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ABSTRACT

In electronic distance measurements the transit time for the signal from the instrument to the
far point and back again is determined. From this, the slope distance between the points is
computed, taking into account the variability of the refractive index along the path (Part 1).
The slope distance is then reduced to the geodesic on the reference ellipsoid (Part 2).
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4y, B,

List of symbols

major axis of reference ellipsoid

geodesic (or normal section) on reference ellipsoid joining 4, and B,
velocity of light in a vacuum (=299792.5 kms/sec)

chord joining 4 and B

chord joining A, and By

projection of the infinitesimal increase ds onto the equi-index surface
eccentricity of reference ellipsoid

second eccentricity =e?/(1 —e?)

unit normal vector to the ellipsoid at 4,

unit normal vector to the ellipsoid at B,

height of the point over the ref. ellipsoid (except in egs. (1) and (2))
unit vector along d,

unit vector along d,

coefficient of refraction =s/x,

refractive index

ray path curve joining 4 and B

half transit time

unit tangent vector for s

unit normal vector for s

unit binormal vector for s

unit vector on surface, along the curve

unit vector on surface, perpendicular to the curve

unit normal vector to the surface, downwards

end points of the ray

projections of the end points onto the reference ellipsoid (with normals to
ellipsoid)
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550 1. USSISOO

E correction term see eq. (20a)

M radius of curvature along meridian

N radius of curvature perpendicular to meridian
radius of curvature along azimut «. R~ 6400 kms

w2 1 —e?sin?¢

o azimuth of geodesic b

B in part 1: angle between v, and — w;, usually zenithal distance of ray path;
in part 2: reduced latitude

* curvature of ray path (space curve)

Hy normal curvature of surface curve

A difference of longitude between A and B

1 +90° angle between normal and chord, see Fig. 3

c centre angle, i.e. the third side in a spherical triangle with sides (90 —¢,)
and (90 —¢5), with the enclosed angle 4

T, geodetic torsion

¢ geographical latitude

As correction term see eq. (10)

Symbols with index A refer to point 4.

Symbols with index B refer to point B.

Symbols without index are usually the means of the above.

Symbols with prefix A refer to differences between the above values.
Prefix 0 is used to indicate the error.

The accuracy obtainable with electro-optical and electro-magnetic distance meas-
uring techniques depends on both internal and external factors. Instrument con-
struction techniques, aceuracy of the phase resolution, crystal stability, zero errors
and, in electro-magnetic equipment, choice of carrier frequency and the associated
beaming accuracy can be included under the first heading. The determination of
the velocity of the carrier signal through the atmosphere is the principal external
factor which influences accuracy.

Considerable advances have been made in reducing or eliminating the errors which
are due to internal factors; and instrument accuracy even over relatively short
distances is, at the present time, superior to the accuracy with which the refractive
index can be determined.

To directly determine the refractive index along the signal path is difficult and
expensive. The field applications of dispersion techniques in connection with electro-
optical measurements are, as yet, not fully developed; and helicopter-borne refracto-
meters can rarely be used in normal field work.

In this paper methods for determining refractive index are not discussed. It is
assumed that representative values for the refractive index are available at both
terminals see eq. (4).

Part 1 deals with the reduction of measured transit time to chord distance. The
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CORRECTION PROBLEMS IN ELECTRONIC DISTANCE MEASUREMENTS 551

treatment here is based to a certain extent on a paper ‘“‘Curvature corrections in
electronic distance measurements”” by M. Hotine which was read at the IAG con-
gress on Lucerne in 1967. Part 2 deals with the reduction to the reference ellipsoid.

