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ABSTRACT

The main purpose of this investigation is to examine to what extent large-scale heat
sources are responsible for the formation and behaviour of ultra-long waves in the
atmosphere. This has been performed with the aid of a linear, time-dependent, quasi-
geostrophic model in which non-adiabatic heating has been assumed to be proportional
to the temperature difference between the atmosphere and the underlying surface.

Results obtained with this model exhibit certain characteristic features which are
in agreement with observational studies of these long waves in middle latitudes during
winter.

Thus the solution consists of a stationary part and a travelling part. For the lowest
longitudinal wave-numbers the stationary part is very close to the observed mean
conditions in the lower part of the atmosphere.

The non-stationary part consists of two travelling waves which have decaying
amplitudes for the three lowest wave numbers; in the corresponding adiabatic case
the solution is amplifying.

The phase-velocity for the wave-component which decays most slowly is close to the
Rossby phase velocity modified by a weak divergence effect.

If the initial condition is chosen so that the system is not in thermal equilibrium, the
resulting motions of the ultra-long waves are slowly damped fluctuations about a mean

state.

1. Introduction

After electronic computers with comparatively
large internal memories were introduced in the
middle of the fifties it became possible to make
barotropic numerical forecasts for regions of
almost hemispheric size. By expanding the fore-
cast area it was thus expected that the forecasts
should be less subjected to errors arising from
the physically unrealistic lateral boundary
conditions. This was found to be the case, but
at the same time severe errors were introduced
due to the fact that the non-divergent barotropic
model is insufficient to describe the motions
of planetary waves when they are not kept fixed
by the boundaries. The longest waves showed
a rapid westward propagation. This erroneous
behaviour of the ultra-long waves, which in
reality are quasi-stationary, was, surprisingly,
not expected, although they moved in agree-
ment with the Rossby phase speed formula.
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The main reasons for the existence of the
long-term average planetary circulation have
been explained by demonstrating the effect of
the major mountain barriers by, e.g. Charney &
Eliassen (1949) and Bolin (1950). Later Smago-
rinsky (1953) pointed out that the large-scale
distribution of heat sources is of equal import-
ance. However, these investigations were based
on the assumption that the motion is stationary
The actual formation of the very long waves
due to these external factors and their subse-
quent behaviour could therefore not be described
and is still not sufficiently understood.

In view of the difficulties in including these
effects in the forecast models in a realistic
way, particularly in the barotropic model, it
was therefore rather natural to reduce these
errors by forcing the longest waves to remain
stationary (Wolff, 1958) or by taking into
account the divergence for the large-scale
motion, which has the effect of reducing the
phase velocity for the planetary waves signi-
ficantly (Cressman, 1958).
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Because the combined effects of heating and
orography could be explained to be the major
reasons for the creation of the longest waves
and that they are almost stationary, it is evident
that these methods to control the phase speeds
of these large-scale disturbances must be con-
gidered as rather artificial.

During the last few years there have been
geveral investigations of the observed fluctua-
tions of the quasi-stationary planetary flow
pattern, e.g. by Kubota & Iida (1954), Graham
(1955), Barret (1961), Deland (1964, 1965),
Haney (1961), and Eliasen & Machenhauer
(1965), which clearly illustrate that fluctuations
in amplitude and phase of the waves with small
longitudinal wave-number are the result of a
travelling wave being superimposed on a
stationary wave with a larger amplitude. If the
amplitude of the travelling wave is larger than
the stationary wave, then the wave is no longer
quasi-stationary, which also frequently occurs.
It is also demonstrated that the phase speed
of the travelling wave is in close agreement with
the phase speed obtained with the Rossby for-
mula, particularly if it is modified with the
divergence effect, however, to a much lesser
extent than Cressman (l.c.) suggested.

In this investigation, which is devoted to
increasing our knowledge regarding these
fluctuations, we shall limit ourselves to con-
sider only the effect of exchange of sensible
heat between oceans and atmosphere. Since this
type of external force is one of the most im-
portant effects for the development of these
quasi-stationary waves it is expected that it also
plays an important role in producing the fluctua-
tions of these waves.

For a more complete treatment of this pro-
blem it is evident that other types of non-
adiabatic heating and the effect of orography
have to be included. Another cause of the
fluctuations of the large-scale motion which
ought to be taken into account is the transfer
of kinetic energy from the smaller scale phenom-
ena (see Saltzman, 1959, and Saltzman &
Fleisher, 1960).

2. Scale considerations

Attempts have been made with the aid of
scale analysis to explain why the ultra-long
waves display a quasi-stationary character.
Burger (1958) demonstrated that when the
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characteristic horizontal scale (half-wave length)
S is of the same order of magnitude as the earth’s
radius a,

S
-~ 1
a

All terms in the vorticity equation are con-
siderably smaller than the f-term and the
divergence term. The vorticity equation then
becomes

V- Vf+fdivV =0.

