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ABSTRACT 

On the basis of data from the whole Earth during different periods of the International 
Geophysical Year the large-scale wave motions at  the 500 mb level, and to  some extent 
the 1000 mb level, are studied. The waves are represented by spherical harmonic 
components of the height field for the whole Earth as well as for each of the two 
hemispheres. The relative importance of the different components in the expansion 
of the height field for the whole Earth is illustrared, and the seasonal variations at the 
two hemispheres are considered. 

The motion of the different wave components is investigated by computing mean 
values of the 24-hours phase angle changes. Except for the most large-scale, quasi- 
stationary components the mean velocities are found to be quite well in agreement 
with the Rossby-Haurwitz formula for the wave motions in a barotropic, non-divergent 
model with a solid rotating basic flow. 

The fluctuations of the quasi-stationary waves are studied by means of quadrature 
spectrum analysis and by application of different time filters. A certain part of the 
regular fluctuations seems to be attributed to  various westward wave motions with 
different velocities of propagation. Each of these westward wave motions seems to 
be composed of more spherical harmonic components with different amplitudes. The 
quantitative results concerning the velocities of propagation and the amplitudes are 
generally supporting the idea that these wave motions may be explained essentially 
by the Rossby effect, for the most large-scale components combined with a divergence 
effect. 

1. Introduction 

I n  a previous paper (Eliasen & Machenhauer, 
1965) we have considered the planetary-scale 
waves represented by the spherical harmonic 
components of the horizontal atmospheric 
fields. Due to the poor state of the observations 
at the Southern Hemisphere, the considerations 
were restricted to the Northern Hemisphere. 
The spherical harmonic representation was 
based on the special condition of orthogonality 
for one hemisphere and it was connected with 
a definite condition of symmetry with respect 
to the Equator. For a complete treatment of the 
planetary-scale waves it should be necessary, 
however, to include the whole sphere, and a 
purpose of the present work has therefore been 
to  consider the possibility of extending the 
previous investigations by using a harmonic 
representation of the horizontal fields over the 
whole Earth and by including both symmetric 
and antisymmetric components. 

It is known that the most large-scale waves 
(i.e. mainly the waves with wave numbers 
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1, 2, and 3) are generally quasi-stationary, 
whereas the waves with somewhat smaller 
scales (i.e. mainly the waves with wave num- 
bers 5 to 9)  are moving more or less regularly 
towards the east. Concerning the fluctuations 
of the very long waves it seems possible to 
interpret a regular part of these as the result 
of wave motions of the Rossby-wave type 
(Eliasen &Machenhauer, 1965,and Deland, 1965). 
I n  the present work it is intended to investigate 
systematically the motions of the different 
spherical harmonic components of the height 
field, and especially to study more in detail 
the fluctuations of the long, quasi-stationary 
waves. 

I n  our previous work we have considered 
the spherical harmonic components of the 
stream function obtained from the height field 
by using the linear balance equation. A more 
thorough investigation of this relation between 
the height field and the stream function seems 
to show, however, that especially for the most 
large-scale symmetric components of the stream 
function, the values obtained are doubtful, 
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as a consequence of the fact that  the linear 
balance equation is not a useful approximation 
in the eqiiatorial area. For that  reason we 
have decided in the present investigation to 
consider the actual wave motions only in terms 
of the components of the height field. 

2. The spherical harmonic representation 

As the fundamental horizontal field we con- 
sider the height z of a surface of constant 
pressure at a definite time as a function of 
the latitude + and the longitude A. For the whole 
Earth this function may be expressed by the 
following spherical harmonic representation 

%(+,A) = 2 2 {a,,, COB mA+b,,. sin mA) 
c a m  

m=O n = m  

m m  

x ~ m . n ( + ) -  Z: 
x (1 -am,n)}Pm,n(+) ,  (1) 

Z: Am,,  ~ 0 9  {m 
m=O n = m  

where Pm, n(+)  are the associated Legendre 
functions of the first kind; m is the longitudinal 
wave number, and n is the degree of the har- 
monic. Each of the components in the expansion 
is determined by the cosine coefficient am* and 
the sine coefficient b m , ,  or by the amplitude 
A m . n  and the phase angle am*,. 

For two reasons we may be interested in 
considering a representation of the height field 
only for one hemisphere. The one is simply 
that the data are definitely better for the 
Northern Hemisphere than for the Southern 
Hemisphere, which means that results only 
based on the Northern Hemisphere data will 
be more reliable than the results based on the 
data for the whole Earth. But also even if we 
want to use the data from the Southern Hemi- 
sphere, a separate representation for each 
hemisphere will be useful, as i t  will make up 
a basis for a comparison of the conditions at 
the two hemispheres. The expansion for one 
hemisphere may be written in the same form, 
( l ) ,  as for the whole sphere, with the only 
difference that we take only half of the terms 
in the series, namely either the terms with 
n-m even, or the terms with n-m odd, i.e. 
terms either symmetric or antisymmetric 
with respect to the Equator. I n  the antisym- 
metric case only the deviations from the mean 
value at the Equator are described. For each 

hemisphere the expansion coefficients are com- 
puted for the symmetric as well as for the 
antisymmetric representation, and the compu- 
tation of the expansion coefficients follows, 
with the same normalization of the Legendre 
functions, the proccdure used earlier for the 
Northern Hemisphere (Eliasen & Machenhauer, 
1965) with only obvious changes due to the use 
of actual data from the equatorial zone. The 
coefficients for the whole sphere are then given 
simply as the mean values of the corresponding 
coefficients for the two hemispheres. 

The attempt to consider the large-scale ficlds 
over the whole Earth is based on the data for 
the height of the 500 mb surface and to some 
extent the 1000 mb surface from the World 
Weather Maps for the International Geophysical 
Year (1957-58), Part I (Northern Hemisphere, 
Weather Bureau, Washington), Part I1 (Tropi- 
cal Zone, Seewetteramt, Hamburg), Part  111 
(Southern Hemisphere, Weather Bureau, Re- 
public of South Africa). For the computations 
we have used the values of z for each 5 degrees 
of latitude, and at the Northern Hemisphere 
for each 5 degrees of longitude, whereas for 
the Southern Hemisphere only for each 10 
degrees of longitude. For the whole sphere the 
expansion coefficients were computed for wave 
numbers up to 9, and for the Northern Hemi- 
sphere for wave numbers up to 18. For the 
meridional descriptions values of n-m up to 
24 were used. 

I n  order to illustrate the relative importance 
of the different components, the mean values 
for October 1957 of the amplitudes a t  the 500 
mb level over the whole Earth are shown in 
Table 1 for values of m up to 9 and n up to 18. 
The values are given in meters, and it is seen 
that the largest values of the amplitudes of 
the wave components are of the order of 20 
meters and occur for the smaller values of m 
and n. For each wave number the value of the 
amplitude is rather small for the first compo- 
nent, i.e. n - m = 0, and increases to a maximum 
value for n -m about 4. The zonal mean field 
described by rn = 0 shows up a pronounced 
symmetry with respect to the Equator. 

