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ABSTRACT

Natural orthogonal functions are applied to the problem of determining the vertical
temperature profile from measurements of the Earth’s outgoing radiation in the absorp-
tion band of CO,. There are examples of solving this problem. Optimal systems of
orthogonal functions agreed with statistics of errors of the measurement of the outgoing
radiation and with the kernel of the integral equation. Dimension of subspace of
solutions having a real sense at a given accuracy of measurements and a number of

allowed temperature profiles are found.

1. Introduction

Kaplan (1958) put forward the idea of ob-
taining the vertical temperature distribution of
the atmosphere T'(p) by measuring the outgoing
radiation I, at various wave numbers of the
15 micron CO, band from satellites. This prob-
lem is reduced to the numerical solution of a
Fredholm integral equation of the first type

T(po;

»
I, = B,[T(po)] v4(po) — j B)[T(p)]dvy(p), (1)

7(0)

where B, [T(p)] is the Planck function, 7,(p) is
the transmission function dependent on pres-
sure p, p, is the surface pressure. In equation
(1) I, is assumed to have been obtained from
a local vertical and the surface is assumed to
have been black. The different aspects of the
indirect soundings of atmospheric temperature
profiles from satellites have been recently re-
viewed by Wark & Fleming (1966) (see also
Malkevich, 1964). One of the important ques-
tions is that of mathematical methods of stabi-
lizing the solution of the inverse problem. It is
well known that the inverse problems which
are being considered are incorrect, i.e. that
small errors in the measured quantities I, gener-
ally give large oscillating errors in the solu-
tions T'(p) of the fundamental equation (1).
In order to filter high frequency oscillations
Malkevich & Tatarsky (1965) (see also Malke-
vich, 1964) suggested that the solutions be
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expressed by empirical orthogonal functions
¢x(p) obtained from statistical investigations of
temperature profiles which are considered as
random functions of p. Namely ¢(p) are the
eigenfunctions of the autocorrelation function
for the deviation of the temperature profiles
from the climatological one (if the temperature
is given at discrete levels the eigen vectors of
autocorrelation matrix should be used). The
theory of the empirical orthogonal functions
allowing for optimal parametrization of arbi-
trary random functions has been given by
Oboukhov (1960). The orthogonal functions so
determined allow the best approximation of any
temperature profile by a minimum number ¢,
as follows

T(p)=T(p) + kZ] Ck Px(p)- (2

Here T'(p) is the climatological profile for the
given region and season. Examples of the
empirical orthogonal vectors are given in Fig. 1.

2. Optimal parametrization of solution

Putting (2) into Eq. (1) and assuming that

2BATip) 2 ap(d), (3)

B,[T(p)]=B,[T(p)]+ aT &

one can obtain the equations for determination
of the unknown coefficients ¢;. From (1) and (3)
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Fig. 1. The empirical orthogonal vectors computed
as eigenvectors of autocorrelation matrix for tem-
perature profiles according to Koprova & Malke-
vich (1965). Solid line, ¢,(p); dashed line, @ {(p});
dotted line, @4(p).

n
> Dyce=f, w=1,2,...,N=n), (4)
k=1

where

B,[T
= Lg T(POL] ‘Pe(Po) 7,(Po)

_ f "o 5 B,[P(p)]
(0 oT

vk

g(p)dTy(p), (5)

(p9)

B,[T(p)] dz,(p).
(6)

fo=1,- Bv[T)pﬁ)] T(po) + f

7(0)

It is clear that the form (2) permits a lineariza-
tion of the integral equation (1) without any
assumption of the spectral interval of the band
under consideration (in contradistiction to the
method of Yamamoto, 1961). To test the method
of optimal parametrization the radiances [, in
eight spectral intervals were computed for a set
of temperature profiles T(p,) and for a clima-
tological profile T(p,) obtained by averaging
T(p;) at every level. Then considering I, as
the known data of measurements and using the
empirical orthogonal vectors, the profiles were
obtained from equations (4)-(6)

