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ABSTRACT 

An equation for the kinetic energy balance of the mean zonal flow in a symmetrical 
polar cap is derived under minimal assumptions, starting from basicconceptsof mechan- 
ics. The form of the equation obtained differs from the comparable result of the 
traditional treatment, in that the rotation of the relative coordinate system used enters 
the volume integrals in a more symmetrical fashion, and appears also in the surface 
boundary terms. Various aspects of a still less restrictive possible formulation are 
enumerated. 

Introduction 

The equation for the kinetic energy balance 
of the zonally averaged zonal flow in the at- 
mosphere has been written in slightly differing 
forms by several authors, mainly for the purpose 
of investigating the processes of the general cir- 
culation from observational material. As exam- 
ples one may cite the discussions by Kuo (1951), 
van Mieghem (1956), Saltzman (1957) and 
Lorenz (1967). A generalized form including 
hydromagnetic effects is given by Starr and 
Gilman (1966). In the present treatment the 
equation appears in a form rather different 
from those given by these several investigators. 
As is shown later the new form is mathematic- 
ally equivalent to the result obtained through 
the use of more customary methods of deriva- 
tion. In  a rather general sense, the procedures 
utilized in the present investigation follow 
along lines used mainly by Starr in the deriva- 
tion of various integral properties of surface 
waves in a fluid. For a resume and references 
concerning this subject see Wehausen & Laitone 
(1960), and also Starr (1961) for later work. 

Some effort is made in what follows to elimi- 
nate certain approximations commonly used in 
dealing with the present subject. On the other 
hand it is assumed, as in most other presenta- 
tions, that the horizontal and temporal varia- 
tions of the density can be neglected for the 
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present purposes. The inclusion of these density 
variations entails a major complication of the 
treatment and produces a number of additional 
terms which for the most part are of secondary 
significance in the present connection. The wri- 
ters therefore relegate their inclusion to possible 
later discussion at some future time. On the 
other hand, the terms retained are sufficient to 
exhibit the novel characteristics of the approach 
here developed. 

Notation and basic equation 

Use is made of a (rotating) spherical polar 
coordinate system ( R ,  I ,  +), the symbols, in 
order, denoting radius, longitude and (geocen- 
tric) latitude. The absolute angular momentum 
of a unit mass of fluid about the polar axis is 
denoted by M ,  so that one may write 

M =re(S2 +dI/dt)= Qr2 +ru (1) 

where r is the perpendicular distance to the 
polar axis, R COB 4. The coordinates are assumed 
to rotate about the polar axis at a constant rate 
52, so that, if t is time, dlldt is the individual 
rate of increase of longitude for a fluid particle. 
The longitude is assumed to increase eastward 
in atmospheric applications. It follows then that 
u = r dlldt  is the linear eastward particle velocity 
component relative to the coordinate system. 
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The fundamental equation of motion expressing 
the inertia principle of Newtonian mechanics 
may, for present purposes, be written in terms 
of this symbolism in the form 

It expresses the fact that mass per unit volume 
e when multiplied by the individual time rate 
of increase of angular momentum is equal to 
the sum of the torques per unit volume. Only 
two torques are included in (2), namely, the 
one due to the pressure p and the one due to 
friction-B’ per unit volume. These two effects are 
the major actions of this kind in the atmosphere 
of the earth. As was stated we assume that 

Since the objective is to study the kinetic 
energy of the zonally averaged zonal flow, it is 
necessary to define the averages involved in 
this quantity as well as in similar other quanti- 
ties arising in the development. We define the 
square brackets as follows for this purpose 

e =e(R).  

(3) 

where the cyclic integral is taken along a path 
having a constant radius and latitude. Hence- 
forth the use of square braccets is reserved ex- 
clusively for purposes defined by (3). The inte- 
gration with respect to It is assumed to extend 
over a range of 2n, thus implying the tacit as- 
sumption that in applications to the earth’s 
atmosphere we leave out of account all interrup- 
tions of the path of integration due to orograph- 
ic barriers. It is thus assumed that the earth is 
smooth in this regard, although no restriction is 
made as to the absence of surface friction. 

Equation (3) may be utilized to define the 
spatial deviation of a quantity ( )’ from its 
zonal mean, so that 

PreIiminary manipulations 

In  virtue of the general mass continuity 
equation for a sourcefree region in a fluid, 
namely 

2+  V . e v = O  
at ( 5 )  

where v is the vector velocity, one may rewrite 
the product of the density and the individual 
time rate of change of a quantity in the following 
fashion 

making use of Euler’s relation between individ- 
ual and partial time derivatives. By this means 
the basic equation (2) may be rewritten as 

This is the dynamic balance equation for abso- 
lute angular momentum. 

