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ABSTRACT

The earth’s external gravitational potential may be mathematically expressed as an infinite
series of spherical harmonics. The coefficients in such series depend numerically on the location
and orientation of the adopted system of reference with respect to the body of the earth. The
present subject is to derive general formulae for the numerical changes of the harmonic coeffi-
cients due to both a re-orientation and a re-location of the reference frame. Such formulae could
be of value in critical studies of the impact of artificial satellites on dynamical geodesy, especially
when combining the results with those from terrestrial geodesy. Use has been made of a trans-
formation property of spherical harmonics which seems to be not a part of standard mathematics.
Some simple numerical examples are given.

Introduction

The earth’s external gravitational potential U(r, @, A) may be expressed as an ex-
pansion in terms of solid spherical harmonics
G'M < n s S S
Ulr,p, )= — Z Z J cos sA + K3, sinsl) - P5,(sin @) (1)
=0s5=0

coefficients J3 and K3 being defined as

(n—s) 1 f .
s — N n . S
n 88("+8)!Man Mr cos s - P (sing)dm o
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S = —_— n - P
K5 =¢, (n ) Ma* Mr sinsA - Py (sing)dm

Here GM stands for the product of the universal constant of gravitation ¢ and
the total mass M of the earth; the mass of the atmosphere will be neglected. a is
an arbitrary scaling factor which conveniently can be taken as to coincide with
the equatorial radius of the earth. r, 4 and ¢ (=Iatitude) are the conventional spheri-
cal coordinates and the notation of the associated Legendre functions of the first
kind could follow Hobson (1931}):

s __(_1)’_’l _ 2ymi2 artr (xz_l)n 'xlgl
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TRANSFORMATION PROPERTY OF SPHERICAL HARMONICS 573

The element of mass dm stands for o(r, g, 1) r2 cos pdidepdA where o(r, g, 1) is the
specific mass of the earth’s interior.

The integrations are to be carried out throughout the space occupied by the
masses and (1) is uniformly convergent outside any origin-centred sphere which
contains all masses in its interior (Kellogg, 1929).

Nowadays o(r, ¢, 1) is an unknown function of r, ¢ and A and consequently the
integrals (2) cannot be evaluated in a straightforward manner. However Stokes’
constants J5 and Kj—as they are sometimes referred to—can be determined pheno-
menologically from measurements in the external field, for which purpose the
analysis of orbits of artificial satellites proved to be a powerful tool.

But the numerical values of J3 and K}, depend on the location and the orientation
of the adopted reference system of coordinates’ with respect to the earth’s body.
It is geodetic practice to disregard coefficients J9, J1, K1, Ji and K} as being zero
by definition. This amounts to saying that the origin of the reference system coin-
cides with the centre of mass of the earth and that the axis ¢ = +n/2 coincides
with one of the earth’s principal axes of inertia. The latter is then identified with
its mean axis of rotation, the direction of which with respect to the body of the
earth can be determined from surface measurements of astronomical latitude. Surface
measurements of the magnitude of gravity on the other hand fail to define the
centre of mass unambiguously (Molodenskii et al., 1962). In connection with such
problems of definition it seems to be of at least some theoretical interest to inves-
tigate the numerical relationship between the coefficients J3 and K3 in two systems
of reference mutually related to each other by a rotation or a translation.

As a matter of fact the potential is numerically invariant to such transformations
and only the mathematical expression of the potential is affected. The transforma-
tion of this expression amounts to a transformation of the J3 and K3 coefficients.
Such is effected in a straightforward manner by formal transformations of the
integrals in (2).

Here it is convenient to write (1) in the more symmetrical form

GM = n n+1
g =2 5 3 () RelUivikDe ) Pising. @
n=0s=-n

with 12= —1, Re operating on a complex expression as to take its real part. Asso-

ciated with (3) we have the complex coefficients

e _(ms) 1 f s 1o |

w K5 = et P, 4
Jy+4 (n o) M Mr e P (sing)dm (4)

It should be noted that in both (3) and (4) s can assume integer negative values.
Hence these formulae involve first kind associated Legendre functions of negative
order. This should not disturb us, because these are readily expressible in terms of

those of positive order
P ising)=(—1) {n—9)! s)gP’ (sin )
" ¥ (n+s)™ " ¢
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Fig. 1. Rotation; geometry and notation.

