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ABSTRACT

Energy budget equations applicable to any limited atmospheric region are developed
employing the concept of available potential energy. These equations contain, in addi-
tion to the customary generation, conversion, and dissipation terms, expressions for

the boundary fluxes.

Utilizing Lorenz’s definition of available potential energy, the energetics of the
limited region are defined as the contribution that the region makes to the global energy
budget. This allows one to examine energy processes in a limited region in terms of
their relation to the energetics of the general circulation.

Introduetion

Over the past decade investigations of energy
processes have contributed substantially to the
meterologist’s understanding of the atmos-
phere’s general circulation. Comprehensive lists
of many of these studies and reviews of their
results are contained in papers by Oort (1964)
and Dutton & Johnson (1967). One of the
major conclusions evolving from these research
efforts is that on the average the mean flow is
fed by the eddies, which in turn are maintained
by the conversion of potential to kinetic energy
(baroclinic instability). This is in contrast to the
previous notion that the eddies result primarily
from the redistribution of the kinetic energy
in the mean flow (barotropic instability).

The importance of eddy motions, which ob-
viously exhibit significant temporal and spatial
variations, makes it apparent that different
regions can be expected to influence the general
circulation in different ways. The purpose of
this paper is to formulate and discuss complete
equations appropriate for studying the contri-
bution of any limited region to the global energy
budget.

Of primary importance in studies of atmos-
pheric energetics has been the concept of avail-
able potential energy. Originally applied to the
atmosphere by Margules (1903), it remained for
Lorenz (1955a) to present the concept in a

mathematical form which could be used in
studies of the general circulation. Many in-
vestigators have used Lorenz’s original equa-
tions, and their results have of course provided
a great deal of information about the general
circulation. However, these equations do possess
certain mathematical approximations. Accord-
ing to Dutton and Johnson (1967), who re-
examined the basic concepts of available po-
tential energy, Lorenz’s approximate forms of
available potential energy and its generation
may in some cases differ significantly from the
exact forms. Lorenz (1955b) was the first to
restate the available potential energy in its
exact form and develop a more general expres-
sion for its generation. The equations developed
here represent an extension of Lorenz’s 19555
work to limited atmospheric regions.

Energy budget equations

Assuming hydrostatic balance the total po-
tential energy, defined as the sum of the internal
and gravitational potential energy, is given by

0 >
n=cpf P am (1)
M Poo

where ¢, is the heat capacity at constant pres-
sure, 6 is the potential temperature, p is pres-
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sure, pg, is 1000 mb, x is R/c,, and M is the
mass of the entire atmosphere. To arrive at an
expression for available potential energy it is
first necessary to specify the state of minimum
total potential energy. According to Lorenz
(1955a) this is achieved by the adiabatic re-
distribution of the entire atmosphere to a hori-
zontal, hydrostatically stable state. In this re-
ference state the pressure in (1) is given by its
reference value p,(6), while the potential tem-
perature remains unchanged. Hence the re-
ference (minimum) total potential energy of the
entire atmosphere is

n,=c,,f (;—f’dM (2)
M Poo

Dutton and Johnson (1967) have shown that
under the assumption of hydrostatic balance the
reference pressure at any point is given by the
global mean pressure of the potential tempera-
ture surface passing through that point. It can
be expressed as

1 ¢ 3
P8, ) = — f f P tods (3)
e Jog J oroh

where o, is the area of earth and 0; is the poten-
tial temperature at the top of the atmosphere.
Subtracting (2) from (1) and applying Poisson’s
equation yields the expression for the available
potential energy of the entire atmosphere

A=n—n,=c,,f P Prpam 4)
M P

where T' is temperature.

It should be pointed out that there exists
some controversy over the definition of a re-
alistic state of minimum total potential energy,
and indeed other reference states have been
proposed by van Mieghem (1956) and Pfeffer
et al. (1966). However, as noted by Dutton &
Johnson (1967), selection of an optimum refer-
ence state would be useful only if the resulting
available potential energy would yield informa-
tion on the state that the atmosphere attempts
to reach and why particular modes of circula-
tion are chosen. Unfortunately the concept of
available potential energy does not yield this
information, but instead is useful only in a
diagnostic description of energy processes.
Hence, no advantage is gained by using a more
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complicated definition of the reference state in

the equations developed in this paper.
Rewriting (4) as the sum of integrals over

limited regions of the atmosphere yields

A=ZA,=Z(cpf ”_f’TdM) (5)
J M, P

]

where M specifies the mass contained in any
arbitrary limited region and TM; =M. From
(5) the contribution of a limited region (j) to
the available potential energy of the entire
atmosphere is defined as

p

Pr % _ %
=@ff PP papds (6)
g a Ds p

where o, p, and p, are the area and pressure
intervals corresponding to M.

