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ABSTRACT

Changes in the large scale stratification resulting from non-adiabatic processes within
convective clouds are investigated. The changes are considered as a result of net entrain-
ment, a factor which appears highly sensitive to the presence and dynamics of precipi-
tation. Tt is shown that Cumulus or Cumulonimbus convection can be a selfamplifying
process, under certain circumstances, producing an upper, cold-core low pressure center.
This process may be a factor in tropical cyclogenesis.

Introduction

The interaction between the large scale field
of atmospheric motions and cloud cover is one
of the most important topics in modern dynam-
ical meteorology, especially in the perspective
of numerical weather prediction for longer
periods, for which the presence of such interac-
tions and particularlily the presence of a feed-
back chain: large scale pattern — cloud cover —~
large scale pattern, cannot be disregarded. The
first link of this feedback is probably the best
understood, at least for the influence of the
large scale pattern on the development of a
single cloud. With respect to Cu and Cb clouds
(which are the main subject of the present ar-
ticle) this problem is relatively well, though not
satisfactorily, investigated by many authors and
there exists an extensive litterature. Results of
these investigations are in wide use in predicting
cloudiness, thunderstorms and showers, when
forecast of the large scale background is known
beforehand. But the very important problem of
how the large scale pattern (and perhaps other
factors like local surface properties) controls
the spacing and size distribution of convective
clouds over greater areas is rather far from
being solved. Even the most recent papers (for
instance Asai & Kasahara, 1967), though fairly
sophisticated, use extremly simplified assump-
tions for the physics and geometry of the con-
vective system.

1 Work performed at Institute of Geophysics,
University of Oslo, Norway.

The second link of the chain, the influence of
cloud cover on the large scale pattern, is at the
present time almost completely unknown. The
presence of clouds affects the large scale pat-
tern by: (a) modification of the radiation
balance between the surface, atmosphere and
outer space, (b) acting as a source or sink for
sensible heat released or absorbed to the latent
form in the water phase transformations and
(c) vertical mixing and, connected with it,
vertical transport of energy, momentum and
water vapour which appears in large scale
models in the form of sources and sinks for these
physical properties. But both theoretical and
empirical knowledge on details of these proces-
ses is still very fragmentary and unsatisfactory.

For the problem of the influence of cloud
cover on the large scale pattern, it seems rea-
sonable to distinguish the situations in which the
direct influence of clouds is restricted to a rela-
tively shallow layer (for instance, Cumulus
humilis convection in the lowest 1-2 km) and
can be probably treated as a boundary layer
and then introduced to the large scale model in
the form of suitably adjusted boundary condi-
tions, from situations in which clouds affect a
considerable part of meteorologically interesting
atmospheric layers (for instance, deeply pe-
netrating Cumulonimbus convection). The range
of applicability of each approach may of course
vary in particular problems.

The aim of the present article is limited to the
investigations of certain aspects of the role
which deeply penetrating convection plays in
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the interscale interactions, namely, in modifying
the large scale temperature/humidity stratifica-
tion within the convective layer. This sort of
interaction is certainly very essential, since, due
to the quasi-hydrostatic balance of the large
scale pattern, temperature and humidity strati-
fication controls the pressure field, which, in
general, is also in balance with a prevailing com-
ponent of the air flow. On the other hand, tem-
perature and humidity stratification controls to
a high degree the convection itself.

In order to avoid complications, the investiga-
tions concentrate on the effects of convective
transport of mass, heat and water vapour.
Thus, the model of the atmosphere used here
excludes changes in stratification caused by
radiative heat transfer, large scale effects (mass
convergence, differential advection etc.), micro-
turbulent diffusion, friction and any type of
momentum exchange. The Cumulus and Cumu-
lonimbus convection is thus assumed to be the
only means of vertical transport.

These restrictions are summarized in the fol-
lowing assnmptions:

A. The model consists of a fragment of at-
mospheric air, which occupies the space over a
ground surface of area S.! Its horizontal size is
large when compared to the size of a single con-
vective cell, so that the model as a whole can
represent a large scale meteorological system.
For sake of simplicity, the ground surface is
assumed to be flat.

B. No kind of physical exchange through the
lateral boundary of the system is allowed (or, if
present, causes no change in the state of the
model), so that the model can be imagined as
closed in a vertical cylindrical vessel with ideally
isolating lateral walls. Mass exchange due to
eventual fallout of precipitation or evaporation
from the ground is assumed negligible, so that
the total mass of the model (M) is invariant.

C. Net radiative and conductive heating or
cooling as well as vertical diffusion of water
vapour in free air is absent, though they may be
present in a relatively thin subcloud layer near
the surface. Frictional production of heat is
negligible.

D. The net momentum flux is negligible, at
least as it affects stratification.

Possibilities of the direct realization of this
model in the true atmosphere depend strongly

1 For a complete list of the symbols used here,
see p. 42.
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upon the characteristic times and sizes of the
investigated convection. For instance, in the
case of small cumulus clouds traced during the
time corresponding to the life cycle of a single
cell, assumptions -D seem to be frequently
valid and are more or less explicitly accepted in
most of the present Cumulus or Cumulonimbus
models (often with infinite M and S). But on the
other hand, in the case of large thunderstorm
systems traced during a few days, assumptions
A-D seem to hold mainly in extended air masses,
moving slowly within horizontal, large scale,
circulatory cells. This limits the direct applicabi-
lity of the model, although the conclusions it
yields may be indirectly applied to a much
broader range of problems.