T'(py) = T(p) - T(p))- (7)
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An example of the solution is given in Fig. 2.
For comparison the solution of the equation (1)
obtained by Yamamoto’s polynomial approxi-
mation of the unknown function is represented
in Fig. 2. It is seen also in Fig. 2 that the
empirical orthogonal vectors permit a deter-
mination of the solution to equation (1) with
the same error as the direct approximation of the
known vector T"(p;) by three empirical ortho-
gonal eigenvectors ¢ (p;) (¢=1,2,...,10 are
numbers of the levels where the profile T"(p,)
is given). The success in this approximation has
a simple explanation: the first empirical vector
has the same vertical structure as the typical
profile T”(p,). This is clearly seen from Figs. 1
and 2. The described method was also used for
estimating the vertical distribution of tempera-
ture by means of ballon flight data of I, in
5 cm-! spectral intervals centered at 677.5,
691, 697, 703 and 709 em-!. Values of the
radiance in the 899 cm-! window are also recei-
ved during these flights. Hilleary, Wark &
James (1965) pointed out that the data were
accurate—better than 1 per cent of the signals.?
All the spectral intervals are located near the
center of 15 u CO, band where absorption is
very strong. It allows us to linearize the integral
equation in the way proposed by Yamamoto
(1961), however, in this case the measurements
have not the reliable information about the
temperature distribution in the lower tropo-
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Fig. 2. The deviation of the temperature profile
from the average one obtained by using the method
of optimal approximation for solution of the equa-
tion (1). The real profile (thin solid line), the straight
optimal approximation of the known vectors T"(p;)
(dashed line), the optimal solution of (1) (dotted
line), and the solution by Yamamoto’s method
(thick solid line).
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sphere. Therefore the large variations of the
real temperature profile in the 1000-700 mb
layer will change the Earth radiance in the
mentioned intervals of the 15 u band less than
1 per cent. Generally it is impossible to deter-
mine the temperature of the lower troposphere
from measurements only near the center of the
band and the additional information is required.
Wark et al. (1965) probably used the window
radiances 899 cm~! and the favourable circum-
stance that the slope of the temperature profile
in the troposphere is nearly constant. In the
statistical method the correlation between the
temperature deviations at different levels is
used as an additional information. The tempera-
ture profile estimated by the statistical method
is given in Fig. 3. The real profile and the results
of computations derived by Wark et al. (1965)
are also shown here. Since the functions ¢, (p)
had previously been computed only for the
troposphere we could not obtain the tempera-
ture for high levels. We had no climatological
profile for the region of ballon flight and, there-
fore, we used T(p) for a different region. It
happened so that the real temperature devia-
tions in the lower troposphere close to zero do
not correlate with the large and negative devia-
tions in the stratosphere. Nevertheless the sta-
tistical method gives a satisfactory solution.
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Fig. 3. Temperature profiles estimated from ballon
radiation data in no clouds condition by different
methods: segment series solution (solid line) and
trigonometric series solution (dashed line) obtained
by Wark et al. (1965); empirical functions solution
(circle line), and real temperature profile from radio-
sonde (dotted line).
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Fig. 4. Tomperature profiles estimated from radia-
tion data in cloudy conditions (the symbols are the
same as in Fig. 3).

The same result is obtained for the cloud case
as is shown in Fig. 4.

It is clear, that two examples are not suffi-
cient to show an advantage or disadvantage of
one or the other method of solving the inverse
problem. Thus, we do not draw any conclusions
with regard to the practical application of the
statistical method. Moreover, the very impor-
tant role of the transmission function which
usually is not exactly known in the real meas-
urements should be investigated. For example
the test of the transmission used above by
comparing the measured and computed values
of I, showed the difference of 4-69% for inter-
vals 577-697 cin—! and 1 9, for 703 and 709 crmn—1.
These differences can result in a significant error
in the temperature profile obtained from the
inverse problem. For practical application it is
necessary to consider the influence of errors of
the experimental data on the solution of the
inverse problem. This question is very closely
connected with the problem of regularizing the
integral equation (1) considered by Tykhonov
(1963) and Twomey (1963).
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Stabilizing the solution

The optimal parametrization of the tempera-
ture profiles by empirical orthogonal function
permits a determination of the minimum num-
bers of parameters describing an unknown
profile with a given accuracy of approximation
and thus to minimize the instability of the
system (4). However, the optimal procedure
gives no answer of how many real parameters
¢, one can deduce from the system (4) if the
errors of measured data I, are given. To make
this question clear it is necessary to consider
the structure of the useful information obtained
in the real experiment. It is necessary to take
into account the statistical properties of random
errors of measurements. Kozlov (1966) sug-
gested that the general method be used for the
analysis of the similar problems based on geo-
metrical properties of Fisher information.

