A computational study of the energetics of a limited

region of the atmosphere

By PHILLIP J. SMITH, Purdue University, Lafayette, Indiana and LYLE H. HORN,

University of Wisconsin, Madison, Wisconsin

(Manuscript received April 22, 1968, revised version October 25, 1968)

ABSTRACT

Utilizing Smith’s (1969) equations, which describe the contribution of a limited region
to the global energy budget, numerical estimates were computed for the various terms
of his equations for North America, March, 1962. It is shown that realistic results,
reflecting the importance of the region in the general circulation, can be obtained using
this concept. Important differences between the energetics of the limited region and the
entire atmosphere are shown to exist in the available potential energy, generation,
boundary flux, and conversion terms. The estimates of the boundary flux and pressure
work terms indicate significant interaction between the region and its external environ-

ment.

Introduction

Recently Smith (1969) has pointed out that
the energetics of a limited region of the atmos-
phere can be defined in terms of the contribu-
tion that the region makes to the global energy
budget. This formulation has the property of
defining the relation of the energy processes oc-
curring in the region to those associated with the
general circulation. The purposes of this paper
are: (1) to report on the numerical computations
of the terms in the equations cited below using
data from North America, March, 1962; and (2)
to suggest relationships between the energetics
of the region and the global energy budget.

A number of investigators have applied
Lorenz’s (1955a) equations to studies of the
global energy budget. See Oort (1964) for a
summary of many of these studies. Although
Lorenz’s equations involve certain limiting as-
sumptions, their application to descriptions of
processes on a global scale, where for example
quasi-geostrophic equations are applied, has
yielded meaningful results. However, in the
study of the contribution of a limited region to
the total atmospheric energy budget, equations
such as formulated by Smith (1969) are advan-
tageous. In addition to containing boundary
terms, these equations avoid the quasi-geostro-
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phic assumption and thus may be more effec-
tively used in studying smaller scale synoptic
processes with actuel wind data.

Equations

The basic equations used in this study were
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These equations are identical to those devel-
oped by Smith (1969) except for simplified
terms describing the time rate of change of the
vertical boundaries. The simplifications are
made possible by fixing the upper boundary at
250 mb and by assuming the wind at the surface
to be zero.

Table of symbols

A; Contribution of the limited region to
the global available potential energy.

K, Contribution of the limited region to
global kinetic energy.

G Diabatic generation.
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Cy Cg A-Conversion and K-conversion, re-
spectively, as suggested by Smith
(1969).

HF,, HF y Horizontal flux of A4;and K, resp-
ectively.

VF,, VFg Vertical flux of 4, and K, respec-
tively.

X Weighted mass change in the region.

D Dissipation

PW Pressure work

x Specific volume

P Pressure

P1s Pa Pressure levels defining vertical lim-
its of the limited region.

P, Reference pressure (global mean
pressure on & potential temperature
surface).

T Temperature

z Height in geopotential units.

¢ 9Z

w Horizontal wind vector.

o dp/dt (referred to as vertical motion
in this paper).

@ Diabatic heating rate per unit mass.

¢ Time

€4 Available potential energy error.

£c Conversion error

E Efficiency factor

g 980 cm sec—2

¢y Specific heat of dry air at constant
pressure,

R Gas constant for dry air.

» Rje,

o Area of limited region.

Vo Del operator on constant pressure
surface.

O) Limited area average on a potential
temperature surface.

) Limited area average on a pressure
surface.

() Deviation from ()

Data and computational methods

Data for this study consisted of March, 1962,
daily radiosonde data (50 mb intervals for 00
and 12Z) from the network of North American
stations shown in Fig. 1. These data provide
coverage for a budget area containing 65 sta-
tions (outlined in Fig. 1 by the heavier line)
and an additional 28 stations required for com-
putations on the boundary of the budget area.
The data for these stations were obtained from
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ENERGETICS OF A LIMITED REGION OF THE ATMOSPHERE

the MIT General Circulation Data Library! and
the National Weather Records Center.