Changes in stratification caused by developing
convective clouds can be roughly estimated by
means of the old, simple “slice’’ method devel-
oped by J. Bjerknes (1938). This well known
model is based upon the assumption that the
atmosphere remains in hydrostatic equilibrium
and that convection does not essentially alter
the mean vertical mass distribution. Any up-
ward mass transport through any isobaric sur-
face p must be nearly compensated by equal
downward transport. Since upward motion is as-
sociated with clouds and downward motion as-
sociated with cloudless air, the air parcels of
cloudless air initially at pressure p will move
down to the level p’. If tops of cylindrical
clouds are reaching pressure p;, there pressures
are related by the formula

P =ptalp-py), (1)

where o gives the ratio of surfaces covered by
clouds and cloudless air respectively.

The corresponding change of temperature can
be estimated by assuming adiabatic descent in
the cloudless air. Since, for deeply penetrating
convective clouds in the active stage, ¢ rarely
exceeds a few percent (see for instance Riehl,
1954), and the difference (p ~p,), in general,
cannot exceed 600-800 mb, one can easily see
that the difference p” —p can be, at most, of the
order of a few tens of milibars at the cloud base,
which, for typical lapse rates, gives an increase
of temperature of the order 1-2° centigrade; for
smaller p, this increase will be correspondingly
less. Such a change could conceivably affect the
development of later convective cells, since it
increases the initial energy threshold which
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should be crossed by the moving thermal before
free convections starts (see Pettersen, 1956), but
its direct effect on the large scale pattern seems
to be marginal when compared, for instance,
with even weak differential advection (neglected
in the present model, but generally present in
reality).

Since the active stage of an individual convee-
tive cell seldom exceeds 1-2 hours, after which
time the cell dissipates, the deep Cumulus or
Cumulonimbus convection can be considered
as an important factor in modifying the large
scale pattern only when certain modifying
influences can survive the dissipation of the cell
and the effects of subsequently developing cells
accumulate.

A complete investigation of the thermodyna-
mics and hydrodynamics of the dissipation of
clouds and its influence upon the large scale
stratification seems to be a hopeless task due to
the extreme complexity of the problem and due
to the number of different ways in which it can
be realized. The problem can be simplified,
however, by making use of the hydrostatic
balance as a characteristic feature of the large
scale pattern. Namely, it can be noticed that,
before the convection develops, the atmosphere
is generally in a certain state of hydrostatic
equilibrium. Convection disturbs this equilib-
rium, but, when the development of new con-
vective cells stops, the process of dissipation of
the existing cells can be expected to build up,
asymptotically, a new hydrostatic balance. This
asymptotic equilibrium state can be determined
in a relatively easy way and, due to the rapidity
of hydrostatic adjustment, can in many cases
be considered as a good approximation of the
real state of the atmosphere. Both the initial
and final state can be assumed to be stable
with respect to dry adiabatic motions, if weak
superadiabatic lapse rates in the undercloud
layer are disregarded.

In the present article, changes in the strati-
fication are described as resulting from the
redistribution of mass by the vertical drafts.
This approach (used also by Braham, 1952)
seems to be more convenient than the usual
one which operates with the convective heat
fluxes. Due to the hydrostatic assumption both
approaches are in fact equivalent.1

! Quite recently the author became aquainted
with the manuscript by A. Fraser (1968) where
similar ideas are developed.

The present paper consists of five sections.
The first section deals with the general methodi-
cal problems. In Sections 2 and 3, certain partic-
ular classes of cloud developments are investi-
gated qualitatively. Conclusions of these two
sections are then used to support certain hypo-
theses on the mechanism by which the convective
clouds may participate in the early stages of
development of tropical hurricanes. This is pre-
sented in the fourth section. Section 5 contains a
short summary.

List of symbols

Latin letters

Specific heat per unit mass for dry air under
constant pressure;

c,,' the same for humid air;

¢, specific heat per unit mass for dry air under

S

v
constant volume;

g gravitational acceleration;

M mass of air in the model atmosphere;

m mass flux in a vertical draft;

R =c, —c, gas constant for dry air;

@ net heat release over a certain time;

S area of the horizontal cross section of the

model;

T temperature;

T* virtual temperature (T* =T(1 +0.00061 ¢)

where ¢ =specific humidity).

Greek letters

4 Dirac symbol;

6 = T(1000 mb/p)*° potential temperature;

9% = T*(1000 mb/p)®/°» virtual potential tem-
perature;

® geopotential;

= —dp/df*;

Ay =y, —y,; difference between a certain function
y in the final (y,) and initial (y;) state of
hydrostatic equilibrium.

Indices

PR3]

¢ Refers to the convection ceiling; i.e., to
the highest level reached by the convective

currents;

“f refers to the final state of hydrostatic
equilibrium;

“¢”  refers to the initial state of hydrostatic
equilibrium;

o’ refers to the ground level.

Tellus XXI (1969), 1
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The remaining indices (;, 5, «, 8, y, m, n) are
explained in the text of the proof of the theorem
in sect. 3.

Note. In symbols of intervals, parenthesis
[ denotes that the respective end is included
with the interval, while parenthesis ( denotes
that the end is excluded.

1. General method

Let us consider a model atmosphere, de-
scribed by conditions A-D from the Introduc-
tion, in hydrostatic equilibrium, stable (or may
be partly neutral) with respect to dry adiabatic
motions, and with surface pressure p,. Since
the model does not permit lateral mass exchange
and since small mass variations due to eventual
rainfall or evaporation from the surface are to
be disregarded, p, = Mg/S is an invariant.

In this article the state of the atmosphere
will be described by means of the functions
T*(p) or 6*(p) which, for simplicity, will be
assumed continuous.