Part 1. Computation of the length of the ray path

For a continuous, differentiable function, the Taylor expansion to a fourth order is
F(B)=F(A+h)=F(A)+hF'(4) + F” (4) + F’”(A) + 4 F"’(A) §))

The superscripts refer to successive derivatives of F with respect to h. Successive
derivations of (1) give

B2 B
F/(B)=F'(4)+hF"(4)+5 F"(4)+ 5 FV(4)

2
F"(B)= Fr(4) +hF”’(A)+%F'V(A).
We have also

g{F’(A)+F'(B)}=hF’( y+ X F”(A)+ F”’(A)+ F’V(A)

h3

E{F”A—F”B = - F”’A——EF'VA
o5 (F(4)— F"(B)} = S F () -2 F(A)

and (1) can be written as follows
F(B)— F(A)——{F (A)+F'(B)}+ {F" A)—F"(B)}. 2)

In electronic distance measurements the value for half transit time ¢ is given
by the curve integral
1 B
t=—f nds
cJa

where ¢ =velocity of light in a vacuum

n =refractive index

The integral is computed over the curved line s from the initial point 4 to the
far point B. It should be noted that, generally, » is variable along the whole curve.
Now it follows that

ct=f3nds=F(B)—F(A). 3)
A
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552 1. USSISO0

A\ ray path

equi-index surface

Wy Fig. 1

For n the expansion
dn\ | $*(d*n\ &% (d®n
noe ()45 (5,5 (6, W

is assumed to be valid between 4 and B: the values with index 0 are taken for an
arbitrary point in the internal 4 and B. Eqgs. (2), (3), (4) then give

s s? [{dn dn
Ct=§(n.4+nﬂ)+1—2{(d—8)A— (‘;';)B} (6)

To express the derivatives dn/ds it is necessary to introduce Frenet’s formulae.

For a space curve, the unit vectors are: v, (tangent), v, (principal-normal) and
v, (binormal).

Points with equal n build an equi-index surface. The normal to this surface has
a unit vector wy. The plane of the paper in Fig. 1 contains vectors v; and w;. The
intersection of this plane with equi-index surface is a surface curve with unit vector
w,, along its tangent. v,v,v, form the moving trihedron for a space curve, w, w,w;
for a surface curve; definitions according to [2] and [3].

According to the laws of refraction, v, is also in the plane of the paper. The angle
between w, and v, is (180° —B). An infinitesimal increase ds along the ray gives rise
to increases do along w; and —dh along w,. Using these definitions the following
equation is obtained:

dn

T =gradn- v, =|gradn|ws - v, =|gradn| cos(180 — B) = — | grad n| cos §.

Eq. (5) can be written
s s
ct=§(n,4 +n3)—1—2(|gradn,,|cos Ba—|gradng|cos B5). (6)

As this formula is not suitable for practical purposes, a number of assumptions
must be made.
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Ba do

Fig. 2

In points A and B a horizontal stratification of the atmosphere is assumed, thus
the direction of w, coincides with the nadir direction. The angle 8 becomes the

zenithal distance, measured along the direction of increase in s (see Fig. 2).
Also

in which A is the height of the point.
Eq. (6) then becomes

2 /d d
ot =3 (ns-+mp) %2{((;; cos ﬁ)B— (—: cos ﬂ)A}- )

Using electro-optical measuring systems § can be determined with a theodolite. The
determination of dn/dh using probes is a time-consuming and difficult procedure,
and, therefore, eq. (7) can be simplified.

With reference to Fig. 1

—cos B =Wy v,

Differentiating gives

ing & _ W do v
Smﬂds_dor 7s Vit Wy 7 (8)

According to Frenet’s formulae for space curves

__.=%.v
ds z

where % is the curvature of the space curve.
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554 1. USSISOO

Frenet’s formulae for a surface curve, i.e. intersection line of the equi-index surface
with the plane give

dw,
’gl; = Ry W, T Ty W,
in which #,=normal curvature

7, =geodetic torsion

Wy =W, x W; and is consequently vertical to v,.
According to Fig. 1 dg/ds=sin §.
Eq. (8) can thus be written

sin 8 (df/ds) = sin B(—x, Wy —T,Wp)- ¥, +%W3" V,.
From Fig. 1 we obtain
W, 'V, =cos (90°—B) =sin
W5V, = cos (90° —pB) =sin .
Since w, is vertical to v;, w,-v, =0 and the equation above becomes
sin B(df]ds) = sin B (—, sin §+2x)
dplds = —a, sin f+ . (9)

It is further assumed that the curvatures x and x, are constant between 4 and B.
This implies:

(1) the ray is a circular arc
{2) equi-index surfaces are concentric spheres with a curvature