3. The spectral distribution of 
the variance of vz 

As another and with reference to the dynamics 
of the motion perhaps more relevant measure 

Tellus XXI (1969), 2 



LARGE-SCALE ATMOSPHERIC WAVE MOTIONS 151 

Table 1 Table 2 
(a) 500 mb E = 1333 

?n 
m - 

n 0 1 2 3 4 5 6 7 8 9  7 

n - m  0 1-4 6 8  9-12 

0 
1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
16 
16 
17 
18 

5665 
64 18 

19 20 10 6 
47 19 22 I 1  7 
13 17 14 13 10 4 
27 16 25 10 14 11 4 

254 19 7 

3 13 15 17 15 12 8 3 
3 20 13 1 1  14 16 9 7 3 
6 14 11 1 1  12 14 11 7 7 2 
3 1 0  9 9 1 2 1 2 1 0  9 6 3 
6 1 1  7 9 7 9 8 7 8 4 
4 8 9 6 9 6 7 7 7 4  
2 5 4 5 5 5 6 5 6 5  
3 5 5 4 5 4 5 5 5 4  
2 3 4 4 3 4 4 4 4 4  
2 3 3 3 3 3 3 3 3 3  
I 2 3 3 3 3 3 3 3 3  
1 2 2 2 2 2 3 3 2 2  

0- 7 469 307 139 41 
8-15 47 146 59 20 

16-23 5 24 12 6 

ZHA 523 490 219 72 

(b) 1000 mb E = 5 0 0  

m 
7 

n - m  0 1-4 5-8 9-12 

0 - 7  21 182 67 22 
8-15 1 1  66 32 17 

16-23 3 16 10 6 
ZHA 38 272 116 49 

of the relative importance of the different com- 
ponents, we may consider the spectral distri- 
bution of the variance of the horizontal gradient 
of z. Introducing 

where R is the radius of the Earth and V the 
spherical del-operator, we have 

m m  

E =  2 2 E m . n  (3) 
m=O n = m  

The spectral distribution of the variance of 
gradient z will be the same, of course, as the 
spectral distribution of the kinetic energy of 
the geostrophic wind field determined with a 
constant value of the Coriolis parameter. 

In order to have a better view of the spectral 
contributions to the total variance, we may 
add up the contributions from components in 
different groups. The result of such a grouping 
of the mean values for January 1958 is shown 
in Table 2 for the representation with n - m  
even of the field over the Northern Hemisphere. 
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Almost the same values are obtained, if the 
representation with n - m odd is used. The values 
in part a of the table are for the 500 mb level, in 
part b for the 1000 mb level, and the values are 
given in the unit lo3 mp. The total variance, 
E, is computed from the zonal harmonic re- 
presentation with wave numbers up to 18 by a 
numerical integration in the meridional direc- 
tion. In  the tables we have the contribution 
to the variance of the gradient of z from the 
zonal mean state, and from groups of wave 
components each containing four wave num- 
bers. Concerning the grouping of the meridional 
description, each group in the table includes 
four values of n -m. The values in the last row 
of the tables are the values for the total vari- 
ance of the gradient of z for the different wave 
numbers, obtained from the zonal harmonic 
analysis (ZHA). It is seen that the components 
with wave number 0, which are describing the 
zonal mean state, contribute as much as 39.2 
per cent to the total variance a t  the 500 mb 
level, but only 7.5 per cent at  the 1000 mb 
level, and furthermore that the most large-scale 
components in the meridional description give 
a very large contribution. The components with 
wave numbers 1 to 4 contribute 36.7 per cent 
at the 500 mb level and 54.0 per cent a t  the 
1000 mb level; and the components with wave 
numbers 5 to 12 contribute 21.8 per cent at 
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Table 3 

July January -- 
m... 0 1-4 5-8 0 1-4 &S 

n - m  
112 61 72 469 307 139 

NHS{ Ell 29 110 44 47 146 59 

665 166 142 577 131 123 
SHS { :Ili 31 146 60 46 92 53 

the 500 mb level and 32.9 per cent a t  the 1000 
mb level. Taking into account wave numbers 
up to 8 and using a meridional representation 
with 8 components, we obtain a description 
including 88 per cent of the total variance of 
the gradient of z a t  the 500 mb level, but only 
7 5  per cent at  the 1000 mb level. Similarly we 
obtain for wave numbers up to 12 and a meri- 
dional description with 12 components 95 per 
cent a t  the 500 mb level and 90 per cent a t  the 
1000 mb level. 

In  order to compare the conditions at  the two 
hemispheres and the conditions in the summer 
and winter season we may construct tables of 
the kind shown in Table 3. The values are from 
July 1957 and January 1958, and for the sym- 
metric represcntation a t  each hemisphere. The 
unit and the grouping are the same as used 
in Table 2. Quite generally it is seen that the 
difference between January and July is essenti- 
ally larger a t  the Northern Hemisphere (NHS) 
than at  the Southern Hemisphere (SHS), a t  
both hemisphcres, of course, with the largcst 
values in winter. For the zonal mean state we 
find tho largest contribution a t  the Southern 
Hemisphere in July, but only a slightly smaller 
value in January, and then further a slightly 
smaller value at  the Northern Hemisphere in 
January, and finally a quite small value in 
July at  the Northern Hemisphere. For the 
components with wave numbers from 1 to 4 
we find the largest contribution at the Northern 
Hemisphere in January and the second largest 
a t  the Southern Hemisphere in July. The contri- 
butions from the components with n-m from 
0 to 7 are decreasing considerably more from 
the winter month to the summer month a t  
the Northern than at  the Southern Hemisphere, 
while the changes for the components with 
n-m from 8 to 1 5  are approximately equal and 
rather small at  the two hemispheres. It is 
remarkable that for wave numbers from 1 to 4 

at the Northern Hemisphere the contribution 
from the meridional components with 7~ -m 
from 8 to 15 in July becomes larger than the 
contribution from components with n - m from 
0 to 7. 

4. The mean motions of the wave 
components 

In order to study the mean motions of the 
different wave components, we have computed 
mean values of the 24-hours phase angle change 
for the components with m 'C 8 and n - m G 7.  
As a 24-hours phase angle change, A(B,, n ) ,  may 
be determined only apart from an integer 
multiple of the wave length, one of the possible 
values must be selected in each case, bcfore 
the mean values can be computed. For the pres- 
ent computations we have assumed that no 
24-hours phase angle changes are numerically 
larger than one wave length and that for each 
component all values are inside an interval I 
of one wave length. The problem is then to 
determine this interval in a reasonable way. 
For most of the components considered we 
generally find the majority of phase angle 
changes inside an interval of less than half a 
wave length around an absolute maximum. 
The frequencies, however, are often too far 
from a normal distribution to justify the use 
of the absolute maximum as the mid-point of I. 
Instead we have decided to determine the mid- 
point of I as what we may call, the vector mean 
value, [A(s,,,)], given by 

} (4) 
cOS { 4 A ( a m , n ) l }  = C O S  (mA(6rn.n)) 

Sin {m[A(am,n)l} =sin {mA(am,n)}, 
___ 

where a bar denotes the mean value for the 
considered period. If all the 24-hours phase 
angle changes, A(6m,n) ,  are represented in a 
plane Cartesian coordinate system as unit 
vectors forming an angle to the absciss axis 
equal to mA(6,, n ) ,  it is seen from the definition 
that [A(B, , . ) ]  is just the phase angle change 
corresponding to the mean vector of these unit 
vectors. Computing the mean value of the phase 
angle changes, by using the interval I fixed 
from the vector mean value, we obtain a mean 
value placed near the mid-point of the interval. 

