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ABSTRACT

The Boundary Value Problem of Physical Geodesy is usually treated as the problem of finding
reliable corrections to be applied to an accepted ellipsoidal model of the Earth in order to get
the true values of the gravitational force and the shape of its level surfaces in external space.
The accuracy in determining these corrections corresponds, as a rule, to neglecting errors of the
order of the flattening of the Earth (3 %, of obtained values). This first approximation identifies
the Earth’s topography with the so-called Telluroid (see Fig. 1 and below), and uses as only bound-
ary values s.c. true free air anomalies (see not:s).

To study the solvability of this problem, integral equations are well snited. For numerical
work, they are now-a-days not difficult to handle, because of the availability of powerful high-
speed computers. As to my opinion, there is not yet any fully satisfactory solution obtained,
which fulfills all boundary conditions. If it should turn out, that no available harmonic models
can satisfy the surface-condition and the infinity-conditions (see below) with sufficient accuracy
(see above), we have to admit, that we need additional information along the Earth’s surface
to be able to solve this important problem, by reducing it to the level case of Stokes (see Ap-
pendix 1).

The paper describes a direct use of a double-layer approach for the s.c. Malkin's function H,
(see below), from which all wanted corrections in space may be deduced. This approach is sug-
gested, because the solvability condition of the resulting singular Fredholm-equation can be
used for defining, beforehand, the correct model gravity y. The solution, by definition of the
double layer potential, satisfies the weaker infinity condition

limrH, =0
T=>00

If it also satisfies the stronger condition
lim r2H, =0
T=>00

accurately enough, ought to be investigated further.

Appendix 1 deals with the simpler problem of a purely oceanic Earth. It was mainly written
to explain theoretically the procedure, when solving the general case (arbitrary topography)
with double layer approach.

Appendiz 2 develops several formulas, which could be used in numerical computations, when
dealing with the general case.

Appendiz 3 gives an additional explanation of the relationship between model gravity and
the measured gravity along the Earth’s surface.
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586 ERIK TENGSTROM

Notations

p> Mean Earth sphere with radius R

S Telluroid

g Unit sphere

P,Q Points on telluroid with radii 75, 7

Py =P’,@" Orthogonal projections from P, § to _.

P, External point with radius r

Np, Vo Normals to telluroid at P and @

B Slope of telluroid

tg B, Tangent of slopecomponent in direction of g, angular radius of ry from
7p. Observe its sign! tg 8, = (0Hy/ Roy)

A, Distance P, —@,

A Distance P —Q; D=A,Jrp = Vu? —2u cos @ +1 where y=r,/rp, or generally
in Dy, u=rgfr

As Distance P’ —@’

A, Ag/R =2 sin /2

H,, H, Normal heights of P and @

A4, o Azimuth of y (« also flattening of Earth Ellipsoid)

D,y Momentum of double layer (p also density of single layer)

Ag(P) True free air anomaly g(P)—y(P,), P, point on spherop with same po-
tential as P has on its geop.

Ve Equator value of y,, the normal gravity on Ellipsoid

T, H, Disturbing potential, resp. Malkin’s function at P,

Yy, Py General spherical harmonic, resp. Legendrian of order N

k2 Gravitational constant 6.67-10-® cgs; k2M: Mass constant of Earth
(U, 2,) Characteristic system for a normal kernel K(P, Q)

Np Height anomaly at P

Ep, 1p Deflections of the vertical at P

The problem in Geodesy of finding the s.c. disturbing potential 7', which is equal
to the difference between the Newtonian potential for the Earth and the Newtonian
potential of the ellipsoidal model, at one and the same point in space, has been treated
in different ways during the last 3040 years, using as boundary values the true
free air anomalies Agr along the Earth’s surface without making reductions, con-
taining unknown densities and curvatures.!

Molodenskij et al. tries to determine T directly as a single layer potential, the
density of which satisfies a regular integral equation of Fredholm’s type (1962).
Here the infinity condition

1 Important remark: The effect on Agp of now-a-days errors in geocentric positions of P and
@ (see figure) can always be neglected when deriving T and its directional derivatives to
within the accuracy of Stokes. Cf. also Aardoom’s paper in this number of Tellus.
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THE GEODETIC BOUNDARY VALUE PROBLEM 587

Fig. 1. In the first approximation (accuracy of
Stokes), the Geoid and Ellipsoid are identified with
same sphere X, the surface of the Earth with the
Tellurotd. O is the gravity centre of the Earth=
geometrical centre of the Ellipsoid. The angular
positions of P’ and @ on ¥ are equal to ellipsoidal
latitude and longitude of P and @, the normal heights Geoid

Hp and Hy of which define the Telluroid. Mean Earth Sphere £

Telluroid S

im rT =0 (1)

>0

cannot be ascertained in advance, because @ in
o
T= f —d8 2
SA, (2)

must be solved, before the equator gravity of the model y, can be computed, §
being the s.c. Telluroid, or, the surface created by points at distance H (normal
height) from the mean Earth sphere.

®(Agp, S) must fulfil f ®dS =0 (1a)
s
But it must also fulfil the stronger condition
lim 2T =0 (3)
r—=>0oo
f DY, dS=0 (3a)
S

where Y, is a general spherical harmonic of first order. It has not yet been proved,
that the Agy also satisfy (3a), even if Agy is correct, according to (1a).

Bjerhammar (1960-63) (cf. Aranov & Arnold) makes use of a formal ‘“downward
continuation” to define from Ag, and topography a new anomaly Ag* along the
mean Earth sphere, satisfying the (simplified) integralequation of the first kind

H [ Ag*
2n )z ARe

If this equation can be solved, or, rather the equation

1 oo
=t 22 (2n+1)pu***P, Ag*ds, (4a)

Agr
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Ag* gives by means of Stokes’ generalized formula

_r (°°2n+1
%1 o n=2n~1

T P,,,/‘”) Ag*ds

!

the correct disturbing potential in empty space. It is, even in the simplified case of
a telluroid with Lyapunow-properties, still unclear, under which circumstances (4a)
may be solved for an analytical Ag-model. Starting with (4) and defining an analyti-
cal Ag*-function, which, through (4), gives rise to an analytical Agg, coinciding with
measured values in a finite number of discrete points, the problem is solvable, but
the result depends on the form of the function, defined by a finite number of coef-
ficients. In this case, the infinity conditions

f Ag*do=0 and f Ag*Y,do=0
o o
must also be proved to hold.