1 1

R in R

since h<R and where R is the radius of the earth. The ratio x/x,=Fk is the
coefficient of refraction.
Eq. (9) can thus be written

g—f= —xn(sinﬂ—f)= “;—-{(Sinﬂ_k)

n
and by introducing

Be+Ba=2p Bs—Ba=AB

dn dn dn dn dn
(d“h)ﬁ (az); *ah (ﬁ); (ﬁ); Adn
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CORRECTION PROBLEMS IN ELECTRONIC DISTANCE MEASUREMENTS 556

the second bracket in eq. (7) can be written

(5 cos) - (G cos8).
() o (2. 40) - (22 B00) o (5-29)
“Gifeon () on o= 25 o ) o - )

= dh sin §AS + Adn cos § + terms of higher order.

d
. _dag_ s .,
Putting Ap =87 R(sm p—k)
eq. (7) becomes
8 1 ofdn . 8 .
ct= é(nA-FnB) ﬁsmﬂl—z(smﬂ—k)+Adncosﬂ. (10)

In this equation dr/dh, 8, k and Adn are not yet determined. 8 is the mean of
zenithal distances in 4 and B.
Thus

cosﬂ=h3;h‘4 sin f=V1-cos?§

In the final term Adn is a small quantity, and it is multiplied by cos § which is
also small. With the formula (24) in [1] p. 225

(n—1)-10% =318.5—41.5h +2.45 h®

in which % is in kilometres, the dimension of the term (s2/12)Adn cos = As can be
estimated:

dn

dn
6 - _
10 ( ) 41.5+49hg 105(dh

7 ) = —415+49h,

Adn=4.9(hs—h,)10°°

As= 1549 (hy—hy) 10

82 hy—h,
)

or, with s and % in kilometres, As in millimetres

As=04s(hg—h,)2.

In areas with large altitude differences this term should not be omitted. For in-
stance, if s=10 km, by —h,=2 km, As will be 16 mm.

Tellus XXI (1969), 4



556 1. USSISO0

In Sweden it is not necessary to take it into account: in the present primary net-
work the maximum value would be only 6 mm (the side Ripainen—Kistefjell: s =30
km, hy—h,=0.7 km).

The relationship between dn/dh and k is given in the spherical refraction law

(R+A)n sin § = const

Derivation with respect to k gives

nsmﬂ+(R+h) smﬂ+ R+h)ncosﬂ‘—i§g%—0 (12)
. ag_ 1 .
with 75 R(sm B—k)
ds_ 1
dh cosf
and R+ h~R.

Eq. (12) can be written

nsmﬂ+Rd sin = Rncosﬁ—(smﬂ k)—op

cos /3
dn k n
an_ k. m 1
dh Rsin g (13)
Substituting eq. (13) into eq. (10)
t= 2 (ma + 1m) + sk (sin g — k) — A 14
C ~2(nA ng) Tk (sin § — k) S. (14)
Usually in the second term of eq. (14) it can be assumed that
n~1
sin f~1
s~ct.
Omitting As the formula given by Hoépcke [5] is obtained
2 (),
T my g 2g® 8 (15)

To obtain the length d, of the straight line joining the end points, the correction
for path curvature —k%(s3/24 R?) is added which gives

2ct (ct)®

b= o T 24R

e (2E— K% + As (16)
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CORRECTION PROBLEMS IN ELECTRONIC DISTANCE MEASUREMENTS 557

The value of k remains to be determined.
According to [5], the refraction coefficient k is for heights of 40 to 100 m above
ground

k,=0.25 daytime throughout the year and on cloudy winter nights;
0.5  nights June to October and on clear winter nights.

k; =02 daytime and cloudy nights throughout the year;
0.3  clear nights;
0.13 daytime with a cloudless sky.

in which the index M refers to microwave and index L to visible light.
What is the required accuracy for ¥? Derivation of eq. {16) with respect to % gives

d dy
Z @)=~k

An alteration of k with dk = —0.01 would thus increase the length of d, as shown
in the table below (all values in mm).

