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ABSTRACT

The problem of determining the potential from gravity disturbances along a fixed direction
arises in the analysis of residuals of Doppler tracking of Lunar Orbiter satellites for features
of the gravity field of the moon. This problem is solved in two ways, by an integral formula
and by means of spherical harmonics.

1. Introduction

The component of the gravity disturbance vector along a fixed spatial direction is
among the most recent observable data. In fact, Muller (1968) and Sjogren have
obtained a set of lunar gravity disturbances by analysis of residuals of Doppler
tracking of Lunar Orbiter satellites. These disturbances are in the direction to the
earth, which varies with respect to a moon-fixed reference frame by about +7°;
they refer to altitudes of a few hundred kilometers and cover about 609 of the
moon’s surface.

The anomalous gravity potential of the moon will be denoted by 7'. Then the
gravity disturbance vector is the vector grad 7. To simplify the problem is keeping
with the accuracy of measurement, we replace the slightly variable direction from
the lunar orbiter satellite to the earth by the constant direction from the center of
the moon to the center of the earth, which, being fixed with respect to the moon,
may be considered as the z-axis of a rectangular spatial coordinate system. Thus
the observed gravity disturbances will be identified with 07'/0z, the z-component
of grad T.

To make the problem well-defined theoretically, we may assume that 67'/6z is
given over the whole surface of a sphere concentric to and enclosing the moon.

Let R be the radius of the sphere on which 87/oz is given, and R, be the radius
of the moon, such that B> R,. The computation of the anomalous potential 7' may
then be split up into the following two steps:

1. Given 87T/0x on the sphere r = R, computation of 7' on the same sphere by means
of an integral formula.
2. Downward continuation of T from the sphere r = B to the lunar surface r= E,,.

Step 2 poses no new theoretical problems. Neither do so prediction and continuation
techniques required for obtaining 07/dz on the whole surface of the sphere from
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values measured along the orbit (R — R, should represent a mean elevation of the
satellite above the moon). Thus there remains to find an integral formula for Step 1.

This will be done in sec. 2; in sec. 3 we shall outline an alternative solution by
means of spherical harmonies.

2. An integral formula

We first remark that the function 67'/0z given on the sphere must satisfy the condi-

tions
ff (6_1‘) P, (cosf)cosnide =0,
o\02 /s

ff (g) P, .(cosB)sinnido =0,
o \02 )y

where do is the element of solid angle; § (polar distance) and A (longitude) are the
spherical coordinates of do; (07/92), denotes the value of 07/6z at the point (0, 4)
of the sphere; and P,,(cos ) is the associated Legendre function of degree n and
order n. The integration is extended over the whole sphere.

The conditions (1) express the fact that the spherical-harmonic expansion of 87}z
contains no sectorial harmonics; they will be derived in sec. 3.

Since 87'/6z is harmonic together with 7', we may use the Poisson integral formula

oT R r2—R? (oT
T 2[5

to compute 97/0z at a point (z, y, 2) outside the sphere from its values on the
spherical surface. We have

n=0,1,23, ... 1)

R =gl (3a)
72 = 22442 22> R, {3b)
B=(@—-£P+y—mi+(z-0)% (3¢)

where (£, 7, {) are the coordinates of the surface element R2ds. Since, according to
(1) with n =0, the function 87'/9z contains no zero-degree spherical harmonic, we

may replace (2) by
oT R r—R®* 1\ (oT
g (x, Y, 2)= 4—7t J:[r (‘*‘_l;; - ;) (5)Ud0', (4)

in which the zero-degree harmonic is removed in exactly the same way as in equation
(2-159) of (Heiskanen & Moritz, 1967, p. 90) the harmonics of degrees zero and one
are removed.

Now T is found by integrating (4) with respect to z and interchanging the order
of integrations:
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= [ e L) (2) e

We thus finally obtain

R T
T, y,2)= Ejf F(r,y,z) (2;—2) do (5)
with Fx,y,2)= f (—?If - %) dz.

The evaluation of this integral, taking (3a, b, ¢} into account, by the standard methods
of integration gives

26@z—-8+2qy—n)_20 | I+z—{
=————=""17 I Z4lnp—2,
P .2) l+z-0) T ©)
These formulas are valid for 220 and for a2+ y2--22 > R?, that is, for a point outside
or on the sphere of radius R. In order to get a regular result (5) in spite of the singu-

larities of the function (6) together with its obvious counterpart for z<0,!

_(F (PR )\ 2@ +2y—m) 2 l—z+¢ ,
F(x,y,z)—f (>T_r)dz— —2z+7) l_ln r—z ’ (69

— o0

the conditions (1) must be satisfied.

3. Use of spherical harmonics

An alternative solution uses spherical harmonics. The anomalous potential 7 may
be expanded into a series of spatial spherical harmonics:

n+1
T(r,0,1)= Z Z (R) P,,.(cosB)(a,, cosmA+b,,sinmi). (7)

n=0m=0

From Maxwell’s multipole representation of spherical harmonics (MacMillan, 1958,
p. 403) it follows that

0 (Ppn(cosB) cosmi .m(cosB)cosmA
a(—(_)—) e
0 (P, n(cosl)sinmA w1, m(cos0 smml
gt—Lﬁgg—)=—m—m+n “(;ﬂ) 8)

Thus the differentiation of (7) with respect to z gives e
® n n+2
=3 3 (B Pusntcosn

n—m+1
R

(@ cOSMA+ b, 8inmA).
oz n=0m=0

! In fact, if 2% +y2 > R?, both (6) and (6’) may be used for — o0 <z <0,
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We now replace the subseript #n by »—1 to obtain

oo n-1 R n+1 — . .
or_ _ > 2 (—) P, (cos6) u(a,,_1 mC€osmA+b, 1 nsinmi). (9)
oz n=1m=0\7 B )
We see that (9) contains no tesseral harmonic m ==, which proves our conditions (1).
The function 67 /ox is supposed to be given on the sphere = R. It may thus be
expanded into a series of surface spherical harmonies:

w n-1
Z—Z’= > 2 P,.(cosb)(c,,cosmi+d,,sinmi) (10)
n=1m=0

with ¢, =d,, =0. Then the coefficients a,,, and b,,, are obtained by

R , ____ R
n—m+ 10mm Oem = T

dn+1,my (11)

a’nm

and (7) gives T in space down to the lunar surface » = R,
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OB ONPEAEJEHUNN IIOTEHIWAJIA U3 BO3MYIMEHMN CUJbI TAKECTH
BJOJb ®PNKCUPOBAHHOI'O HAIIPABJIEHU A

3ajaua onpefeseHNs NOTEHIINAIA U3 BOBMYMEHUHA CHIIBI TAMECTH BHOJb PUKCHPOBAHHOTO
HANPAaBIEHUsA BO3HMKAET NIPU aHANM3e HeBA3OK JJIA JONIJIEPOBCKOTO CIeXEeHHA JYHHBIX
OpOUTANBHEX CHYTHUKOB ¢ HEJBIO ONpeRe]eHUA IPABUTALHOHHOrO noad JiyHsl. Sra 3a-
flaya peulaeTcA ABYMA crnocobaMu: MHTerpadbpHoit dopMyiolt M ¢ moMombIo cepHuecKuX
TapMOHMK.
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