Since, due to the assumption of stability, 6*
is & nonincreasing function of p, the reverse
function p(6*) can be used as well; it will have
jumps for 6* corresponding to the neutrally
stratified layers. The function

dp

)= ~—520
»(6%) a5

can be also used as a unique description of the
atmospheric state of hydrostatic equilibrium
since p(6*) is uniquely determined by the for-
mula:

0
P(0*)=p, - f »(6*)do*, (2)
0

where the Dirac d symbolism should be used for
neutrally stratified layers. For simplicity, inte-
gration in (2) is carried out from 6* =0, v»(6%)
being extended below the ground surface as
equal identically to zero.

It is easy to see that v(6*) can be treated as a
mags distribution with respect to the virtual
potential temperature, normalized with respect
to the surface area and gravity; i.e., for d6* — 0,
the differential expression

S
— »(6*) d6*
9
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represents the mass of air whose virtual-poten-
tial temperature is between 6* and 6* +d6*.

During convection, heating and cooling due
to the phase transformations of water and
mixing (all of which are essentially nonadiabatic
processes) alter the initial distribution v,(6*).
One should, however, notice that, since 6* is
an invariant of dry adiabatic processes and since
net radiative and conductive heating outside
the surface layer is here excluded, »(6*) is not
altered by processes going on in the clear air
far from the direct vicinity of the clouds and
surface. The final state of hydrostatic equilib-
rium is thus determined by a new mass distri-
bution

v,(0%) =, (6*%) + Av(0*) (3)

with A»(¢*) depending principally upon the
processes which take place in the clouds or
their near vicinity. From the definition of », it
follows at once that the stability of the hydrosta-
tic equilibrium is increased in the layers where
Av <0 and decreased where Ay >0.

The task of determining the new stratification
reduces thus to finding the function Awv. This
approach, although very general, may, in cer-
tain cases, require a very detailed knowledge
of all the thermo dynamical properties of con-
vection in order to determine Av. For such cases,
this approach has very little use, since detailed
knowledge of the convection may permit a
more direct and exact analysis of the large
scale changes. But there exists also a wide class
of important problems in which the final »/(6%)
can be approximately determined by means of
relatively simple models of convective clouds in
a steady environment. The case of deeply
penetrating convection seems to belong to this
class.

Essentially, as already mentioned, active up-
drafts in Cumulus and Cumulonimbus clouds,
which develop in an unsaturated, conditionally
unstable atmosphere, cover a small fraction of
the sky, while the rest of the atmosphere under-
goes dry-adiabatic changes which donot partic-
ipate in changing the function »(6*). It is easy
to see that, if nonadiabatic processes are limited
to a cloud and its nearest environment, the
following equality holds:

d

3

|

Av(0*) = ~ (4)

g
6* S’

R
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where m denotes the vertical mass flux in cloud
drafts, integrated over the life-time of the
cloud. dm/df* represents here the timeintegrated
net entrainment,! i.e., the sum of inflow and
outflow of environmental air associated with
the convective current. This parameter, or at
least its “inflow’” part, though generally refered
to pressure or altitude, rather than to 6*, is
commonly used in several single cloud models
based on experimental data as well ag on theoret-
ical considerations (see for instance Stommel,
1947; Byers & Braham, 1949; Austin, 1951;
Ludlam & Scorer, 1953; Levine, 1959; Squires &
Turner, 1962; Haman, 1967). Although detrain-
ment (outflow) is generally not considered, it
can be included by a certain modification of
many of the above models, assuming, for in-
stance, that an individual air parcel “‘detrains”
at the level where both its buoyancy and veloc-
ity vanish.

Most of these models refer to an environment
invariant during the life of the cloud, which is
an essential simplification. Since it seems ac-
ceptable in the present case of sparse clouds, one
can expect that the net entrainment dm/d6*,
calculated in frames of such a model, should
differ little from that calculated without this
simplification. 1f the basic parameters (size,
spacing, life-time, initial mass flux, ete.) for
simultaneously developing clouds, could be
deduced from the large scale situation itself,
then Ay, corresponding to the total effect of such
a group of clouds is found by adding dm/d6* for
the individual clouds in the group. If this holds,
the following approximate procedure could be
used for finding A» over a longer, large-scale
time interval in which the assumption of steady
environmental stratification may be too strong.

(a) Divide the assumed ‘“large scale’ time
interval into subintervals corresponding to the
life-times of groups of simultaneously developing
cells.

(b) Calculate Av over the first subinterval
from (4) using one of the simplified cloud
models, assuming invariant stratification during
the cloud development.

(¢) Use A» in order to determine the new
stratification by means of (2) and (4)

1 Strictly speaking, this is the rate of entrainment
with respect to 8%, but we shall refer to it simply as
to entrainment.

? Certain simplified models are now under quanti-
tative investigation by the author.

{d) Repeat procedure (b} over the next subin-
terval with the new environmental stratification.

(e) Repeat procedures (¢) and (d) until the
initial large scale interval is exhausted.

From a purely practical point of view it may
be sometimes convenient to replace the entrain-
ment with respect to 6* by its analogue with
respect to altitude or to hydrostatic pressure.
The assumption that the environment remains
unchanged during a given cycle of evaluation
makes this change a simple substitution.

