Agp and heights. 

A solution, obtained by successive approximations, must not contain any con- 
stant, that is, it must be expressible as 

(22) 

Note, that any constant x in (20) gives the solution of Malkin’s function (in space 
and near the surface 8). The selection of (22) is only made for further developments 

Tellus XXI (1969), 4 
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of T,, the disturbing potential and its directional derivatives. We obtain, at  first, 
Malkin’s function (here O=OQdo=daQ): 

H,= 

By virtue of (22), 0, here, does not contain Y;. 
We now go in for the determination of T,  etc., and obtain 

r2 1 rQ - where - -p ;  dr= - -dp= - - r  dp .  
r TQ P2 

We, therefore, have 

T,,= -:/ub)2@[/- p 1 cosy (1 -,u +pe-Zpcosy)* + (aHQ)/(rQay) siny dr+C’Jdo.  (26) 

In this case, we cannot rely upon p being < 1. Therefore, we have to evaluate the 
,u-integral generally. 

This integral is 

(1 + p 2 - 2 p ~ s y ) )  

Tellus XXI (1969), 4 
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Integral (I): 1 dP - dP s, (1 + pz - 2p cosy)+ - 1- 

2( -2cosy. p - 2 +  4cos2y) + jp+ 

R=p2+1-2pcosy;  a = l ,  b =  -2cosy, G = l  

A = 4 - 4cos2y = 4sin2y 

dP j*= - 4 sin2 y YE 
p cosy + 1 - 2 cos2y 2 - 2p cosy + 2 V R  - In = (I). - - 

sin2y VE lu 

ap 2(2p - 2 cosy) 
Integral (11): 

Ty = - $ Jg k)2 Q, [(cosy + 

-+G’ do. (27) 1 pcosy-cos2y -}- 2(2p - 2 cosy) + In 
2(1-pcosy-vR) 4 s i n 2 y G  

Insert D 2 = p 2 + 1  - 2 p c o ~ y = R .  

As (ra/R)2Q,(Q) with Stokes’ accuracy might be written 1 +2(H,/R) = 1 we have 
for any C’ the solution for T, 

T Y = -:Ig@ [(cosyi(aHa/(raay)) ~ s i n ~ ~ ~ ~ c o s ~ ~ C 0 s 2 ~ ~ ~ ~ ~ C o S ~  
D sin’y 

lu + G’] do. (27 a )  2(1 -,UCOSY+D) 

Now, let r - f r p ,  we have the heightanomaly N i  from 

a t  least to Stokes’ accuracy 

Tellus XXI (1969). 4 
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In  the spherical case we should therefore have 

-2sin(y/Z)-cosyln 
1 

and as @ now does not contain first order 

(29) 
1 

where A:’ = - IU Ag U:’do, which gives 

2n 

as here Ox alse lacks (because of known properties for Ag), first order terms. We 
obtain 

dr + C ]  &a. 
p -cosy 

(p2 + 1 - 2 p cosy)# 

Here, p = R/r < 1; dr = - (R/p2)  dp, and we have 

p N p ~ - l  + . . . + C ]  da. 
N 

N-1 PlInp+2P2p+#P,p2+ ...+- 

ax does not contain zero and and first order. Therefore the expression may be 
written (C = 0, N=!= 1) 

Tellua XXI (1969), 4 
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( 2 y ) l  2 
-1-cosy + l-cosy-2sin--cosyln Y sin-+sin - H 2 

1 
= { 2 sin (y/2) 

- - 1 -2sin--cosyln Y 
2 sin (y/2) 2 

The last term is unnecessary, because QDc does not contain first order. So we have 

( : 2y)l 2 
1 1 -2sin--cosyln Y sin-+sin - do 

N' - 8 Iu Q' [ 2 sin (yl2) 2 

which coincides with (29). 
From (27) we may also derive the deflections of the vertical 

According to (27a) is 

which after some computation gives 

a s =  - :IuQ [2cos2y-cosy(p-cosy) (p-2cosy) (psin2y+2D2cosy) 
aY Dsiny Ds siny 

+ 
sin2y( 1 - D )  2(1 - ~ c o s ~ +  D) - ~ + sin y In -1 do 

-:Iu~z [&y(pcos2ysin 2Y - -sinysin2y) 

2D(1 - ~ c o s ~ + D )  iu 

2 

(31 11) 
1 

(cos 2y - p cosy) (p sin2 y + 2D2 cosy) + D 3 y  

a aH, cosy- c0s2y) - sinyln 211 - p ~ o s y + D )  
- $ S . ' & ( r ~ )  ['" Dsiny ru 

(31 111) 

Tellus XXI (1969), 4 
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that is _ _  aTu- - R" [(I) + (11) + (1II)ldfJ ay, r 2 L  

= + - " [(I) + (II) + (III)] cosado 
yur2@ " J  u 

Now, let r -+ rn, 

we get to the accuracy (at least) of Stokes 

R 
YPrP 

Ep= + y e "  /yp+ (II)p+ (III)p]cosada 

Starting with the expression in the spherical case using AgF, we obtain a first approxi- 
mation Q,, which is not a solution of an integral equation for the spherical double 
layer, but the value of which is certainly nearer to the correct value than e.g. 