It is essential to keep in mind the word “‘con-
tribution” in the equations and discussions that
follow. No attempt is made here to define the
available potential energy of a limited region.
Instead the contribution represents a quantity
which is by necessity interrelated with global
energy processes. To the extent that energetics
can be used to diagnose conditions in the
atmosphere, this approach allows one to exa-
mine processes in a limited region in terms of
their relationship to the general circulation.

The final Eulerian budget equation for 4; is
formulated by taking the local time derivative
of (6). Assuming the horizontal limits of the
region remain constant, this becomes

24, o, PeT pyoed 6 apy
ot g Jo Da ot Poo ot Poo ot

¢ b3 — X a * X a
oo (EoBhg fo piplhg, ),
9Jo 1 at P2 ot

H_ L3
4,-c, fMIP_,,PdeM

(7)

The first integral of (7} contains implicitly the
source (diabatic heating), sink {conversion to
kinetic energy), and boundary flux terms re-
quired in the final budget equation of 4, To
express these terms explicitly, it is necessary
to rewrite the local time derivatives contained
in this integral as the difference between the
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total time derivatives and the advection terms.
Thus, the first integral of (7) becomes

LA emrel)

do ab
P_r(i -- w-Vpﬁ—w*>

Poo\dt
6 (dp} apy
- w- -V, 0~ —)dpd
p(’)‘o( dt pPr—w ep pao
(8)
where V, is the del operator on a pressure sur-

face, w is dp/dt, and w is the horizontal wind.

Application of the first law of thermodynamics,
the continuity equation, and Poisson’s equation
transforms (8) into

1 m 1 Pr, % __ %
*J\f wadpda+—ff z)—«%—perpda
gJad pe 9JoJp. P
_cvf
q Jo
P Na ! T
2o [ [TE 22 gy,
szoo op op

d opy
ff (pr—w-Vpp;‘—w—&)dpda
op

(9)

where a is the specific volume and @ is the rate
of heating per unit mass. Again using Poisson’s
equation and combining the fourth and fifth
integrals of (9) yields

D1
——ff a(” ] T)dpda
Dzap
d
fj —(—&—w Vpp’,‘)dpda

Use of (10) and the relation

(10)

T
(p pr)V cTw+ —w-V,pf=
7" P

P -p;
p)‘

-V, Tw
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permits (9) to be expressed as

1 F 41
_J f wadpd0+ f f p per dU
9Jal p.
e P41
_i’ff Vp,p
9 Jod . p*
D1 a *
ff (P B Tw)dpd(r
Dzap
J'depf
pzp dt

Using Leibnitz’s rule the time derivative of

(3) can be written as
2 fopdd
w+——~= |:dgd
ao(ae dt)} §da

f f 20p, 0P
oploton Vo' o9

The integrand of this expression is the continuity
equation for nonadiabatic flow in (w, y, 6) co-
ordinates and in this form is equal to zero.
Hence dp,/dt = 0. This result and substitution of
(11) into (7) yield the final budget equation

(11)

for 4;
24
ody ff " perpdo‘
—Ae———
1 y:43
+—J\f wadp do
9Ja Ps
[¢]
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d
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——ff ~(cpp up'Tw)dpda
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e
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I
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The corresponding budget equation for the
kinetic energy is obtained by taking the local
time derivative of the relation

171
~—ff ——dpdo (12)

and applying the horizontal equation of kinetic
energy per unit mass in the form

wew
2

wew 0 w-w
- (570 ) e

where ¢ is geopotential.
The resulting budget equation for K is

oK
%’——J‘J‘ w-Fdpdo
1 P
——ff w-V,¢dpds
9Jod ps
AL (“’—2 o) avs

d

1 ol w-w
——ff ~“(a)—)dpdo'
dJeo Paap 2

e

= ~w-Vyp+w-F

2l

1 Wy W, 8P, Wy - Wy 0P,
+ - — = — | do
g\ 2 @ 2 a

Note that although the development is per-
formed in (z, y, p) coordinates, terms Ie and
ITe still allow the possibility of variable vertical
boundaries (e.g., surface and tropopause level).
However, if constant pressure levels are assumed
as the vertical boundaries, terms Ie and Ile
will vanish.

(1)
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Discussion of budget terms

The reader is reminded that in the following
discussion each of the terms represents the
contribution of a limited region to the cor-
responding global value; however, for simplicity
the word contribution will usually not be in-
cluded.

Term Ia deseribes the generation of available
potential energy by diabatic processes. Although
this term appears quite different from Lorenz’s
(1955a) approximate generation expression, it
is identical to that obtained in later work by
Lorenz (1955b) and very similar to the expres-
sion obtained more recently by Dutton &
Johnson (1967). The factor E = (p* —p})/p* has
been called the efficiency factor by Dutton &
Johnson.t This factor specifies where the addi-
tion (or subtraction) of heat is most efficient for
generating available potential energy. The
strongest positive generation will occur when
centers of positive and negative efficiency coin-
cide, respectively, with centers of diabatic
heating and cooling.