Applicability of this relatively simple method
for quantitative studies is nevertheless limited
(at least at the present state of knowledge of
cumulus dynamics) by the very low accuracy
with which the entrainment can be determined
and by the already mentioned lack of suffi-
ciently precise knowledge as to how the en-
semble of clouds depends upon the large scale
pattern. But, as will be shown in the following
sections, certain interesting conclusions can be
deduced from crude qualitative estimates based
upon simplified models and observational evi-
dence.z

Before proceeding further, let us notice that
the functions A»(§*), Ap(6*) and AT*(p) are
subject to the following constraints:

Ap(oo) = ~ f Av(6%)do* =0, (5)

0

which follows directly from the mass conserva-

tion in our model,
Ap(6*)=0, for 6*>6c, (6)

which follows from (5) and the fact that

Av(6*) =0 above the convection ceiling (for
6* > 6%), and

o

AT*dp=@Q, (7)

0

gSf A(c,’J TYydp=~ gScpf

0

which states that the change of the internal and
gravitational energy (which, according to any
handbook of dynamical meteorology, integral
(7) represents) is due to the net release of heat Q.

In our model @ consists of latent heat and
possible heat flux from the surface. The appro-
ximation, indicated in (7) by the sign ~, derives
from disregarding the difference between Ej/c,
for dry and humid air, which introduces only
marginal error here.

Tellus XXT (1969), 1
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Fig. 1. Schematic illustration of the Case I with the
lowest layer neutrally (dry adiabatically) stratified.
(a) curves ;(0%), v,(0*), Av(6*), (b) curves p,(0*),
py0*), Ap(8*), (c) curves T}(p) and Tf(p). D, De-
trainment zone; K, entrainment zone. Points with

indices other than “¢” and ‘“¢” (bottom and top

of the convection layer) refer to the proof of the
theorem in Sect. 3. Rings at 0: on the Fig. 1a sym-

bolize Dirac ‘“‘delta’.

Let us also notice that for 6* <67,

Av(0*) >0; Ap(6*) <0; (8)

which follows directly from the fact that both

v; and v, are non-negative and that »,(6*) =0 for
0% <63,

2. Net entrainment in certain typical
situations

In order to link the present considerations to
developments in a real atmosphere, let us con-
sider distributions of layers with positive and
negative values of dm/d8* (to which we shall
refer as entrainment and detrainment zones

Tellus XXI (1969), 1

Fig. 2. Schematic illustration of the Case ITa with
one detrainment zone at the top of the convection
layer. See Fig. 1 for explanations.

respectively) in the following, rather typical,
cases of convective phenomena:

I. A Cumulus cloud which does not form pre-
cipitation, so that the condensed water can be
treated as thought it were moving with air.

II. A Cumulus or Cumulonimbus cloud in
which the formation of precipitation occurs so
that a certain amount of condensed water is
removed from the air mass in which the conden-
sation occured. This precipitation is assumed to
evaporate completely in more or less vigorous
downdrafts which terminate above (Case Ila)
or at the ground surface (Case 11b).

II1. A Cumulus or Cumulonimbus cloud with
precipitation falling down to the ground surface.
In all cases environmental air is assumed un-
saturated with water vapour, and the tempera-
ture near the surface is assumed not to rise
essentially during the life cycle of a convective
cell.

Figs. 1 to 4 present anticipated distributions
of Av and Ap, as well as corresponding changes
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Fig. 3. Schematic illustration of the Case ITa with
two entrainment and two detrainment zones. See
Fig. 1 for explanations. Variant a marked with bold
lines, variant § with thin lines.

in the p vs §* and p vs T* relations under the as-
sumption that formulas (2) and (4) hold. Exact
proof of the correspondence between parts (a)
and parts (b), and (c) of Figs. 1, 3 and 4 well be
given in the next section with certain additional
assumptions. Shapes of the Ar curves are here
deduced under the plausible assumption that
the inflow into the vertical current is a charac-
teristic feature of its active stage and present at
all altitudes, while outflow is rather characteris-
tic of the decay stage and takes place at levels
where the moving air tends towards mechanical
and thermodynamical equilibrium with its en-
vironment.

For a single cloud, such levels are generally
concentrated within & relatively thin layer; for
example, in the vicinity of the convection ceil-
ing, inversions or other layers with increased
hydrostatic stability, or the ground surface (as
a mechanical obstacle). This can be understood,
since, with nearly invariant environment and

9&

THETT
Lytrag!
FERYEAN

7=
Fig. 4. Schematic illustration of the Cases IIb and

ITI. See Fig. 1 for explanations. Note positve Ar
values for 6* <0,,.

considerably long lasting, quasi-steady states of
vertical motions, a large part of the air involved
in the cloud development goes through nearly
the same cycle of transformations with final
states within a relatively narrow region. In case
of ensembles of clouds which may have a wide
dispersion of individual properties, the resulting
outflow region may be diffused. In any case, it
can be expected not to fill the whole convection
layer, as the inflow region does.

Superposition of the above sketched distribu-
tions of inflow and outflow regions gives the
picture of net entrainment with alternating
distinet entrainment and detrainment zones, as
shown in Figs. 1 to 4. It seems reasonable to
treat it as a typical, though not necessarily a
universal, pattern.

It should be noted that such a distribution of
entrainment and detrainment zones, was found
by Braham (1952) in several cases of thunder-
storms.

Tellus XXT (1969), 1
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In Case I, the air is supposed to move up-
wards to the convection ceiling, mixing with the
environment, and then return down under ne-
gative buoyancy induced by evaporation during
mixing with the dry environmental air. It can
be shown with use of formulas given by Austin
(1951t that, under a typical, conditionally
unstable distribution of temperature and un-
saturated water vapour, the descent should stop
in the central part of the cloudy layer so that
the detrainment zones with positive Av values
should be found there. With no particular irre-
gularities in the shapes and dynamics of the
clouds, one can reasonably expect that only one
coherent detrainment zone will be present. Fig.
le¢) indicates that this corresponds to warming
(in the sense of increasing the virtual tempera-
ture) in the lower part of the convection layer
and cooling in its upper part.

