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ABSTRACT 

The main purpose of this investigation is to examine to what extent large-scale heat 
sources are responsible for the formation and behrtviour of ultra-long waves in the 
atmosphere. This has been performed with the aid of a linear, time-dependent, quasi- 
geostrophic model in which non-adiabatic heating has been assumed to be proportional 
to the temperature difference between the atmosphere and the underlying surface. 

Results obtained with this model exhibit certain characteristic features which are 
in agreement with observational studies of these long waves in middle latitudes during 
winter. 

Thus the solution consists of a stationary part and a travelling part. For the lowest 
longitudinal wave-numbers the stationary part is very close to the observed mean 
conditions in the lower part of the atmosphere. 

The non-stationary part consists of two travelling waves which have decaying 
amplitudes for the three lowest wave numbers; in the corresponding adiabatic case 
the solution is amplifying. 

The phase-velocity for the wave-component which decays most slowly is close to the 
Rossby phase velocity modified by a weak divergence effect. 

If the initial condition is chosen so that the system is not in thermal equilibrium, the 
resulting motions of the ultra-long waves are slowly damped fluctuations about a mean 
state. 

1. Introduction 

After electronic computers with comparatively 
large internal memories were introduced in the 
middle of the fifties it became possible to make 
barotropic numerical forecasts for regions of 
almost hemispheric size. By expanding the fore- 
cast area it was thus expected that the forecasts 
should be less subjected to errors arising from 
the physically unrealistic lateral boundary 
conditions. This was found to be the case, but 
at the same time severe errors were introduced 
due to the fact that the non-divergent barotropic 
model is insufficient to describe the motions 
of planetary waves when they are not kept fixed 
by the boundaries. The longest waves showed 
a rapid westward propagation. This erroneous 
behaviour of the ultra-long waves, which in 
reality are quasi-stationary, was, surprisingly, 
not expected, although they moved in agree- 
ment with the Rossby phase speed formula. 
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The main reasons for the existence of the 
long-term average planetary circulation have 
been explained by demonstrating the effect of 
the major mountain barriers by, e.g. Charney t 
Eliassen (1949) and Bolin (1950). Later Smago- 
rinsky (1953) pointed out that the large-scale 
distribution of heat sources is of equal import- 
ance. However, these investigations were based 
on the assumption that the motion is stationary 
The actual formation of the very long waves 
due to these external factors and their subse- 
quent behaviour could therefore not be described 
and is still not sufficiently understood. 

I n  view of the difficulties in including these 
effects in the forecast models in a realistic 
way, particularly in the barotropic model, i t  
waa therefore rather natural to reduce these 
errors by forcing the longest waves to remain 
stationary (Wolff, 1958) or by taking into 
account the divergence for the large-scale 
motion, which has the effect of reducing the 
phase velocity for the planetary waves signi- 
ficantly (Cressman, 1958). 
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Because the combined effects of heating and 
orography could be explained to be the major 
reasons for the creation of the longest waves 
and that they are almost stationary, it is evident 
that these methods to control the phase speeds 
of these large-scale disturbances must be con- 
sidered as rather artificial. 

During the last few years there have been 
several investigations of the observed fluctua- 
tions of the quasi-stationary planetary flow 
pattern, e.g. by Kubota & Iida (1954), Graham 
(1955), Barret (1961), Deland (1964, 1965), 
Haney (1961), and Eliesen & Machenhauer 
(1965), which clearly illustrate that fluctuations 
in amplitude and phase of the waves with small 
longitudinal wave-number are the result of a 
travelling wave being superimposed on a 
stationary wave with a larger amplitude. If the 
amplitude of the travelling wave is larger than 
the stationary wave, then the wave is no longer 
quasi-stationary, which also frequently occurs. 
It is also demonstrated that the phase speed 
of the travelling wave is in close agreement with 
the phase speed obtained with the Rossby for- 
mula, particularly if it is modified with the 
divergence effect, however, to a much lesser 
extent than Crewman (1.c.) suggested. 

In  this investigation, which is devoted to 
increasing our knowledge regarding these 
fluctuations, we shall limit ourselves to con- 
sider only the effect of exchange of sensible 
heat between oceans and atmosphere. Since this 
type of external force is one of the most im- 
portant effects for the development of these 
quasi-stationary waves it is expected that i t  also 
plays an important role in producing the fluctua- 
tions of these waves. 