This result was then taken to be the explanation
for the lack of agreement between the observed
quasi-stationary planetary motion and the
theory of the Rossby waves. This is, however,
not entirely correct. As was pointed out in the
introduction, the observed quasi-stationary
ultra-long waves can be split up into two
parts, one stationary and one travelling. By
following Eliasen & Machenhauer (1965) we
write one wave component of the wind field in
the following form,

v =° +(y -9,

where the bar denotes the mean value over D
days. The first part cannot contain fluctuations
with periods less than D days. With a proper
value of D it is possible to express the observed
windfield in such a way that the effect of ex-
ternal forces, which are effective on the plane-
tary scales, viz. large-scale heating and moun-
tain effects, is responsible for the stationary
part, $°.

If now a scale analysis for the determination
of the relative importance of the various terms
in the basic hydrodynamic and thermodynamic
equations is carried out for planetary scale
motions of the atmosphere, with the assump-
tion that the effect of external forces can be
disregarded, then it is evident that this analysis
is not valid for the stationary part of the
motion, $P, which is caused by these forces.
The characteristic phase speed ¢ of the stream-
line configuration must then necessarily be
connected with the moving part of the field,
y — P, which for the very largest scale of motion
can be considerably greater than the charac-
teristic wind velocity, V.

Since the phase-speed ¢ to some extent is
dependent on the external forces, this is not

Tellus XXT (1969), 1
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entirely correct; however, it gives a more
satisfactory result than to assume that ¢ is
less than or equal to the characteristic wind
velocity V. This implies that the local rate of
change of the relative vorticity cannot be
disregarded. This has been demonstrated by
Deland (1965), who also pointed out that the
inclusion of the latitudinal variation of the
planetary scale motion leads to the zonal ad-
vection term in the vorticity equation becoming
important.

In our treatment of the behaviour of the ter-
mally produced planeatary scale motion we
can thus confidently make use of the vorticity
equation in the form

g+V-V(C+f)+fdivV=O.

3. Basic physical assumptions

Thus, in this study we shall be concerned
with the role non-adiabatic heating plays in
connexion with the variations of large-scale
motions of the atmosphere. In order to obtain
a better understanding of this dependence
we shall with the aid of a quasi-geostrophie,
linearized, time-dependent model investigate
how the atmosphere responds to the exchange
of sensible heat with the underlying surfaces.
This approach to the problem, where time
dependence is taken into account, is based to
some extent on a previous study by the author
(1962).

Heating is assumed to be proportional to the
temperature difference between the air and the
surface, regardless whether this be land or
ocean. The vertical variation of heating is
assumed to be a decreasing power of pressure.

The heating rate per unit mass can then be
written in the following form

Q-K(T,-T,) (‘3) ,
P

8

where K and r are constants, p, is the surface
pressure, T', and T'; are the temperatures of
the underlying surface and the air respectively.

Concerning the temperature, 7',, we shall
assume it is independent of time. This assump-
tion of course excludes the possibility of study-
ing long-term variations in the atmospheric
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circulation which are due to seasonal variations
in the temperature of the oceans. Furthermore,
we have with this assumption automatically
neglected the feed-back mechanism which results
from the variations in the atmospheric circula-
tion causing changes in the temperature of the
sea surface through, e.g. upwelling and tem-
perature adveetion in the sea. Since the
variations produced by this mechanism are
rather insignificant for short time periods, we
can safely disregard this effect as long as we
are interested in the large-scale circulations
of the atmosphere which have a characteristic
time period of only a few weeks.

4. The basic equations

For this treatment of the problem we shall
make use of the vorticity equation, the con-
tinuity equation, the thermodynamic equa-
tion, the hydrostatic equation and the quasi-
geostrophic approximation.

The dependent variables are the two compo-
nents of horizontal wind, « and v; the vertical
p-velocity, w; the height of a pressure surface,
z; and the air temperature, T',.

Since we are going to consider small distur-
bances which are superimposed on a zonal
current which is a function of pressure only,
we express the dependent variables in the
following form

u =U(p)+v(w,y, p,t),

v =v(z,y,pt)

o =o'(®,y,p,t)

z =Z(y.p) +7'(x,Y, p,1)
Ty=To(y.p)+ Talw,y, P, 1)

and T, =Ty() +To(z:9),
where the primed quantities refer to the per-
turbations.

We shall make use of a local Cartesian co-
ordinate system with pressure as the vertical
coordinate together with the mid-latitude
“B-plane”” approximation. The Coriolis para-
meter 2Q sin g is thus represented by the linear
function f+By, where f and § are constants.

After linearization the equations become
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is a measure of the static stability, which we
shall consider to be constant. We shall also
assume that in the undisturbed state the
surface air temperature is in thermal equilib-
rium with the underlying surface averaged
along the wx-axis (latitude).