The relative angular momentum may be in- 
troduced into the first term on the left of ( 7 )  by 
substitution from ( 1 ) .  Thus, noting that e, Q 
and r are independent of t ,  the result is gained 
that 

Applying (4) to u in (8) it follows that 

This is a balance equation giving the time rate 
of change of the relative angular momentum 
of the zonally averaged eastward motion, re[u]. 

Formation of the energy equation 

The differential form of the energy equation 
may be formed by multiplying (9) by [u]. 
Through further appeal to the assumptions 
made, this equation may be written as 

[ul ap + -- - [u]F=O (10) 
r 81 

It is to be noted that in (10) the quantity e[uIa/2 
is the kinetic energy per unit volume of the 
zonally averaged zonal velocity component, 
while [u]/r is the mean relative angu1a.r velocity 
or differential rotation with respect to the rotat- 
ing coordinate system ( R ,  e, 4). 
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It is desirable to take the volume integral of 
(10) and choose the limits of integration as sur- 
faces of revolution about the polar axis, so that 
the volume considered is bounded by the earth's 
surface, by a conical surface of constant latitude 
dl and by a surface of constant R = R, a t  the 
top. The region thus consists of a polar cap 
extending down to latitude 4,. One may note 
that no assumption has been made as to the 
precise sphericity of the (smooth) earth's surface 
which might even be pear-shaped so far as pres- 
ent considerations go. Of course, for most pur- 
poses the boundary a t  the surface may be taken 
as being essentially normal to the R direction. 

Since the volume element to be used d t  = RZ 
cos 4 d R  d l  d4 involves a partial integration 
with respect to 1 whose range is always 2n in 
the region chosen, the second and fourth terms 
in (10) will automatically integrate to zero for 
reasons which are obvious. We are thus left 
with the energy equation in the integral form 

The middle term on the left of (11) may be 
rearranged by parts so as to yield an integrable 
portion by taking the angular velocity into the 
divergence operator. The result may then be 
expressed with the aid of Green's theorem in the 
form 

Here dS is an element of the (closed) boundary 
surface S of the volume, and C ,  is the outward 
normal velocity component measured a t  the 
boundary. 

The two alternative statements of the energy 
equation expressed by (1 1) and (12) contain the 
essence of the results. The first of these contains, 
in the middle term, the concept of what may be 
called the appearance of zonal kinetic energy 
which is governed by the product of the relative 
angular velocity and the divergence of the 
transport of absolute angular momentum. It 
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does not, however, furnish direct information 
as to what fraction of this action in an open 
region may be due to boundary transfer effects. 
The second, namely (12), incorporates such a 
separation, so that what may here for conven- 
ience be termed the generation consists of the 
product of the absolute angular momentum 
transport and the gradient of the mean angular 
velocity. The meaning of the remaining terms 
in (11) and (12) is fairly clear. 

Further expansion of the energy equation 

In  order to render it more readily suited for 
such purposes as the interpretation of observa- 
tional data, it is useful to expand the compact 
equation (12) to make it explicitly applicable 
to the polar cap region extending from the 
north pole to the arbitrary latitude In  this 
expansion it is useful, on the one hand, to sepa- 
rate horizontal and vertical processes, and on 
the other, to separate angular momentum trans- 
ports into three categories, namely, ( a )  those 
associated with 9, ( b )  those associated with the 
relative zonal motion [u], and ( c )  those associa- 
ted with the eddy action [u'v']. Here v denotes 
northward particle velocity. In this manner the 
generation integral will be broken up into six 
separate integrals, as will also the boundary 
integral when the southern boundary and top 
boundary are considered. 

From what has just been said and from the 
several relations and definitions already given, 
the generation term may be rearranged pro- 
gressively as follows, the radial velocity com- 
ponent being indicated by w. 
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Internal vertical integrals . 

The first inner cyclic integral may be ex- 
panded as follows 

2qR' cog' +[u] [w] aR - ' {  R ~ [ul COB + } R d + d R  

= $r (Qr+[u]+u ' ) ( [v ]+v ' )  dI  

= 2nQr'[~] + 2nr[1;3 [v] + 2nr[u'~'] (14) 

In  exactly similar fashion we may write that 
the second cyclic integral in (13) 

M w d l  = 2nnr2[w] + 2nr[u][w] + Zn~[u'w'] (15) $ 
Substitution from (14) and (15) into (13)  and 
finally into (12) leads to the final result, but 
before doing so the boundary integral in (12) 
will be similarly expanded. 