Brovar (1964) uses Malkin’s function

H= 1 ?. (72 T,
ror
and forms a Fredholm equation from the approach (n; =y, in not:s and Fig. 1)
1 o (1 1 [ w(@)
H(P,)=— ——)dSq+— | =—dS 5
( y) 2n fsv(Q) a’ns (Ay) @ 27 fs Ay < ( )

the sum of a double layer and a single layer.

With _ vc0s (ngrs)

2rs
the total kernel disappears, if §—3 (Stokes’ spherical case).

The resulting integral equation in

sg=—"5% (52)

is regular, and gives for any Ag; distribution a unique solution, as in Molodenskij’s
case. dg must, however, satisfy the infinity conditions

f égdo =0 (5b)

1. eH\,
fvég(%cosw+ﬁsmzpay))d0—0 (5¢c)

y. cannot be defined (cf. Molodenskij) before the integral equation has been solved
for the whole Earth. The solution
09(Agr, 8)
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THE GEODETIC BOUNDARY VALUE PROBLEM 589

is naturally very elaborous to obtain. The validity of (5¢) is still questionable. T' is,
of course, derived from the definition of H, integrating with respect to r and watching
the infinity conditions for 7'.

Because of the difficulty to define y, before starting to work on H (or T'), which cha-
racterises the previous approaches, I have tried to utilize, for H, the double layer
directly:

1

0
- [ 0@ % (3 ) s ®)

with the infinity condition
limrH =0 1)

automatically fulfilled.

It would seem logical to try to find a harmonic function, which a priori also
fulfils the stronger condition

lim r2H =0 (3"
It can be shown, however, that no multipole potential of second order, which should
obey both the necessary infinity conditions, can approach the limits along the
surface, given by
lim Hp, = —rpAge(P)

rrp
Py—»P

The form of such a potential would be

&* (1
— |—1]d8
f S” 61’20 (Au) ¢
It neither defines a Fredholm equation, nor a meaningful equation of the first kind.
The kernel
&* (L) _3cos® (Asro) —1
a’l’z As A?g
does not satisfy the demands of kernels with improper singularity!
The integral equation of the double layer is from (6)
[¢{o ] (As’l’s)

220(P) - [ 207 0(0)aS0 ~ ~rr gD )

The equation has an improper singularity for A =0; S is assumed to be a Lyapunow-
surface model with exponent « (positive), and we see, that the kernel always satisfies

_lojag

= =
A?g ak

cos (A, vs)
Ag
(k<(2/a); k<1), which means, that it is absolutely less than the quotient between

a continuous function, going to zero with Ay, and a power of Ag with an exponent
smaller than 2. (7) may therefore be treated, using all theorems of Fredholm.
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The homogeneous equation to (7) is

27®(P) — LE(%;MG)(QMSQ:O. 8)

It has only one linearly independent solution, a constant », because

f ) "f’s—(A% 8, = 2.
Remark: it can be shown, that the kernel of (7) is a normal one, wherefore the solu-
tion, if it exists, can be expressed by means of the resolvent of Schmidt in known
way, using the welldefined system of characteristic functions and eigenvalues, ob-
tainable by successive approximations (same theorems as for a Hermitian kernel
are valid). A simplified procedure of getting such a solution may be illustrated,
using the spherical case, see appendix 1!

In order to obtain a solution of the singular integral equation (7), —rygx(€) must
be orthogonal to the one only existing, linearly independent solution (g, 1) of the
transposed homogeneous equation

cos (Asn,
o)+ [ ) ugras,—o. 9)
N S
that is
fsﬂ(Q)’b Ag:(Q)dSo=0. (10)
With Stokes’ accuracy, (10) may be written as
| 1@ 80 @doe0 (108)
o
and (9)—after some algebraic computations—as
1 r 10H
Py— e ——Tsi dog=0 9
2nX(P) fu A%qu {rQ COS?’PQ'*‘TP o9 Sm"f’m}l(@) o (9a)
where now X =pusecf.

x is proportional to a characteristic function, and the simple successive approxima-
tion method by Schmidt can by conveniently applied. In the spherical case, (8) and
(9) are identical (real Hermitian =symmetrical kernel), and therefore the first
approximation y, =1 is practical. The second approximation is then

1 1 7 1o0H, .

The right number might be written

1 Azo 1 ) r$ (HP—HQ ¢H, . )}
1+ — Pol =2~ — |+ 2 + sin dog,
Qﬂfa{% Q( o Azo/ Ao To rpoy ¥ra ¢
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(Hp— HQ) 3 (H,, Hy oH, )
Xe=1——1| 7g do + — + sin do
878 Ya ~A3q o 7p0YP Vrof#0a
=14+ 8(p, 1) + S5, A) 9c)

Here 8, is a local correction term, varying with P but always negative, S, is also
local and varying with position, but it also varies in sign. As known, the s.c. terra-
incorrection is a positive local correction, the expression of which (constant density
¢ assumed) is

H.— 2
0,=yczgR2f %&)—dacﬁ—... (11)
a PQ

Therefore, in such a case, S; may be written

~_3 G
1= dmk*oR

(11a)

which shows the role of C; in deriving y, [2]. Probably the function §; + 8, and its
further approximatiouns for the real Earth is very small and will not change appreci-
ably the value of y,, obtained by putting

f Agrdo =0 (cf. spherical case)
o

where now Agr=9—Yefo+ fu (12)
with fo=1—0.0052884 sin® @, — 0.0000059 sin®g,
f=1(0.30878 — 0.00045 sin? @.) H —0.0000000725 H?

corresponding to a model with «=1/297,0 and o =6,378,400 m. For the correct
treatment of the B.V.-problem it is, however, necessary to take it into account, if
its effect on y, is bigger than some tenths of a mgal.