Existence of the region of cooling follows
directly from the geometry of the curve Av and
formula (6), while the region of warming must
be present if essential heat sinks other than
evaporation are absent, since otherwise the
integral (7) would be negative (see the next
section).

In Case II, the air in the updraft, in the
developing stage of the cloud life, moves up-
wards, mixing with the environment as in Case
I. At a certain level (called here the precipita-
tion level), precipitation forms and part of the
water which was condensed in the upper por-
tion of the cloud is in the form of precipitation
displaced to other portions of the cloud. Finally,
precipitation induces a downdraft and evapora-
tes within it.

In this case, the distribution of entrainment
and detrainment zones may be complicated. In
the simplest case, if the precipitation removes a
sufficiently large amount of liquid water from
the air which rises above the precipitation level,
the top of the cloud can evaporate during the
upward motion, possessing still positive buoy-
ancy. The detrainment zone will be then lo-
calized at the top of the convection layer, if

1 See also Fraser (1968).

2 An article on the rain driven downdrafts is now
under preparation by the author.

3 Qver the life time of a single cell, direct heating
from the surface can generally affect only a thin
layer near the ground. This may be important for
the further development of the convection itself,
but has little effect upon the integral (7).
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inertial overshooting of the cloud tops can be
disregarded.

Formation of other detrainment zones can be
connected with precipitation driven downdrafts
so they must appear below the precipitation
level. The dynamics of such downdrafts is
rather complicated and poorly investigated;
however, some more detailed information can be
found, for instance, in works of Byers & Braham
(1949), Braham (1952), Das (1964) and Srivas-
tava (1967).2 The intensity of downward mass
transport in such downdrafts depends in a com-
plicated way upon the intensity of precipitation,
external stratification, entrainment to the
downdraft, ete.

In the simplest case, the outflow from the
downdrafts appears to be too weak to overcome
the inflow into the updrafts, in the early stage
of cloud development, and no detrainment
zones form below the precipitation level. This
is shown in Fig. 2. Here, the effect of the clouds
results in heating of the entire convection layer.
Since the only source of this heating is the
released latent heat,® this situation is possible
only when a certain amount of condensed water
does not reevaporate (see the next section).

The second simple case takes place when only
one detrainment zone forms below the precipita-
tion level, not reaching the ground surface
(Case ITa) or reaching it (Case IIb). This is
shown in Figs. 3 and 4. In ITa the lowest por-
tion of the convection layer is warmed, the
central part is cooled and the top part is warmed
(variant «, Fig. 3). The warming of the entire
convection layer is also possible (variant g,
Fig. 3) if a certain amount of condensed water
does not reevaporate and in this way provides
net sources of sensible heat.

Case IIb (Fig. 4) presents the reversal of the
situation in Case I; i.e. cooling in the lower por-
tion and heating in the upper portion of the
convection layer. Note that Av(6*) can be now
positive for 6* <6%, which corresponds to the
production (due to the evaporation of precipita-
tion) of potential temperatures lower than those
which were present at the beginning of the cycle.
Cooling near the surface increases the direct
flux of heat from the ground so that the former
temperature distribution near the ground sur-
face may be, occasionally, quickly restored.

The simplest version of Case III does not
differ essentially from Case IIb so that Fig. 4
can also serve as an illustration. In this case,
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evaporation of rainfall may also induce cooling
near the ground while the latent heat released
by the condensation of the precipitated water
remains in the atmosphere, increasing the value
of the integral (7).

If certain factors, as radiation or large scale
motions, disturb relation (4), curves of Ay in
Figs. 1 to 4 can be nevertheless interpreted as a
qualitative representation of —dm/d6* with
respect to the initial distribution of 6*,

Resulting entrainment and detrainment zones
produced by several subsequently developing
groups of clouds (for instance over one day) can
be expected to retain the general character
deduced here for single clouds, providing that
there were no major changes in the cloud type.

It should be once more pointed out that the
above discussion of Cases IT and IIT is reduced
to only a few situations, rather arbirarily chosen,
among many which can be realized by different
distributions of the condensed water into the
precipitating and nonprecipitating part.! This
illustrates the key importance of precipitation
in the interaction between clouds and the large
scale pattern. Precipitation is important here
not only as a source of latent heat release, but,
as an agent transporting latent heat between
different air parcels, it affects also the details of
the geometry of the new stratification.

3. A theorem for the completely evapo-
rating clouds

In order to give a more rigorous proof of
rather intuitive statements in Section 2, let us
now consider a class of clouds which give no
precipitation at the ground and evaporate en-
tirely after completing their life cycle, belonging
therefore to Cases I and II of the previous sec-
tion.

This class can be represented, for instance, by
Cumulus or Cumulonimbus clouds which dis-
appear in the late afternoon, leaving a clear sky
for the night. We shall now consider a problem
which corresponds to evaluation of day to day
changes in stratification caused by the develop-
ment of this sort of clouds. The essential conclu-
sions derived in this section can probably be
extended to certain cases where the assumption
of no precipitation and complete evaporation

1 Discussion of Case I is more general.

does not hold, for which cases there is no general
proof.
We shall prove the following theorem:

THEOREM. If, in the general frames of the
model defined in the Introduction, clouds develop
in such a way that:

(a) no precipitation reaches the ground surface,

(b) all condensed water reevaporates completely,

(e,) the detrainment zone s reduced to one cohe-
rent layer in the central part of the convection layer
(Case I, Section 2),

or

(cg) there are two separate coherent detrainment
zones, one on the top and one in the central part of
the convection layer (Case IIa, Section 2) or at
the bottom (Case IIb, Section 2),

(d) sensible heat exchange with the surface can be
disregarded,

then:

(a) above and partly within the lower detrain-
ment zone (or the unique detrainment zone in the
case of assumption c,), there exists a layer with
negative values of AT*(p) (for the case of assump-
tion ¢, this layer reaches the top of the convection
layer (pressure p.)), and

(b) the absolute geopotential of the top of the
layer with negative AT*(p) (pressure denoted p,,
on Figs. 1, 3 and 4) decreases during the convec-
tive process; t.e., A®(p,,) <0.