Ta(y7 Ps) = Tg(y)'

The expression for the non-adiabatic heating
can then be written

QzK[T;(x’y)*T;(x’y’ps’t)] (;%) . (7)

The pressure p, will be approximated by a
constant value p, which is assumed to be
representative for the top of the friction layer.
By making use of the hydrostatic equation
we get the following form for the turbulent
transfer of sensible heat:

GG

Now we introduce the geostrophic wind ap-
proximation and eliminate the divergence
between the vorticity equation and the con-
tinuity equation. The vorticity equation and
the thermodynamic equation then become

o[
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We assume that the contribution from the
twisting term and the f-term in the expression
for the relative vorticity can be disregarded.

By making use of the non-dimensional in-
dependent variable

=0, 9

P = p[p,

we obtain
F 22’ o
( +U- ) Viz+ g = f o
ot ar  gp,oP’

2+Ua {3_2_@62
ot oP dPox P

RK[ ,
- ———[T,+g("’z)]P' 112)
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Elimination of o between these two equations
yields

2, ) (7F  vopo g,
at ox) \eP* f
RK

(oot - SO
fz * dprt N

X[W(“)J“’
R dpP
Because the procedure used in solving this
equation is dependent on the vertical variations
of the horizontal mean wind and the non-
adiabatic heating, it is necessary to make
certain decisions regarding these functions be-
fore proceeding to formulate initial and bound-
ary conditions.

As has previously been demonstrated by the
author (1962), the choice of a wind profile and
the value of », which determines the rate of
decrease in the heating, are not critical. Fairly

(11)

P =0

(13)
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good agreement with observed variations of
these quantities is obtained by using r =1 and
the wind profile

U=-U%P-¢), (14)
. _ Bgops
where U*= ? (15)

and ¢ is an arbitrary non-dimensional constant.
With these assumptions equation (13) becomes

e 2\ (o' _ gops_,
—+ U2 + 750 ) =0. (16
(at ax) (aP’ F (16)

‘We notice that with this choice of » the term
which represents the non-adiabatic heating
vanishes from the equation and occurs in the
boundary conditions only.

Now we prescribe the deviation 7', from the
zonally averaged temperature, T, of the ground
to be harmonic in x and y

T,(x, y} = D* cos (kx — A) cos ly

= (D, sin kx + D, cos kz) cos ly, (17)
where k and ! are the wave numbers in the
longitudinal and latitudinal directions respec-
tively. By expressing 7', in the above manner
we consequently assume the perturbations of
the pressure surfaces to be of the following
form:

2, y, p, t) = 2*(P, t) cos [kx — (P, t)] cos ly

= [Z (P, t) sin kx

+Z,(P, t) cos kx] cos ly. (18)
By defining the new dependent variable
Z =Z,+1Z, (19)

we finally arrive at the following form for our

equation
o . 'z,
(5 + zlcU) (a?“ —y z) -0, (20)
where y= g‘f’—f’g (1 1%). (21)

Tellus XXT (1969), 1

5. Initial and boundary conditions

In order to study the pattern of development
of a thermally produced disturbance we shall
assume the pressure surfaces are undisturbed
initially.

Regarding the boundary conditions, we re-
quire the vertical p-velocity to be zero at the
top of the atmosphere. At the bottom of the
atmosphere, which is defined as the top of the
friction layer, we make use of the expression
for the frictionally produced vertical velocity
derived by Charney & Eliassen (1949).

Thus the initial and boundary conditions
become

2 =0 at t =0, (22)
w’ =0 at P=0, (23)
,__g(2EX\t
w = —; / sin 2¢
X (& +1%2 at P=1, (24)

where K* is the eddy viscosity coefficient and
o is the acute angle between the surface wind
and the isobars.

In view of the geostrophic approximation
we have

! 5 ow’ (25)
o =g56— — gow'.

go ot go

We can now express the boundary conditions in
terms of the dependent variable Z by making

use of the thermodynamic equation (12) with
r =1, together with (18), (19) and (25). This gives

Z=0 at ¢t =0, (26)
Z . dU
2 av)l - a
ot oP 4P
RK _ K(oZ
+=—D+=|=) -0 at P=0, (27)
cp g c,\eP/,
8 oZ _dU RK_ K{oZ
(—+ikU e e PR
ot oP dP c,g c,\eP/,
257 2 2 *\
+gapoz + 9 o —2K sin 2¢
RT, ot 2fRT,\ f
X+ Z=0 at P=1, (28)

where D =D, +¢D,.
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6. Solution

After introducing a non-dimensional vari-
able, 7, for time, defined as

T =kU*

the solution of equation (20) can be written in
the form
Z(P, 1) = F(r)er? +Q(1)e-7F, (29)

where F(r) and G(r) represent arbitrary func-
tions of time. These functions are determined,
with the aid of the conditions stated in the
previous paragraph, in the following way.

