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ABSTRACT 

A numerical weather prediction model is presented. Care has been taken to select the 
reference levels in such a way that a good description of the vertical structure of the 
atmosphere is obtained. An experimental integration is performed, starting with a 
smell perturbation superimposed on a linear baroclinic flow. The results are analyzed 
and discussed, with special emphasis on the frontogenetic processes. 

Introduction 

The experiment to be described in the follow- 
ing, is intended to be a study of the frontogenet- 
ic processes in a deepening cyclone. The vertical 
circulations associated with these processes are 
not easily observed in the atmosphere, but 
readily computed from the results of the inte- 
gration. We have wanted to keep the experiment 
as simple as possible, and therefore latent heat 
and mixing processes are kept out of considera- 
tion. Also, in order to reduce the amount of 
computations involved, an attempt has been 
made to select the reference levels in the model 
in such a way that an optimal description of the 
vertical structure of the atmosphere is obtained. 

Obviously, a numerical model based on this 
last principle has a great advantage in weather 
prediction, where the question of economy is 
crucial. Therefore, to test the stability and 
general behaviour of such a model has been the 
second objective of the experiment. 

Proceeding now to a discussion of how to 
select the reference levels, the first thing to be 
considered is the question of how good a resolu- 
tion we want in the vertical direction. There 
may be special need for a very accurate descrip- 
tion of certain elements. For instance, a high 
resolution of the static stability may be neces- 
sary in order to forecast cloud tops. We shall 
here, however, ask the more general question 
about the necessary vertical resolution in order 
to forecast correctly the large scale atmospheric 
phenomena. We admit that we do not know 
the answer to this question, but believe that 
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some information can be drawn from what is 
known about the statistics and dynamics of the 
atmosphere. We know, for instance, that the 
horizontal wind speed has its maximum value 
close to the tropopause. A sufficiently accurate 
description of the height and intensity of this 
maximum is necessary in order to describe the 
kinetic energy of the atmosphere. Furthermore, 
since there is an abrupt change a t  the tropo- 
pause in the static stability, and since the latter 
plays an important role not only for convec- 
tive phenomena, but also for baroclinic instabi- 
lity and cyclone development, one should think 
that the height of the tropopause is of import- 
ance also in this connection. This lea& to the 
conclusion that if we want the number of refer- 
ence levels to be small, the tropopause should 
be chosen as one such level, where both the 
horizontal wind and the temperature are given. 

This idea is not a new one. Several models 
have been proposed or used, which carry the 
tropopause as a co-ordinate surface (see for 
instance Shuman & Hovermale, 1968). The ques- 
tion then arises about how to treat this surface 
in the model. Certainly it should not be con- 
sidered as an isobaric surface, because of the 
considerable variation in the height of the tro- 
popause in time and in horizontal direction. 
There is little doubt, however, that over a short 
time period the tropopause can be considered 
as a material surface. On the other hand we 
know that there are mixing processes across the 
tropopause, and that radiation acts efficiently 
to destroy existing tropopauses and create new 
ones. However, we shall leave these processes 
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out of consideration, and restrict the integra- 
tion t o  a time period which is short enough to 
allow us to treat the tropopause as a material 
surface. 

Analyses of the upper atmosphere indicate 
that the tropopause tends to coincide with an 
isentropic surface (Newton & Person, 1962), al- 
though different sheets of the tropopause coin- 
cide with different isentropic surfaces. This has 
been utilized in tropopause analysis (Gustafson, 
1965). We shall here simply assume that there 
is only one tropopause, which coincides with an 
isentropic surface. However, in an operational 
model to be used for an extended horizontal 
area, two or more isentropic levels could be 
used, each of which coincides with a sheet of the 
tropopause. 

A static stability in the troposphere may 
now be defined by choosing the earth's surface 
as a co-ordinate surface for the temperature. 
This surface will also be a material one. The 
static stability in the lowest 2000-3000 m of 
the troposphere frequently is much different 
from the stability in the upper part of the tro- 
posphere (Nordn, 1965). Therefore, the 700 mb 
surface is chosen as an additional co-ordinate 
level for the temperature. The wind will be 
given in both these two lowest levels. This is not 
necessary, but makes the model more simple. 

We also want to describe the mean static 
stability in the stratosphere, and for that pur- 
pose the temperature in one more level in the 
upper part of the stratosphere is needed. In the 
experiment the 50 mb surface is used. Here, too, 
we shall have the velocity components given, 
and also assume that o, the vertical velocity in 
pressure co-ordinates, is zero. This makes also 
the top level a material surface. 