This leads to the relation
(n+s)!
(n—s)!

IS HiK S =(—1F (J5 +iK5)
and (3) reduces to (1). This establishes the relationship between representations (1)
and (3). :

The cases of rotation and translation will now be treated subsequently.

The rotation

Let a mass distribution be given together with two right-handed cartesian systems
of reference z, y, z and ', ¢, 2/, mutually related by a rotation. Let the spherical
coordinates of point P be 7, g, 1 and #', ¢’, ’ when referred to systems x, y, z and
x', y', 2’ respectively (Fig. 1).

Then the external potential referred to systems z,y,z and 2',y’, 2" will read
subsequently

GM 2 2 (a\**!
Ulr,p. )= — 2 2 (—) Re{(4; +iB;)e™ "'} Py(sing) (5)
a p-0i=-p \T
] n n+l
wd U= 5 3 (5) el +iKDe ) Prsing) @
n=0s=-n
1. 1=(p_t)!LJ‘ p AP [
where A, +1B, (p+ 1) M Mr &Y Po(sing)dm (7)
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. . x=(n—8)!*l_f Py TN
and Jy+iK3 (n+ o)l Ma" M(r) ¢ PL(sing’)dm (8)
Here dm = o(r, @, )2 cos pdrdpdA

dml =O"(r’, ¢l’ AI) (7")2 cos wrdrldwldj"

where obviously o(r, ¢, A)=a’(’, ¢’, A’) for all values of r,p, 2 and 7/, ¢’, 2. In the
present case 7 =r’, but in the case of a translation this identity will not hold.

If the rotation from 2, y,z to 2', ¥, 2’ is specified by the Eulerian angles w0,
as indicated in Fig. 1, we have the relations

e M Pl (sing) = Z g: S"“ "Hu, 0, x)e P (sinp) (9)
I=—-n
and ¥ Pi(sing’)= 3 2” ?)'S"“ "*u, 0, X) e Pl (sin p) (10)
l=—-n
with
(—n* ‘( +;) e'*t 1 (gin 16)°~(cos 46)
X —n—Ln—1+1; —s—1+1;c08?30) if s+1<0
S;‘,{""“(y,O,x)- EFI( % ) (11)

(—1e (: ! f) eI (sin 16) ™ (c0s }6)°

X Fi(—n+ln+l+1;8+1+1;c08230) if s+1>0

where conventionally

) =14+ TP Het D) BB +1)
2l'f'l(az,ﬁ,y.:ztt)«l-i-l.y.z:-l- 1290+ 1) .

825" (u, 0, %) is conjugate complex to 83> (u, 6, X).

(9) and (10) together with (11) are transformation formulae for the surface spherical
harmonics (Courant & Hilbert, 1953; Erdélyi et al., 1953). Equivalent formulae have
been derived by Schmidt (1899), Honl (1934), Saté (1950) and more recently by
Jeffreys (1965).

Obviously (9) and (10) are generalizations of the well-known addition-theorem
for Legendre-polynomials (s=0) and can be derived on observing a generating func-
tion for spherical harmonics, quoted in section 3.

Inserting (10) into (8) and taking (7) into account we obtain the required result
m (n+k)

S | cprs
JS + K8 kgn(n+ o)l

Sn+s n+k(‘u’ 6 x) (Ak +sz) (12)

with
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(~ l)n—k(:’; ; ;;) et RN (gin 10)° ¥ (cos 30) ¥

S5m0, 0, ) = xFi(~n—k,n—k+1; —s—k+1;c08*30) if k< —s

( _ 1)n+s (: i Z) e-—i(sz+ky) (sin %0)"9“‘(008 %e)sﬂc

xFi(—n+k,n+k+1;8+k+1;c08°40) if k> —s (13)

Apparently the same result can be obtained by applying (9) to (5) and (6) but the
derivation is then more involved and has been omitted here.

A translation

We proceed as before, trying to transform the integral in (4). Doing so however we
face the problem of finding an appropriate transformation formula for the solid
spherical harmonics of type r"¢**’Pj (sin @). Although such formulae are known
for special translations (Hobson, 1931; Robin, 1957), a general formula doesnot
seem to be available, although the matter can hardly have escaped attention and
the present result might not be new. The derivation of such a formula is not diffi-
cult if we observe a generating function for the surface spherical harmonics given
by Erdélyi et al. (1953) and referred to already in the previous section; see also
Courant & Hilbert (1953).
Define vectors

x
n=(1—t%¢+i?, —2t) and r=(y)
’ 2

with again ¢#= —1.
Define the functions Hy'(r) as to be generated by

(w-ryr=¢ 2 H(r)-&" (14)

m=-n

where u-r stands for the scalar product of u and r.