Table 1
d, 10 km 20 km 30 km 40 km 50 km 60 km
k
0.1 0.02 0.15 0.50 1.18 2.31 3.99
0.2 0.02 0.13 0.44 1.05 2.05 3.55
0.3 0.01 0.12 0.39 0.92 1.80 3.11

The required accuracy for k may also be expressed as follows:

In order that the relative error should not exceed 107, Iék | should not exceed

0.50 for d,=10 km
0.15 for d,=20 km
0.07 for d, =30 km
0.04 for d, =40 km
0.02 for d, =50 km
0.016 for d, =60 km

In the above, the following assumptions have been made:

(1) horizontal stratification
(2) spherical equi-index surfaces
{3) a variation of the refractive index along the ray path according to formula (4).

The degree of validity of the assumptions is, naturally, open for discussion. This
is particularly the case with formula (4). If, however, they are valid the choice of k
value is by no means critical for distances less than 3040 km.
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Part 2. Reduction from chord to geodesic

Fig. 3

end points of the line

projections of the end points onto the reference ellipsoid (with normals to
ellipsoid)

ray path joining 4 and B

chord joining 4 and B

chord joining A, and B,

geodesic joining 4, and B,

unit normal vectors to the ellipsoid

unit vector along d,

unit vector along d,

heights of end points above the ellipsoid

It should be noted that, generally, the four vectors i, j, e, and e, are not coplanar.

A. Reduction from chord d, to chord d,

1. Introduction

The relation between d, and d, is given by vector addition

dpi=d,j—~hye,+hge,

and after squaring

S= At R R+ 2(—dhafe A b0, —hyhge - ey).

Introducing the angles u, and ug, ref. Fig. 3

dy=d+ R4 + 1%+ 2(d by sin uy +d b sin ug —hyhge, - e;) {17}

Tellus XXI (1969), 4
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On the sphere the angle between e, and e, is the centre angle ¢ and

—pp=2=
Ha ™ Up 9 n.
If the radius of the sphere is R, then
sm,u=éR
3 d?
e, e, =cosoc=1—2sin y=1—2R2
and eq. (17) becomes
h
d2=d§+h§,+h23+%'d§+ﬁ‘—’df—2kAhB+h—‘};:Bd§
hs hs hyh
=(h,,—h3)2+d§(1+§§‘+§+—;zf)

giving the well known formula

dy = (g —hs)®

&

569

(18)

The validity and accuracy of formula (18) for computation on the ellipsoid is dis-
cussed below. It is assumed that d, is less than 100 km and that 4 is less than 2 km.

It is seldom that these values are exceeded in practice.

2. Computation of sin u, and sin uz
From [3] § 15

d,sin pu, =aW (1 —sin g, sin 5 —cos §, cos f5 cos 4)
d, 8in g = aW 5(1 —sin §, sin 5 —cos 8, cos f5 cos 1)
is obtained in which

a major axis of the ellipsoid

W, V1 —e?sin® ¢,

7] reduced latitude

A difference in longitude between 4 and B
¢ geographical latitude

e? square of first eccentricity

e? square of second eccentricity

Tellus XXT (1969), 4
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When computing the errors the value 2/300 may be used for e and e2.
Since
Wsinf=sindV/1—e® W cosf=cose
eq. (19a) becomes
. aW,q 2 . .
dosinpy=—-"- (W, Wg+e®sing, sings —cos o) (20)
WiWe
where ¢ is the third side in a spherical triangle with sides (90 —¢,) and (90 —¢5),
with the enclosed angle A.
What is the effect on d, of an error in sin u,? Derivation of eq. (17) with respect
to sin u, gives

0 =2(d,+h, sin u, +hp sin pg) 8(d,) +2d,h, 5(sin p,)
Since h, sin p, and by sin g are small in relation to d,, they may be omitted, hence
—(d,) = h, O(sin u,).

