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ABSTRACT 

The earth's external gravitational potential may be mathematically expressed as an infinite 
series of spherical harmonics. The coefficients in such series depend numerically on the location 
and orientation of the adopted system of reference with respect to the body of the earth. The 
present subject is to derive general formulae for the numerical changes of the harmonic coeffi- 
cients due to both a re-orientation and a re-location of the reference frame. Such formulae could 
be of value in critical studies of the impact of artificial satellites on dynamical geodesy, especially 
when combining the results with those from terrestrial geodesy. Use has been made of a trans- 
formation property of spherical harmonics which seems to be not a part of standard mathematics. 
Some simple numerical examples are given. 

Introduction 
The earth's external gravitational potential U(r ,  p, A )  may be expressed as an ex- 
pansion in terms of solid spherical harmonics 

( J i  cossjz + K i  sinsA) . Pi(sinpl) 

coefficients J i  and K i  being defined as 

( n - S ) !  1 
( n  + s)! Ma" IM Ji=cE,-- __ r" cossl . Pi(sinp)dm. 

Here GM stands for the product of the universal constant of gravitation G and 
the total mass M of the earth; the mass of the atmosphere will be neglected. a is 
an arbitrary scaling factor which conveniently can be taken as to coincide with 
the equatorial radius of the earth. r ,  1 and ( =latitude) are the conventional spheri- 
cal coordinates and the notation of the associated Legendre functions of the first 
kind could follow Hobson (1931): 

1 if s=O 
2 if s>O.  
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The element of mass drn stands for a(r, pl, A )  r2 COB pld?'@dA where a(r, pl, A )  is the 
specific mass of the earth's interior. 

The integrations are to be carried out throughout the space occupied by the 
masses and (1) is uniformly convergent outside any origin-centred sphere which 
contains all masses in its interior (Kellogg, 1929). 

Nowadays u(r, pl, A )  is an unknown function of r ,  q~ and A and consequently the 
integrals (2) cannot be evaluated in a straightforward manner. Hpwever Stokes' 
constants JS, and KS,-as they are sometimes referred t o - c a n  be determined pheno- 
menologically from measurements in the external field, for which purpose the 
analysis of orbits of artificial satellites proved to' be a powerful tool. 

But the numerical values of JS, and K i  depend on the location and the orientation 
of the adopted reference system of coordinates' with respect to the earth's body. 
It is geodetic practice to disregard coefficients JY, J: ,  K: ,  J ;  and K: as being zero 
by definition. This amounts to saying that the origin of the reference system coin- 
cides with the centre of mass of the earth and that the axis y = kn/2 coincides 
with one of the earth's principal axes of inertia. The latter is then identified with 
its mean axis of rotation, the direction of which with respect to  the body of the 
earth can be determined from surface measurements of astronomical latitude. Surface 
measurements of the magnitude of gravity on the other hand fail to define the 
centre of mass unambiguously (Molodenskii et al., 1962). In  connection with such 
problems of definition it seems to be of a t  least some theoretical interest to inves- 
tigate the numerical relationship between the coefficients JS, and KS, in two systems 
of reference mutually related to  each other by a rotation or a translation. 

As a matter of fact the potential is numerically invariant to such transformations 
and only the mathematical expression of the potential is affected. The transforma- 
tion of this expression amounts to a transformation of the JS, and KS, coefficients. 
Such is effected in a straightforward manner by formal transformations of the 
integrals in (2). 

Here it is convenient to write (1)  in the more symmetrical form 

with i2= -1 ,  Re operating on a complex expression as to take its real part. Asso- 
ciated with (3) we have the complex coefficients 

( n - S ) !  1 
(n + s)! Ma" IM J ;  +iKS,=-  ~ rn efSaPn(sin pl) dm (4) 

It should be noted that in both (3) and (4) s can assume integer negative values. 
Hence these formulae involve first kind associated Legendre functions of negative 
order. This should not disturb us, because these are readily expressible in terms of 
those of positive order 

(n - s)! 
Pks(siny) = ( - l)s- P"n(sin pl) (?a + a)! 

Tellus XXI (1969), 4 
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Fig. 1. Rotation; geometry and notation. 

This leads to the relation 
(n + s)! 
(n - s)! J i S  = ( -  1)s- (J ;  + iKS,) 

and (3) reduces to (1) .  This establishes the relationship between representations (1)  
and (3). 

The cases of rotation and translation will now be treated subsequently. 