Using anomalies, defined by g, 8 and correct y, according to (10a), we may ob-
tain solutions @ of (7), and these solutions give H,-functions, which satisfy the
weaker infinity condition (1). But a correct solution must also satisfy (3'), which
means, that the following property of ®{Agy, 8) should be true. It has been derived
in a similar manner as (9a), letting r in 72H, go to infinity. We obtained

oH,
f (D(Q){cosipm-k 5 s1n1pm}rgd0'0—0 (13)
o rQoy
Equation (7) can be written
rprd 7 10H, . r
(P)—~— 2 23"{ @ cosy)PQ——aa—vosmq)m}(D(Q)doQ= —z—;';AgF(P). (7a)

According to the properties of the kernel in (7), the solution of (7a) may be expressed
as a Schmidt-series, from a derivable system of characteristic functions and eigen-
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592 ERIK TENGSTROM

values (page 006). In practical work, the solution is obtained directly by a con-
venient successive approximation-procedure.
As we have accepted Stokes’ accuracy, (13) and (7a) may be simplified to

oH
Q) {cos +—%sin }da =0 13a
fw Yrq Roy Ypo(@0q (13a)

and

1 ( 2R? 1 oH, R

(D(P)—zi—?;fd—*&%‘{l _COSy)PQ—‘R (HP—HQ+ -a—wQSln’lpPQ)}q)(Q)dd'Qz —%AgF(P)

(7b)

If we could reduce Agy from the telleroid to the mean Earth sphere, according to

the solution of the integral equation of the first kind (Bjerhammar, 1963; cf. also
Tengstrom, 1965)

1 0
Agr(P)= Ef 22 (27 +1)u" P, (Agr(Q) + G(Q)) doq, (14)

u being equal to R/(R+Hp), the result Agp+G could be used to construct the cor-
rect T, above the topography by means of Stokes’ generalized formula (see appen-
dix 1). In this case, the infinity-conditions

v

»

and J (Agr + @) Y,do —0
a

would be valid.

From the anomaly-distribution Agg-+@G along the mean Earth sphere, the correct
H, along the telluriod and everywhere in space might be computed as a double
layer potential of momentum g, satisfying

1 1 R
—— —dg= —-—— P)+G(P)}. 15
o)~y | 0@ §-do- — 2 {agy) + 6P 15)
Here, obviously, ¢/ R is an angular function, distributed along the unit sphere. Now,
(7b) can be transformed to

1 1 R
0P~ -  o@ 4 o= - 32| 20

R oH, . 3(Hp— Hy)* ]
< {Hp—Hg+—2 S O(Q)do|. (16
+ fa AL {HP ot E” sin 'I’Po} O(Q)do + fd4 A% (@)do (16)
The sum of the integrals (g(P)) inside [ ] cannot be equal to G(P), because ® +¢, O
being distributed along the telluroid, ¢ along the mean sphere and producing the
same H,. So, forming anomalies

Tellus XXI (1969), 4



THE GEODETIC BOUNDARY VALUE PROBLEM 593

AgP(P) = Age(P) +¢™ P(P),

starting with

Agr(@ oHqy
AgP(P) = AgF(P)-——?-Z{ ) '(Zg )(H HQ+a—w-s1n¢m) o
3 (8@ ;0 o }
+4R LA (Hp—Hg)'do (18)
the equation and its successors
op)- - [ 0@ do= - - ag(P) (19)

cannot be solved by means of the Schmidt-series for the spherical case (see appen-
dix 1), using the characteristic functions and eigenvalues of the spherical kernel
1/A,, because the condition of solvability

f AgPdo=0

o

is contradictory to the econdition, already fulfilled
f Agpxdo=0.

However, as a solution @ exists, (7b) can be solved, using e.g. an appropriate approxi-
mation method. The result is a moment-function, which should be applied to the
surface of the telluroid, giving

w0 (1)

When (14} is solvable, we have no difficulties. Using Agy+ @ in Stokes’ generalized
formula, our problem is unravelled. If discrete measurements are used to secure a
solution of (14), this means an indefinite interpolation-process, and so an inde-
finite solution is obtained. I have tried to show (Tengstrém, 1965), that (14) is not
generally solvable. Therefore I myself regard this approach for very steep topo-
graphy and irregular Bouguer field as being impossible to apply.

The difficulties with (7) and (16) is, that H,, resulting from the existent solution
®, which we arrive at by our successive approximations, and integrated to give T,
does not in general satisfy the stronger infinity-condition (3') respectively (13a).
®, expanded in general spherical harmonics, contains in this case, obviously, all
orders or all, except order zero (see Appendix 2), and so does dH|dp sinp for a
given arbitrary topography, and therefore (13a) does not hold. It has only to be
shown, that this condition is satisfactorily well fulfilled in the case of the real Earth
and its topography. Then, if the error falls below the one, accepted by Stokes, the
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solution of (16) is the answer to the main question of Physical Geodesy. 1f not, we
have to admit, that additional information (vertical derivative-measurements of
gravity) is necessary to be able to obtain the external Newtonian gravitational field
correctly, also to within the accuracy of Stokes.

APPENDIX 1

Spherical case of double-layer
We have here

-1l ey~ [ o@f(3)e 1)
lim Hy,= —rpAgp(P); lim r*H,, =0. (2*ab)
r—>rp r—>00

Py—>P

@ shall be determined. If this is possible, the disturbing potential 7'=W — U =the
difference between actual Newtonian potential of Earth and Newtonian potential
of Ellipsoid at the same point in space, is obtained by integrating (1*) with respect
to r, putting the constant of integration =zero.

The integral equation of the double-layer is

cos (Ar)y,

2202~ | IEQQE = - s ha) )

The equation has an improper singularity for Ay =0. X is a Lyapunow-surface with
a=1, so

Ast-C-Ag=CAL,
which is continuous, and goes to zero for Ag— 0. The kernel

cos (Av) C'A11r
B
A% AL’

K(PQ)= where § <3.