By substituting the solution (29) into the
boundary conditions (27) and (28) we obtain

d o
y — + pye” +ilye +2¢) | F
dr

a o,
- yd—+,u,ye +2(ye —2¢)|G+aD =0,
T

(30)

[(y u);— + (uy +) +ip(l —¢)* — 241 —e)] &'F
T

d 2
. I:(y—l)(i—+(/4y—v)+1y(l—e)
T

+ 21:(1_5)]e Y@ +aD -0, (31)
where
gopo
A=
RT,’
K
B e kU*’
) ope (2K*\ KP4 D
y= TP (2R sin 2a, (32)
2U*{RT,\ f k
RK
a= ——T__Zz.
c, gkU*

By solving this system of equations we get
‘ F(r)=A,eM"+ 4,607 + F, (33)

Gr) =AM+ A,eMT 1 Gy, (34)
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where F; and G, represent the solution for the
stationary case. The arbitrary constants are
determined with the aid of the initial condition
(26) which, in view of (29), we now write

F=0
at r=0. (35)
G=0
For the complex constants
A,=a,+1ib, for n=1,234 (36)
we then obtain the following expressions
Qn aD -
A= —"—+—[ly-Ne V9],
o0, M {y-24) 7]
Q aD -
A= - [y —A)e " —9p],
T oon M [y -4) 71
QII aD (37)
Ayj=——— + —((p+A2)e’ +y],
o0, M [y+d)e” +y]
QI aD
A,= - - —y+A) e +y],
. o-0n M [(y+4)e” +y]

where M=yl(y+A)e’ —(p—A)e 7]

We write the complex frequencies in the form

{ Qr =Q, +im,, (38)
Qp =Q, +iw,
and introduce the following function of

C,=a, e’ +a,e?,

C,=be"" +b,e 7", (39)

- 2 -vP
C,=a,e’ +a,e”?",

- v P ~vP
C,=b,e"" +be” 7",

According to (29), the solution (18) for the
perturbations of the height of the pressure
surfaces becomes

2 ={[F(x) e’ + Gy(r) e 7T sin ka

+[Firye’" + Gyr)e Y] coskx} cos ly, (40}
where r denotes the real part and ¢ the imagin-
ary part of the solutions F and G. By making
use of (33)-(39) we then obtain after some
manipulation

Tellus XX1I (1969), 1
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2 =[VC% + C2{e™ cos [k + w, 7 —8,(P)]
~cos [kz —4,(P)]}
+ VO + % {2 cos [k + w, 7~ 6,(P)
—cos [kx —8,(P)]}] cos Iy, (41)

where the phase angles d, and §, are given by

(P)
d,=
Cy(PY’
(42)
é, =arctg Ou(P ).
: CuP)

An alternative form of the solution (41) is gi-
ven by

=2*(P,7)cos [kx —p(P, 1)) cos ly, (43)
where
) =VZ:+ 22, (44)
Zl
y*(P,7) =arctg ", (45)
Z,= VO + 02 {e™" sin [0, 7 - 6,(P)]
+sin é,(P)}
- VC +Ci{e sin [w, T —6,(P)]
+8in §,(P )},
Z,— VO + 02 {e™ cos [w, 7 - 6,(P)]
—cos d,(P)}
+ V24 C2{e™ cos [y 7 - 8,(P)]
—cos §,(P)}. (46)

7. Properties of the solution

From the two versions of the solution we
have obtained, it is possible to make some
general comments regarding the behaviour of
the motion caused by the external force Q.

The solution thus consists of a time-dependent
part which is superimposed on a stationary per-
turbation

Z’(x, y’P’T)=z;t(x! f‘/, P)+zt:r(x; y: P’ T)‘

The time-dependent part is represented by
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two harmonic waves, whose amplitudes are
functions of time and pressure

2

2tz =, B,(P)e™ cos [kz + w, T — 8,(P)]cos ly, (47)
y=1
where

(48)

B(P)-VCi+CE,
By(P)=V0:+

The phase speeds for these individual waves
are independent of P and .

¢, = — U, (49)

The phase speed for the total motion, how-
ever, becomes a function of both pressure and
time. It can be calculated from

latp U* *2Za£_zg§5.
oT

(P,
oAb, T = k at ot Yot

(50)

The stationary part of the solution can also
be written in the following form

zey = — B¥(P) cos [kx —6(P)] cos ly,  (51)
where
B¥(P)=[(C,+C,)* +(C, +C,)'1} (52)
8(P) —arctg - % (53)
C,+C,

The development from the initial state when
the time-dependent part of the solution com-
pensates the stationary part (z(; = —zy), is
unstable when Q, and/or €2, are larger than zero.

In the stable case ({2, and Q, are both less
than zero) the time-dependent part of the
solution is oscillatory with a steadily decreasing
amplitude. The disturbance then approaches
the steady-state solution asymptotically.