The rotation 

Let a mass distribution be given together with two right-handed Cartesian systems 
of reference x, y, z and x', y', z', mutually related by a rotation. Let the spherical 
coordinates of point P be r ,  p) A and r', p', A' when referred to systems x, y, z and 
z', y', z' respectively (Fig. 1) .  

Then the external potential referred to systems x, y, z and x', y') z' will read 
subsequently 

(5 )  

(7) 
( p - Z ) !  1 rPe""Pf,(sin p) dm A:, +iBi = _____ 
( p  + I ) !  Ma" s, where 

Tellus XXI (1969), 4 



TRANSFORMATION PROPERTY OF SPHERICAL HARMONICS 

and (r')nefsr'Pn(sin p') dm' 
(n+s)!Man s M (n-s)!  1 J: + iK; = - - 

675 

(8) 

Here dm = a(r, p, A)r2 cos pdrdqdA 

dm' = u'(r', p', A') (r')2 COB p'dr'd#dA' 

where obviously a(r, p, A)  =d(r' ,  p', A') for all values of r ,  p, A and r', ~ l ' ,  A'. I n  the 
present case r=r ' ,  but in the case of a translation this identity will not hold. 

If the rotation from x, y, z to  XI, y', z' is specified by the Eulerian angles p, 8, x 
as indicated in Fig. 1, we have the relations 

and 

with 

where conventionally 

~7;;~."+'(p, 8, x )  is conjugate complex to t J ; ~ 8 * n + ' ( ~ ,  8, x ) .  
(9) and (10) together with (1 1) are transformation formulae for the surface spherical 

harmonics (Courant & Hilbert, 1953; Erd6lyi et aZ., 1953). Equivalent formulae have 
been derived by Schmidt (1899), Honl (1934), Sat6 (1950) and more recently by 
Jeffreys (1965). 

Obviously (9) and (10) are generalizations of the well-known addition-theorem 
for Legendre-polynomials (s =0) and can be derived on observing a generating func- 
tion for spherical harmonics, quoted in section 3. 

Inserting (10) into (8) and taking (7) into account we obtain the required result 

with 

Tellua XXI (1969)$ 1 



5 76 LEENDERT AARDOOM 

x , F l ( - n + k , n + k + l ; s + k + l ; c o s 2 @ )  if k2 - 8  (13) 

Apparently the same result can be obtained by applying (9) to (5) and (6) but the 
derivation is then more involved and has been omitted here. 

A translation 

We proceed as before, trying to transform the integral in (4). Doing so however we 
face the problem of finding an appropriate transformation formula for the solid 
spherical harmonics of type rnefsaPi (sin p1). Although such formulae are known 
for special translations (Hobson, 1931; Robin, 1957), a general formula doesnot 
seem to be available, although the matter can hardly have escaped attention and 
the present result might not be new. The derivation of such a formula is not diffi- 
cult if we observe a generating function for the surface spherical harmonics given 
by Erd6lyi et al. (1953) and referred to already in the previous section; see also 
Courant & Hilbert (1953). 

Define vectors 

u=(1-t2,i+it2,  - 2 t )  and r =  

with again i2 = - 1. 
Define the functions H,"(r) as to be generated by 

n 
(u . r )n  = tn C H,"(r) . tm 

m = - n  

where uer stands for the scalar product of u and r. 

to system x, y, z. 
Interpret x, y, z as the right-handed Cartesian coordinates of a point P referred 

Let Cartesian system x', y', z' be related to x, y, z by 

r ' = r - g  
where 

(15) specifies a translation by e, the effect of which we want to investigate (Fig. 2). 

Tellus XXI (1969). 4 
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Z' 

In consequence of (14) we also have 

On the other hand 

since again 

Combining (16) and (17) we find after some changes of indices: 

a 
b 

where symbol I > - means: 

a=i f  a>b 

b=if a<b 
and similarly 

Tellus XXI (1969), 4 

577 
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a a if a<b 

b b if a>b. 
I <  means 1 = (  

Now it can be proved that the HF(r)  as defined by ( 1 4 )  form a complete system of 
linearly independent harmonic polynomials of degree n (see Erddlyi et al., 1953 and 
Courant & Hilbert, 1953) and making the substitution: 

COB y cos A 

where r stands for the absolute value of r, we find 

2hn! pe-irnI rn HF(r) = ( -  I)'+'" ___ 
(n + m)! Pn (sin y )  . 