We then have 

Now 

Both sums can be derived from 

(34) 
1 

- P I - - ,  1 00 2 PNpN-I= 
N - 2  vp2 - 2 p  cosy + 1 P 

where p G 1 .  

The first sum is obtained by putting p = 1 (letting p go to 1 )  and multiplying by 2 

- 2 cosy - 2 .  2 m 

2 2  ' N =  2 sin ( y / 2 )  (35) 

The second term is obtained by integrating (34) with respect to p 
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- Plp - l n p  + C 
N = 2  

Let 

=ln(p-cosy+ 1/C1'-2pcosy+1) -P lp - Inp+C.  

P+1 

under the assumption-which is realistic for the real Earth-that AgF contains only 
small terms of zero and first order. This approximation corresponds to Molodenskij's 
use of Stokes' formula as the first step to solve his integral equation. 

Generally, we have for the correct function 

The first approximation was 

@,,(&)do. (38) 
1 

The second approximation is obtained from 

and we get - 

- &In (sin: + sin'): @(&)I da = j, ( K ,  - k) @,,(&)do 

- [al(&) - @,,(&)Ida - sin':) @,,(&)do. (39) 
1 1  

+G/,A, 
For the third approximation we put 
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which combined with 

Additional correction to  get 4th approximation is then 

d,@(P) = - K,d,@(&)do, etc. (39 b) 

(40) 

4n 'f 
0 +d ,@ + d 2 0  4- ... 

and this series is only convergent, if a solution exists, that is, if AgF is obeying 

ju A g d d o  = 0 

If not, @,,= -(R/2n) Ag, contains a false constant, which makes (40) diverge. Such 
a divergence is, however, not very dangerous-at least near the surface-because 
the false constant for nowadays ye is probably small, and the number of terms in 
the series (40) to attain Stokes' accuracy, are limited to two or three, even in the 
case of very steep topography and irregular Bouguer-field. The different propaga- 
tion of @-errors, when computing heightanomalies or deflections, should be noted, 
however! 

(39) can be written 

NOW, 

so 

(41) 
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The first term is approximately equal to  twice the terraincorrection [5],  the second 
takes the distribution of slopes into account (observe tg B, = aH,/( Ray)).  The third 
term is usually small but takes observable values in very steep topography. The 
last two terms are smooth and small. In  the remaining approximations 

n > l  4n 

- - ( H P - H Q )  

with sufficient accuracy. 
Further investigations of practical computations of N > ,  lp and qp, according to 

(28) and (32) are going on! Also estimates of the errors in N I ,  E ,  and q, a t  high eleva- 
tions (satellite-heights) because of @ disobeying (13 a), are being made! 

Note: It is important, when dealing with the problems above, to be aware, always) 
of the difference between Ax and As, Ax being by definition smaller than As for 
all topography. Cf. [5] p. 7. 

APPENDIX 3 
Remark to condition: 

n 

to be used to determine ye (for simplicity put 7 = y = constant). 

n 

If the condition were J AgF do = 0, 

that is 

But the condition is for correct ye = y z  

(Yo+Y,+ ...-y,) l + ~ + - -  Q + ...) do-0, ( 400 000 
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where Et does not contain zero order (this is x )  

X=Yi+Y;+ ... with Y;=l+x 

.*.ju(Yo+ Y,+ ... -yz)(l+x$ Y;+ Y;1+ ...) da=O, 

n n 

J YoY;do+J YIY;da+ . . . = y 2 (  l+x)4n 
U U 

n 

J ~,Y;da J ~ , ~ i d a  
4 n M  + x ) +  + '  + ... 

"= 441 + x )  441 + x )  441 + x )  

JuY,Y;dG+ ... 
y2=y1+ 441 + x )  . 

Now Y ,  = A ,  cost9 + Bl sin6 cosl + C1 sin6 sinl 

Y; = A ;  cost9 + B; sin6 c o s l +  C; sin6 sinl etc. 

7 2  - y, = (1 - x )  [&AIA;  + * A 2 &  + ...I. 
Therefore: expand g + 0.3086 H in spherical harmonics Yo + Y,  + . . . , and also 
x = 1 + x + Y; + Yi + . . . and list the coefficients of PI, P2 etc. of g + 0.3086 H ,  
and in 3, the coefficients of Pi, Pi, . .., that is A and A'. Also determine Yo =y ,  and 
Y i = I + x ; x =  Yi-1. We then have 

) I  1 y2 = Yo + (2 - Y i )  (&A,A;  + *A2Ai  + ... 

which differs from yr by (2 - Yi) ( ). 
Observe, that very high orders in  9,  H and x may influence this difference! 
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