Proof. Assumptions (a) and (b) imply that
there is no net release of latent heat during
convection (if one neglects small differences in
latent heat release for condensation and evapo-
ration which may take place at different tem-
peratures). Since assumption (d) excludes any
exchange of sensible heat with the surface,
while other sensible heat fluxes are excluded by
Condition D in the Introduction, and there is
no kinetic energy before or after convection,
the gravitational-internal energy of the model
remains unaltered by the convection, i.e.

De Po
Cpf AT*(p)dp=0- cpJ.p AT*(p)dp. (9)
[} Il

Let us now consider the functions:

Av(6%),

6.
Ap(6*) = - f Av(0*) d6*,
Q
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AB*(p),

and  AT*(p)- (—”-)m% A8*(p)
1600 ’

Assumption (c,) implies that there exist
points 8¥, 0% such that 0<@f<g¥ <6’ and

0<6* <67,

Av(@*)<0 if

oY <g* <67,

Av(0*)=0 if

Av(e*)<0 if 67 <6*<6r.

So we can conclude that Ap(6*) is non-de-
creasing both in [0, 6¥) and (65, 6%); since
Ap(0)=0, and because of (6) this means that
Ap(6*)<0 for §*<gF and Ap(6*)=0 for 65 <
6* <0F. Thus, if not identically equal to zero,
Ap(6*) must change sign (perhaps in the form
of a jump) within [0}, 65], but, since Av(6*)
is non-negative within (0;" , 63 ), only one such
change is possible. Hence there exists a value
0,, such that

Ap(6*)=0 for o*<gl,
Ap(6*)<0 for @*>¢F.
Since
07 (p) =67 (p + Ap(6] (p))), (10)
67 (p) = 6 (v ~ Ap(6] (), (11)

applicability of each form being limited by
the fact that neither 6] (p) nor 67 (p) are de-
termined for p>p,, the function A8*(p) can
be presented in two alternative forms

A6*(p) =67 (p) -6 (p+Ap(6T (P),  (12)

AB*(p) =6 (p - Ap(6] (P)) -6 (p),  (13)

at least one of them being applicable for
each value of p<p, But since both 4] and
6] are continuous and non-increasing functions
of p, it follows from (12) and (13) that: if
A9*(p)+0, then

sign AG*(p) —sign AT™*(p) =sign Ap(6; (p))

=sign Ap(07 (p)). (14)

* . -

1 Cases 6 =9; oz 0: =0:, which may occure if
Av i3 there of Dirac § form, need only inessential
modifications of the proof and are not considered
here.
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So there exists a point p, such that 0% =
61 (Pr) =67 (Pr) and

AT*(p) >0, A6*p)=0, p,<p<p, (15)

AT*(p) <0, A6*p)<0, p,<p<p, (16)
where condition (9) imposes a sharp inequality
in certain points of both intervals, if the trivial
identiy AT*(p)=0 is not taken into account.
Since p,, obviously belongs to the detrainment
zone, thesis (a) for the case of assumption {c;)
is proved. Thesis (b) will be proved later.

If assumption (e,) is valid and if the lower de-
trainment zone reaches the surface (Case III,
Section 1), then the qualitative shape of the
Av(6*) distribution differs only in sign from that
considered above. So the above proof can be
here also applied, with the directions of inequal-
ities (15) and (16) reversed. Thesis (b) follows
directly in that case.

If, however, the lower detrainment zone lies
above the surface, points 0%, 6;, 0; must exist
such that 0<gk < o; <0; <#% in the four follow-
ing segments (case that some of them are reduced
to a point is disregared as before):

(0, 02), (62, 05)»

(65, 03), (03,071,

there is, respectively,
Av(0%) <0, Av(6*) =0, Ap(3*) <0, Av(6%)>0.

Hence, Ap(6*) is non-decreasing for 6* < 6% and
non-increasing for 0;‘, <@* <6%; thus, due to (6)
Ap(6*) must be nonnegative there. Ap(6*) can
become negative in the interval [6%, 0;] (i.e. in
the interval containing the lower detrainment
zone), becoming once more positive to the right
of that interval; it is easy to see that only one
such oscillation is possible.

Therefore, the interval [0, 6,] can be divided
into three parts by points 6,, and 8, so that

Ap(6*)>0 for 0<g*<@%,

Ap(6*)<0 for @F <8*<67,

Ap(6*)>0 for 0n<6*<6;,

and hence due to (14) the interval p, p, can
also be divided into three corresponding parts
by means of points p,, and p,, such that 0% =
6 (Pm) =67 (p,,) and 03 =6/ (p,) =6} (p,), so that
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A6*(p) >0, AT*(p) 20 for p,<p <py
AG*(p) <0,  AT*(p)<0 for p,<p<py
Ab*(p) =0, AT*p) =0 for p,<p<p,

the inequality being sharp at least in certain

points if the trivial case AT(p)= 0 is disregarded.