Although the original data extended as high
as 7 mb, because of incomplete coverage at high
levels this study utilized only data obtained at
or below the 250 mb level. Of course, missing
data levels were still present below 250 mb at
some stations. Where possible, the missing data
were estimated by linear interpolation; however,
when interpolation could not be performed, the
appropriate energy terms were not computed.
There were never more than 22 stations with
missing data at any level. With the exception
of the linear interpolation the temperature and
height data were used directly, while the wind
data were filtered using a five-point ‘‘least
squares’’ approximating polynomial to suppress
the effects of random errors (Bullock et al.,
1966).

After the data modifications were performed,
the integrands of equations 1 through 5 were
computed. Nearly all of the terms of equations
(3), (4), (8), depend either directly or indirectly
on computations involving the del operator
(Smith et al., 1967). The vertical motion (w) was
estimated at each level by the kinematic method
using the estimates of horizontal divergence

AN ey

Fig. 1. Stations and triangular grid used in comput-
ing energy budgets. Heavy line defines budget region.

! Processed by Travelers Research Center, Inc.,
under National Science Foundation grants GP 820
and GP 3657.
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V,-w and the assumption that at the ground
w =op/ét. This is consistent with the previous.
assumption that the wind at the surface is zero.
Of course immediately above the ground w is no
longer zero and V,-w might be quite significant.
If a detailed profile of the convergence close
to the ground were available, a more sophisti-
cated integration scheme could be adopted
yielding improved estimates of w in the bound-
ary layer. However, synoptic data does not.
allow this resolution. Hence, the integration
over 50 mb increments will no doubt result in
the neglect, of some convergence near the lower
boundary.

The net diabatic heating (@) was estimated.
by the thermodynamic method; i.e., by evaluat-
ing the right-hand side of the first law of ther-
modynamies in the form

oT oT
Q=6p_3; +e,w-V, T+ (cpg) —az)w (6)

where 8T /op was estimated by finite difference
and V,7T by the del operator method. This del
operator method was also used to estimate the
horizontal boundary flux and pressure work
terms. The only remeining parameter required.
is the global reference pressure for each isentro-
pic surface. The estimates used in this study
were determined by averaging the monthly
mean reference pressures computed by Dutton
& Johnson (1967) from data along the 75° W
meridian. Table 1 lists the mean annual refer-
ence pressures corresponding to particular po-
tential temperature surfaces. Reference pres-
sures for other potential temperature surfaces
were obtained by linear interpolation between
the values in this table.

The vertical integrals were estimated by the
trapezoidal method using 50 mb increments
and divided into three separate layers (Layer
1 =surface to 750 mb; Layer 2 =750 to 500 mb;
Layer 3 =500 to 250 mb). These integrals were
then averaged over the budget area by multi-
plying the integral value at each station by an
area weight for that station, summing over all
stations, and dividing by the total area. To
compute the area weights a triangular grid (see
Fig. 1) with the data stations as vertices was
constructed over the budget area. The area
weight for each station was then computed as
one-third of the sum of the areas of the triangles
for which the station was a vertex. When mis-
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‘Table 1. Potential temperatures and corresponding
reference pressures

9, °K p,, mb
240 998.4
250 996.3
260 990.4
270 975.7
280 940.7
290 866.3
300 751.0
310 597.6
320 453.2
330 342.2
340 253.3
350 187.8
360 155.7
370 136.3

sing data occurred, the station at which the
data was missing was not considered in the
area average. The local time derivatives of 4,
K, T, and surface pressure were estimated by a
centered 24 hour finite difference. Finally, the
monthly means reported in this paper were
computed from the daily area averages.

Results

The data and computational procedures were
used to compute monthly mean estimates of
the terms of equations 1 through 5. When con-
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sidering these values it should be realized that
many energy terms are dependent on several
parameters and could be the result of a number
of physical processes. Because of this lack of
uniqueness the discussion will sometimes seem
speculative, reflecting the authors’ attempt to
specify the particular process which most likely
accounts for the computed energy value. In ad-
dition recall that the values computed here re-
present ‘‘contributions’” made by the limited
region to the corresponding term in the global
energy budget.