Let us consider the space of solutions R,
which is parametrized by the coefficients
Cy, --.s Cy Of the expansion (1). The number n is
determined only by a given accuracy of approxi-
mation and thus one can assume that all un-
known temperature profiles belong to R,. It is
clear, however, that R, contains functions
corresponding to the real profiles as well as
physically meaningless functions. The part of
R, which corresponds to real profiles will be
denoted by D. The distance between the two
functions 7,(p) and T,{p) will be determined
from the following expression

n 1/2
o(Ty, T,)={ S gulc’ =] [cﬁc"—cﬁf’]} , (8)
k=1

i,

where g, are the components of Fisher’s infor-
mation matrix corresponding to the given
method of measurements; and ¢, ¢ are the
coefficients of the expansion of the functions
T.(p) and T,(p) accordingly. If one assumes
that I, at chosen spectral intervals are meas-
ured independently and the errors of measure-
ments are normally distributed with the disper-
sion o% then the quantities g, are connected
with the coefficients D, of the system (4) by
the following expression
1 N
gik=a—2vle,,,D,,k (G k=1,2,...,n). (9)

The distance (8) is in agreement with the kernel
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of the fundamental equation (2) and with the
errors of measurements. It gives the limited
accuracy of the determination of the parameters
of the temperature profile from experimental
data. The distance (8) in some direction is
expressed in terms of a mean square error of
deducing the coordinate along this direction.
The case o(T';, T';) means that two profiles T',(p)
and 7T,(p) are not distinguishable in the error
limit. Kozlov (1966) has shown that this is
connected with the following fact: in some
directions the projection of the distance be-
tween these functions to the directions is less
than unity. It means that the error of deter-
mining unknown functions in these directions
is larger than any possible change of a corre-
sponding coordinate. In other words the experi-
mental data have no useful information on the
projection of the unknown function T'(p) to
these directions. Therefore one must find that
part of the space D where any p>1. The
method for constructing this part is obtained
from the geometrical sense of the problem; thus,
vectors

1 ) 1
w =, ..., u™), ..., ug = (u®, ..., ut™)

(r<n) (10)
should be found in space R,; for each of these
the distance ¢ >1. In a very important case
when D is given by

dy =cic. (11)

Uy, U, ..., U, are the eigenvectors of the follow-
ing form

n
2 guduwe=Auw, (I=1,...,n) (12)
i, k=1
and the corresponding eigenvalues 4,, ..., 4, are

larger than unity.

In (11) the bar denotes averaging over all
realisations of random functions T'(p). It follows
from Oboukhov’s theory (1960) that d,, in this
case is a diagonal matrix and the elements of
its principle diagonal are equal to the eigen-
values of an autocorrelation matrix.

Using the vectors u,, ..., u, one can find a
new basis y,,(p) in the space R, which allows
expansion of every profile T'(p) in the following
way

T(p)=T®)+ 2 b,¥m(D) (13)
m=1
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Fig. 5. The solution of equation (1) using the statistical structure of errors of measurements and the pro-
perties of the kernel. The solid curve—the actual profile (the same as in Fig. 2), the dashed curve—the de-
duced profile, and the right curve—the means square error due to the random errors of measurements.