(3*) may therefore be treated, using all theorems of Fredholm (and also of Schmidt
in this symmetrical case).
The homogeneous equation

27®(P) — f 008 (AV)x 4 py s = 0 (4%)
= Af
has the only linearly independent solution #» (a constant), because
f % MEZ dZ =2mx.
z A

In order to obtain a solution of the singular equation (3*), —rq Agr(@) must be
orthogonal to the only existing linearly independent solution u of the transposed
homogeneous equation

Tellus XXI (1969), 4



THE GEODETIC BOUNDARY VALUE PROBLEM 595

27u(P) + L%’Z—)Eu(mdka (6"
that is, 0= L (@) 1o Agp(@)dZ
or, as here rg=rp =R
L #(Q) Agr(Q)dZ =0. (5%

As, for the sphere, — cos (Av)g = cos (An)s, (4*) gives the solution of (6*), namely
4 = constant.

Therefore (5*) indicates, that Agr must not contain any spherical harmonics of zero
order. We now have to define the properties of the field on the ellipsoidal model,
so that

f Agrdo =0, (7)
o
o being the unit sphere.

As AgF = Ggeotd — Yellipsoids

(7*) means, that §=9, mean value over the unit sphere of measured g should be
equal to mean value of ¥ over the ellipsoid. From this condition y,, the normal
equatorvalue of y, can be computed, using measurements g all over the world, and
the Agy, securing a solution of (3*), are known.

(3*) is in our spherical case

sm =

27 D(P f (@ = —RAgH(P),
SlIl 2
or 2n®(P) — f D(Q)- = — RAgy(P),
4R? sm—q}
2
which gives
1 d 1
op)- o [ 0@ %~ - RaguP) 3, (8"
T J o (4 T
sin ~
2
" q>P—lJcI>Qid=—RA P
o (P~ | 9@ 5 do 0:(P)y-
Here, AL =1+ P (cosy)+ Py(cosy)+.... (9%

Tellus XXI (1969), 4
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The general solution of

1
(P~ f (Q) Ai do=0 (8a%)

is @ = with 1 =1/4x being an eigenvalue.
The permissible Schmidt-expansion therefore gives the particular solution:

1 1 U(P
(P =~ BAGHP) 3 + 4= 3 I
-
47z
with 1= f — RAGHQ) UD(Q)do,

and with A, = 1/4z missing: The U are normalized, which means, that [(U%)*do =1.
The bilinear series for the kernel 1/A, is

1 UR(P) U(Q) | US(P) US(Q) + UP(P) UP(Q) + UL (P) UP(Q) +

AU(P, Q) - }.1 12
(10%)
1 1 1
with M= it UP(Py= ‘/G Py(P) = ng,
UL(P)= V3 PO(P), UP(P V3 P{(P) cos A(P);
3 . 2n -1
UP(P)= VE PP (P)sin A(P) etc., and A,= -—%ﬂ—
R U(v> P
80, (D(P)pa.rt RAQF ‘l— Z (f M U(V)(Q)d ) +)l ,
i  4x
1 S [ ZBA9(@) 1o ) UR(P) .
or O(Ploer = — BAGr(P) 5+ 12 (f 5 UN(@do) = (11%)

with %=1 missing.
Check on (10*) gives

~Al— =1+ [cos? (P) cos P (Q) + sind (P) sind (Q) cos A (P) cos A (Q)

+ sind (P) sind (Q) sinA (P)sind (@)] + ...
=1+ cos® (P) cos? (Q) + sin (P) sind (Q) cos (A(¢) — A(P))
=1+cosype +... =1+ Pi(cosy) + Pylcosy) + ...
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From this we get the partial sum over » for a certain n, e.g. n=2

3 ([0 o ) VED)_y ([ ~RA0@ VL ssio Q)
]/— cos® (P) + ( f RA-"F(Q)]/3 sind (Q) cos 4 (Q dor) V—smz? P)cosA(P)
. ( f :52’37-:’4‘;@ ]/g sind (@) sin}.(Q)da) V% sind (P) sinl(P)]
= %g f -A%:f [cos & (P) cos® (P) + sind (P) sind (@) cos A (P) cos 1 (Q)

+8ind (P) sind (Q)sinA(P) sinA ()] de = — T?z?f Py(cosypg) Agpda,

(
and generally
_2n—-1 R
() n—1

Pn-x(coswm) Agr(Q)doa,

S0 we have

= 9 — 1
0P = R ks [ [S21 P, cosyra) 00r @] do - RAGE) L | 12

(47 o L% n—1

If now the anomaly is
Agp=Y,+ Y, +Y,+...,

which is already secured, (12*) may be written

(I)(P)=—R[ (P)+ Yo(P) + .. +—(3

27 8z

tx Yy(P)  4n¥y(P)
2 1), TP +)]

R 1
= —Q;[YI(P)(I +5H+Y(P)(1+ 1 +...+ Yyu(P) (1+2_Z\_’)+"']

R 2 2N +1 R 22N +1 .
OP)= -3 3 Sox Yw(P)= = 3 S V() (13%

Now, to make H, approach zero, according to the stronger condition

lim r2H, =0,

r=>00

it follows (see general case), that

f D(Q) cosypedo =0 (14%)
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R o0
Therefore 5 2 + ! ¥, (@ P(PQ)ds=o0.
475 o N=1

This demands that,

Y(P)=0 |, (16%)

or, that Ag, should not contain any spherical harmonics of 1st order.

Therefore, if Ag, satisfies this condition (whick it does, because the positions of
gravity stations are always accurate enough, and because these stations are assumed to
be located on a level surface, very near to the ellipsoidal level surface),

R Z2N+1

O(P)= ——

— *
2w YwlP) (13a*)

From (1*), we now obtain

B Z 2N +1 1
ne -l |5 ﬂ@—umﬂﬂ

R z 1 1o, .
i P ot | R
By Z2N+1 o (1
2 — - 7 o - R
or p ( r*T,)=rH, yos Z ¥ YN(Q)@v (Ap,,q) do

R® ® 2N +1
2 _
1 LEET @ ([ (ar) o) o

R? 2 2N+1
T, - s tly
o v dnr f o [N'Zz N x(@) (f (APyQ) )]
0 1 1
Here, P (_AP,Q) = — ALo cos (Ap,o7q)
with 7‘2:A%”Q+R2 —2RAPyQ COoSs (AP”Q'VQ),
AZ + R2 _ 7.2
or cos (AP,,QVQ) = —*PL;’R"A-”Q—
b 1 T(A% Q+R247'2)
d of_1_ - _MAaper v 1)
an rav (APy 0) AP,, Q cos (Ar,ov0) = 2R A%,,Q
Also, A%, =1+ R® — 2Ry cosyp,.