Before examining the energy estimates, con-
sider the monthly mean vertical motion and
diabatic heating profiles, depicted in Fig. 2.
The vertical motion profile shows subsidence in
the layer between the surface and 300 mb and
rising motion in the 300-250 mb layer. The
diabatic heating profile indicates warming in
the surface to 850 mb and 300-250 mb layers
and cooling in the 850-300 mb layer. The inte-
grated value of -2.3 ly day~! compares with
—1.3 ly day-! estimated by Davis (1963) for
April for a zonal ring extending from 30 to
60°N and from the surface to 200 mb. The
heating below 850 mb can be attributed to
eddy conduction and direct solar heating (Han-
son et al., 1967) during this spring period, while
the estimates above 850 mb are probably due
to infrared processes, the 250 mb value obtained
in this study agreeing well with Kuhn’s (1967)
infrared warming estimates of between 0 and 1

250

-‘R'lu:.

3s0F 4 3

300

400 1
450l 4 F
500 {1 r
5501
€001
650}
700} 4 F

750 1 r

850 g -

9501 r

1 4 1 ] A P4 1 1
sre 54324042388
w

1110 1
-54-3-2-| LI

1) L
3456789101213
Q

o

Fig. 2. Monthly mean vertical motion (w) and diabatic heating (Q) profiles for North America, March,

1962. Units. @ =10-* mb sec—1; @ =deg day~'.
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deg day—! at tropopause altitudes for the spring
Season.

The monthly mean energy budget estimates
are summarized by layers in Table 2. The
kinetic energy K; for the total layer (11.70 x 10°
joules m—?) is somewhat less than the global
annual estimate of 15 x 108 joules m-? made by
Oort (1964) and Kung's (1966a) estimate of
18.96 x 10° joules m~—2 for the same period and
area of this study. Kung’s value is probably
larger because his study included the atmos-
phere to 50 mb.

In contrast, the negative value obtained for
the available potential energy A; ( —1525 x 10°
joules m~—?) is not comparable with earlier stud-
ies, all of which have yielded positive quanti-
ties. The negative value obtained here is the
result of defining 4, as the contribution to the
global available potential energy. In a region
containing air which is colder than the global
mean one finds p <p, and 4, <0. The properties
of A, can be examined further by rewriting (1)

as 7
Dy % __
A,=fl’ff PP papdo
JJoJp, P

DL % %
+c_”ff 2P papds )
gJo P2 P

Table 2. Monthly mean energy budget by layers
for North America, March, 1962
1, 2, 3, T indicate layers as defined in Section 2.

Units: 4, K =10° joules m~% energy transforma-
tions and fluxes = watts m—%.

1 2 3 T

4, —103 — 495 —927 ~1525
K, .95 2.83 7.92 11.70
a_;, 3.53 5.58 7.97 17.08
G ~0.06 0.68 -0.77 —0.15
C, 6.55 623 2353 —10.75
HF 8.88 8.88 —0.71 17.05
VF, —14.59  —15.37 43.40 13.44
X —0.33 —0.33
£4 3.08 5.16  —10.42 —2.18
ggi 0.00 —0.05 —0.14 ~0.19
D ~0.64 —0.14 —0.30 —1.08
Ck 0.69 —0.09 —0.32 0.28
HFy 0.01 —0.25 0.59 0.35
VFy ~0.06 0.43 -0.11 0.26
PW 8.40 8.80 —27.14 —9.85
sc —1.16 -2.75 3.29 —0.62
ww 0.08 ~4.37 2446 —28.75
d 6.47 10.60 0.93 18.00
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The first term on the right of (7) is the available
potential energy that the region would possess
if in passing to the local minimum state the
local system were not allowed to interchange
mass with its environment, leaving the second
term to represent the contribution to the global
available potential energy due to the departure
of the local reference state from that of the total
atmosphere. As in the case when ¢ is the entire
globe, the first term is always positive. Hence,
negative A, values occur when the departure
term is negative and its absolute value is greater
than the first term. Evidently the cold air in
this region leads to values of p which are con-
siderably less than p,, resulting in a very large
negative value for 4;.