Making similar substitutions 

cos g9' cos A' 
r' = r f  (cos y: sin 2' ) ;  p = e (cos a sinb) 

sin y sin a 

cos a cos 

and substituting the result together with (19) in (18) we obtain 

(r')ne-'ml'P~(siny') = 

It follows immediately that also 

( r ' ) n e t r n d ' p r n  s' 
n ( 1 " ~ ' )  = 

(21) is the required transformation formula for solid spherical harmonics of type 
p e f s l p s  s' 

n ( 

If we abbreviate (21) as 

n <",n-p 

( r f ) n e i r n ' P ;  (siny') = 2 2 K;;; (e, a,  . rPdl'PPf, (sinq) ( 2 2 )  
P ' O l > - P  

m - n + p  

where 

Tellus XXI (1969), 4 
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then coefficients KK;‘,,, (e, a, 1) are functions of the elements e, a,  1 which define the 
translation. 

If, in particular, a = n/2 (20) reduces to 

An equivalent formula for this case is given by Robin (1957). 
Inserting (21) into (8) and observing (7)  we obtain: 

(n - s)! 

( p  - Z)! (n  -t s - p - I ) !  

n < t + n - p  

JS,+iKS,= 2 2 ( - l ) n - p  
p = o  

1 >s--’n + p 

which is the required transformation formula. It relates the coefficients in two 
spherical harmonics expansions of the gravitational potential when these expan- 
sions are referred to mutually translated systems of reference. 

Introducing finally the coefficients of type (23) we find the alternative expression: 

Formulae (25) or (26) bear some similarity to Steiner’s wellknown theorem on the 
moments of inertia of a body with respect to parallel axes. See f.i. Joos (1967). 

It is not difficult to derive corresponding expressions in terms of Cartesian coor- 
dinates x, y, z ;  x’, y’, z’ and translation components 82, dy, dz but such expressions 
turn out to be somewhat more complicated and the present formulae in terms of 
spherical coordinates are more readily applicable. 

Discussion 

The complex harmonic coefficients J i  + i K i  as defined by (4) proved to be con- 
venient in the mathematical process of deriving (12) and (25) .  On the other hand 
representation (3 )  of the potential which goes with them does not seem to agree 
with current practice, because it involves the first kind Legendre functions of nega- 
tive order s. But like pointed out in section 1 the interrelationship between expres- 
sions ( 1 )  and (3 )  is a simple one. 

Given a representation of type ( 1 )  the complex coefficients J ; + i K i  can imme- 
diately be written down for s > 0. For s < 0 they are obtained from these by 

(n + s)! 
(n  - s)! 

J , s + + K , s = (  - 1 ) ” -  (JS, + iKS,) 

Tellus XXI (1969), 4 

37 - 692899 
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as demonstrated in section 1. In  this way the corresponding representation of type 
(3) can be easily constructed. To obtain explicit expressions of J i  and KS, in terms 
of A; and B;, in (12) and (25) real and imaginary parts have to be separated as 
usual. 

Simplified formulae can be derived for a zonal earth, i.e. a hypothetical earth the 
external gravitational field of which is symmetric with respect to the z-axis. In  this 
simplified case, which however is not too far from reality, we have Ai=O if 1+0 
and Bi = O  for all p and 1. 

Consequently (12) reduces to: 

JS, + i K i =  - n! f l z ; s -  . A: 
( n  + s)! 

with 

fl;;s,n = ( -  l ) n + s  ~ ~ s ) e ~ ' s x ( s i n t s ) - ' ( c o s ~ e ) s 2 ~ ~ ( - n , n + l ; s +  1 ;  cos2+e) 

Hence for a zonal earth 
( n  - s)! 
(n + s)! 

J i  + iKS, = ( - 1 )" ~ e P X P n  (cos 0 )  . AO, (27 1 

,u does not appear, like i t  should not. Separating real and imaginary parts we find: 

. ~ s , ( ~ ~ ~ e )  .A:. 

Interpreting this equation it should be kept in mind that 

1 if s = O  

0 if s > O  
P i ( l ) =  

Doing so, we find, as we should, JE =A: ,  KS, = 0 if 0 = 0. 
For x = 0: 

(n  - s)! 
(n + s)! 

J i  = ( - 1)' ___ P; (cos e)  . AO, 

K i  = 0 for all n, s and 0 .  