Interpret x, y, z as the right-handed cartesian coordinates of a point P referred
to system z, y, 2.

Let cartesian system z’, y', 2’ be related to z, y, z by

r=r—-p (15)

z b
r= ( y') and g= (6y .
Z oz

(15) specifies a translation by p, the effect of which we want to investigate (Fig. 2).

where
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Fig. 2. Translation; geometry and notation.
In consequence of (14) we also have

(-r)r =g Z HMr') - ™. (16)

m=—-n

On the other hand

@) = - =@r—u-gr= 3 (—D¢(7) @1 *u-p)
. k

k=0

n n n-k k
=‘"Z(‘”"(k){ ) Hz-k<r)-t"}{lz H’k(mt’}, (17)

k=0 h=-n+k -—J

since again

(u-g*=t~ > Hp(e)-t".

m=—n
Combining (16) and (17) we find after some changes of indices:

14
n “min-p

Hir)=2% 2 (-1** (n)H,'{‘:,‘,(q)-Hi,(r) (18)
p=ol>;ﬂn+n P
where symbol l>g means:
) {a=if az=b
b=if a<b

and similarly
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a if a<b

1<  means l={
b b if a>b.

Now it can be proved that the H7(r) as defined by (14) form a complete system of
linearly independent harmonic polynomials of degree n (see Erdélyi et al., 1953 and
Courant & Hilbert, 1953) and making the substitution:

coS @ cos A

r=r|cosgsin} |,
sing

where r stands for the absolute value of r, we find

2" n!

i) = (=1 o=

e~ '™ P (sin ). (19)

Making similar substitutions
cos ¢’ cos A’ cos a cos 8
r'=r"|cosg'sinl’}; p=p|cosasing
sing’ sin &
and substituting the result together with (19) in (18) we obtain
(r')yre ™ PR(sing’) =

n m+n—-p e n+m n-p , ~Hm-DEPmM—1 (o APl (o3
=3 3 (o] e e PR Gina) e P Ging):  (20)

p=0,_-p
l>m—n+p

It follows immediately that also
(’I‘I)n ei ml'PZ; (sin ¢r) _

< mae n-p n+m n-p i(m-DBpm-1 1.3 p A Dl .
= ZD > (-1 p+i " e Py, (sina)rPe™ P, (sing) (21)
b= l>;,11

nt+p

(21) is the required transformation formula for solid spherical harmonics of type
e P (sin ).

If we abbreviate (21) as

D
n <m+n~p

(yem PR (sing)= 3 5 Kilwle, % ) 17¢ P, (sing) (22)
P00 nip
where
K2 (0o )= (=1 (;i;") ¢ 7 PT S (sina) (23)
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then coefficients K%:%, (o, «, 8) are functions of the elements 0, «, B which define the
translation.
If, in particular, a = /2 (20) reduces to

n
(7. )n —imle sm<p 2 l)n—p (z::::) enﬂ)rpewim}.Pr; (sm(p) (24)

An equivalent formula for this case is given by Robin (1957).
Inserting (21) into (8) and observing (7) we obtain:

<P
n stn-p (n_s)!
Jy+iK5 = —1yn-2
P§°z>;§+p( ) (p—Dl(n+s—p—I)
n-p
§ (5) Py, (sina) e~ (4} +iBY) (25)

which is the required transformation formula. It relates the coefficients in two
spherical harmonics expansions of the gravitational potential when these expan-
sions are referred to mutually translated systems of reference.

Introducing finally the coefficients of type (23) we find the alternative expression:

1<?

) B Tsinep s +1 .
Tatilo= 2 2 “"”M#K’”@,a,m (4p+iBy).  (26)
p= 1>s_—n+17

Formulae (25) or (26) bear some similarity to Steiner’s wellknown theorem on the
moments of inertia of a body with respect to parallel axes. See f.i. Joos (1967).