In Table 4 such mean values of the 24-hours 
phase angle changes a t  the 500 mb level, yobs 
are gix-en for the period from 1st October, 1957 
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to 31st January, 1958 in degrees of longitude 
per day. It is seen that for the wave components 
with m 2 4 ,  the mean values for each m are 
generally increasing with increasing n, and that 
we find a t  each hemisphere for the same n 
velocities of almost the same magnitude. At the 
Southern Hemisphere the eastward velocities 
are seen to be larger than at the Northern 
Hemisphere. For the components with m < 3  
we find, as expected, that the waves are almost 
stationary. I t  is seen, however, that also for 
these components there is a tendency to in- 
creasing eastward motion with increasing n, 
and that for several of the components with 
smaller meridional scales the mean velocities are 
of the same magnitude as for the components 
with m 2 4, and with the same n. Concerning 
the standard deviations corresponding to the 
mean values in Table 4, they have values in 
per cent of the wave length ranging from 5 for 
some of the components with rn = 1 to about 20 
for the larger values of m and n, and some- 
what larger values a t  the Southern than at  the 
Northern Hemisphere. 

In  our previous paper (Eliasen C Machen- 
hauer, 1965) the results of tendency computa- 
tions, based on the non-divergent barotropic 
vorticity equation represented in the spectral 
domain, were compared with the observed 
changes for some spherical harmonics of the 
stream function at  the 500 mb level. These 
computations indicate that the motion of mod- 
erately long waves to a large extent is de- 
termined by effects included in the simple ba- 
rotropic equation. Moreover the computations 
indicate that the effect of the non-linear inter- 
actions between different wave components, in 
the mean, is small, and that the mean effect 
of the zonal mean flow with a good approxima- 
tion may be accounted for by a solid rotating 
flow with a constant angular velocity o. In  
order to see, to what extent the variation with 
n of the mean velocities in Table 4 may be ex- 
plained by the Rossby-effect, we have listed in 
the same table also theoretical values yn, of 
the phase velocities, determined by the Rossby- 
Haurwitz formula 

2(w + a)  
y n = w  - ~ 

nfn i 1)  

where is the angular velocity of the Earth. 
As the theoretical values are obtained for the 

Tellus XXI (1969), 2 

Table 4 

Northern Hemisphere 

Yobs 
m 

7, 7 A 

n 1 2 3 4 5 6 7 8 ( w = 1 4 )  

1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
1 1  
12 
13 
14 
15 

0 
0 - 9  
0 - 5  - 1  

- 3  0 - 3  1 
- 3  - 2  - 3  1 0 
- 4  - 1  - 1  3 1 2 

1 3  1 2 2 3 2  
1 5  1 3 6 4 4 3  

6 3 7 5 5 4 4  
6 6 8 8 5 5  

9 7 1 0  7 6 
7 9 9 7  

9 11 10 
11 11 

1 1  

- 360 
-111 
- 48 
- 23 
- 11 
- 4  

1 
4 
6 
7 
8 
9 

10 
10 
11 

Southern Hemisphere 

Yobs 
m 

' y, 
n 1 2 3 4 5 6 7 8 ( w - 1 9 )  

1 0  - 360 
2 3 - 2  - 108 
3 3 - 5  1 - 44 
4 - 3  - -4  3 1 - 19 
5 2 3 1 1 3  - 6  
6 - 4  3 5 5 4 3  1 
7 - 3  1 7 7 6 6 6  5 
8 0 - 2  6 8 9 7 8 6  8 
9 4 5 9 1 1  9 9 9 11 

10 5 11 13 11 12 11 12 
11 13 12 13 13 11 13 
13 12 16 13 13 14 
13 16 15 14 15 
14 16 16 15 
15 15 16 

stream function components, whereas the ob- 
served values are for the components of the 
height field, we must, in order to make a com- 
parison, take into account the relation between 
the height field and the stream function. 
Generally we have that a stream function anti- 
symmetric with respect to the Equator is 
connected with a height field being symmetric, 
and vice versa. In  the linear, non-divergent 
approximation we especially have that the 
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Table 5 

m 

n 1  2 3 4 5 6 7 8  

1 -21  
2 -27  - 1 3  
3 -27  - 2 0  - 1 1  
4 -16  - 2 0  - 1 3  - 9 
5 - 5 - 2 0  - 1 4  -15 - 2 2  
6 - 8 -18  - 1 2  - 1 2  -19  -12  
7 - 9 - 1 3  - 9 - 7 -15  - 1 4  - 1 0  
8 - 8 - 7 - 1 0  - 6 - 1 0  - 1 2  - 1 4  1 
9 - 8 - 5 - 1 3  - 8 - 1 1  - 1 4  - 6 

10 0 -21 - 1 1  - 1 1  - 1 4  - 8 
11 - 2 0  -16  - 1 1  - 1 5  -13  
12 - 1 6  - 8 -18  - 1 3  
13 - 9 - 1 6  - 1 4  
14 -13  - 1 3  
15 - 12 

component of the height field z,,,,, is pro- 
portional to the stream function component 
w ~ , , , + ~ ,  and that a component of the height 
field with degree n > m  is a linear combination 
of the stream function components y ~ ~ , ~ - ~  and 
w , , . ~ + ~ .  If the stream function components in 
the mean are moving with the velocities y n ,  
we should expect that the components z,,,,, 
should move with the mean velocity Y , , + ~ ,  and 
that the components z m m n  with n > m  should 
move with a velocity between yn-l and yn+l. 
It therefore seems reasonable, in this rough 
estimate, simply to compare the mean velocities 
of the height components zm, with the Rossby- 
Haurwitz velocities y n ,  except for the eompo- 
nents with n = m, for which the velocities should 
be compared with the values Y ~ + ~ .  When the 
values 14 and 19 degrees of longitude per day 
are used for w at the Northern and Southern 
Hemisphere, respectively, a quite good agree- 
ment is found between the observed mean 
velocities and the Rossby-Haurwitz velocities 
for components with n > 7 (for the Southern 
Hemisphere with the exception of some compo- 
nents with m c 3). The values used for w seem 
reasonable when compared with the mean values 
over the considered period of the geostrophic, 
zonal mean velocities. 

Concerning the motions of the waves a t  the 
1000 mb level, it turns out that in most cases 
each wave component at that level follows the 
same component at the 500 mb level rather 
closely w-ith a certain difference in phase angle. 

I n  general the components are displaced some- 
what to the east at the 1000 mb level in relation 
to t,he 500 mb level. The magnitude of this 
displacement for the different components is 
illustrated in Table 5, giving the mean values 
for the period December 1957 and January 1958 
of the phase differences in per cent of the wave 
length. 