(25) reduces for a zonal earth to 

n - p  ( e )  (sin a )  eisP * A:. (28) n - s  ( n  - s)! JS,+iKS,= 2 ( - l ) n - p  
p ! ( n + s - p ) !  a P = o  

This expression is substantially simpler than (25) and may be further specialized to 
some interesting cases: 

Tellus XXI (1969), 4 
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(a): a = n/2; this represents a translation along the z-axis. 

Since 

we obtain 

1 if s = O  

0 if s>O 
P s , _ p ( l )  = 

KS, = O  for all n and s. 

(b ) :  cc = ,R = 0, i.e. a translation along the x-axis. We obtain immediately 

Pi-_, (0) e) '-' A; (n - s)! 
p!  (n + 8 -p) !  

n - s  

9 -0  

J S , =  ( - 1 ) n - 9 -  

KS, = O  for all n and a. 

(c): cc = 0, ,R = n/2; a translation in y-direction. Comparing real and imaginary 
parts we find 

n-s  
n - p + s / 2  (n-8)' Pi-?, (0) p)n-p A; for s even p !  (n +s - p ) !  

[KS,=O 

[JS, = O  

Numerical estimates and a conclusion 

To be able to appreciate the order of magnitude involved in practical cases let us 
generalize our zonal earth still further, only retaining the predominant terms A: = 1 
and A:= -4  x 10-3. 

Then (27a) gives as non-trivial result 

J ;  = (g cos2e - &)A; 

Kg=O 

J i  = 8 cosx sin8 cos 8 A: 

K l =  - &sin% sin8 cos8 - A: 

Jg = & cos 2X sin2 8 * A: 

Kg= - ;B sin 2X sin2 8 A:. 

Tellua X X I  (1969), 4 
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If we assume 8 and x to  be small quant,ities, say of order 
results would be: 

the only non-zero 

With the same generalizations of the gravitational field we find similar estimates 
when using (%a) with 16z/a I = corresponding to a translation of about 60 m 
along the rotation-axis: 

1 Jg -A; I = 0.01 x lo-* 

IJ!I=0.15~10-'  

I Ji 1 = 1.5 x 

These figures are very small. It is interesting to compare them with the accuracies 
attained in the determination of J; and J! by the analysis of the orbits of artificial 
satellites. We take Kozai's contribution of zonal harmonics to the Smithsonian 
Standard Earth 1966 (Lundquist & Veis, 1966). Here we are especially interested 
in the standard errors and we adopt their least optimistic estimates: 

etc. 

0.003 x for J$ 

and 0.010 x lo-' for Jt. 

The corrections to A; and A: due to a shift of origin, some 60 m along the rotation- 
axis, turned out to be very small, but as regards A: of the order of the standard 
error quoted. This means that such a shift would hardly introduce a bias in the 
derived value of 4. The other harmonic coefficients are only influenced to a smaller 
extend, as is easily seen from (28a), where the lower degree harmonics go with 
higher powers of &/a. J: proves to be the critical case. If we take a 6 m shift in- 
stead of 60 m, we find that this would generate a Jt-term of magnitude 0.0015 x 
which is well within to-day's standard error. 

This is an example and similar, perhaps more important conclusions might be 
drawn for some of the other harmonic coefficients. The general picture is clear from 
(28a) through (28c). Adopt 10-5 (about 60 m again) as the maximum conceivable 
value for lSe/a I, then noting that the factorials are a t  most of order 10 for the 
terms which are not obviously negligible, we easily pick out the relevant terms, 
limiting ourselves to those > 

IK;l=& "A2 01- - 0.0025 x lo-' from (28c). 

Hence in addition we find, generated by a y-shift, a Ki-term the magnitude of 
which might not be entirely negligible in future. 

Tellus XXI (1969), 4 
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A conclusion could be that within the contemporary accuracies of satellite geo- 
desy a definition of the reference system with respect to the earth’s centre of mass 
to within say 50 m comes up to all practical requirements as regards the determi- 
nation of the external field. The subject might become relevant as soon as apparent 
standard errors of the order of 10-lo are attained. 

This conclusion will appear almost trivial to  many, but it seems worth while to 
have some numerical estimates available. 

Perhaps it is different with the moon, where the centre of mass relative to the 
centre of figure is not so well defined; an excentricity of some 2 km is not out of 
the question (Michael, 1967). Moreover the moon’s radius is roughly four times 
smaller than the earth’s, so that in all in selenodetic investigations ISe/uI could 
be of order some hundred times as big as the value we thought conceivable 
in geodesy. 
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