It is assumed that the normal velocity a t  the 

bottom boundary a t  R = R,(+) o f  the polar cap 
is zero, so that the remaining surfaces are (in 
order) the southern latitude wall and the top 
a t  a fixed value of R = R,. Accordingly, one 
may write that 

The cyclic integrals with respect to I may again 
be expanded by using (14) and (15 ) .  With the 
further aid of the definitions and notations 
already used equation (12) may now be rewritten 
in the form 

2neR2 COS' +,(nR cos +1) [v] ___ Iul d R  
R cos 4, 

2neRa cos' +Ju] [v] ~ [ul dR 
R cos 4, 

Vertical boundary integrals 
at  +=A 

2neR' cos' +,[u'v'] d R  I + s  R cos 4, (9) 
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2neR: COS' 4[u] [w] - [u' R, d 4  
R, cos 4 

[UI - [2qR? COS* ~[u'w'] ~ 

R, cos 4 

Horizontal boundary inte- 
grals at R = R, 

RId4 
I J  

This is the new formulation of the zonal kinet- 
ic energy equation. 

Recapitulation of traditional approach 

Before discussing equation (17), it is helpful 
to compare it with the more traditional form 
of the kinetic energy equation for the mean 
zonal flow, written in the present symbolism 
and derived under assumptions and approxima- 
tions identical with those used in formulating 
(17). In  effect it becomes practically necessary 
to perform the manipulations of deriving the 
more familiar equation, utilizing the present 
methods. This will be done in outline only, how- 
ever. 

The absolute angular momentum M per unit 
mass may be eliminated from (2) by means of 
(1). The total derivative may then be expanded 
in the resulting equation with the aid of (6), so 
that the outcome is 

+2np sin 4 - -- a p + E "  (18) 
R cos + a?. 

Here V is the vector velocity relative to the 
rotating coordinates (R, A, +), while the partial 

time derivative applies to a fixed point in this 
reference system. 

As before we multiply (18) by [u] and take 
a volume integral of the region of the polar cap 
retaining all the assumptions which were made, 
so that 

4 /rem*dt= + /r[u]  [ F l d t  
dt  2 

The partial reductions effected in writing (19) 
stem from relations and definitions already used 
in writing (17). Further systematic application 
of these relations and definitions leads to a 
counterpart of (17) which may be written in 
various forms. The following form is desirable 
in order to demonstrate the points to be made 
presently. 

d 
2 2n[u][F]R'cosgd+dR 

4n@R' C O S ' ~  sin +[v] - IU' R d4 dR 

2qRa COS' +[u] [v] - a [ - ru3 )Rd+dR 

R cos 4 

Ra4 R cos 4 Internal horizontal integrals 
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Internal vertical integrals * 
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4neRR' COS' ~ [ w I  ___ [ul RdddR 

2neR' COS' ~ [ u I  [w] - a [ ___ [ul )RdCdR 

2neR' COS' ~[u 'w ' ]  - a { ~ [ul } R d d d R  

' -1s R cos 4 

+ ss 
. +ss 

aR R cos 4 

aR R cos 4 

2neR' COS' +,[u] [w] ___ [ul dR 
R cos 41 Vertical boundary integral 

2n~R' COS' 41[u'v'] dR 1 + s  R cos 41 

2xeR; COS' +[u] [w]  __ [u' R,  d 4  
R ,  cos 4 

[UI 
Rld4 2neR: COS' ~[u'w']  ___ 

R,  cos 4 

Horizontal boundary inte- 
grals a t  R = R,  

Inspection reveals that ( 1 7 )  and (20) differ 
solely in the terms containing 52. Terms contain- 
ing this parameter are present in the boundary 
integrals of the new equation, but are absent 
from the traditional boundary integrals in (20). 
It is not too difficult to show that the four 
integrals containing R in (17) may be reduced 
to the two corresponding ones in (20),  so that 
these two equations are mathematically equiva- 
lent, as should be expected on a priori grounds. 
For this purpose it is advantageous to use the 
mass continuity equation specialized as follows 
under our general assumptions. 

Discussion 

There are several points to be noted concern- 
ing the form ( 1 7 )  of the zonal kinetic energy 
equation and its relation to the more familiar 
form (18).  These are: 

(a) Each of the equations is derivable from 
the other through the use of the definitions 
and relationships already utilized. The direct 
derivation of ( 1 7 )  as given above is no doubt 
simpler, however. 

(b)  Each internal integral in ( 1 7 )  involves 
one component of angular momentum transport 
multiplied by the spatial gradient of the relative 
mean angular velocity. (This, in vector form, 
was already expressed by eq. 12). It is thus 
shown that, for the present physical system, a 
generation of kinetic energy of the mean flow 
[u] can result only from an up-gradient trans- 
port of angular momentum in one or another 
of the three components present. These three 
components are: that associated with the basic 
rotation R, that associated with the differential 
or relative rotation [u],  and that associated 
with the eddy motions u'. 

(c) The boundary integrals in ( 1 7 )  at 4, and 
at R, likewise involve the three components of 
angular momentum transport multiplied by the 
value of the relative angular velocity at the 
boundaries. 