The motion and the amplitude of the zonal 
harmonic components at the different latitudes 
may, of course, be considered as determined 
by the motion and the amplitude of the dif- 
ferent spherical harmonic components, taking 
into account the meridional shape of the cor- 
responding Legendre functions. For wave 
numbers 1 and 2 and to some extent 3, the 
motion has at most latitudes a fluctuating 
character with mean velocities equal to zero or 
relatively small negative values. For larger 
values of the wave number (m = 4 to 9) the mean 
velocities are still very small in the equatorial 
area, but a t  the middle latitudes we have a n  
eastward motion with mean velocities up to  

h 

0 

I 1 

S -60 -30 0 30 60 N 
latitude in degrees 

Fig. 1. Variation with latitude of the mean values 
for the period from 1st October, 1957 to 31st 
January, 1958 of the amplitude (upper part) and 
phase velocity (lower part) for the zonal harmonic 
component m = 6 at the 500 mb level. The phase 
velocity is represented by a smoothed curve drawn 
on the basis of the actual values at each five degrees. 
The latitudes, at which the velocity is equal to the 
velocity of a spherical harmonic component, are 
indicated by vertical lines, marked with the resper- 
tive values of n - m from 0 to 7. 
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about 15 degrees of longitude per day. For 
these wave numbers we find a simple connec- 
tion between the motion of the spherical 
harmonic components and the motion of the 
zonal harmonic components at  the different 
latitudes. This is illustrated in Fig. 1 for the 
wave number 6 for the period 1st October 1957 
to 31st January 1958. The curve in the upper 
part of the figure shows the variation with 
latitude of the mean value of the amplitude in 
meters. The mean velocities in degrees of longi- 
tude per day at the different latitudes are shown 
by the curve in the lower part of the figure. The 
vertical lines indicate the mean velocities for the 
different spherical harmonic components for 
each hemisphere. It is seen that increasing de- 
gree of the component and increasing latitude 
are connected with the mean velocities in a 
similar way. Roughly this may be considered 
as a consequence of the fact that the maximum 
values of the Legendre functions are displaced 
polewards with increasing degree. The corre- 
spondence between the degree of the harmonic 
and the latitude is not restricred to the mean 
velocity, but in many cases the day to day 
variations of the phase of a spherical harmonic 
component are very similar to the variations 
a t  a definite latitude. 

5. Quadrature spectrum analysis applied to 
the fluctuations of the long quasi-stationary 
waves 

From previous investigations of the flow over 
the Northern Hemisphere (Eliasen & Machen- 
hauer (1965), & Deland (1965)), it is known 
that the most large-scale waves often fluctuate 
in a rather regular way about a mean position 
or a slowly changing position, and that their 
amplitudes are generally relatively large during 
the westward motions and relatively small 
during the eastward motions. This behaviour 
was interpreted as wave motions towards the 
west, superimposed upon stationary or slowly 
moving waves. As an ideal model we may 
consider a free wave with a constant amplitude, 
which is moving with a constant velocity to- 
wards the west, superimposed upon a stationary 
wave with a constant amplitude. For this model 
the variations of the cosine and sine coefficients 
of the resulting wave will be purely harmonic 
with that of the sine coefficient a quarter 
period ahead of that of the cosine coefficient. 
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The variation of the amplitude and the phase 
angle will also be periodic, and if the amplitude 
of the stationary wave is larger than that of a 
free wave, we will have a relation between the 
amplitude and the phase velocity, as mentioned 
above. 

In  order to investigate to what extent the 
observed fluctuations of the most large-scale 
waves may be explained by this simple model, 
we have computed the quadrature spectra for 
the sine and cosine coefficients (cf. Panofsky & 
Brier, 1958). This method has previously been 
applied to the fluctuations of zonal harmonics 
by Deland (1964). For the spherical harmonic 
components describing the most large-scale 
waves, we have computed the quadrature 
spectra, using the following procedure. A cor- 
relation function, R(h) ,  of the two time series 
b,,,. ,,(t) and urn. .(t), each consisting of N obser- 
vations, spaced in time by 1 day, is computed as 

for - M  < h  < M ,  where M and h are integers, 
~ , , ~ ( t + h ) = O  for t + h < O  and t + h > N ,  and a 
bar indicates a mean value over the N days. 
The quadrature qf i ) ,  is then computed for the 
frequencies i / 2 M ,  M 2 i > 0,  where i is an in- 
teger, by the following expression 

with the lag window 

D(h) = a( 1 + COS (5 h ) )  

used in order to obtain a smoothing of the 
spectral values. As a measure of the quadrature 
we shall use 

In the case of superimposed wave motions each 
with constant amplitude, A ( i ) ,  and constant 
frequency, i / 2 M ,  the values of IQ(i)l will be 
approximately equal to the amplitudes A ( i ) ,  
when computed by using D(h) = 1. The approxi- 
mation being the better the heigher value of N ,  
in proportion to M ,  we are using. The value of 
&(i) will be positive for wave motions towards 
the west and negative for wave motions towards 
the east. When we are using 
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instead of D(h) = 1, 

we obtain a smoothing of the values of p( i )  
given by 

p(i) 0.25 g ' ( i  - 1) + 0.50 p'(i) t 0.25 p'(i + l) ,  

where quantities marked with an apostrophe 
are the values, which would have been obtained 
by using D(h)  = 1. 

Although the number of observations at  our 
disposal is rather small, N = 123, we shall in 
the following present quadrature spectra with 
M = 30, computed for the most large-scale 
components of the 500 mb height field from 
the period considered in the preceding section. 
If for a spherical harmonic component a relative 
maximum of IQ(i)l  is obtained for a certain 
frequency, this will indicate the existence in 
the 123-days period of a superimposed wave 
motion, towards the west if the value of Q ( i )  is 
positive at  the relative maximum, and towards 
the east if the value is negative. As an indication 
of the magnitude of the mean amplitude of the 
wave we shall use the maximum value of IQ(i) 1, 
although this value must be considered as an 
underestimate of the real mean amplitude, 
because the real wave motion must be consid- 
ered to be represented also by the neighbouring 
frequencies. Furthermore, the velocity corre- 
sponding to the frequency for which the re- 
lative maximum is obtained, will be consid- 
ered as the mean velocity of the wave. 

In Fig. 2. the quadrature spectra for 5 com- 
ponents with the zonal wave number one are 
given for the two hemispheres and for the whole 
sphere. Instead of frequencies, the values a t  
the bottom line are numerical values of the 
corresponding phase velocities in degrees of 
longitudo per day. The values of Q(i)  are given 
in meters. At the Northern Hemispheres we 
find for the components (m,  n) = ( l ,  l ) ,  (1, 2), 
and (1, 3) relative maxima, indicating a com- 
mon wave motion towards the west with a 
velocity about -70" day-', and with the 
largest amplitude for the component (m,  n) = 

(1 ,  2). For each of the 5 components we find 
an additional maximum, indicating an addi- 
tional westward wave motion with a velocity 
about - 24" day-'. For this wave motion the 
amplitude is increasing with n from about 3 
meters for the component (m,  n) =(1, 1) to 

about 9 meters for (1, 4), and is thon decreasing 
with increasing n. Thus these spectra seem to 
indicate that two westward wave motions with 
different velocities are superimposed. In addi- 
tion an eastward moving wave is indicated for 
the components (m, n) = (1, 4) and (1, 5 ) .  For 
the components with n > 5  the values of Q ( i )  
are negative for most of the frequoncies, but 
the numerical values are rather small, except 
for the very low frequencies. 

From Fig. 2 it is seen that there are some 
similarities between the spectra for the Northern 
and the Southern Hemisphere. Also at  the 
Southern Hemisphere two westward wave 
motions are indicated by the spectra. The mean 
velocities of these wave motions and the varia- 
tion of the mean amplitudes with n are almost 
the same as for the Northern Hemisphere. 
However, the amplitudes of these wave motions 
are smaller than at  the Northern Hemisphere. 
For tho components (m,  n) = (1,  4) ,  (1, 5), and 
(1, 6)  at the Southern Hemisphere, an addi- 
tional westward wave motion, with a velocity 
about - 48" day-], is indicated. At the Northern 
Hemisphore a corresponding wave motion is 
indicated for the component (m,  n) = (1, 6),  and 
to some extent for (m,  n) = ( 1 ,  5). In  contra- 
distinction to the conditions at the Northern 
Hemisphere minima with negative values of 
Q ( i ) ,  indicating a wave motion with eastward 
velocities about 42" day-' are found for the 
first four components a t  the Southern Hemi- 
sphere. 