.2 (l_)_ 7 1+ R —2Rrcosypg + R* —1*
w\Ar,a 2R (r* + R* — 2Rr cosypg)}
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2r? (1—2)2 _E cos
r r r 00V _ 1 M — COBYpg

- — 3 i u 2 _ ¥
2R rs(l + (173) _g (173) cosy;m] R (1 + p* — 2 cosypg)

using u=R/r. With du= —(R/r*)dr; dr= —(r*|R)du= — (R*/(u*R))du or dr=
— (R/u*)du, we obtain for T,

B 22N +1 1L — COSYPpg R
g | 2.5 0@ [ (st gt ) 0]

This may be written

R? £ 2N+1 1 1 — COBYpg ,)
- STy -
T, 47r? f,, [Nz_:g N v (@) f( (1 + u® —2u cosypg)? +C')du|do

B 2N +1 CO8Ypo — ,,) ]
B a[z Tx@) (u(1+u —2ucosprat T ) do.

47r?

N=2
Now 1 COSYpg — M (cos )1 2P (cos ) +
’ (14 u? —2ucosypg )9 11605 Ypg P 2(COSYpq) 7 ..y

R = 2N +1

and Ty=f4n—rzf [Z —— Yn(@) (Pl(coswm)ln#+2p (COS Ypo)

N N-1 "
+"'+N__1PN(COS1PPQ),M +...+C do
22N+

47! aNzx: PN(coswPQ)”N+22Y do,

* T,= é [rz 211\:7 j i f N/lN+2] Agpdo, (a7

' 4 =

which is the generalized formula of Stokes.

APPENDIX 2

The general solution @ of (7a) can be obtained as the sum of a Schmidt-expansion
and the general solution of (8), that is,
2 0 UDP)

OP)= — L Age(P)+ 5 L 5 o +x (20)
275» n=2 i l_

47

where (U®, ) is the characteristic system of the kernel

2rPrQ

1 16H, |,
K,= AT {1—coszpm—T—P(HP—HQ)—r—o%fsmzpm},
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1 2 oH, . . 1
A As {rQ (Hp—Hy) +1prg “8;0 sin wpq} + higher orders = A, + f(PQ).

As the equation
O(P) - - f K, ®(Q)dog =0
in),

is satisfied by any constant, l/l/(4n) is an eigenfunction (normalized) with eigen-
value 1/(47) (see (20)). The other eigenfunctions and eigenvalues U$, A, may be

obtained by successive approximations, e.g. putting U’ = P, V3/(4x) we get A, =
3/(4n), UP = P, V3/(4n) as a first approximation. The next is

Uy ~12f K PIV dog = zg{Pl f HPQ)P, V%tdaq}
@ T r
- ufP, i, | rmrpr@ V oo sitp, s my )

Normalize:

f 2P, +I’)é~da”1

3/(4m)

4" f (P +F1)2da V f |+ F)%d

o=/ T ppy)ir BB,
fP1+F1) do ‘/f (P, + F)do

We know, that (rp/2n) Age(P) contains all orders of spherical harmonies:

M

%AgF(P)=Y0+ Y, + Yyt ... (1)

The infinite sum in (20) does not contain any constant (harmonies of zero order).
Therefore, it is possible to determine x in such a way, that ® does not contain any
zero order terms. Just put x = Y,, Y, being known beforehand from the distribution
of anomalies Ag; and heights.

A solution, obtained by successive approximations, must not contain any con-
stant, that is, it must be expressible as

O=Y +Y;+... (22)
Note, that any constant x in (20) gives the solution of Malkin’s function (in space
and near the surface ). The selection of (22) is only made for further developments
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of T,, the disturbing potential and its directional derivatives. We obtain, at first,
Malkin’s function (here @=®ydo=doy):

7% oH
H=-—1 ®-2{p — — Q
Y f JPas {rQ 7 oSy rro oy

H
| oSy r°+a 2.siny
r o reoy

RS )

By virtue of (22), @, here, does not contain Y.
We now go in for the determination of T, etc., and obtain

2
i - Te, 0Hg ;. _Te
smzp}do' J:r@A?, r{cosy)-f-roawsmzp p do

do. (23)

ro OHg .
coszp—;o+ Q SNy

r2T,,=f or% ﬁ N r°f'p sdr+Clde (24)
7 (1+ (_o) —2—°coszp)
r r
cosy — y+ 2 sm1p
Tu Tzfa(R)(D f (]_ _|_‘u '_2‘“0081/))! dr+C|de (25)
oy dre - Ddu= -
where PR dr ,.Qd:“ qu"od.“'

We, therefore, have

_ _B[ (rg 1 cosy — p + (2Ho)/(rqdy) siny ,
= r* o'(R) q){fﬂ (1+ 42 —2ucosy)t dr+C'1do. (26)

In this case, we cannot rely upon u being < 1. Therefore, we have to evaluate the
p-integral generally.
This integral is

J! cosy + (OHg)[rqoyp) -siny _J' du
(L+p

g (L+p*—2ucosy)t — 2ucosy)t
(coswa:;wsm'p) (1 +u(1/@:g°sw)’ f (1+p —2110081/))
(I 11))
Ty= _I;B:f (;g)z(b{(cowr 8:;0 mp) f(l +#2i”2/!l:°°sw)'
f(l‘*'/‘ *—2u cosy)? Cl}da

5[ G) o (e 25
=—= | (5] @ +—2
r J \R cosy QoY
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) 1 dp _ [ du
Integral (I): fﬂ (4 1= 2 cosy)l = p VP

R=p*+1—2ucosy; a=1,b=—2cosy, C=
A=4—4cos®p=4sin’y

J‘ dp _ 2(—2cosy-pu—2+ 4cos? y)) J
,ul/I_Bs 4 sin? zpl/R VR
_peosp+1 ~200321p_1n2—2,ucostp+2Vl:iz(l)_
sinzzp VR w

J‘ du _ 2(2p —2cosy)
(1+u? 2/‘ cosy)t VR3 4sin®y VR

R2 7'0 2 8HQ .
T,= —?fa (FB) @[(cos«p-}-msmip).