An error 107 in sin u, thus gives rise to an error of less than 0.2 mm in d,; and
the same for d(sin u5).
Series expansion of the two first terms in the bracket in eq. (20) gives

WaWs—etsing,sindy=V1—e?sin? ¢ - V1 —e?sin? §y + ¢* sin ¢, sin ¢

2
=1— % (sin® p, +sin® ) +€® sin, sings + B
4
where E=— eg (sin ¢, — sin ¢y)? (sin ¢, + sin $p)%. (204a)
The effect of the terms with factor €8 is

-1(% (sin® ¢, —sin® ¢p)? (sin? ¢, + sin® ) (20b)

and may thus be neglected (see end of this subsection). Putting a/W = N (perpendi-
cular curvature) eq. (19) becomes

2

d, sin p, = Ny {2 sinzg - % (sin ¢, —sin ¢5) + E} (21a)
2

d,sin up=N, {2 sin2g—% (sin ¢, —sin ¢B)2+E}. (21Db)

Introducing R =radius of curvature for latitude ¢ = (¢, +¢5)/2 and azimuth for
o= (xas+apa+180°)/2 eq. (21a) can be written

2
d, sin u,= % {(QR sin g) — ?R*(sin ¢, —sin ¢p)® + 2RzE} (22)
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2R sin (0/2) is the length of a chord between two points with coordinates (¢,, 0) and
(3, A) on a sphere with radius R. d, is the length between two corresponding points
on the ellipsoid. Putting

2R sing=de+£

¢ will be a few cms and gives rise to an error in sin u,

N, & 005

Rl P -8
7~ & 6000000 ~ 1
and may thus be neglected. Eq. (22) now becomes
2
sin p, = ;R{l—e (R) (81n¢4—31n¢5)2+2(f) E’}%’%’ (23)

where N is the perpendicular curvature for latitude ¢.
Omitting higher terms the bracket in eq. (23) can be simplified as follows

S1——2smg= —f
R 2" 772
R\ 1 o’
(@) = +3)

sm¢A—sm¢B—2sm-AE¢ cos = Aq5( ——éz) cos ¢

(2)2 (sin ¢, —sin ¢p)* = (_A_fﬁ) (1 + 12) ( - é1%2) cos" $.

With reference to [3] formula V. 37

2
Atﬁ:acosa(l-i-(;—z sinza)

the second term in the bracket in eq. (23) becomes
R 2 . 2 02 0,2
ez(ge) (sin ¢, —sin Ppp)? = €* cos® (1 +€ sin oc) (1 + 12) (1 1 %8 az) -cos® ¢

2
=¢* cos® « cos® qS(l + % sin? oc) = €® cos® « cos® . (24)

By assuming that d,< 100 km, both ¢ and ¢ will be less than 1°, and thus the effect
of the omitted term on sin u, becomes

o
ce?-cos®a- cosqu — sinfa< e . =

100 2 1{=xn
2.6400 300 4

d, £ -10
2R 180) <5-10
and may be neglected.
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The final term in bracket in eq. (23) is

R\? 2t 2 e
2 i -E= —'Eg (sin ¢4 — sin ¢p)? (sin 4 + sin ¢p)

= - ;22 . e—; (A cos ¢)? (2 sin ) = —et cos® x cos® p sin®P.  (25)

Further
N ’2 2 2 2 2 2 2 2
E=1+e cos® o c0s® ¢ =1 + €% cos® o c0s® ¢ + e cos® « cos® ¢ (26)
%= V1—e*sin® ¢g: V1 —e?sin® ¢
e et . & 3et |
= (1 oy sin® ¢y — 8 sin® qSB) (1 + 3 sin® ¢ + ) sin? ¢)
~1+% (sln2 ¢ —sin® $p) + 8 sm2 ¢ —sin® ¢p) (3 sin® ¢ + sin® Pp). (27)
Since

(sin® ¢ —sin® ¢) = (sin ¢ — sin ) (sin ¢ + sin P5)
~{d—dp)cosd-2sind = (¢ — dp)sin2¢ (28)

the final term in eq. (27) can be written
2z
—|¢ é5|sin2¢ - 4sin’ < - (300) ‘360" 1 4<% 1077

Its effect in sin u, is less than 2. 107° and may be omitted. Substituting egs. (24)-
(27) into eq. (23)

. d .
sin p, = 2—;3 (1 — € cos® & cos® ¢ — et cos® « cos® ¢ sin® P)

r 2 L.}
— 8In
X (1 + gﬂ%ﬁé) (1 +€® cos® & cos® ¢ + et cos® « cos? ¢).