It is not difficult to derive corresponding expressions in terms of cartesian coor-
dinates x, y, z; ', ', 2’ and translation components dx, dy, 6z but such expressions
turn out to be somewhat more complicated and the present formulae in terms of
spherical coordinates are more readily applicable.

Discussion

The complex harmonic coefficients J3 +iK3 as defined by (4) proved to be con-
venient in the mathematical process of deriving (12) and (25). On the other hand
representation (3) of the potential which goes with them does not seem to agree
with current practice, because it involves the first kind Legendre functions of nega-
tive order s. But like pointed out in section 1 the interrelationship between expres-
sions (1) and (3) is a simple one.

Given a representation of type (1) the complex coefficients J% +:K5 can imme-
diately be written down for s>0. For s <0 they are obtained from these by

(n+9)!
(n—s)!

Jis ik =(—1y - (J5, +K3)
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as demonstrated in section 1. In this way the corresponding representation of type
(3) can be easily constructed. To obtain explicit expressions of J% and K3 in terms
of A} and B}, in (12) and (25) real and imaginary parts have to be separated as
usual.

Simplified formulae can be derived for a zonal earth, i.e. a hypothetical earth the
external gravitational field of which is symmetric with respect to the z-axis. In this
simplified case, which however is not too far from reality, we have Al =0 if 1+0
and B} =0 for all p and 1.

Consequently (12) reduces to:

. n! -
Jy +iK5 = (—n—i—s)'Sg"H.n A%

with

SpFen =(—~1)nte (n;—s) e ¥%(sin $0)° (cos $6)° yF1( —n, 7 + 1; s + 1; cos® 30)

— o\! —s)!
(1P iops (agsy = (— 1) B ptenps (cosh).
n! n!
Hence for a zonal earth
. (n—s) _, 0
s § (. 1\s isx .
Jo+iK5 = (—1) (n+s)!e P;, (cos0) - A3 (27

u does not appear, like it should not. Separating real and imaginary parts we find:

Ja)_, e8! cossy ps 40
(K:)—( 1) (n+s)!(—sinsx) P (cosB) - 4. (27a)

Interpreting this equation it should be kept in mind that

1 if s=0
Pi(l)=
0 if s>0
Doing so, we find, as we should, J% =49, K5 =0 if §=0.
For x=0:
(n—s)! 0
S o f 1) P .
Jy=(—-1) (0T s)! 5 (cos0) - A5 27b)
K3 =0 for all n, s and 6.
(25) reduces for a zonal earth to
n—s n-—
——— - (n—s)! NP o : isf. 40
J‘;-i-’tKi,—p;o(—l)n pm p P _,(sina)e*’ - 4, (28)

This expression is substantially simpler than (25) and may be further specialized to
some interesting cases:
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(@): o« =m/2; this represents a translation along the z-axis.

S P {1 if s=0
ince s =
? 0 if s>0
we obtain
n n—-p
2= o (0)(E) . (280)
»5

K3 =0 for all n and s.

(b): «=F=0, i.e. a translation along the z-axis. We obtain immediately

. —n—s _ nep -(n_s)! s '(s_x n—p
R U N L N (28h)

K3, =0 for all » and s.

(c): ®=0, B=mn/2; a translation in y-direction. Comparing real and imaginary
parts we find

Je;t:”is(_l)n-ws/z_(ﬁi P, 0) (5y)n~p 2

for s even =0 pl(n+s—p) a
K5=0
(28¢)
(J5 =0

s odd

s=n‘8 — 1\ pHs-D} (nﬁs)! S (6_y)"_p o
K= 3 (1) it © 4

Numerical estimates and a conclusion

To be able to appreciate the order of magnitude involved in practical cases let us
generalize our zonal earth still further, only retaining the predominant terms A§=1
and A3~ —1 x10-3,

Then (27a) gives as non-trivial result

JY=(3cos?0 —3) A3

K2=0

Ji=}cosxsinf cos0 - A2
K}= —1sinxsinf cosf- A}
Jz=1}cos2x sin%f - A3
K5= —}sin2xsin%6 - 49
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If we assume § and y to be small quantities, say of order 10-5, the only non-zero
results would be:

Je =45k = .gAg ~0.002 x 10°°.

With the same generalizations of the gravitational field we find similar estimates
when using (28a) with |dz/a |=10-5, corresponding to a translation of about 60 m
along the rotation-axis:

|J3—A42|=0.01x 1078
|J3] =0.15x10""
[J9]=1.5x 107" ete.