Integral (II):

{‘u cosy —cosy u _ } 2(2u — 2cosy) ]da. @7)
sin’ 1pVR (1~lucos1p~VR) 4sin® wﬁ{
Insert D*=p?+1—2ucosy=R.

As (ro/ R ®(Q) with Stokes’ accuracy might be written 1+2(Hg/R)=1 we have
for any C’ the solution for 7',

R? [(cosw +(8Ho[(ro0y)) - siny) (u cosy — cos2y) — p + cosy
T,=——=] @ 5
r Jo D sin*yp

aHQ . a4 ’
+ (cosy)+ " 51n1p) In (1~ poosy 1 D) +C ] do. (27a)

Now, let r—>rp, we have the heightanomaly N from
Te H,—-H,
=1-F ¢

rp Tp

at least to Stokes’ accuracy
Rz

2
Velp

x f (I)[{cosw+ oHo
L

- H.—H,
awsmzp}{(l—E%)cosw—cos&p}—1+ Pr Q+cos¢p

P

Np——

siny (Apo/7s)

N (COW » e 1~ ((Hy — Ho)lry)
Q

. 1 C’ d 2
awsm”’) 31— [1— ((H, — Ho)lrp)]cosy + (Bpalrs)) ] o
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, R? 2cosy — 1 oH, . oY
Ni= o ¢7(1)[_1%)_ - (cosz;;-l-r—a;sxng;) ln2(2sm2§
H,—Hqg 0Hg cosy —cos21p H,—H,
28
+D+D . coszp) +r981p Deiny raD (28)

X (1 _ oo cotap) _H:—Hq {coszp + 9He sinzp}D] do
70y rpD 70y

In the spherical case we should therefore have

= 1 | ¥ 2¥ |
p=—— — —1
N Gf (3 9ai /2) 28111(1/)/2) costpln (sm + sin ) n4coszp do,

and as ® now does not contain first order

1 L oun?- in? ~21P)
Ng= Gf,®z[2sin(zp/2) 2sm2 cosln(asm2+sm2 do. (29)

The Schmidt-series for @5 is now:

z U?(P)
P)= —RA P l‘”)—‘—— x=0.
O=(P) = ~ BAg(F) ,.Z Ao (137))
R . .
where A= — —f AgU®ds, which gives
2n) o
R 1 22N +1
o o L35 ]

as here @y alse lacks (because of known properties for Ag), first order terms. We

obtain
R 1 14— cosY
o foszﬁ U'u(u +1-2pcosy)! +0]da'

Here, u=R[r<1; dr = — (R/u®)du, and we have

Rz
T,= ——f (1 [P Iny+2P,u+3Pyu*+. +Ni_1PN‘uN_1+...+C]d6-

@z does not contain zero and and first order. Therefore the expression may be
written (C =0, N=+1)

R? * N
Ty=—?fd)z[ZN Pyp" ]d

N=2
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v _ —9oain? _ Y2 ¥
{2sin(zp/2) 1 cosy)}-i—{l cosy 2sm2 cosy)ln(:sun2+s1n2

1 —2sin?—costpln (sing

~ 2sin (y/2) 2

+ sinzg) —2cosy.

The last term is unnecessary, because @g does not contain first order. So we have

__1 1 ogn¥ in? +sinz?
Ng Gfg¢2[2sin(1p/2) 2sm2 cos1ph1(s1n2+s1n 5 )40

which coincides with (29).
From (27) we may also derive the deflections of the vertical

oN'oy ,_  ATuv)oy ,

=T % oy ox
n_  ON'oy ATyly,) oy
= R ALY, 30
Ny +3'P 8_1/9 oy oy (30)
oTJy) __Tyey, L o0, _Nyoy, 10T, 10T,
oy oy iy y, Oy y 0y oy
According to (27a) is
2
oy _ —R;z (I)g [ ] do,
o rJe oy
which after some computation gives
oT, R? cos 2y — cosyp(u — cosy)  (u — 2 cosy) (usin®y + 2D? cosp)
o, B[ o [5c082w—cosy(u—cosy)  (u y) (usin’y ¥
oy ”?J)e Dsiny D3 siny
sin2y(1 — D) . 2(1—pcosy + D)]
— In———" 714 311
2D(1 —‘ucoszp-%—D)-}— sy 7 ’ G1D)
R? oH . N
o EE{;[Dsinz w(pcos2zpsm2§—smy)sm2y))
+ —— (cos2y — ucosy) (usin®y + 2D% cosy) (3111)
D siuty (0829~ cosy) (usin®y v
siffy (D+1l)u u
- S . SN
D 1—yucos +D+cos1pln2(l_ cosy + D) ¢
U Cosy M CosY
2 — _
__R_2 (Dé (6&) [(;,ccostp : cos21p)~simpln2(1 p,cosz;H—D)] s
r Jo Oy \rgoy Dsiny U
(3111I)
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that is oa,_ _E f [(T) + (II) + (IIL)]do

oy

&= +7%9”f [(T) + (IT) + (I1I)] cos x do

=+ ——29 J (@) + (1) + (III)]sinx do. (31a)
Now, let r—>7r,,
—)T_Q-_— 1-— H_P:_Iio
e rp

we get to the accuracy (at least) of Stokes

&=+ R2 Q"f [(D)p+ (I1), + (11I)p] cos e do
YeTp -

" R .
np=+—70" J‘ [(D)p+ (II)p + (11I)p) sinax do'. (32)
Yelp o
Starting with the expression in the spherical case using A g, we obtain a first approxi-
mation ®,, which is not a solution of an integral equation for the spherical double
layer, but the value of which is certainly nearer to the correct value than e.g.