If Q;,<Q, and Q, =0, the amplitude of the
resulting motion, z*(P, t) is oscillatory around
the steady-state solution.

The question whether the disturbance as
given by (43) is quasi-stationary or travelling,
is determined by the relative magnitude of the
amplitudes of the two travelling waves (48)
and the amplitude of the stationary wave (52).
With the aid of the ratios R,, and R,
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Table 1. The amplitude in metres and the phase—
angle tn degrees of longitude

n D: A,,/n
0 3.80 —
1 2.64 238
2 4.31 166
3 3.49 78
4 1.67 56
5 0.30 46
R-- 4+ O} 2y
2 2 3
(C,+Cy) +(C,+ )
(54)
2 2
2 _ Cy+ 0y 9Ot
2 2
(C,+C) +(C,+C)

we can state that

the disturbance is quasi-stationary if

the disturbance is travelling if
R, or R,>1.

These ratios are either increasing or decreas-
ing with time, depending on the signs of Q,
and Q,. In the stable case, e.g., it is thus pos-
sible that a disturbance is travelling during a
certain period of time and at a later stage
becomes stationary or quasi-stationary.

We notice also that these ratios are func-
tions of pressure. A disturbance can therefore
be stationary or quasi-stationary in certain
layers and travelling in other layers.

8. Numerical results

In the evaluation of the solution we shall
make use of such values of the various para-
meters and constants as are representative for
the winter season in mid-latitudes (45° N).

By a zonal harmonic analysis of observed
surface temperatures of the oceans we obtained
the following approximate expression for the
deviation from the zonally averaged tempera-
ture

N
T, (x,y)=[Dy + 2 D} cos (nk,z—A,)] cosly,
n=1
(55)

where n denotes the number of waves around
the latitude circle 45° N. Then

k=nk,=n-2.22-10 " cm™",

The wavelength which corresponds to this wave
number is

2z 28200
k n

The meridional wave number is chosen to be

1-126-10"%em™", L,=5000km.

Table 1 shows the values of the amplitude
and the phase angle for the first five harmo-
nics.

Furthermore, we shall in the computations
make use of the following numerical values:

K =10%erg gm~! °’K-! sec?!

o =0.24 em mb-?

0o = 900 mb

T, =273°K

K* = 10°% cm? sec—!

o« =15°

U* = 1450 cm sec—?!

e =155

f =1.03-10-*sec?

f =1.62-10-1* em~! sec!
Then

A =025

u  =3.10/n

y =0.039 (n®+32)/n
a =400/n cm°K-!

The stationary case:

We shall first consider some of the results
which are obtained for the stationary case.
These results are considerably simpler to com-
pare with observed conditions than the time-
dependent solution. In this way we can also
get some evidence that the values chosen for
the various parameters are realistic.

The observed values which we are going to
make use of in this comparison are obtained

Tellus XXI (1969), 1
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Table 2. Comparison of the observed and computed values for the amplitude, B* (in metres), and the
phase angle, & (in degrees of longitude), in the stationary case

n=1 n=2 n=3

——t——— —_—— —ey

B* o B* [} B* é
Comp. P=0.5 19 10 18 67 10 18
40° N 84 —34 34 42 64 -22
Obs. 500 mb. { 50° N 84 6 79 43 80 —14
Comp. P=1.0 33 54 48 85 33 28
40°N 39 46 48 89 32 12

Obs. 1000 mb'{ 50° N 76 66 83 85 33 2

from Eliasen (1958), who has performed a
zonal harmonic analysis of the height field of
certain pressure surfaces for different latitudes.
We thus consider the deviations from the zonal
mean value of the pressure surfaces, 500 mb
and 1000 mb, in January. For the three lowest
wave numbers we get the values of amplitudes
(B*) and phase angles (d) for the computed (51)
and the observed height fields which are given
in Table 2.

Since the observed height field exhibits a
pronounced variation with respect to latitude, we
present the values for this field for the two
latitudes 40° N and 50° N.

The computed heights refer to the two levels
P=0.5 and P=1.

Quite generally we can state there is a fairly
good agreement between observed and com-
puted height fields for the lower pressure sur-
face (p =1000 mb, P =1) and less good for the
upper pressure surface (p =500 mb, P =0.5).
Before proceeding to a somewhat more detailed
discussion of this comparison we may also
state that this is by and large what one could
expect. As a matter of fact, it would have been
astonishing if agreement had been much better
since we have only taken into account one of
the effects which are important in this con-
nexion. Thus it has e.g. been pointed out by
Eliasen (1958) that the large-scale distribution
of heat sources plays an important role in the
formation of the planetary waves in the lowest
part of the troposphere, whereas the effect of
large mountain barriers becomes more impor-
tant in the middle and wupper troposphere.
The plausibility of this statement has been
demonstrated by Saltzman (1963, 1965). This
is, however, not necessarily the entire explana-
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Fig. 1. The vertical variation of the position of a
ridge for n=2 for two values of the parameter r.
The observed variation (obs) represents the normal
values in January at 45°N. T represents the position
of the maximum deviation of the ground tempera-
ture from the zonal mean value. H, and H, give
the position of the maximum rate of heating for
r=1 and 2 respectively.