(d) Since equations (17) and (20) are alike, 
save for the terms containing R, and since Q 
is an arbitrary parameter in both formulations, 
an interesting special case arises upon assuming 
R to be zero. The remaining identical equations 
may then be interpreted as comprising a (single) 
kinetic energy equation for the absolute mean 
zonal flow. 

(e) In (20) the terms enumerated as ( 1 ' )  and 
(4') may be simplified through the cancellation 
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of the cosines in the denominators, etc. It is 
then seen that these terms are volume integrals 
of the work done by the zonal components of 
the Coriolis forces in virtue of [u], associated 
respectively with [v ]  and [w]. In  (17) this action 
is recast into the action of a countergradient 
flux of angular momentum due to R, and also 
it is partially reduced to a boundary effect in 
the polar cap region along the free boundaries. 

( f )  As already has been stated the essential 
difference between the two schemes resides in 
the formulation of the terms containing R.I t  
follows that in a more general problem other 
torques in addition to those due to pressure 
gradients and friction may be added. Thus 
magnetic effects might be included for applica- 
tion to hydromagnetic flows such as those in 
the sun and in the earth’s core, in either scheme. 

(g) Since the boundary terms arise from the 
integration of a vector divergence, no difficulty 
results for the case of a smooth earth at  the 
surface boundary from the fact that this surface 
may not be one a t  which R is exactly constant. 
For the formal vanishing of this effect all that 
is required is that the velocity component nor- 
mal to this surface be zero. In  actuality, among 
other things, evaporation and precipitation pro- 
cesses interfere with this simplified conception. 

(h) One of the major limitations of the discus- 
sion presented is that the earth’s surface is not 
smooth, but has nonzonal inequalities due to 
orography. As far as the application of Green’s 
theorem to the volume integrals is concerned 
there still is no formal difficulty as explained 
under (g) above, if in the case of absolute coordi- 
nates proper provision is made for the fact that 
the value of the surface elevation is a function 

of time as a consequence of the earth’s rotation. 
On the other hand a difficulty which is perhaps 
more serious results from the fact that interrup- 
tions of cyclic continuity in the integration 
paths with respect to il are introduced. The 
classic illustration of this are the mountain 
torques due to pressure differentials. But these 
are not the only such complications, and the 
entire subject is in need of a more precise treat- 
ment. 

(i) As was stated, temporal and horizontal 
space variations in density have been neglected. 
Doubtless this is justified for most ordinary 
purposes. In principle, however, there is no diffi- 
culty in proceeding with either derivation mak- 
ing no such assumption, if one is reconciled 
to the tedium of sorting out the added terms 
which arise. This should be done if onlyforthe 
sake of formal completeness. 

(j)  Evaluation of the various new integrals 
from extended data samples is desirable. We 
have already studied those integrals which are 
common to both expansions, over various time 
periods up to 5 years using the collection of 
world wide weather data contained in the MIT 
General Circulation Data Library. Similar appli- 
cations of the same data to the new terms are 
entirely feasible but require considerable study. 
Such results have therefore been deferred for 
future publication. 
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CBMMETPMYHAH cDOPMA Y P A B H E H R H  GJIR 3 0 H A J I b H O a  
K R H E T R u E C H O a  3 H E P r B B  

O C H O B h I B a R C b  H a  a Y H A a M e H T a J I b H b I X  KOHQeII-  QHOHHOM IIOAXOAe B TOM, 'iTO B p a w e H l l e  MCIIOJIb- 
U H R X  MeXaHAKM,  I I p U  MHHHMaJ lbHbIX I IpeAl lOJ IO-  3 y e M O f i  OTHOCHTeJIbHOfi  Cl lCTeMbI KOOPAUHaT 
X e H H R X  BbIBOAATCR Y p a B H e H H e  AJlR 6 a n a ~ c a  BXOAMT B 0 6 ' b e M H b I e  I l H T e r p a n b I  6onee CMM- 
KHHeTHqeCKOf i  3 H e p r H H  C p e A H e r O  3 0 H a J I b H O r O  MeTpMqHbIM 0 6 p a 3 0 ~  I4 IIORBJIReTCR T a K H ( e  B 
IIOTOKa H a  CHMMeTPHqHOf i  I IOJIRpHOfi  U a I I K e .  r P a H I l Y H b I X  IIOBePXHOCTHbIX 9 J I e H a X .  n e p e q U C -  

F H Y H O r O  Y p a B H e H M R ,  I IOJ IyqaeMOrO IIpM T p a n H -  
H o n y s e H H o e  y p a m e m e  o T n m a e T c R  OT a H a n o -  JIRKJTCR p a 3 n x s ~ ~ e  a c n e K m  B O ~ M O H ( H H X  ewe 

M e H e e  O r p a H M q H T e n b H b I X  @OPMYJIHpOBOK. 
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