R
q)"‘ _‘2_7;Agp-

We then have

Y I
Now ;m; lp,- Nz_ 2P, + E %
Both sums can be derived from
S Pyt et P, 1, (34)
NZ2 Vu?—2p cosyp + 1 w
where psl.

The first sum is obtained by putting u =1 (letting 4 go to 1) and multiplying by 2

o 2 .
Z=2 N~ m 20081{)—2. (35)

The second term is obtained by integrating (34) with respect to u
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S Py oy du
ZaH

—_—t —Piu—lnu+C
Vu* —2ucosy + 1 e

=ln(,u~cosy;+V/t—z—2ycosy)+l_)~Pllu—ln,u+C.

Let u—1
> Py in2? 1+ V2T oosw
NZ=2-1—V—=ln 2 sin §+ 2—2cosyp)— cosy+C
=In (sm%)—i-sm;)) —cosy +C, (36)
S2N+1, _ _ )
and NZ=2 ¥ P,‘,HSin w2 2 cosy — 2 — cosy +In (sm e +sm2) +C
_ R 1 1 Y 2 ¥
P, = 9 (Agp Snf [sm (w/2)+ln (sm2 + sin 5 Agpdo (37)

under the assumption—which is realistic for the real Earth—that Agy contains only
small terms of zero and first order. This approximation corresponds to Molodenskij’s
use of Stokes’ formula as the first step to solve his integral equation.

Generally, we have for the correct function

R
OP)- - f K, ®(Q)do =~ 3 AgalP) = O(P).

The first approximation was

1 R .
D, (P)=Dy(P)+-— f [W +1ln (smg + sin® g)] O, (Q)do. (38)

The second approximation is obtained from

1
Oy(P) — Dy(P) = Ef K,9,(Q)do,
and we get

1
(Dz(P) - (Dl(P) :dlq)(P) = 417“[7 [Kaq)l(Q) - ’&‘ (DO(Q)

—%In (sing + sinz);g (D(Q)] do= :—n J; (K, - 31;) D, (@) do

11 _ _1 Y e Y
+ yw J; A, [D(Q) — Dy (Q)]do Snf,,ln (sm2 + sin 2) D(Q)do. (39)
For the third approximation we put
1
Dy(P) — Dy(P) = Ef K, D,(Q)do,
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which combined with

(P) — Dy(P) = — f K,0,(Q)do

gives d, ®( ——f K, [@yQ) — (Dl(Q)]da———f K,d, ®(Q)do. (39a)
Additional correction to get 4th approximation is then
1
d, ®(P)= o fK,d2®(Q) do, ete. (39b)
D=, +d, 0+ d,P+... (40)
and this series is only convergent, if a solution exists, that is, if Agy is obeying
o

If not, ®y= —(R/27) Agr contains a false constant, which makes (40} diverge. Such
a divergence is, however, not very dangerous—at least near the surface—because
the false constant for nowadays 9, is probably small, and the number of terms in
the series (40) to attain Stokes’ accuracy, are limited to two or three, even in the
case of very steep topography and irregular Bouguer-field. The different propaga-
tion of ®-errors, when computing heightanomalies or deflections, should be noted,
however!
(39) can be written

1,00~ 1 [ [t 5| i@ -0pndos L [ L a0@do

1 . .
% fln (smg + sin® g) D(Qdo, dg® =D, — D,

Now, Kg——1“= _EB [2£ (HP_H°)+£ [2 (HPA HQ) + ] tgﬁwcosg

As AL A A, A,
3(H,—H, IE(HP—HQ)'i
2( 5 )+8 e o)y ],
80
f [Hp— Hg] [(D1 (@) _(DI(P)]dU ftgﬁwcos TP/2 [2_ (HP_HQ 2
490 2% 47 A? A,

2 _ 2
x (@4(@) — ®,(P)) — RleA [(H”A °) +i(H"AH°) +]

X (0(Q) — @y(P))do+ fA—)g dy @(Q)do

1 4 2 ¥
e ln(sm 2-I-:sm ) ol@) do

(41)
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The first term is approximately equal to twice the terraincorrection [5], the second
takes the distribution of slopes into account (observe tg £, = 0H,/( Roy)). The third
term is usually small but takes observable values in very steep topography. The
last two terms are smooth and small. In the remaining approximations

d,0(P) =L f Kody 10(Q)do
n>1 4n o

3 2

2
L [2sin2g—tgﬁwsinzp] —2£ (Hp—Hy)

K,

=
4R*[ . vl v 2R
= smé—tgﬂwcos§ sin g — 73 (Hp— Hy), (42)

with sufficient accuracy.

Further investigations of practical computations of N », &p and 1p, according to
(28) and (32) are going on! Also estimates of the errors in Ny, £, and 7, at high eleva-
tions (satellite-heights) because of ® disobeying (13a), are being made!

Note: It is important, when dealing with the problems above, to be aware, always,
of the difference between Ay and A, Ay being by definition smaller than A, for
all topography. Cf. [5] p. 7.

APPENDIX 3

Remark to condition:

f AgFXdO' = 0,
4

to be used to determine y, (for simplicity put ¥ =y = constant).

Agr=g+03086H—y=Y,+ Y, +...—y.
If the condition were f Agpdo=0,
o

we would obtain Ve =71 (wrong)

J(Yo-k Y, +...—p)do=0;
o

that is n=7Y,

But the condition is for correct y, =1y,

Gt

LAngda=L(Yo+ Yit.oo— ) (1+x+100000+ ...)da=0,
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where ¢, does not contain zero order (this is x)

Y=Ys+Y1+... with Yi=142%

f (Yo+ Y, +...—y) (1 4+x+ Y+ Y3+...)do =0,

f Y, Y6d0'+f Y, Yido+...=yy(1+x)4n

_dapy(1+) LYIY“Z"J.,Y“’M"
P dm(l+x)  dm(l+2x) 475(1 + %)

f Y, Yido+...
BN i
Now Y, =4, cos# + By sin cos i+ Cy sind sin 4

= A{ cos® + Bi sin® cos A + Oy sind sinl ete.

f YIY{do=A1A{f Pdo="T 4, 4;
a a 3

f YzYéda=A2Aéf P%da=4?nA1Aé ete.
o o

yo—pi=1—x) [} 4, A1+ 4,45+ ...].