Carrying out multiplication and omitting terms with €8 and higher

d, ,8in% ¢ —sin® ¢y .
sm,uA—ﬁ(l—}— — 5 +& 1 s1n 20 cos? ¢ (29)

is obtained.
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The final term reaches a maximum value for « =45°, ¢ =0° and is then

100 12\ . .
2-6400'1(%0) <10

which implies an error of 0.2 mm in d, at the Equator. In Sweden, ¢ > 55°, cost ¢ < 0.1
and the above term may therefore be omitted.
The second term in eq. (29) becomes, with reference to eq. (28),

2

7
2R 2(¢ 2 E’"’2"‘<2 640() 2.300° 360 <25-107

and the error in 4, will not exceed 0.5 mm.
The above reasoning can also be applied to sin gz. Thus, for d, < 100 km, A < 2km,
the substitution

(30)

. . d,
sin 4 =sin yg = 3R

will give rise to an error in d, not exceeding 1 mm.
Note: the effect of the remainder term (20b) on sin u, will be, see eq. (28),

aQ

ee
deWB'16 (ba ¢B)2sm22¢(2sm=¢)<d 16A¢2

_Ad € 2 )3 o
s 168972 (300) 18010

which indicates that it was permissible to omit it.
3. Computation of e, - e,
Referring to the symbols in [2] and [3]
e,=wi’ and e,=wi>.

Series development with the mid-point of geodesic as origin

(4) L
Wg —wa_W3§+W3§
- b LB
W3 =W3+WQ§+W3§
, AWy v W
§g=— = — ~-1,
db t AR g2
. diw, . , , ,
W3=W= Ko Wy —TgWy — ¥, W1 — T, W2

— % Wy — Ty Wy — (%G Wy + 2, Wg) — T,( — 265, Wy + T, Wg).

Tellus XXI (1969), 4
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The above gives
S . b? 2 o b 2 _ o b
e,~e2=w3-w3—w3-wsz+w3-waz:1—(xn+rg)z+(—xn—r,,)z
b? b?
el-ezzl—zig—rﬁi (31)

where according to [3] eq. V. 48

(1 1Y
7= |y — ) sin®cos e
In subsection 2, B was defined as the radius of curvature at point

¢=¢A‘2F¢B.

#, 18 the curvature at the mid-point of the geodesic. Generally these two points do

not coincide, but the difference is small and (see section C. Required Accuracy . ..)
thus the following substitution can be made

”,=
What error in d, does an error in e, - e, give rise to? Derivation of eq. (17) gives

0=2d,6(d,) + 2(h sin pug + by sin pg) 6(d,) — 2hy by 6(e, - €3)

or, omitting the second term, which is considerably smaller than the first and third
terms:

hahs

8(d) =42 8(e, - e,).

(32)

Since |7,]< (¢*/N) and b~d,, the omission of the final term in eq. (31) gives rise
to an error ‘

hahs et b 2\% 11\% 1
oo [ ——) 2. 108<0.
d(d,) < 5 N 2<2 2 300) \6000) "3 08 < 0.01 mm

which may be neglected.

The difference between b and d, does not exceed 1 m for d, < 100 km. Substituting
b with d, in the second term of eq. (31) gives rise to an error

2 g2 2
6(d8)=}—'/—"#xﬁ b 2d8~h,,h3x,2l(b—de)~ (—2—) <103~ 107* mm

6400
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which is omissible, and the relation

1(d,)®
el-ez=1—§(§) (33)

is obtained.

4. Conclusion

Substituting eqs. (30) and (33) into (17) results in eq. (18), which implies, that for
k<2 km and d,<100 km, the spherical reduction formula (18) is fully applicable
also for computing on the ellipsoid. Errors due to this approximation do not exceed
1 mm.

B. Reduction from chord d, to geodesic b
Referring to [3] § 15:

(1) the difference in length between both the normal sections, from 4 to B and
from B to A, is inappreciable
(2) the relation between b and d, is

_baptbpa d: (1 i)
e LT R )
€’d; (cos azp8in 2d,  COS am, Sin 2¢p 3¢ (1 1
A R
32 ( B R )+1280 (R§+R4B) (34)

The fourth term in eq. (34) is of dimension
3 (d,\* 3 (1)
— |2 ~—{—) .108~3.10°2
640 (R) de 640(64) P~ 3107 mm

and may thus be neglected.