This follows from (9), which otherwise would be

not fulfiled, and proves thesis (a) in the case of

agsumption (d). Proof of thesis (b) is a follows:
Let us rewrite (9) in the form

Dn Dm
f AT*(p)dp + f AT*(p)dp

De Pn

Do
+f AT*(p)dp =0, (17)

Pm

considering p, =p. in the case of assumption
(e,). Since

Pn
f AT*(p)dp >0, (18)
De
we find
Pm Po
- J AT*(p)dp ~ J AT*(p)dp>0, (19)
Dn Pm
and since p, <p,<p, we have
Pm d Do d
- f ar(p) P >f AP, (20)
Dn P Dm P
which yields
Po dp
Ad(p,)=R AT* — <. (21)
Dn P

4. Three hypotheses on Cumulus convection

In order to avoid possible misunderstandings,
it should be pointed out that the ideas presented
in this section are hypotheses, for which proof
sensu stricto is not to be given in this article.
The aim of presenting these hypotheses here is
to indicate the possibilities of applying the con-
clusions which follow from the former considera-
tions and to suggest certain directions for further
development of the theory of interscale interac-
tions. The following reasoning has only to sub-
stantiate the plausibility of the proposed ap-

proach, while more complete proof of its valid-
ity (which would require rather wide theoret-
ical investigations in the poorly penetrated field
of mesometeorology) is beyond the scope of the
present publication.

The first hypothesis can be formulated as
follows:

1. Cumulus convection without precipitation
and with full reevaporation of condensed water
may tend to self-intensification in the sense of
producing clouds with gradually increasing ver-
tical extent and increasing energy release. If
more intensive within a certain area than in its
surroundings, such convection may produce a
high-level, cold-core barometric low.

Let us consider a large scale meteorological
system in which the existing field of motions
prevents (for instance by means of gradient or
geostrophical balance) intensive mass exchange
through the lateral boundaries of the system.
Such a system may likely appear as a fairly
good realization of the model proposed in the
Introduction and, over a time interval corre-
sponding to the life eycle of a Cumulus cloud,
may well fulfill the assumptions of the theorem
from Section 3. If eonveetion in the system is of
the type corresponding to assumption (c,) of
this theorem, the clouds developing in the first.
cycle produce cooling of the upper part of the
convection layer, heating of the lower part,
and a decrease of the geopotential at the top of
the convection layer. This means that the mean
temperature lapse rate in the convection layer
increases. It can be also shown that, if the
clouds developing in the next convective cycle
would have the same condensation level and
the same potential pseudo-wet-bulb tempera-
ture, the so called instability energy! corre-
sponding to them would be greater than in the

1 This energy is defined as the integral

Po n d
gf (Tip) — T*(p)) —: ,

pd

where 71(p) represents virtual temperaturs of an air
parcel moved dry-adiabatically from the surface up
to the condensation level and then wet-adiabatically
to the level p, above which 7 — 7* becomes
definitely negative. With certain restrictions, this
magnitude is often used as a predictor for convective
phenomena, being positively correlated with the
thickness of the convection layer (see also Petters-
sen, 1956). An increase of this magnitude, in the
present case, follows directly from a comparison of
the above integral with formula (21).
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first cycle. But heating in the lower part of the
convection layer means that, if the second cycle
of development of Cumulus clouds has to start,
the potential pseudo-wet-bulb temperature must
be increased (for otherwise the starting updraft
would not get a positive buoyancy at a reason-
able altitude). This additional increase of the
potential pseudo-wet-bulb temperature, which
must be provided by the ground surface sources
of heat and water vapour, increases the instab-
ility energy. All this suggests that, at least
from the point of view of synoptical practice,
an intensification of the convective processes,
in the sense indicated, can be expected. If
traced through a few subsequent days, this
intensification can be expected to form a trend
superposed upon the diurnal variations of the
convection.

The formation of the high-level, cold-core
barometric low follows directly from thesis (b)
of the theorem in Section 3.1

The increased lapse rate and instability energy
are of course not sufficient for the intensifica-
tion of the convective activity. The surface
sourees of heat and water vapour must be able
to provide a sufficient rise in the potential
pseudo-wet-bulb temperature and, furthermore,
the effect of change in stratification should not
be opposed by the increased damping of cloud
development by mixing.

The first of the above indieated additional
conditions is often likely to be fulfilled. It is
easy to see that, if the subcloud layer has, as it
often occurs, a nearly dry-adiabatic lapse rate,
the effect of convection may not increase the
temperature near the surface; under these cir-
cumstances the adiabatic layer becomes thinner.
(This case is shown in Fig. 1.) This, together
with the increased stability above the adiabatic
layer, will damp out the upward flux of heat
and water vapour, facilitating an increase of the
potential pseudo-wet-bulb temperature near the
surface.

The damping effect of mixing with environ-
mental air is stronger, the dryer the air and the
narrower the currents. Since dissipation of

1 The above argumentation ceases to hold if
precipitation appears in the clouds and assumption
(c;) of the theorem becomes valid. This is due to
the warming at the top of the convective layer,
which may, though not necessarily, overcome the
effects of cooling in its central part. However, the
presence of the cold core low in the central part is
still actual.
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clouds increases the humtidity of the convection
layer, the subsequently developing clouds can
be expected to be correspondingly less affected
by mixing if their horizontal size does not de-
crease, which decrease is not very likely, since
the barrier of increased stability just above the
neutral layer may often filter out the updrafts,
permitting only the greatest to cross it.

The effects of radiative and conductive heat
transfer, as well as of large scale motions which
were assumed absent, can in certain cases en-
courage such a development as proposed in
Hypothesis 1, and discourage it in the other
oases, since these factors are to a high de-
gree independent of the convection. The prob-
lem of determining which of the two above
possibilities is realized in given situations, re-
quires further investigation. Some investiga-
tions are being undertaken by the author, but
the results are not yet formulated.