tion of the fact that the amplitude of the
computed disturbance at P =0.5 is much less
than the observed. As has been demonstrated
by the author (1962), the choice of the para-
meter, r, determines the vertical variation of
the heating and has a strong influence in this
respect. As the value of r is increased, i.e. the
heating is more pronounced in the lowest part
of the atmosphere, the amplitude becomes
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Fig. 2. (a) The dashed line gives the observed mean profile of the 1000 mb surface at 45°N in January as
represented by the sum of the first three longitudinal wave numbers (n =1, 2 and 3) according to Eliasen
(1958). The solid line represents the corresponding profile (P =1) for the stationary solution (56). (b) Same
as Fig. 2, except that only the first two longitudinal wave numbers (n =1 and 2) are taken into account.

weaker in the lower layers and stronger in the P =0.5, however, they get a more westerly
upper layers. Furthermore, the variation of position. This is illustrated for r =2 in Fig. 1,
phase with respect to height becomes stronger, in which we compare observed and computed
but the positions of troughs and ridges do not variations of phase angle and amplitude along
change significantly at the surface. At the level the vertical for two values of this parameter
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(r=1 and 2). By studying this figure we see
that a somewhat better agreement can be
achieved by choosing another value of r, say 1.5.
The result of this comparison for the lower
layer (p =1000 mb, P =1) has been illustrated
in Fig. 2a, where all three terms (n =1, 2 and 3)
have been taken into account, and in Fig. 25,
where only the first two terms are included.

N
2’=- Bpcos[nk,x—3,] cosly for
n-1

] 8 Fig. 2q,
N_{ 2 Fig. 2b. (56)

These figures illustrate quite clearly that the
agreement between observed and computed
conditions is rather good for the first two wave
numbers and less good for the third wave
number. Without trying to draw too far going
conclusions we may state that this is in agree-
ment with the interpretation put forward by
van Mieghem (1960) of the seasonal displace-
ments of the observed positions of troughs and
ridges. The contribution from Fourier wave
number n =3 shows, in contrast with wave
numbers n =1 and n =2, very small changes
with season. It is therefore likely that wave
number 3 is mainly of orographic origin.

The time-dependent case:

The calculations of the height (2’) of a pres-
sure surface which is given by (41) or (43), has
been performed for four pressure surfaces,
P =0, }, } and 1. The results of some of these
calculations are shown in Figs. 3a (n=1),
3b (n =2), and 3¢ (n =3). For these three longi-
tudinal wave numbers we have illustrated the
variation with respect to time of the amplitude
(44) and the phase angle (45) of a ridge for two
pressure surfaces, P =% and 1. We have for the
sake of comparison also shown in the figures
the values of these quantities as obtained
from normal charts in January.

The amplitudes B, and B, (48) of the two
components of the non-stationary part of the
solution and the amplitude B* (52) of the statio-
nary part are given in Table 3. This table also
contain the values of Q and ¢ which express
the exponential growth rate of the travelling
waves and the phase velocity respectively.
Furthermore, for n =2, we have included in
this table corresponding quantities for a larger
value of the meridional wave-length (L, =
20 000 km).
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In order to isolate the effect of the non-
adiabatic heating we have also evaluated (2 and
¢ in the adiabatic case, both with and without
friction. The results of these calculations are
given in Table 4. We have also presented the
phase velocities ¢z(g =0) and cgp(g =102 m~-2)
which are obtained with the linearized baro-
tropic model

_ UE+1)-p

B 57
E+P+iq (57)

Crp

where the parameter g represents large-scale di-
vergence (Cressman, 1958). The value used for ¢
is approximately the same as Eliasen & Machen-
hauer (1965) found gave good agreement in their
comparison of the Rossby-Haurwitz velocity
with the velocity of the observed moving part
of the fluctuations.

It should be pointed out that this value of
¢ is much less than the value Cressman sug-
gested (¢ =0.75 10-'? m-2), which is com-
monly used in numerical forecasting with the
barotropic model. The reason for this consider-
able difference in the value of ¢ is evidently
that the entire field of motion is taken into
account in numerical weather prediction, i.e.
also the stationary part. If a model does not
contain mechanisms which are responsible for
the long stationary waves, as is e.g. the case with
the barotropic model, it is convenient to use
this artificial method of reducing the large
negative phase speeds of these long waves.

9, Discussion

In view of the numerous simplifying assump-
tions we have introduced it is evident we cannot
make a detailed comparison of the results
with the observed motion of the atmosphere.
It may, however, be possible to make certain
general comparisons which can help to improve
our understanding regarding the behaviour
of the ultra-long waves.