Within the set of estimates involving the
time rate of change of the energy parameters
perhaps the most surprising feature is the very
small size of the generation (@) for the total
layer ( —0.15 watts m~—2) compared to the other
terms in the 4, budget. However, this value is
not greatly different from the —0.8 watts m—*
obtained by Oort (1964) and the 0.8 watts m—?
obtained by Dutton and Johnson (1967) for
the eddy generation. This suggests that in this
study the generation is dominated by eddy
heating processes and that the role of zonal
generation is limited, probably because of the
absence of data from tropical and polar latitudes.

The generation is also relatively small in each
of the three layers. A better insight into the
physical processes affecting G can be gained by
writing the generation expression, after Lorenz
(1955b), as

1 j 21 o 1 D:_-_
G=-J Ede+§f EQdp (8
g

De D2

The first term represents the effect of the mean
heating field, while the second term, which is
nearly the same as Lorenz’s (1955a) approxi-
mate expression, describes the influence of dif-
ferential heating.

In layer 1 both the mean efficiency factors
and mean diabatic heating tend to have predom-
inantly the same sign within the layer and,
therefore, would be expected to produce posi-
tive generation. However, since the observed
value is near zero ( — 0.06 watts m—2), it appears
that the effect of mean heating is offset by a
horizontal distribution (described by the second
term of 8) which produces heating of relatively
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cold air and cooling of relatively warm air. In
the middle layer the positive generation (0.68
watts m-2) corresponds to the diabatic cooling
and negative efficiency factors normally found
there. In addition, while the release of latent
heat is not dominant in the monthly mean, it
does tend to occur in regions of positive effi-
ciency and would, therefore, also contribute to
this positive result. In the upper layer the corre-
lation of mean cooling and negative efficiency
factors would yield a positive generation. There-
fore, the observed negative value ( —0.77 watts
m~-2) would indicate that again there is heating
of relatively cold air and cooling of relatively
warm air.

The A-conversion (C,) for the total layer
( —10.75 watts m~2) compares with Dutton and
Johnson’s global annual value (-6.40 watts
m~2), which was partially based on Kung’s
(1966b) global annual estimate of frictional dis-
sipation. Both results are considerably larger
than Oort’s estimate of —2.3 watts m~2 The
studies from which Oort derived his value may
have underestimated C, because they employed
the quasi-geostrophic vorticity equation or the
adiabatic method to determine the vertical
motion. These methods tend to smooth out the
smaller synoptic scales. In contrast the authors
feel that the vertical motion estimates in this
study retain much of the influence of the entire
range of synoptic scales. The major problem in
the method used here, however, is that the
magnitude of the vertical motion, and terms
utilizing the vertical motion, are sometimes over-
estimated at higher pressure levels, a well-known
problem associated with the kinematic method
(O’Neill, 1966). If one assumes that o is fre-
quently over-estimated in the third layer, the
total A-conversion may be less than computed
here.

The role of C, in the energetics of a limited
region is perhaps best seen by comparing it
with the K-conversion (Cg) and pressure work
(PW) estimates, which are linked through equa-
tion (5). In these results PW and C, are of the
same size, with Cx much smaller. This means
that although C, indicates a reduction of 4, in
layer 3 and increases in layers 1 and 2, it is not
accompanied by corresponding increases or de-
creases of K; within any of the layers. Therefore,
the region apparently exhibits a major interac-
tion with the remaining atmosphere and C, does
not represent direct conversion of potential to
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kinetic energy within the region and time period
studied here.

In an effort to provide an alternate represen-
tation of the conversion process many authors
have used w'a’ rather than C,, e.g., White and
Saltzman (1956), Winston & Krueger (1961),
Oort (1964), and Danard (1966). The term «'a’
has been described as the conversion of available
potential to kinetic energy by vertical overturn-
ings within atmospheric waves. Under this
formulation a decrease of available potential
energy occurs when relatively warm air rises
and cold air sinks. C,, w'a’s and ©& are related
according to

1 171_ 1 ”m
CA=—f w’a’dp+~f aadp (9)
g g

) 4] D2

‘When the entire atmosphere is considered, the
last term is zero and C, —(1/9)f5 w'a’ dp; how-
ever, thisrelation is in general not valid in limited
regions. One can interpret w’a’ as that portion
of C, which can be attributed to scales of vertical
motion completely contained in the region,
while @& is associated with scales which are
only partially sampled in the region.