Considering for the whole sphere a t  first the 
symmetric components, a westward moving 
wave with a velocity of -72" day-1 is indi- 
cated in the quadrature spectra for (m,  n) = (1 , l )  
and (1,  3) with the largest amplitude for the 
former. In addition a westward moving wave, 
with a velocity of -24" day-', is indicated 
for ( m , n )  = ( l ,  l) ,  (1 ,  3), and ( 1 ,  5) with the 
largest amplitude for (m, n) = (1, 3). The spectra 
for the antisymmetric components (m,  n) = 

(1 ,  4), (1 ,  6), and to some extent (1, 2), seem to 
indicate wave motions different from the wave 
motions indicated in the symmetric height 
field. So for the second and third antisymmetric 
component, (m,  n) = ( 1 ,  4) and ( 1 ,  6) ,  only one 
westward wave motion, with a velocity about 
- 45" day-', is indicated. For the first antisym- 

metric component (m, n) = (1 ,  2 )  two westward 
wave motions are indicated. The correspond- 
ing velocities, however, are displaced from the 

Tellus X X I  (1969), 2 
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NORTHERN HEMISPHERE 
I 
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Pig. 2. Quadrature spectra for the spherical harmonic components with zonal wave number m = 1, and 
degree n from 1 to 5. of the 500 mb height field during the period from 1st October, 1957 to 31st January, 
1958. 

- 

values indicated for the symmetric components 
towards the velocity indicated for the compo- 
nents (m,  n) = (1, 4) and (1, 6). Concerning the 
components with n > 5 we find a t  the Southern 
Hemisphere and a t  the whole sphere, just as 
at the Northern Hemisphere, negative values 
of &(if over an increasing part of the spectrum, 
when n is increasing. 

In  the same way as for m = 1 we have con- 
sidered the quadrature spectra for components 
with m = 2  and 3. Also for these wave numbers 
the spectra indicate common wave motions for 
different meridional components. For all three 
wave numbers the velocities of the different 
common wave motions are listed as yobs in 
Table 6 in degrees of longitude per day. For 
each of the values of yobs the corresponding 
amplitudes (the maximum values of IQ(i) I )  for 

Tellue XXI (19691, 2 

the different meridional components are given 
in the table in meters. In  cases when a wave 
motion is indicated, not by a relative maximum, 
but only by the form of the Q(i)-curve the 
amplitude is marked with a star. For each 
velocity the largest amplitude is emphasized. 
For each m various westward wave motions are 
indicated, generally with almost the same 
velocities a t  the two hemispheres and at  the 
whole sphere. As for m = 1 the fastest wave 
motion for m = 2  and 3 is indicated only for 
the most large-scale meridional components. 
For the wave motions with smaller westward 
velocities the largest amplitude is generally 
displaced towards the higher values of n. As 
for m = 1 there are for m = 2, and especially 
for m = 3, some differences between the quadra- 
ture spectra for the symmetric and antisym- 
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Yobs p 7 6  

0 1.8 
1 2.1 

1 . 1  
3 
4 

n - m  

- 
- 

, 5  - 

Yobs - 7 2  
n - m  

0 2.1 
1 1 . 1  

1.4 
3 
4 

- 
- 

- 5  - 

Table 6 
~ ~ ~ 

m =  1 m = 2  m = 3  

Yobs -" 
n - m  

0 2.9 
3.6 

- 3 

42 

- 
- 
- 
- 

3.6* 
2.9 

- 48 

- 
- 
- 
2.3 
2.4 
1.6 

45 

- 
- 
- 

1.7 

2.0 
- 

- 2 4  - 45 

2.8 1.0 
5.8 1.1 
8.6 - 
8.7 
6.8 - 
1.6 - 

- 24 - 49 

1.8 0.7 
1.8 1.1 
4.3 0.4 
5.6 
5.5 - 
4.8 

- 

- 

- 

- 2 4  - 48 

0.8 0.7 
3.1 - 
6.4 0.5 

4.7 
- - 

- 

- 26 

2.0* 
3.4; 
3.8 
2.1 
- 
- 

- 27 

1.6 
2.5 
2.1 
1.6 
1.5 
1.9 

- 27 

- 

2.8 
1.6 
1.2 
1.3 
- 

- 9  

- 
- 
7.6 
9.6 
8.2 
- 

- 1 1  

- 
- 

0.9 
0.6 
1.5 
1.9 

- 10 

- 
- 
4.5 
3.7* 
4.3 
- 

- 11 

2.8 
4.7 
5.9 
5.2 
- 
- 

- 12 

1.0 
1.3 
1.0 
1.0 
- 
- 

- 11 

1.3 
2.5 

2.2 

0.6 

- 

- 

metric components for the whole sphere, indi- 
cating different wave motions in the symmetric 
and antisymmetric height field. 

By considering the results concerning the 
wave motions at  the Southern Hemisphere and 
the whole sphere, we must take into account 
the poor observational state at  the Southern 
Hemisphere. However, the general picture ob- 
tained for the westward wave motions seems 
to  be supported by the agreement with the 
Northern Hemisphere. 

6.  Application of time filters 

As another way to study the fluctuations of 
the long, quasi-stationary waves, we may apply 
different time filters to the sine and cosine co- 
efficients. So we h e w  in our previous work 
(Eliasen & Machenhauer, 1965) considered the 
motion of the 24-hours tendency field, and the 
deviations from various running means of the 
wave components. For each component the 
most regularly moving field was selected as 
representative for a free part of the wave. 

In the following we shall consider three dif- 
ferent fields obtained by applying to 

three different time filters, namely the 24-hours 
t,endency field 

2.0 :,:I 1 4  

deg. phase per day 

F i g .  3. The frequency response functions correspond- 
ing to the three time filtered fields z*, z**, and z * * * .  

Tellus XXI (1969), 2 
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‘ 1  
2 
3 
4 
5 

‘ 6  
7 
8 
9 

, 10 

Table 7 

z* z** Z*** 
F 

9 m... 1 2 3 1 - 3 1 2 3 

- 69 
- 59 
- 24 
- 9  

6 
16 
25 
43 

- 68 
- 100 

24 
26 

- 49 
- 129 
- 86 

61 

- 68 
- 29 
- 35 

28 
- 1  

4 
42 
23 

- 26 
- 23 
- 20 
- 1  

2 
11 
19 
28 

- 55 
- 49 

33 
29 
36 
28 
53 
55 

- 41 
- 23 

7 
12 

- 1  
12 
35 
25 

- 40 
- 37 

- 18 - 25 
- 14 - 22 
- 6  - 7  

4 2 
9 18 

12 12 
15 
19 

- 8  
0 

43 0 
27 - 1  
23 - 14 
28 1 
33 16 
28 1 
26 
36 

- 31 
- 12 

-8 - 16 
0 - 7  

15 - 5  
18 2 
19 14 
22 13 
23 
23 

- 13 
- 19 
- 15 
- 5  

1 
7 
9 
8 

- 10 
- 1  

3 
1 
2 
3 

- 1  
1 

- 1  
- 19 
- 4  
- 1  
- 4  

5 
5 

11 

- 21 
- 24 

-9  - 17 
-8 - 20 
- 4  - 5  

2 9 
3 6 
5 16 
8 
9 

3 
0 

-2 - 11 
0 3 
6 - 4  

11 - 14 
13 14 
10 21 
9 
7 

17 
- 3  

0 - 24 
- 3  - 1  

3 - 10 
3 3 
8 12 
6 17 

12 
4 

- 16 
- 16 
- 9  
- 4  

3 
6 
3 
4 

4 
4 
5 
5 
4 
4 

- 2  
4 

3 
- 6  
-5 

6 
-4 

3 
5 
7 

- 4  
-5 
- 4  

1 
5 
7 
9 
7 

-2  
0 
0 
2 
7 
6 
9 
6 

-3  
-1 
- 4  

2 
5 
4 
9 
6 

and the running 5-days mean of the deviations 
from running 15-days means 

(11) 