In discussing the main features of the solu-
tion we may first state that it simulates the
observed fact that the planetary waves consist
of a stationary and a travelling component.

Regarding the stationary part of the solution
we have previously demonstrated that there is
good agreement with the observed conditions
for the lowest longitudinal wave numbers. We
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Fig. 3 (a) The computed variation with time of the
amplitude (44) and the phase angle (45) of a ridge
for the longitudinal wave number, n =1. The solid
lines refer to the level P =1 and the dashed line to
P =0.5. The lines marked N represent the normal
values in January at 45°N (the normal amplitude
at 500 mb, 84 m, is not shown).

(b) Same as Fig. 3a, except that n =2.

(c) Same as Fig. 3a, except that n =3 (the normal
amplitude at 500 mb, 72 m, is not shown).

should remember the computed values refer
to one latitudinal scale (L, =5000 km) while
the observed mean values refer to the actual
values. This strongly indicates that in winter
the chosen value for L, is the dominant one.
Concerning the observed non-stationary part
of the planetary disturbances it has been clearly
illustrated that they move in conformity with
the Rossby phase speed formula if it is modified
with a weak divergence effect (57). This is also
in agreement with the present baroclinic theory
since this gives similar values for the phase
velocity (ef. Table 4). We notice that the effects
of friction and non-diabatic heating have only
a minor influence on the phase-velocity, as
also has been demonstrated in special studies
of the effects of friction (Holopainen, 1961)
and the exchange of sensible heat (Haltiner,
1967) on the dynamics of baroclinic waves.
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Table 3. The values of Q,, ¢,, and B, (v=1,2) for the travelling waves and

for the stationary wave

n L, (km) Q (day-1) ¢ {m sec™1) P=1 P=3i P=3 P=}
1 5 000 Q, = -0.053 €= 9.8 B, 51 21 22 53
Q, = —~0.926 ;= 9.8 B, 83 36 3 45
B* 33 21 19 24
2 5 000 Q, = —0.034 = 104 B, 13 16 22 32
Q,— —0.953 = 103 B, 39 19 8 18
B* 48 29 18 17
3 5 000 Q,- 0 = 123 B, 11 12 15 23
Q, = —1.004 ;= 9.5 B, 29 14 8 18
B* 33 19 10 7
2 20 000 Q, = —0.804 = 9.6 B, 56 17 23 63
Q,- —0.084 cy = — 26 B, 90 29 31 93
B* 45 19 9 34

Table 4. Comparison of ihe growth rates (Q) and phase velocities (c) in the non-adiabatic and adia-
batic cases (with and without friction) and the phase velocity in the barotropic case
(with and without a free surface)

Barotropic
—P——
Heating No heating No heating qg=10-13
Friction Friction No friction qg=0 m—?
—_— — ————
L, Q ¢ Q c Q c cg Crp
n (km) (day~') (msec™!) (day~!) (msec—!) (day~!) (msec™!) (msec~!)(m sec-!)
1 5000 —-0.053 9.8 0.064
0926 9.8 - 0.097 9.8 +0.080 9.8 10 9.4
2 5 000 —0.034 10.4 0.122 10.5
—0.953 10.3 —0.189 10.2 10.153 10.35 10.9 10.3
3 5 000 0 12.3 0.163 11.3
-1.004 95 -0.263  10.7 10208 109 12 11.4
4 5 000 0.020 13.8 0.155 12.3
1.608 0.7 0987 112 +0.215 11.7 13.2 12.6
2 20 000 ~0.804 9.6 —-0.034 9.6 9.6 _ _
~0.084 —26.7 ~0.058 —26.7 0 a6 348 -26.1

In this way we may say that we have been
able to make simultaneous comparisons of the
stationary waves with the phase velocity of the
travelling waves, which is certainly more
realistic than comparing only the travelling
part of the waves with a barotropic theory.
However, with these comparisons we have not
yet discussed the important fact that these
planetary waves according to observations only
show small fluctuations about the mean state.

Eliasen & Machenhauer (1965) thus found in
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their spherical-harmonic analysis of the fluctua-
tions of these long waves that for almost all of
the latitudinal scales they considered, the ampli-
tude in the mean flow was only slightly smaller
than the mean value of the amplitude when the
longitudinal wave number was less than three.
Evidently this implies that the amplitude of the
travelling wave is less than the amplitude of
the stationary wave. It also indicates that these
travelling waves are baroclinically stable, which
is not in agreement with the adiabatic, linear
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theories of baroclinic instability. However, as
has been demonstrated here, the inclusion of
the transfer of sensible heat changes the con-
dition for the baroclinic instability consider-
ably (cf. Haltiner, 1967). We thus obtain in
similarity with the observations that the ampli-
tudes of the travelling waves for n =1 and 2
decays slowly with time (cf. Tables 3 and 4).
This implies that the ratios R, and R, (54)
decrease with time. Consequently these waves
become stationary (cf. Fig. 3a, b). Regarding
wave number 3, we notice that Q, =0 and
that B,/B* is less than unity in the lower
layers only. This wave is therefore quasi-statio-
nary in the lower layers and travelling in the
upper layers (cf. Fig. 3¢).