The functions ¥,(p) are determined from the
following expression |V= [ml;ll] (17
m
a2 ul) g,(p) is equal to the number of distinguishable tem-
¥, (p)= — =1 i perature profiles when the radiance is measured
[ S S DuDy, u ug,)] with a given accuracy. The exa.mple‘of value of
i k=lpal information has been computed with the as-

(m=1,...,7) (14) sumption that the mean square error of meas-
urements is equal to ¢ =0.4° (or about 19
of I,). The eigenvalues 4,, ..., 4, were computed
for eight spectral intervals of the CO, band

and the coeffeicients b, are computed from the
experimental data

b = %, /B (15) 15 p used by Malkevich & Tatarsky (1965).
oL The temperature profiles were expanded by &
where empirical orthogonal functions ¢, (p). In this case
n
1 S Dy ull A, =488,1,=8.1,4,=2.5,4, +45 <1, V =95.
k=1

Bym=_ (16)  These results mean that only the three first

n N 1/2°*
[ 2 2 Dy Dy uly ugn)] eigenvalues are larger than unity. Therefore the
b k1=t optimal expansion (13) contains only 3 terms
Thus equations (11)-(16) mekes it possible to and for a given error of measurements about
determine the temperature profiles from spectral 100 profiles can be distinguishable. Fig. 5 re-
radiance data with a maximum use of the in- presents an example of determination of the
formation that is actually contained in the temperature profile from the expressions (13)-
measurements. The parametrization (13) is  (16) and also the mean square error of the solu-
optimel in an information sense: exclusionof any  tion T'(p)
term from the expansion (13) leads to a loss of &, 3
useful information, and inclusion of an extra or(p) = [mzzl‘l’m(i’)]
term leads to unrealistic profiles.

The eigenvalues 4,,...,A,allow us toestimate the  due to random errors in the measurements of 7,
value of the information obtained by this method It is seen from Fig. 5 that o,(p) increases to
of measurement. The order of the quantity about 3° near the tropopause.

(18)
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Conclusions

The principal conclusion follows from the
discussion above: the procedure described per-
mits a determination of stable temperature
profiles with minimum information on the
Earth radiance. It is due to the following
reasons:

1. The empirical orthogonal functions used in
the statistical method describe the inherent
properties of the unknown functions and
therefore allow an optimal solution of the
fundamental equation i.e. the reproduce the
profile with the best approximation.

2. The statistical structure of random errors of
measurements on the basis of the information
geometry gives the optimization of the solu-
tion under radiance spectra i.e. provides the
most effective use of measured data.

3. The agreement of the structures of unknown
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functions and errors of measurements with
the kernel of the integral equation allow the
determination of an optimal set of tempera-
ture profiles which are actually contained in
the initial information.

Besides the mathematical method which has
been discussed above there are a number of
physical problems related to the properties of
the radiance of the real atmosphere. Some of
them were indicated by Wark & Fleming (1966).
The main difficulties arise due to the influence
of thin clouds or partial cloudy conditions.
Indirect temperature soundings of the lower
atmosphere requires consideration of the water
vapor transmittance and a determination of the
vertical profile of water vapor. The solution of
this problem is similar to that of the tempera-
ture profile. The empirical orthogonal functions
should be used for solution of the problem of
vapor profiles,
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O NIPUMEHEHHNE CTATUCTUYECKOI'O METOJA OJ1A ONIPEJEJEHUA
MPOOUIEN ATMOCOEPHOU TEMIIEPATYPBI CO CIIYTHUKOB

EcrecTBeHHble OPTOTOHANBHEIE QYHKIMU NpH-
MEHAITCA B 3ajaue OINpefesieHHsA BEPTUKAIb-
HOro mpoduiasa TeMIepaTypH IO HBMEepeHUAM
YXOAALEro M3JIYy4eHUA 3eMIM B IOJOCE MOIJIO-
HIEHHA Yyraekuciaoro rasa. IlpusomArca npu-
MepH pelleHus BTON 3amauM. ONpeneiAloTcH
ONTHMAJBHEE CUCTeMBl ODPTOTOHAJIBHHX (QYHK-

nuif, COTJacOBaHHEIE CO CTATHCTHKON owmbGor
M3MEpEeHNsA YXOAAIIErc M3Jy4YeHHsdA M ¢ ALpOM
MHTEIpAJIbHOr0 ypaBHEHMA. Y CTAHABIMBAOTCH
Pa3MepHOCTb NOANPOCTPAHCTBA PellleHUH, UMeI-
IUX PEeajbHHI CMBICI NPU 3aTaHHON TOYHOCTH
u3MepeHMii, M 4YHCIO paspemaeMuHXx mpoguiei
TeMIIepaTyphL.
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