where the unit for the time t is one day. The fre- 
quency response function (the ratio of the 
amplitude of an oscillation after filtering to the 
original amplitude before filtering as a func- 
tion of the frequency) for each of the three 
fields are given in Fig. 3. Instead of frequencies 
the numerical values of phase velocities in 
degrees phase per day are used. It is seen that 
fluctuations of a relatively broad frequency 
interval are retained in each of the fields, so 
that we for each of the fields may speak of an 
effective interval. 

For each of the three fields the mean velo- 
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cities, computed in the same way as for the 
unfiltered field (section 4), are listed in Tabla 7 
for the first 8 components of each of the wave 
numbers rn = 1, 2, and 3, for both hemispheres 
as well as for the whole sphere. The correspond- 
ing standard deviations in per cent of the wave 
length have for the Northern Hemisphere the 
following values: between 19 and 24 for the 
%*-field, between 11 and 15 for the z**-field, 
and between 6 and 13 for the z***-field. For 
the Southern Hemisphere and for the whole 
sphere the values are somewhat larger. When 
the frequency response functions are taken into 
account, we find that the velocities in Table 7 
generally agree well with what should be ex- 
pected from the quadrature spectra. It should 
be mentioned that the motion of a certain field 
can be expected to coincide with a wave motion 
indicated by the quadrature spectra, only when 
the corresponding extremum in the quadrature 



160 E. ELIASEN AND B. MACHENHAUER 

n 

2 2 4 -  

22 - 
20 - 

E 

i e  - 
16 - 
14 - 
12 - 
10 - 
e -  
6 -  

=;** 

, , * , l I I  

-160-130-100 -70 -40 -10 20 50 eo 110 140 im 
deg. long. per day 

Fig. 4. The frequency distributions during the period 
from 1st October, 1957 to 31st January, 1958 of 
the 24-hours phase angle changes of the three time 
filtered fields z * ,  z * * ,  and z * * *  for the component 
(m, n) = ( l ,  1) of the 500 mb height field. 

spectra is dominating in the effective frequency 
interval of the field. This may be illustrated by 
considering the motion of the three fields for 
the component (m, n )  = (1, 1) a t  the Northern 
Hemisphere. For this component the mean 
velocities of the z*-field and of the z***-field 
are seen to agree rather well with the velocity 
of respectively the fast and slow westward 
wave motion indicated by the quadrature 

spectrum, whereas the mean velocity of the 
z * *-field is between the two velocities indicated 
by the quadrature spectrum. This agrees with 
the fact that one of the two maxima in the 
quadrature spectrum is dominating within the 
effective frequency interval of the z*-field and 
the other within that of the %***-field, while 
both maxima are inside the effective frequency 
interval of the z**-field. The histograms for the 
24-hours displacements of the three fields are 
shown in Fig. 4. It is seen that for each of the 
fields z*  and z * * *  there is a distinct maxi- 
mum corresponding nearly to the mean velocity 
of the field, whereas for the z**-field there are 
two relative maxima, one at -25" day-' and 
another at -70"day-'. Also for the rest of 
the most large-scale components with wave 
numbers m = 1 ,  2, and 3, at the Northern 
Hemisphere, we find, as for the component 
(m, n) = (1, l ) ,  time filtered fields which are 
moving with mean velocities corresponding 
nearly to the westward wave motions indicated 
by the quadrature spectra. 

From Table 7 it  is seen that for all three zonal 
wave numbers there is for all three time filtered 
fields a gradual change from westward to east- 
ward motion with increasing values of n. This 
increase of the velocity with increasing n, cor- 
responds to an increase of the velocity of t he  
zonal harmonics with increasing latitude, just 
as it was seen in section 4 for the unfiltered 
harmonics with m 24.  

As a support to the above results concerning 
the wave motions for m = 1, 2, and 3, at the  
Northern Hemisphere we shall mention the  
agreement with the wave motions found in our 
previous study based on data from the 500 mb 
level during three winter months in 1956-57 
(Eliasen & Machenhauer, 1965). Only at one 
point there is an  essential deviat,ion, namely 
concerning the velocity of the %*-field for 
(m, n )  = (2, 2), which was equal to -40" day-' 
for the winter months 1956-57 but equal to 
-26" day-1 according to Table 7. This dif- 

ference may be considered as the result of 8 
relatively larger amplitude of the fastest west- 
ward motion with wave number m = 2  during 
the winter months of 1956-57 than during the  
period considered in the present study. 

For the Southern Hemisphere the mean 
velocities in Table 7 are seen to vary from 
component to component in an  irregular way 
without the gradual change from westward to 

Tellus XXI (1969), 2 
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eastward velocities with increasing n. The 
corresponding standard deviations are also, as 
mentioned above, larger for the Southern than 
for the Northern Hemisphere (cf. also Merilees 
(1966)). For the whole sphere the velocities 
stated in Table 7 are seen t o  vary with n in a 
more regular way than a t  the Southern Hemi- 
sphere, although the variation is less regular 
than at  the Northern Hemisphere. For the 
Southern Hemisphere and for the whole sphere 
the westward wave motions indicated by the 
quadrature spectra are only for few of the most 
large-scale components clearly expressed in the 
motion of time filtered fields. This could also be 
expected, partly because of the smaller ampli- 
tudes of the moving waves (as indicated by the 
spectra) and partly because of the fact that 
both eastward and westward moving waves are 
indicated within the effective intervals of the 
time filtered fields. 

7. On the theory of the Rossby waves 

As a possible explanation of the observed 
short-periodic fluctuations of the planetary- 
scale components having the character of west- 
ward wave propagations it seems natural to 
consider the Rossby effect. Especially for the 
most large-scale components the wave motion 
connected with the Rossby effect will be in- 
fluenced significantly by the effect of the hori- 
zontal divergence. As an attempt to investigate 
this influence a little closer, we may consider 
the solutions of thc linear equations describing 
the wave motion superimposed upon a motion- 
free basic state. In  order to simplify the treat- 
ment, we shall avoid the problems connected 
with the vertical structure by using an auto- 
barotropic model of the atmosphere. From a 
theoretical point of view, the relevance of such 
a simple vertical model for the Rossby aaves 
has been discussed recently by Diky (1965), and 
empirically its use may be supported by the 
fact that the moving parts of the planetary 
waves at  the 1000 mb level are most of the time 
nearly in the same phase as a t  the 500 mb 
level. So we find for the phase differences 
between the 24-hours tendency field a t  the 500 
mb and the 1000 mb level during the period 
December 1957 and January 1958 small negative 
mean values for the most large-scale compo- 
nents, for which the application of the 24-hours 
tendency field seems relevant. It should be 
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remarked that for the unfiltered fields of the 
same components there are according to Table 
5 considerable vertical tilts. 