In spite of the uncertainty of the results
obtained here due to the approximations made
or the choice of the values of the various para-
meters it is not unlikely that the type of
process described here is important for the
maintenance of the ultra-long waves in the
atmosphere.

It may also be mentioned in this context that
in the treatment of these long waves it is to &
certain extent possible to justify the neglection
of the non-linear effects. Based on the computa-
tions of observed energy transfer and conver-
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sions performed by Murakami & Tomatsu
(1965), Dutton & Johnson (1967} have thus

pointed out that the conversion of available
potential energy at each wave number to the
kinetic energy of that wave number exceeds
exchange of kinetic energy with all other waves
by at least four times, and exceeds the exchange
of kinetic energy with the zonal current by
about 40 times. Kinetic energy at each wave
number is primarily lost by transfer to the
atmosphere above 500 mb, with the transfer
at wave numbers two and three being strongly
dominant.

The choice of the initial condition with the
height field undisturbed is undoubtedly rather
artificial. However, this choice is less important
in view of the fact that we are not aiming at
describing the actual motion, but rather are
interested to study how the atmosphere
responds when it is not in thermal equilibrium
with the underlying surface. Of course, in the
real atmosphere this balance is repeatedly
disturbed.

With any other initial condition we should
have obtained a similar type of response,
namely slowly damped fluctuations of the
amplitude and the phase angle about the
stationary state.
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BJMAHUNE HKPYIIHOMACIITABHBIX UCTOYHWKOB TEIIJIA HA JUHAMUKY
YJABTPA-JJNUHHBIX BOJIH

I'naBHaA menp aTOr0 UCCIETOBAHUA — U3YUUTH,
A0 KAaKOI CTemeHu KpyNHOMAacHITaOHBIe UCTOU-
HUKM TeIJla OTBeTCTBEHHH 3a o06pa3doBaHWe U
noBefleHUe yJAbTpa-JJIMHHHIX BOJH B arMocdepe.
9T0 NMpOJeJaHO C MOMOIbIO JNHelHol, 3aBUCA-
meil oT BpeMeHM, KBa3NTreoCTPpoPUUYECKOl Mo-
Jeam, B KOTOpoit HeaguabaTU4YecKOe HarpeBaHUe
MpefnojaaraeTca MNPONOPHUOHAIBHEIM pas3HuIe
TeMneparyp armoceph UM NOACTHIAIOIER ITO-
BepXHOCTH. Pesynbrarel, NOJydYeHHBE ¢ TIO-
MOIILIO 3TON MOJeNH, NOKA3LIBAIOT HEKOTOpPHIE
XapaKTepHsle O0CO0EHHOCTHM, KOTOphble COrla-
CylTCA ¢ pesylbTaTaMu HabmiofeHH# 3THX
NJUHHHX BOJH B CpeJHUX IUWPOTAaX 3UMOH.
Taxum o0pasoM, pelleHHe COCTOMT M3 CTALUO-
HapHOi ® nepememawineitca yvacreit. [Han
HAMMEHBIINX JOJFOTHHIX BOJHOBBIX YHCEJ CTa-
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LMOHAapHAA 4acTb oueHb Onmu3ka K Halmalomae-
MBIM CpelHUM YCJIOBUAM B HUMKHEN 4YaCTH aTMO-
cpepsi. HecraumonapHad 4acTb COCTOUT M3
IBYX MepeMEeNIAUINXCA BOJH, aMIIUTYNH KO-
TOpPLIX YOHIBAIOT OJA TpeX NepBHIX BOJHOBHIX
4yucea; B COOTBETCTBYWOUIeM anuabaTHYeCKOM
cly4yae pelneHne pacret no ammiantyne. Pasosas
CKOPOCTb AJifl TOW U3 BOTHOBHIX KOMIOHEHT, KO-
Topad 3aTyxaeT HamboJjiee MeIJieHHO, GJIU3KA K
poccOueBckoit ga3oBoft CKOPOCTH, M3MEHEHHOM
¢ noMowmbo crnaboro sdderTa gUBEpPreHINH.

Ecan HavyanbHOe cocToOAHME BEIGPAHO TAK, 4TO
CHCTeMa He HAXOOUTCA B TePMHYECKOM PaBHO-
BEeCHU, TO Pe3yJIbTHpYWOIlee JBM:KEeHHe YJIbTpa-
AIMHHBIX BOJIH NpEACTAaBJIAET C06010 MeINIeHHO
saryxaouue QIyKTyallun OKOJIO CpefHero co-
CTOSHHA.