The values of @& agree well with the mean
vertical motion profile (Fig. 1). The subsidence
in layers 1 and 2 produces positive values (6.47
and 10.60 watts m~2), while the reversal in the
mean vertical motion profile in layer 3 results
in & near zero value (0.93 watts m—2). On the
other hand o'z’ is very small in layer 1, a some-
what surprising result in view of the fact that
to a large extent it reflects the influence of
synoptic scale phenomena. A small value in this
layer can be partially accounted for by the
presumably small values of w. In addition,
however, the negative w’«’ normally associated
with developing synoptic scale motions is ap-
parently balanced by a near equal positive
value resulting from rising cold air and sinking
warm air, as might occur in an occluded storm.
In layers 2 and 3 the horizontal variations in
vertical motion associated with developing
synoptic processes are evidently large enough to
yield large values of w’a’. The vertical distribu-
tion obtained here agrees qualitatively with the
distribution obtained by Eddy (1965) during a
three day storm period (January 21-23, 1959)
for the portion of w'a’ associated with 1600 and
3500 m mi scales. A significant feature of wa’
is that it seems to bear no direct relation to Cg.
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It would appear, therefore, that over the period
and limited region of this study w'o’, like Cy,
does not represent direct conversion of potential
to kinetic energy.

Considering again the values contained in
the energy budgets, it is interesting to note that
in spite of the size of the region and the length
of the time period the horizontal and vertical
fluxes are still very significant. The flux of 4,
is accomplished by a net transport which changes
the contribution that a limited region makes to
the available potential energy of the entire
atmosphere. In particular a positive flux can
occur with an inflow (outflow) of air warmer
(colder) than the global mean. The dominance
of the horizontal flux of A, (HF,) in layers 1
and 2 indicates that this term may be largely
influenced by major synoptic features. Low
pressure centers which tend to form or deepen
east of the Rocky Mountains and inject warm
Gulf air into the budget region probably prov-
ide an important source of positive 4; flux. In
addition increases of 4, may be noted when
cold Canadian air exits the budget region. The
net effect of this process would depend on
whether the cold air was replaced by warmer
air from perhaps the Pacific or Gulf area or
colder Arctic air. The vertical flux of 4, (VF,),
agrees qualitatively with the mean vertical
motions in Fig. 1. The remaining term (X) indi-
cates that the mean surface pressure, and hence
the mass within the region, decreased during
March, 1962.

The net change in A4, during the month was
17.08 watts m~?, which is of course considerably
different from the zero value one would expect
for a global annual mean. The local change of
K; (—0.19 watts m~%) is almost identical to
Kung’s (1966a) estimate of —0.20 watts m~2.

In the kinetic energy budget the dominant
term for the total layer is the frictional dissipa-
tion (D), —1.08 watts m—2. This estimate is less
than the global, annual estimates of Oort, —2.3
watts m—2. In addition it is also smaller than
the value of —4.87 watts m~? given by Kung
(1966a) for the month and area of this study.
However, it should be noted that Kung’s
March, 1962, result includes a dissipation of
about —1.0 watts m~? in the 250-50 mb layer,
a layer which was not used in this study. Kung
(1967) has found that the inclusion of 12 Z
data with the 00Z data usocd in his earlier studies
and use of a more extensive data period re-
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sulted in a 36 9% reduction of his original annual
dissipation estimate. Applying this reduction
to the surface to 250 mb value of —3.87 watts
m~2 for March, 1962, yields a revised figure of
—2.46 watts m~2, Therefore, depending on
which estimate is accepted the result obtained
in this study is smaller by a factor of 2 or 3. It
is interesting to note that Kung (1966a) and
Julian & Labitzke (1965) obtained values of
-0.28 watts m~2 and -0.30 watts m-? for
HFg and VFpg, respectively. Although of op-
posite sign to the values obtained here and re-
presentative of different data samples, their
results indicate that the small values obtained
in this study are reasonable. If the value of D
is in error, it quite likely results primarily from
underestimates of the production of K by cross-
isobaric flow (Cg).