In  the case of a homogeneous, incompressible 
atmosphere the horizontal motion is determin- 
ed by the following three basic equations: the 
vorticity equation, the divergence equation, 
and the continuity equation combined with the 
boundary conditions in the vertical direction. 
Expressing the components u and v of the 
horizontal velocity vector by the stream func- 
tion y and the velocity potential a, and in- 
troducing the height z of a pressure surface, 
we have the three linear equations 

az 
- + HV2a = 0 
8t 

determining the three fundamental variables 
y ,  a and z. As usual g denotes the accelaration 
of gravity, f = 2R sin 4 /3 = (2Q cos $)/R, and H 
is the height of the homogeneous atmosphere. 

the three equations may be written 

47 + QV: a' = 0 

m g H  with V: = RevZ, q = - ~ y,  and Q = ~~ 

252 4Q2R2' 

The velocity of propagation is expressed by q, 
and as fundamental parameter of the model we 
have the quantity Q .  From the equations it is 
seen that if the stream funct,ion is symmetric 
with respect to the Equator, the velocity poten- 
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Q '  

tial and the height field will be antisymmetric 
and vice versa. The meridional variation of the 
variables is now expressed in terms of unnormal- 
ized Legendre functions for wave number m. 
That is, in the case of a symmetric height field 
by the following series 

255 248 248 248 
-661 -636 - 635 - 635 

883 876 876 
-973  - 965 - 965 

1332 1328 
-1361 -1357 

1772 
- 1786 

Inserting these series into the equations and 
collecting the terms containing the same Le- 
gendre function, we get the equations in the form 

m 

2 ( - q q m , r n + 2  r + (m + 2 r )  (m + 2r + 1 )  
T = O  

x Qam,rn+zr)Pm.rn+zr  = 0 

m 

r = o  $ (qrn,rn+.r + { (m + 2r )  (m + 2r  + 1)  

2r(m + 2r - 1) 
(m+ 2r )  ( 2 m + 4 r -  1) X a m . m + 2 ~  - 

X Y m . n i t 2 r - J  

(m + 2 r + 2 )  (2m +2r  + 1 )  
( m + 2 r +  1 ) ( 2 m + 4 r + 3 )  

- 

( 2 r +  1) (m + 2 r )  

m 

X Y m . m + z r + l  

(m + 2 r +  3 )  (2m+ 2 r +  2 )  

(m + 2 r +  2 )  ( 2 m + 4 r +  5 )  
- ~~ 

If these equations shall be satisfied the coeffi- 
cients to the Legendre functions must all be 
zero, which leads to an infinite system of linear, 
algebraic equations. We shall consider especially 

the case with wave number 1 and the value of 
Q equal to 0.1, corresponding to the height 
8800 m of the homogeneous atmosphere (or 
a surface temperature of nearly 300°K in an 
isentropic model). For this case the first six 
equations become 

1 
5 

- q71,1 + - u1.1 = 0 

16 

6 

5 
- 9T)l.a + - U l . 3  = 0 

4 25 

9 36 

28 
- - U l . 3  + ($ -- 9)  y1.4 - 55 u1.5 = 0 

I t  is seen that we have an eigen-value system 
with the velocity of propagation or more 
precisely q as eigenvalue. Considering the first 
three equations, and neglecting u ~ , ~ ,  we have 
a closed system of equations with three un- 
knowns. The three possible values of y in this 
case are listed in column I of Table 8 in degrees 
of longitude per day. In  the same way we may 
use the first six equations by neglecting the 
quantity u ~ , ~ ,  and then we find the six y-values 
shown in column I1 of the table, and so we may 
continue. It is seen that the values of y obtained 
in the first approximation are still present with 

Table 8 

I I1 I11 IV PW 

- 10.0. 
- 17.1 
- 36.0, 
- 120.0 

322 

- + 789, 

- + 1247 

& 1704 
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small changes in the next approximation, and 
so on, and it seems that we have a quite rapid 
convergence (cf. also Diky & Golitzyn, 1966). 
The solutions corresponding to the large values 
in the lower part (G) of the table may be 
assumed to describe wave motions of the gravi- 
tional kind, whereas the essentially smaller 
velocities of propagation in the upper part of 
the table (R)  seem to represent wave motions 
of the Rossby type. In the last column P W  we 
have for a comparison the values of y for the 
pure gravitational waves, 

and for the non-divergent Rossby waves, 

2R '= -ncn+l,. 
Having obtained the characteristic values q, 

we may for each value find the corresponding 
characteristic solutions for the stream function, 
the velocity potential, and the height field, 
apart from an arbitrary factor. In  quite a 
similar way, we may obtain the solutions for 
wave motions with an antisymmetric height 
field. Using the approximation with 12 equa- 
tions, we get, still with fJ =0, l ,  for wave 
numbers m = 1, 2, and 3 the velocities of 
propagation and the corresponding amplitudes 
for the components y ~ ~ . ~ ,  am,n, and q,.,, listed 
in Table 9. For each solution the arbitrary factor 
is chosen in the way that the largest amplitude 
in the height field becomes equal to 1. It should 
be noted that the expressions (16) and (17) are 
based on the unnormalized Legendre functions, 
whereas the values in Table 9 are based on the 
same normalization as used for the observed 
waves. 

8. Discussion of the observed fluctuations 
in terms of Rossby waves 

If we shall compare the observed wave mo- 
tions, as stated in Table 6 with the theoreti- 
cally obtained wave motions represented in 
the corresponding Table 9, it is obvious that 
the theoretical wave motions may be compared 
immediately with the observed wave motions 
for the whole sphere. Concerning the observed 
wave motions for each of the two hemispheres, 
however, we must take into account that each 
spherical harmonic component represents part 
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of the symmetric as well as part of the anti- 
symmetric height field. If the expansion coef- 
ficients for a hemisphere u:: are expressed by 
the expansion coefficients for the whole sphere, 
urn,, we have, for the first components with 
wave number 1 the relations 

u ( H )  1.1 - - ~ 1 . 1  k 0 . 8 4 0 ~ 1 , ~  T 0.342~1~4 k O . 2 2 6 ~ ~ , ~  

T0.171al,8+ "' 
u(H) - - u1+% k 0 . 8 4 0 ~ ~ , ~  k 0 . 5 2 3 ~ ~ , ~ 3  0.130u1,, 

f 0 . 0 6 2 ~ l , , T  ... 
u ( H )  1.y - - U1.3 k 0.523U1.2? 0.722Ulv4T 0.281 ~ 1 . 6  

+0.186U1,8T ... 
~ ( , 3 ) = ~ 1 . 4 3  0.342~l,lk0.722~l,3If:0.571~1.5 

T O . 1 5 8 ~ ~ . ~  5 ... 

For the Northern Hemisphere the upper signs 
shall be used and for the Southern Hemisphere 
the lower signs. From the theoretical results we 
should expect different velocities of propaga- 
tion for the wave motions with the symmetric 
and the antisymmetric height field. As men- 
tioned in section 5 this is also to some extent 
the case for the observed wave motions for the 
whole sphere, but not for the wave motions a t  
one hemisphere. This fact may be explained from 
the above relations, according to which there will 
be for each component a t  one hemisphere a 
certain coupling between the symmetric and 
antisymmetric components for the whole sphere. 