The above picture of selfintensifying convec-
tion contradicts the common belief that free
convection is a process which always tends to
stabilize the mean hydrostatic equilibrium. Al-
though this common belief is true for simple
thermal convection, without phase changes in-
volved, convection in a conditionally unstable
atmosphere with complete reevaporation of the
condensed water resembles rather forced mixing,
which decreases the initial hydrostatic stability
of the mixed layer. Water vapour behaves here,
to some extent, like the cooling agent in absorp-
tive refrigerators.

The eventual selfintensification of the convec-
tion is of course limited, being in fact driven by
a noneven distribution of humidity. Transport
of water vapour by convection, as well as an
increase of relative humidity due to the cooling
processes, can make the evaporation of clouds
impossible after a certain time. Also, an in-
creasing intensity of convection may lead to the
development of precipitation. In such cases, net
heating of the atmosphere starts and the cold
core may be gradually replaced by a warm core.

To summarise, the following cyecle of events
may take place:

Cumulus convection in a certain area builds
up an upper, cold-core barometric low and condi-
tions for more intense convection as well. This
process continues until the humidity of the
upper air becomes too great and/or precipitation
starts. Then the warm core begins to replace
the cold core, presumably at first in the upper
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part (compare with the sequense in Case I —
Case II — Case IIT in Section 2).

This cycle resembles the early stages of trop-
ical hurricane development as described by
Yanai (1961, 1963), with characteristic invari-
ance of surface pressure. Thus the following se-
cond hypothesis is proposed:

2. It is possible that the process described in
Hypothesis 1, joined with a favourable large
scale situation, can be of considerable impor-
tance in the dynamic of a forming tropical hur-
ricane.

Now let us notice that convective clouds
produce their detrainment zones in certain
parts of the convection layer, izzespective, of
the assumptions of the present model. Parti-
cularly, they can be involved in a large scale
circulatory system which provides suitable dy-
namic and thermodynamic mechanisms for the
removal of accumulated mass from the detrain-
ment zones and for the compensation of non-
isentropic activity of clouds, maintaining in this
way the large scale steady state. This seems to
be the case in the trades. The air, pumped by
the trade Cumuli (which correspond to Case I,
Section 2) into the central part of the cloudy
layer, is removed by a large scale field of hori-
zontal mass divergence. The diverging air mass
moves towards the doldrums belt where preci-
pitating Cumulonimbus clouds, with detrain-
ment zones in the upper troposphere, prevail.
Being lifted upwards, the air then moves pole-
wards, slowly restoring the initial distribution
of temperature and vapour, mainly by radiation
and microturbulent diffusion, in a loop process
similar to that proposed by Carlson & Ludlam
(1965).1

This scheme of steady state works as long as
the compensating large scale processes balance
the activity of the clouds, particularly, if the
removal of mass from the detrainment zones is
secured. But it seems possible that, if certain
disturbances within the large scale field affect
the mechanism of mass removal, convection
within the affected area may build up a selfin-
tensifying, cold-core pressure system in a way
suggested by Hypothesis 1, and then develop
into a hurricane as suggested by Hypothesis 2.

1 The above idea had been formulated during a
personal disecussion with Dr. A. Fraser, Imperial
College, London.
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This reasoning yields the following third hypo-
thesis:

3. It is possible that one of the mechanisms in
which an easterly wave develops into a hurri-
cane is based upon its disturbing, in a certain
area, the horizontal outflow of air from the
detrainment zone of the trade Cumuli.

5. Conclusions

Results presented in this paper can be sum-
marized as follows:

(a) In the case of deeply penetrating Cumulus
and Cumulonimbus convection, the interaction
between the convective phenomena and large
scale stratification can be conveniently described
in terms of the entrainment-detrainment no-
tion.

(b) Entrainment and detrainment processes
are essentially affected by precipitation, prim-
arily through liquid water and ice (and hence
latent heat) exchange between different parcels
of air.

(e) Convection with no precipitation and with
total reevaporation of the condensed water may
be, in certain circumstances, a self-amplifying
phenomenon and may lead to formation of a
cold-core barometric low in the region of the
most intensive convection.

(d) It seems possible that such a process may
be an important factor in the early stages of
tropical cyclogenesis.
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O BJIUAHUN KOHBEKTUBHBIX OBJAKOB HA KPYITHOMACHITABHYIO
CTPATNOURAIINIO

UccnepyoTcA HN3MeHEeHMA B KpyNHoMacmTal-
Holi crpaTuduKralny, BE3BaHHbIE HeagnabaTuyde-
CKUMM TIpOIlecCaMM B KOHBEKTMBHHX 00IaKax.
WN3ameHeHHA pacCMaTpPUBAIOTCA KAK DPe3yJbTaT
HHCTOTO0 BTODMEHHUA, (PaKTOp, KOTODHIN OKAa3Hl-
BaeTcs CHMIBHO YYBCTBUTEJLHBIM K CYIIECTBOBA-
HUI0 U puHaMHKe ocangroB. [lokasniBaeTcs, 4To
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koHBeKnuA B Cumulus unu Cumulonimbus mo-
#eT OBTh CAMOYCHMIINBRIOIMMCH NPOIECCOM, IPH
OnpefleIeHHBX YCIOBUAX MNPHUBOJALIUM K IO-
AIBJIEHNIO HABepXy LIEHTPA HU3KOr'0 NABJEHUA C
XOJOAHBIM AAPOM. OTOT NPOLECC MOMKET MMeThb
3Ha4YeHUe JJIA TPONMUYECKOT0 LIMKAOreHesa.