Finally, an indication of the reliability of the
budget estimates can be obtained by considering
the discrepancies between the calculated local
changes and the sum of the processes which
produce the changes. These discrepancies, re-
ferred to as ¢4 (available potential energy error)
and ¢ (conversion error), are

24,
eam - (G+C,+HF, +VF+X) (9)

and ec=(C4+Cg)-PW (10)
Table 2 shows that &4 and ¢, are in general
smaller than the more important budget terms.
Since the signs of ¢4 and & in layers 1 and 2 are
opposite to the signs in layer 3, the errors tend
to cancel, leaving ¢, = —2.18 watts m-? and
&= —0.62 watts m—? for the total layer.

Summary

The equations used in this paper are based
on the concept of defining the energetics of
limited regions in terms of the contribution the
region makes to the global energy budget
(Smith, 1969). The results obtained here indicate
that realistic results, reflecting the importance
of the region in the general circulation, can be
obtained using this concept. Some of the more
important results are as follows:

(1) Since the region of the atmosphere for
the period studied here was in general colder
than the global mean, the use of a global refer-
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ence state leads to monthly mean values of the
contribution to the global available potential
energy which are negative.

(2) The generation obtained here is much
smaller than any global estimates. However,
it does not differ greatly from previous esti-
mates of eddy generation, probably reflecting
the reduced influence of zonal effects in the lim-
ited region.

(3) The boundary fluxes and pressure work
terms, which are zero in the global budget, ap-
parently play an important role in the energetics
of this region. The size of these terms dem-
onstrates the significant interaction between
the region and its external environment.

(4) The large values of 4-conversion (C4) and
w'a’ compared with K-conversion (C) indicate
that neither Cx nor w’s’, which have been
used as conversion terms in other studies, re-
present direct production of kinetic energy here.

P. J. SMITH AND L. H. HORN

Apparently much of the potential energy re-
leased in this region is utilized in other portions
of the atmosphere.

Collectively these results suggest that similar
studies of individual circulation systems might
provide insight into the extent to which these
systems are self-generating or dependent on the
other motions comprising the general circula-
tion.
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YUCJIEHHOE UCCIEJOBAHUE SHEPTETUKN OTPAHUYEHHON
OBJIACTH ATMOC®EPHI

Ucnoaraya ypaBHenna Cmuta (1968), Korophie
ONNCHIBAIOT BKJIAX, OTpaHU4YeHHOU o6macTu B
rao6anpHLIl  GajlaHC 9HEPIHH, HPOU3BOJAATCH
YUCTEHHBIE OIeHKM [JIA PABJINYHBIX YJIEHOB ero
YpaBHEHUI TPUMEHHUTENAbHO K CEBEPHOMY IOJIY-
mapuwo gaAa mapra 1962 roga. IlokaswiBaercs,
4TO Ccorjacywupecsa ¢ HabJTIOQeHUAMU pe3yilb-
TaTel, OTpamawinde BaKHOCTb BHJIAAa INO-
noGHOK obmacTu B 06y LWHPKYIALUIO, MOTYT
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OLITE MOJy4YeHH, UCIOJIL3YA TAKYI0 KOHIEMIAIO.
IToxaswiBaercAd, UTO CYIIECTBYeT BaMKHOE pasiu-
ype MeMAy SHepreTuKoll orpannyenHolt obaacru
u Bcelt arMocdepoit B FOCTyNHO!l MOTEHINAJb-
HOI dHeprum, reHepaunu, NOTOKe Ha TpaHUIle U
npeoGpasopannu dHepruu. OEHKN BeJINYUHH
MOTOKA Ha TpaHule um paboTa CHI RAaBIeHHA
YHKa3HBAIOT HA 3HAUMTEJIbLHOE B3aMMOAelcTBuME
Memy 06IaCTbI0 U ee BHEIIHUM OKDY HeHUEeM.