The differential equations 

The co-ordinate levels will be indicated by 
the numbers 0, 1, 2 and 3 from top to bottom. 
A variable will be given a subscript to indicate 
the level to which it belongs. The letter k will 
be used to indicate an arbitrary level. 

Independent variables are 2, y and t .  We 
shall distinguish between two kinds of depen- 
dent variables: the prognostic and the diagnostic 
ones. The prognostic variables, which carry the 
history of the computations, are computed from 
the prognostic equations. These variables are 
the horizontal velocity, v, in all levels, the 

potential temperature, 0, in the levels 0, 2 and 3, 
and the pressure, p ,  in the levels 1 and 3. The 
diagnostic variables are derived from the prog- 
nostic variables by means of the diagnostic 
relations. These variables are: the Exner func- 
tion, n = (p/lOO)@eas, in the levels 1 and 3, the 
geopotential, 4, in the levels 0, 1 and 2, the 
Montgomery potential, M = 4 + cD On, in the level 
1, and finally w =dp/dt  in level 2 .  

We shall use the abbreviations 

A,= V k  ' VVk+k X f V k  

where V is the horizontal Nabla operator, taken 
in the co-ordinate surface where the variable is 
defined. 

The prognostic equations for the horizontal 
velocity may then be written as 

av, 
- =  - A , - V M ,  
at 

= - A3-cpe3Vn3.  ay3 

at 

These equations are recognized as the equations 
of motion. The Coriolis parameter, f ,  is assumed 
to be a constant equal to sec-'. The earth's 
surface is assumed to be flat. 

The first law of thermodynamics gives the 
prognostic equations for the potential tempera- 
ture. Assuming an adiabatic atmosphere we get 
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The last two prognostic equations are derived where a is a dependent variable. Then, if i, i 
from the equation of continuity, integrated and n are integers, the grid-point values of the 
downwards from the top level where the pres- different variables are 
sure is constant. They are 

Two of the diagnostic relations are already 
given, namely the definition equations for ?t and 
M. There remain 4: 

w 2 =  - D , - D ,  

4 2  =a, 

41 = c f ,  +a, 
+,, =a2 +a, +a,. 

The first of these equations is derived from the 
equation of continuity, and the last 3 are derived 
from the finite difference approximation to the 
hydrostatic equation, integrated upwards from 
the ground. 

Boundary condition 

The domain of integration is bounded by two 
vertical walls parallel two the z axis, and 5100 
km apart. In  the x direction a cyclic condition 
is imposed on the dependent variables, so that 
they have the same value for x and x + L, where 
L is taken to be 5400 km. 

Let u and v have the usual meaning as velo- 
city components. At the walls we must have 
v = 0, but we shall also assume, somewhat ar- 
bitrarily, that a%/ayr =at& = ae/ay = app/ay = 0. 
These laat relations are necessary in order to 
define all the terms in the finite difference equa- 
tions on the boundaries. 

Finite difference approximations 

The finite difference approximations are con- 
structed for a grid which is "staggered" in 
space and time, in the way described by Elias- 
sen (1956). Let 

P i . j . 4  P i + t . j + t .  n + t  

W i t  t. j+&.  n; 0 i . j .  n +  + *  

0, n, 4 and M are given in the same points as p. 
The derivatives are approximated by means 

of first order centered differences, both in the x 
and y direction, and in time. Where values of 
variables are needed, which are not defined in 
the appropriate grid-points, the general rule is 
to form a suitable mean from the nearest sur- 
rounding gridvalues. However, the advective 
terms in the momentum equations are written 
as 

h- (C"6, a, + P 6 ,  a") 

h-*(fi"161 b y  + m, 0)") 
where a bar represents the mean operator in the 
direction indicated, and 6 is the corresponding 
difference operator. These formuli are different 
from those given by Eliassen (1956), but they 
expand in a similar way to 

S)"(f iW) + S,(aVC)") - fi"(6)" a, + 6, a) 
S,(fi)"@) + S,(@)"O)") - 0"(6&'+ 6, 0)"). 