These figures are very small. It is interesting to compare them with the accuracies
attained in the determination of JJ and JJ by the analysis of the orbits of artificial
satellites. We take Kozai’s contribution of zonal harmonics to the Smithsonian
Standard Earth 1966 (Lundquist & Veis, 1966). Here we are especially interested
in the standard errors and we adopt their least optimistic estimates:

0.003x10°% for JI
and 0.010x107% for J3.

The corrections to A3 and A3 due to a shift of origin, some 60 m along the rotation-
axis, turned out to be very small, but as regards A§ of the order of the standard
error quoted. This means that such a shift would hardly introduce a bias in the
derived value of J3. The other harmonic coefficients are only influenced to a smaller
extend, as is easily seen from (28a), where the lower degree harmonics go with
higher powers of dz/a. J3 proves to be the critical case. If we take a 6 m shift in-
stead of 60 m, we find that this would generate a J3-term of magnitude 0.0015 x 10-,
which is well within to-day’s standard error.

This is an example and similar, perhaps more important conclusions might be
drawn for some of the other harmonic coefficients. The general picture is clear from
(28a) through (28¢). Adopt 10-3 (about 60 m again) as the maximum conceivable
value for lég/al, then noting that the factorials are at most of order 10 for the
terms which are not obviously negligible, we easily pick out the relevant terms,
limiting ourselves to those >10-%

|79 =3 %zAg =0.015 x 107% from (28 a)

|K5|=% |6—a’1Ag =0.0025 x 10"® from (28 ¢).

Hence in addition we find, generated by a y-shift, a Kj-term the magnitude of
which might not be entirely negligible in future.
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A conclusion could be that within the contemporary accuracies of satellite geo-
desy a definition of the reference system with respect to the earth’s centre of mass
to within say 50 m comes up to all practical requirements as regards the determi-
nation of the external field. The subject might become relevant as soon as apparent
standard errors of the order of 101 are attained.

This conclusion will appear almost trivial to many, but it seems worth while to
have some numerical estimates available.

Perhaps it is different with the moon, where the centre of mass relative to the
centre of figure is not so well defined; an excentricity of some 2 km is not out of
the question (Michael, 1967). Moreover the moon’s radius is roughly four times
smaller than the earth’s, so that in all in selenodetic investigations |dg/a| could
be of order 10-3, some hundred times as big as the value we thought conceivable
in geodesy.
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HEKOTOPHIE TPAHCOOPMAIIMOHHBIE CBOMICTBA JJIf1 KOD®DPUI[UEHTOB
PABJIOKEHNA BHEMHETO TPABUTAIIMOHHOT'O INIOTEHIMAJIA 3EMJIU
110 COEPUYECKUM TAPMOHUNKAM

Buemnnii rpasuTaivoHHBIR MOTeHIMAT 3eMIM MOKeT OBITH MATEeMATHYECKH IPEICTABJICH
B Bujle OeckoHeyHoro psapxa no cdepuueckum rapMmoHnkam. Hosdduumentsr storo paga
YHMCIIEHHO 3aBMCHT OT I0JIOKEHUA M OPMEHTAIlMH 1O OTHOLIeHWio K ¢urype 3emuu npu-
HATOM cucTemnl orcyera. Ileanio HacToAmel craTbu ABIAAETCA BHIBOA 061MX POPMYN HIA
n3MeHeHnii KoddPULUEeHTOB PA3JIOKEHHA IIPU NepeMelleHN M NepeopueHTalul CUCTEMEL
orcuera. Taxne GopMysl MOTYT OHTH NMOJE3HH NPH KPUTHYECKOM aHAIN3e JNHAMUYECKON
reoiesny UCKYCCTBEHHHX CNYTHUKOB, 0COGEHHO NPU aHAJN3e MX Pe3yJbTaTOB COBMECTHO
C TAHHBIMU 3eMHOIl reofesun. B0 ucnonp3oBaHo TpaHcPopMallMoHHOE CBOMCTBO cdepu-
YeCKUX FapMOHNK, KOTOpOe, MO-BUAMMOMY, He BCTPeuasloch paHee B CTAHJAAPTHON MaTeMa
ture. [IpuBogATCH HEKOTODHIE MPOCTHE YUCIEHHBIE MPUMEPHL.
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