Term Ib represents the change in 4; due to
vertical redistribution of mass within the region,
and in nearly all of the published papers on
atmospheric energetics this term is the basic
expression from which conversion of energy
has been estimated. However, term ITb, which
represents the change of K; produced by cross-
isobaric flow, also represents conversion. From
the expression

w-Vyéd =V, ¢w —¢V,-w

and the continuity equation, Ib and IIb are
related by

1 1
- wad, da——ffm-v dpdo =
gff P g poap
1
-- ffV,, cgwdpde
[
1 P
- - —wddpdo
g”ap ¢op

The right-hand terms of (14) represent the work
of the pressure gradient forces on the boundaries.
of the limited region. When these terms are.

(14)

1 Actually, they defined the efficiency factor as

p*—proz, .

% 8_0’ however, this difference does not alter
P

the physical interpretation of the expression.
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zero, & change in A; as given by Ib will be ac-
companied by an equal but opposite change in
K; as given in ITb. This is the sense in which
conversion is usually considered. However, as
pointed out by Pfeffer (1957), when the pressure
work terms are not zero, neither 1Ib nor Ilb
can be thought of as conversion processes in
the usual sense. This suggests that the usual
concept of conversion is inappropriate when
discussing any arbitrary limited atmospheric
region. In order to retain the label “‘conversion”
the author suggests that the concept be gen-
eralized to include the possibility of production
of one form of energy within a region at the
expense of this same form of energy and/or
another form of energy outside of the region.
For example, the depletion of 4; as given by a
negative value of Ib, might be accompanied by
a corresponding increase of K outside, rather
than within, the region. With this broader con-
cept of conversion in mind the author suggests
that terms Ib and IIb be referred to as A-
conversion and K-conversion, respectively.

Terms Ic, Id, ITc, IId, represent the hori-
zontal and vertical transport of mass which can
change the contribution that the region makes
to the available potential or kinetic energy of
the entire atmosphere. Of course, when the
entire atmosphere is considered, the change of
energy by the flux of mass is zero. However, in
investigations over limited regions these terms
may be quite significant.

Term Ila is a deceivingly simple expression
for the complicated processes involved in the
dissipation of kinetic energy. Although long
recognized as a significant feature of motions
in the boundary layers, Holopainen (1963) and
Kung (1966a, b, 1967) have provided evidence
that it may also be important in the free atmos-
phere.
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As mentioned in the previous section the
remaining terms, Ie and Ile, reflect changes in
the vertical boundaries of the limited region and
will be zero when fixed pressure levels are used
as boundaries. In pressure coordinates these
terms represent the changes in 4; and K, that
occur when the total mass under consideration
changes.

Summary

It has been the author’s intention to utilize
already well-developed concepts describing the
energetics of the general circulation to formu-
late equations of use in studying the energetics
of limited regions. The need for limited region
studies and for equations of the type developed
here seems quite evident. Some regions of the
earth’s atmosphere respond—or contribute—
very differently to the global energy budget
than others. Certainly, if one is to understand
the energetics of individual storms and their
interaction with larger scales, a limited region
study is essential. While alternate methods of
attacking this problem are surely conceivable,
the approach used here contains the unique
feature of examining energy processes inalimited
region in terms of their contribution and rela-
tionship to global energy processes.
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O BKJIAJE OTPAHUYEHHON OBJIACTU B I'NIOBAJIbHBIN BAJIAHC SHEPTUM

PaccmarpuBaloTcs ypaBHeHMA OajlaHca 9Hep-
THH, NPUMeHNMble K J1000#f orpaHM4YeHHOR 00-
JacTH aTtMocepH, MCIOIB3YA KOHIENIUIO [O0-
CTynHo#t MOTeHEUANbHONK dHepruu. ITH ypaBHe-
HUS CONEpHAT B AONOJHEHMe K OOLIYHEIM dje-
HaM, ONMMCHIBAOINMM I'eHepaluio, npeobpaso- Ba-
HHEe W JUCCHIANUIO DHEPruu, BHIPAKEHHMA [IA
IOTOKOB HA rpaHuue. Mcnonbaysa JT0peHI0BCKOE
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onpeneleHne JOCTYMHON NOTEHIMANbHON 3HEp-
MM, DHEpreTHKA OrpaHMYeHHON o6jacTu ompe-
ReJIfAeTCA KAK BKJIAJT, KOTODHIL 3Ta ob6aacTh ge-
maer B rao0anpHHN 6ajaHC »Heprum. 9TO
I03BONISAET PACCMATPUBATH dHEPTeTHYSCKNe HpO-
LeccHl B OrpaHMYeHHoON o6JacT BO B3aMMO-
CBAI3U C DHepPreTHKoll obuiel MUPKYIANH.