Consider now the local change in us and vs 
brought about by the two first terms in the 
last expressions above. For u2 we get 

h a  au 

2 at at 
- -us = hu - TJ fiN[6,(.ii'fiy) + 6,(.Dv.ii1)] 

and a similar equation for v2. The t e r m  in 
square brackets will vanish if summed over the 
domain, but the whole right hand side will not, 
as may easily be shown. Therefore, the time 
derivative of the horizontally averaged variance 
of the velocity components does not vanish. A 
slightly more complicated scheme which has 
this property is the following 

h-'[Sr(a%'") +6,(eya=)] 
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These formuli should presumably lead to better 
numerical stability (Bryan, 1966). However, in 
the experiment described in this paper, which 
was carried out to 120 hours, the first approxi- 
mation gave completely stable computations. 
Moreover, the results showed so good continuity 
between the fields of the dependent variables at 
time-step n and n + 3 that the two fields could 
be analysed simultaneously, thus effectively 
reducing the mesh size by a factor of vi. The 
separation in time, 10 minutes, between the two 
fields is of no significance as far as synoptic 
scale phenomena are concerned. 

The increments used are h = 600 km in the z 
and y direction and At =20 minutes in time. 

Initial values 

The schematic vertical cross section normal 
to the walls, shown on Fig. 1, demonstrates the 
starting condition for the integration. A baro- 
clinic flow is constructed by means of a pres- 
cribed variation in pressure and temperature in 
the direction of the y co-ordinate. This variation 
is 

K ,  - K ,  sin (2ny/L) when - L/4 < y < L/4. 

K , i K ,  when y <  -L/4. 

K,-K,  when y>L/4. 

The values of K ,  and K ,  for the variables in 
question can be read out of Fig. 1. 

Fig. 1. Vertical cross section normal to the parallel 
walls which bound the horizontal domain considered, 
showing the reference levels, the variables, and how 
the baroclinic flow is constructed. 

The hydrostatic equation is then integrated 
to get the geopotential (or the Montgomery 
potential), and after that the wind components 
are computed from the geostrophic wind for- 
mula. Note that the baroclinic flow is confined 
to the central part of the domain. This is done 
to prevent the walls from interfering too much 
with the development in the interior of the 
domain. 

Superimposed on this baroclinic flow is a small 
perturbation in the pressure of the lowest level, 
prescribed as 

5 cos(2ny/L) sin (2nz/L) when I y I < L/4 

0 when I y I > L/4. 

Actually this perturbation is added to the sur- 
face pressure before 4, M ,  u, and v are computed. 
What this procedure does, is practically equiva- 
lent to adding the same wind perturbation in 
all levels. 

Results 

The computer program was coded in the 
“Algol” language, and run on the “Facit” com- 
puter owned by the Norwegian Meteorological 
Institute. The computations were discontinued 
when a 5 days prognosis had been computed. 
At that time the results were still well-behaved 
in the sense that no definite signs of instability 
or noise could be detected. 

Fig. 2 shows in succession the initial values 
and the prognostic values after 1, 2, 3, 4 and 5 
days of the surface pressure. The intitial disturb- 
ance with an amplitude of 5 mb is seen to grow 
rather slowly a t  first, but more quickly later, 
until after 5 days the pressure in the low center 
has become below 960 mb and in the high center 
above 1040 mb. As could be expected the 
disturbance is fairly close to its initial sinusoidal 
shape as long as it is small, that is until about 
2 days. After that time the nonlinear effects 
become relatively more important, so that al- 
ready after one more day the ansymmetric 
shape is noticable. Finally after 5 days a num- 
ber of small-scale lows and highs have devel- 
oped. Some of these small disturbances may be 
interpreted as for instance cold front waves, but 
others seem to be more unrealistic. Similar 
small-scale phenomena also occur in the experi- 
ments described by Edelmann (1963). Although 
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0 HRS 

/ 

95 HRS 

24 HRS 

L 
n HRS 

Fig. 2. 
1, 2, 3, 
Isolines 

Initial values and prognostic values after 
4 and 5 days of the surface pressure ( p 3 ) .  
are drawn at 10 mb intervals. 

their structure seems to be very much the same 
as that of the greater cyclone which develops 
first, they probably are caused by a different 
mechanism. Whereas the initial cyclone grows 
from a small disturbance as a result of the baro- 

Fig. 3.  Increase in kinetic energy and decrease in the 
sum of potential and internal energy. 
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Fig. 4 .  Wind (v3) and pressure ( p 3 )  in the lowest 
level after 3 days (72 hrs). Isolines ere drawn at 
5 mb intervals. 

clinic instability, the “second generation” lows 
probably develop from deformations brought 
about by the “mother” cyclone, and these de- 
formations need not necessarily be of small 
amplitude. 