For wave number m = 1 we have in the case 
of a symmetric height field a first solution cor- 
responding to a Rossby wave with a velocity 
of propagation equal to about -70  degrees 
of longitude per day. In the height field of this 
wave motion the component with (m, n) equal 
to (1 ,  1) is dominating but also the component 
(1, 3) is present to some extent. For the next 
symmetric solution, corresponding to a Rossby 
wave, the velocity of propagation is about - 28 
degrees per day. In this solution the height field 
is dominated by the component (m, n) equal to 
(1, 3), but also the components (1, 5)  and (1 ,  1 )  
are present. In the following solutions the 
amplitude of the component (m,n)  equal to 
(1, 1) is very small, and also the amplitude of 
( I ,  3) is relatively small. As seen from Table 6 
thes3 solutions agree well with two of the west- 
ward wave motions indicated by the quadrature 
spectra for the whole sphere, both concerning 
the mean velocities and concerning the compo- 
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Table 9 

m= 1 m = 2  
r 

y . . .  -298.1 -68.4 -41.8 -28.5 -20.4 -15.3 -110.0 -47.0 -29.7 -20.8 -15.4 -11.8 

1 .oo 
0.21 

0.02 

0.00 

5.38 

0.59 

0.04 

0.00 

0.69 

0.04 

0.00 

0.00 

1.00 

0.42 

0.09 

0.01 

1.78 

0.74 

0.01 

0.00 

0.47 

0.03 

0.00 

0.00 

1 .OO 

0.45 

0.07 

0.00 

0.15 

1.53 

0.19 

0.01 

0.10 

0.01 

0.00 

0.00 

0.13 

1 .oo 
0.51 

0.06 

0.21 

1.53 

0.16 

0.01 

0.03 

0.03 

0.01 

0.00 

0.12 

1.00 

0.57 

0.06 

0.01 

0.19 

1.57 

0.14 

0.01 

0.01 

0.00 

0.00 

0.01 

0.11 

1 .00 

0.61 

0.01 

0.17 

1.62 

0.14 

0.00 

0.00 

0.01 

0.00 

1.00 

-0.12 

0.01 

0.00 

4.63 

- 0.37 

0.02 

0.00 

0.25 

~ 0.01 

0.00 

0.00 

1.00 

0.57 

0.07 

0.00 

2.07 

0.20 

0.01 

0.00 

0.22 

0.04 

0.00 

0.00 

1 .00 

0.57 

0.06 

0.00 

0.14 

1.78 

0.16 

0.01 

0.07 

0.02 

0.00 

0.00 

0.08 

1 .OO 

0.60 

0.06 

0.16 

1.72 

0.14 

0.01 

0.01 

0.03 

0.01 

0.00 

0.09 

1 .00 

0.63 

0.06 

0.00 

0.16 

1.71 

0.13 

0.00 

0.01 

0.00 

0.00 

0.00 

0.08 

1.00 

0.66 

0.01 

0.14 

1.72 

0.12 

0.00 

0.00 

0.01 

0.00 

nents which are dominating in the wave mo- 
tions. Also for the two hemispheres these wave 
motions are indicated with almost the same 
velocities. As the odd components at  one hemi- 
sphere are describing the symmetric as well as 
the antisymmetric part of the height field, the 
wave motions mentioned are indicated also for 
odd components at  each hemisphere, and it is 
even seen that the largest amplitude, in each 
case, occiirs for an odd component. 

Concerning the solritions with the antisym- 
metric height field, we have for the first solu- 
tion, corresponding to a Rossby wave, a velocity 
of propagation equal to approximately - 300 
degrees of longitude per day. In the height field 
of this solution the component (m, n) equal to 
(1, 2 )  is clearly dominating. If we have, how- 
ever, the observation of the position of the wavo 
only once a day, a motion of 300 degrees towards 
the west will be understood as a motion of 60 

degrees towards the east. For the next solution 
the velocity of propagation is about - 42 degrees 
of longitude per day. Also for the height field 
corresponding to this solution the component 
(1, 2) is dominating, even if the component ( 1 ,  4) 
is also present to some extent. So from these 
solutions it should be expected that the com- 
ponents (m,  n) = (1, a) ,  (1, 4), and perhaps 
(1, 6) of the height field will contain a wave 
motion with a mean velocity of about -42" 
day-', but the component (m, n) = (1, 2) should 
also contain a wave motion which will be con- 
sidered as a mot,ion of +60" day-'. In agree- 
ment with this it is seen in Table 6 that a wave 
motion of approximately - 42" day-' is indi- 
cated for the components (m, n) = ( 1 ,  4), and 
(1 ,  6)  for the whole sphere. No indication of 
this wave motion is however found for the 
component (m,  n) = ( l ,  2), a fact which very 
well may be the result of the interaction be- 
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m - 3  

-57.3 -31.8 -21.4 -16.6 -11.9 -9.4 

1.00 

0.70 
1 .oo 

- 0.09 

0.01 

0.00 

- 0.06 

0.00 

4.46 
2.43 

- 0.26 

0.01 

0.00 

- 0.17 

0.01 

0.00 

0.11 

0.03 

0.00 

0.00 

0.12 

- 0.01 

0.00 

0.00 

1.00 

0.66 

- 0.06 

0.00 

0.12 

2.02 

- 0.14 

0.00 

0.04 

0.01 

0.00 

0.00 

0.05 

1.00 

0.67 

- 0.05 

0.13 

1.89 

-0.13 

0.00 

0.00 

0.02 

0.01 

0.00 

0.06 

1 .oo 
0.69 

- 0.05 

0.00 

0.13 

1.84 

- 0.11 

0.00 

0.01 

0.00 

0.00 

- 0.01 

0.05 

1 .oo 
0.71 

- 0.03 

0.12 

1.82 

- 0.11 

- 0.01 

0.00 

0.01 

0.00 

tween the two wave motions, which this com- 
ponent should contain. Also a t  the two hemi- 

spheres the wave motion with the velocity 
about -42" day-' is seen to be present, again 
for both even and odd components. 

Also for the wave numbers 2 and 3 there is a 
rather good agreement between the theoretical 
wave motions represented in Table 9 and the 
observed wave motions in Table 6. Except for 
the very fast wave motions, the theoretical 
velocities, especially for m =3, are seen to be 
somewhat larger, numerically, than the observed 
velocities, a discrepancy which may possibly be 
ascribed to the neglect of the zonal flow in the 
theory. As for m = 1 we have that for each of 
the wave numbers 2 and 3, the solutions for the 
antisymmetric height field, connected with the 
fastest wave motions, are dominated by the 
most large-scale components, i.e. (m, n) = (2, 3) 
and (3, 4)  respectively. These fastest wave 
motions are moving too fast, however, to be 
indicated in the quadrature spectrum, but not 
so fast that they should prevent the observa- 
tions of the wave motions with the second 
fastest velocities. So we have for m = 2  a wave 
motion with the velocity - 27" day-', domi- 
nated by the component (m, n) = (2,3),  and for 
m = 3 a wave motion with a velocity - 11" 
day-', dominated by the component (m, n) = 

The general agreement between Table 6 and 
Table 9 seems strongly to support the conclu- 
sion that an essential part of the short-periodic 
fluctuations of the very long wave components 
may be explained in terms of wave motions of 
the Rossby type. 

(3,4).  
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