Therefore: expand g¢-+0.3086 H in spherical harmonics Y,+Y,+..., and also
X=1+x+Y:+Y;+... and list the coefficients of P, P, etc. of g+0.3086 H,
and in A the coefficients of Pj, Py, ..., that is 4 and A’. Also determine ¥, =y, and
Yo=1+x;%=Yy,—1. We then have

ya= Yot @—YO) (A A A1+ 3 4,45+ ..)

which differs from y; by (2 — ¥o) ( )
Observe, that very high orders in g, H and X may influence this difference!
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IMONBITKA PEHIEHWUA TPAHUYHON 3AJAYN TEOJE3MMN NPH HCIIOJb-
30BAHUU NTPUBJIUKEHUSA IBONHOIO CJI0A OJA OYHKIUN MAJTKMHA
1 ITPU BBLITIOJHEHUM CTOKCOBON TOUHOCTH

TpaunvHasa 3agaya ¢usnueckolt reopesun oOLIYHO paccMAaTPUBAETCA KaK 3ajadva Ha-
XOMIEeHUA HAZSKHBIX MONMPABOK K NPMHAMAEMON 3JJIMICOMAAILHON Mofenu 3eMiu A
MNONyYeHUA MCTMHHBIX 3HAYEHHIA CHUIBI TAMECTH U (ODPMBI €6 ypOBEHHBIX HOBEPXHOCTel
BO BHEIIHeM HpocTpaHcTBe. TOYHOCTH B ONpeAeNeHMHM JTHX MONPAaBOK, KaK NpaBuio,
COOTBETCTBYET npeHnebperaeMeiM omubKaM Mopsanka cwatua 3eman puc. 1 u Boime (3 %
OT NOAYYaEeMBIX BeJHYWH). B 3ToM nepBoM npubiinkeHuu semuas Tomorpadus upeHTH -
HUMPYETCA C TAK Ha3. TEJJYPOUNOM (CM. FO) ¥ NPHU BTOM B KayecTBe eJIMHCTBEHHHIX Ipa-
HUYHBIX BEJIMYMH HCIOJb3YIOTCA TAK Has. HCTHHHLIE aHOMaJuu cBOGOAHO BO3AyXa (CM.
00603HAYEHUA).

oA u3yueHUs paspeminMOCTH 3TOil 3agadyM XOpOIIO MOXXOAAT WHTErpajbHBHE ypaBHe-
HuA. Biaarogapsa OCTYHHOCTH MOLIHEIX BBIYMCINTENBHBIX MAlMH OHM He NpPefCTaBIAAT
TPYAHOCTH JiA pac4yéroB. Ilo MOeMy MHEHHIO, X0 CHX MOP eIl He JIOJXYYEHO MOJHOCTHIO
VAOBIETBOPATEIbHBIX pelleHuif, yXOBIETBOPAKINMX BCeM IPAHUYHBIM ycaoBusam. Ecau
OKa’KeTCH, YTO HeT TAKUX rapMOHMYECKUX Mojgeileli, KOTOpble MOTYT yHOBIETBOPUTbL BCEM
YCIAOBUAM HA TOBEPXHOCTH U HA GECKOHEYHOCTH (CM. HUME) C ZOCTATOYHON TOYHOCTHIO
(cM. BHlE), TO MBI HOKHH NPHU3HATH, YTO HeoOXojAMMa ZoNoJHUTENbHAdA WHPOpMaUnA
HAa NOBEPXHOCTH 3eMJIM AJA PelleHHA BTOH BaxkHON 3a/a4M, IPU CBELEHUU €6 K Cay4aio
Crokca (cM. npuioxenue 1).

B craThbe OnMCHIBAETCA NPSAMOE MCIONL30BaHWe TPUOIMKEHMA ABOUHOTO CJIOA [IA
rak Has. pyHxuuu Mankuna Hy (cMm. Huke), 13 KOTOpoi#t Bce HCKOMBIE TIONPABKU B MpPO-
CTPAHCTBe MOTYT GHITH BHIBeAEHH. JT0 MpUOIMKeHHe IpejiiaraeTca MOTOMY, UYTO yCJIOBUe
Pa3peIIMMOCTH Pe3yNbTHUPYIOLUIEro CUHTYIAPHOro ypasHeHusa (Dpearonbma MoxerT OHITH
HCIOJB30BAHO JJIA MPEABaPUTEIBLHOIO ONpeeeHUA KOPPEKTHON MOJesM CHJIILI TAMHECTH.
Pemenue, moTeHUMaa ABORHOCO CIOA 110 ONpeeIeHHI0, YIOBIETBOpAET claboMy yCa0BHIO
Ha 0ecHOHeYHOCTH

limrH, = 0.

r—>o0
y,IIOB.TIeTBopFIeT J¥ OHO ¢ OCTATOYHOl TOYHOCTHIO Goee CUJIBHOMY YCJIOBHIO

lim r?H,=0,
r—>00

DOJHO GBITh MCCJIE0BAHO B MallbHeliieM.

B Ipusomxennu 1 paccmarpusaercs 6ojee MpocTad 3afaya o 3emie, CIUIOUb NOKPHITON
okeanoM. OHO HAMKMCAHO, B OCHOBHOM, C IIENIbI0 TEOPeTHYeCKOro 00bACHEHUA MPOLELYPHI,
NpuMeHsAeMoll nmpu paccMorpeHuu ofmero ciy4as (IpousBOJbHON Tomorpadum) B npu-

OJIHEe U TBOWHOTO CJIOA.

B Hpuioxennn 2 BHBOAATCA pasnnyHeie POPMYJIBL, KOTOphle MOryT OBITE MCHOAL30-
BaHBl B YMCIEHHBIX pacyérax NpHM aHajuse ofuiero caydas.

B Ipunoxennu 3 gaércd TONMONHUTENbHOe 00BACHEHHE CBASK MMy MOJEIbHON CHIIon
TAMECTH M CUJION TAMECTH, UBMEPAEMON HA MOBEPXHOCTH 3eMIn.
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