Assuming that in experiments of this kind, 
small-scale cyclones and anticyclones develop 
more frequently than they do in nature, one 
may speculate about the reason for this dif- 
ference. It is possible that physical effects mis- 
sing in the model greatly modify these disturb- 
ances in the real atmosphere. Another possibi- 
lity is that some of them are caused or initiated 
by integration errors. One type of such errors, 
which could be of importance in this respect, is 
observed in the temperature forcast for the 
lowest level (shown on Fig. 5 for the 3 days 
prognosis). In this level the temperature chan- 
ges only by horizontal advection. Therefore no 

Fig. 5. Potantial temperature in the lowest level 
(B3) after 72 hm. 
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temperature higher than the highest tempera- 
ture in the initial field should occur a t  any later 
instance. Similarly, there should be no tempera- 
ture lower than the lowest in the initial data. 
This is not the case, however. After 3 days there 
has been a moderate rise of about 3' in the warm 
tongue, and a similar fall in the cold air. This 
error becomes rapidly worse later 

Special numerical studies have been perfor- 
med on this subject, and they indicate that the 
errors are associated with the strong tempera- 
ture gradients which gradually develop in the 
lowest level, and that they show signs of a 
wave-like propa.gation. However, we shall here 
refrain from a further discussion on this subject. 

Fig. 3 shows the increase in the kinetic energy 
and the decrease in the sum of potential and 
internal energy (in the following called potential 
energy for short). In each grid-point the kinetic 
energy is computed from 

1 8  2 

and the potential energy from 

The values for all grid-points are then added, 
and the sum for the initial data is subtracted. 

From the beginning and until 4 days the in- 
crease in the kinetic energy is about one half 
of the decrease in potential energy. Later on 
the decrease in potential energy becomes rela- 
tively smaller, so that from 44 to 5 days it about 
balances the increase in kinetic energy. In  other 

Pig. 6.  Potential temperature in the 700 mb level 
(8,) after 72 hrs. 

words there appears to be an energy sink in 
tfhe model during the first 4 days. The reason 
for this is not quite clear. It may be that this 
is caused by the finite difference scheme, and 
that it helps to keep the computations stable. 
If this is the case, the relatively large increase in 
the kinetic energy after 4 days could be an 
indication of computational instability. 

In the following we shall study the results 
after 3 days somewhat more in detail. At that 
time the intial perturbation has grown into a 
well developed low and a corresponding high, 
but the secondary disturbances have just begun 
to show up. Fig. 4 shows the horizontal wind, 
plotted in the grid-points as observations on a 
weather map. In  relation to Fig. 2 the fields 
have been displaced along the z-axis in order 
to bring the low center near the middle of the 
figure. In each point, values of u and v a t  two 
consecutive time-steps have been used, since u 
a t  even time-steps is given in the same points as 
v a t  odd time-steps. On the figure are also drawn 
isolines for the surface pressure. 

The wind is obviously nearly geostrophic. 
This shows that the results contain the same 
delicate balance between wind and horizontal 
pressure force as the atmosphere. Another indi- 
cation of this balance is that the horizontal 
divergence shown on the figures 8, 9 and 10 has 
the characteristic value 10-8 sec-l, one order 
of magnitude smaller than the vorticity. 

On Fig. 4 heavy lines are drawn in the sharp 
pressure troughs. These troughs are well defined 
both by the pressure and the corresponding wind 
field. The same trough-lines are copied on the 
following figures, in order to make the com- 
parison easier. The position of the surface low 
and high center is also indicated, for the same 
reason. 

/ 
i 

Pig. 7. Tropopause pressure ( p a )  after 72 hrs. 
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Fk. 8. Horizontal divergence in the lowest level 
(V.v,)  after 72 hrs. Isolines are drawn at 5 x 
sec-1 intervals. The zero line is broken. 

Pig. 10. Horizontal divergence in the top level 
(V.v,)  after 72 hrs. Isolines are drawn at 5 x 
sec-l intervals. 

Fig. 6 and Fig. 6 show the temperature in the 
two lowest levels, and Fig. 7 shows the pressure 
of the tropopause. Since the tropopause is an 
isentropic level in this experiment, the lines on 
Fig. 7 are closely related to the temperature in 
the upper troposphere and the stratosphere. 

While the temperature field in the upper levels 
shows a smooth, meandering form, it has been 
highly distorted in the bottom level. In parti- 
cular one should note the way the isotherms 
have been packed along the trough lines in the 
lowest level, thus creating a very realistic pic- 
ture of fronts on a surface weather map. This 
is quite similar to the results obtained by 
Edelmann (1963) and Eliassen & Raustein( 1967). 