When estimating the dimension of the third term in eq. (34), the bracket may
be calculated on the sphere, i.e. B,= R and sin o cos ¢ =const. It should be.noted,
that

—COS o5y~ COS Xzp

and putting
aip=a
aps—a+180° + Ax
ba=¢
$s=¢+Ad
it may be written, omitting the higher terms
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COS a7 p 8in 2¢, + €08 g4 sin 2¢pp =
= co8 & 8in 2¢ —cos (x+ Ax) sin 2(¢ +A¢) =
= cos o 8in 2¢ — (cos o — Aa sin o) (sin 2¢ +2Aé cos 2¢) =
= Aa sin « sin 2¢ —2Aé cos o cos 2¢.
According to [3] formula 20.5
Ao =o-sin a tg ¢

and assuming both o and A¢ are less than 1°, the third term in eq. (34) becomes
less than

A (A 2
3—2(ﬁ) dei—go(sm « sin® ¢ — cos o« cos 2¢)

1 2 (1)\3 2
S 2= 108 2. 0.01 mm
<32 300(63) 1 57 2<001

and can thus be neglected.
The magnitude of the second term is

2 (d,\? 1 1 .
iy el - . . ~ 103
48(R) 9e=54" q096 1°~ 100 mm

and it is therefore permissible to put
1.1 2
R% R} R¥
Thus eq. (34) can be simplified to
dz
24R*

b=d,+ (35)
Eq. (35) is valid for the length of the normal section between 4 and B. However,
the difference in length between a normal section and a geodesic does not exceed
2b-10-1% (see [3] § 24), i.e. less than 0.02 mm for a side of 100 km. Thus the reduc-
tion (35) is valid also for the geodesic.

C. Required accuracy in approximate coordinates

Putting hy—hg=Ah
hA + h‘B = 2h .
eq. (18) can be expanded to
a2 =df—d5- 20— (AR + ...
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Differentation gives (with d, as an error free quantity)
2 1 2 h
2d,6d, = —2d; - i oh + MbEz‘SR —2Ah8(AR).
Putting dy~d,~b
b hb Ah
ob= —E‘Sh-l-izéR_ ?6(Ah)

SR depends on errors 8¢ and S«

/ 2
R=N:(1+e"® cos® ¢ cos® a)~a\1 +e§ sin® ¢ —e? cos® ¢ cos® oc)
2
oR =a{e§ sin 2¢(1 + 2 cos® &x) 6¢p + €* cos® ¢ sin 2a6a}.

In Sweden 55°20' <¢$ <69°04', i.e. sin 24 <0.94 and cos? ¢ <0.33. Thus, for b =10 km,
k=1 km, the error in the geodesic becomes

1.6 mm for 6h=1m
max 0.23 mm for d$=1°
max 0.06 mm for dex=1°

Errors increase proportionally to b and A.

As the reduction is done to the ellipsoid and not to the geoid, the height of the
geoid above the ellipsoid must have been added to the heights. An error of 1 meter
in the height difference gives rise to an error of 100 mm in b, if 5=10 km and Ah=
1 km. The error will proportionally increase with Ak and decrease with b.
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HPOBJIEMBI KOPPEKIIUU B JUCTAHHUOHHBIX 3JJEKTPOHHBIX
N3BMEPEHUNAX

Onpenengerca BpeMA PacHpOCTPAHEHHs CHTHAJA OT [AATYMKA [0 AAJbHeH TOUKH M 06-
PaTHO IPH BJIEKTPOHHBIX JUCTAHUHMOHHHX MsMepeHNAX. OTCI0Aa BHYHCIALTCH HAKIOHHAA
JAJIbHOCTE C YYETOM H3MeHeHMH NOKasaTedA NpeNOMIeHMM BROJb nyTH. HakiouHas
JAJIBHOCTE B3aTeM CBOSUTCHA K reofe3NYecKoit Ha KOOPAMHATHOM 3JJIMICOUAE.
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