The mechanism which leads to this deforma- 
tion of the isotherms becomes clear when looking 
at the horizontal divergence and the vertical 
velocity (Figs. 8 to 12). In the lowest level 

(Fig. 8) there are belts of strong convergence 
and divergence parallel to the “fronts”. The 
belt of convergence is seen to be on the warmer 
side of the packed isotherms, while the diver- 
gence is on the colder side. The wind resulting 
from these fields of divergence and convergence 
obviously will squeeze the isotherms more 
tightly together. This must be the way the 
strong thermal gradients have developed. In 
fact, it can be shown by inspecting the diver- 
gence and convergence a t  earlier time-steps. 

The convergence on the warmer side of the 
frontal zone will create the cyclonic vorticity 
associated with the wind change in the pressure 
trough. Since this vorticity is advected in the 
same wind field as the isotherms, the trough 
will stay in the same position relative to the 
isotherms, and intensify as long as there is con- 
vergence in this position. The convergence in its 

Pig. 9. Horizontal divergence in the 700 mb level 
(V.v,)  after 72 hrs. Isolines are drawn at 2 x lo-“ 
see-l intervals. 
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Fig. 11. Vertical velocity in pressure co-ordinates 
in the 700 mb level (ma) after 72 hrs. Isolines are 
drawn at 5 x cb/sec intervals. 
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Fig. 12. Vertical velocity in pressure co-ordinates 
in the tropopause level (or) after 72 hrs. Isolines 
are drawn at 2 x 10-5 cb/sec intervals. 

turn is tied to the thermal zone. This can be 
shown by means of the quasi-geostrophic theory 
(see for instance Eliassen, 1966) .  Further, this 
theory predicts that  the convergence will be on 
the warmer side of the thermal zone. 

In  the 700 mb level (Fig. 9) there are similas 
regions of divergence and convergence, but they 
are much weaker, about one third of the value 
in the lowest level (note that the isolines are 
drawn at different intervals in these figures). 
This explains why the temperature field is less 
distorted in the upper level than in the lower. 

Turning now to the top level (Fig. 10) we 
find values of divergence and convergence of 
the same magnitude as in the bottom level. 
The reason for this must be that this top level, 
with w =0, acts as a “lid” on the model atmos- 
phere, and it demonstrates how the mechanism 

which produces the strong thermal gradients 
associated with fronts, is connected with the 
horizontal boundaries. (The reason why strong 
temperature gradients &re not present in the 
top level is that the temperature there was 
constant initially in this experiment.) 

The two last figures show the vertical veto- 
city in the 700 mb level (Fig. 11)  and in the tro- 
popause (Fig. 12) .  I n  the tropopause the vertical 
velocity is not given explicitely, but can easily 
be computed from the other variables. As one 
could expect there is ascending motion at 700 
mb above the region of strong convergence in 
the surface level. I n  the tropopause, however, 
there is a (somewhat smaller) descending motion 
in the same locations. Clearly we have the fol- 
lowing vertical circulation normal to the fronts: 
I n  the troposphere there is ascending motion 
along the warmersideof the strong thermal fields, 
and descending motion along the colder side. 
In  the stratosphere there is a (conciderably 
weaker) circulation in the opposite direction. 
This reversed circulation in the stratosphere is 
connected with the circumstance that the hori- 
zontal temperature gradient has opposite direc- 
tions in the troposphere and in the stratosphere. 
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3KCIIEPBMEHTAJIbHOE BHTEI'PI4POBAHHE IIPBMMTBBHbIX YPABHEHtlm 
4-X YPOBEHHOm MOAEJIB ATMOCQEPM 

I 4 3 n a r e ~ c ~  qucneHHaR Moaenb n p e ~ c ~ a a a ~ ~ ~  m e ,  npmeM B KaqecTBe HaqanbHoro COCTORHHR 
noroJ&I. BOJlbIUOe BHHMaHAe 661~10 YAeJIeHO 6b1n ab16paa JlHHefiHbIfi 6apOKJIMHHblfi IIOTOK C 
BN6Opy OCHOBHbIX YpOBHefi MOReJlH C TeM, MaJIbIMH BO3MYQeHHHMH. Pe3yJIbTaTbI aHaJIH3H- 
q~06i.1 0 6 e c n e ~ ~ ~ b  yAOBJIeTBOpHTeJIbHOe OnH- PYIOTCR H 0 6 c y r n ~ a m ~ c ~  CO CneqHaJIbHlJM YRa- 

BblnOnHeHO aKCIIepMMeHTaJlbHOe HHTerpMpOBa- 
c a m e  BepTmanbHoti CTPYKTYP~I  aTMoc@epu. peHcleM Ha npoqecm @ p o ~ ~ o r e ~ e a a .  
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