For a more complete treatment of this pro- 
blem it is evident that other types of non- 
adiabatic heating and the effect of orography 
have to be included. Another cause of the 
fluctuations of the large-scale motion which 
ought to be taken into account is the transfer 
of kinetic energy from the smaller scale phenom- 
ena (see Saltzman, 1959, and Saltzman & 
Fleisher, 1960). 

2. Scale considerations 

Attempts have been made with the aid of 
scale analysis to explain why the ultra-long 
waves display a quasi-stationary character. 
Burger (1958) demonstrated that when the 

characteristic horizontal scale (half -wave length) 
S is of the same order of magnitude as the earth’s 
radius a, 

s 
- - I .  
a 

All terms in the vorticity equation are con- 
siderably smaller than the /?-term and the 
divergence term. The vorticity equation then 
becomes 

V . V f + f d i v V = O .  

This result was then taken to be the explanation 
for the lack of agreement between the observed 
quasi-stationary planetary motion and the 
theory of the Rossby waves. This is, however, 
not entirely correct. As was pointed out in the 
introduction, the observed quasi-stationary 
ultra-long waves can be split up into two 
parts, one stationary and one travelling. By 
following Eliasen & Machenhauer (1965) we 
write one wave component of the wind field in 
the following form, 

Y = @ +(Y - f D L  
where the bar denotes the mean value over D 
days. The first part cannot contain fluctuations 
with periods less than D days. With a proper 
value of D it is possible to express the observed 
windfield in such a way that the effect of ex- 
ternal forces, which are effective on the plane- 
tary scales, viz. large-scale heating and moun- 
tain effects, is responsible for the stationary 
part, 9”. 

If now a scale analysis for the determination 
of the relative importance of the various terms 
in the baaic hydrodynamic and thermodynamic 
equations is carried out for planetary scale 
motions of the atmosphere, with the assump- 
tion that the effect of external forces can be 
disregarded, then it is evident that this analysis 
is not valid for the stationary part of the 
motion, f D ,  which is caused by these forces. 
The characteristic phase speed c of the stream- 
line configuration must then necessarily be 
connected with the moving part of the field, 
y - f D ,  which for the very largest scale of motion 
can be considerably greater than the charac- 
teristic wind velocity, V. 

Since the phase-speed c to some extent is 
dependent on the external forces, this is not 
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entirely correct; however, it  gives a more 
Satisfactory result than to assume that c is 
less than or equal to the characteristic wind 
velocity V. This implies that the local rate of 
change of the relative vorticity cannot be 
disregarded. This has been demonstrated by 
Deland (1965), who also pointed out that the 
inclusion of the latitudinal variation of the 
planetary scale motion leads to the zonal ad- 
vection term in the vorticity equation becoming 
important. 

In  our treatment of the behaviour of the ter- 
mally produced planeatary scale motion we 
can thus confidently make use of the vorticity 
equation in the form 

+ V . V(c + f )  + f div V = 0.  
at 

3. Basic physical assumptions 

Thus, in this study we shall be concerned 
with the role non-adiabatic heating plays in 
connexion with the variations of large-scale 
motions of the atmosphere. In order to obtain 
a better understanding of this dependence 
we shall with the aid of a quasi-geostrophic, 
linearized, time-dependent model investigate 
how the atmosphere responds to the exchange 
of sensible heat with the underlying surfaces. 
This approach to the problem, where time 
dependence is taken into account, is based to 
some extent on a previous study by the author 
(1962). 

Heating is assumed to be proportional to the 
temperature difference between the air and the 
surface, regardless whether this be land or 
ocean. The vertical variation of heating is 
aesumed to be a decreasing power of pressure. 

The heating rate per unit mass can then be 
written in the following form 

where K and r are constants, ps is the surface 
pressure, T ,  and T ,  are the temperatures of 
the underlying surface and the air respectively. 

Concerning the temperature, T,, we shall 
aasume it is independent of time. This assump- 
tion of course excludes the possibility of study- 
ing long-term variations in the atmospheric 
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circulation which are due to seasonal variations 
in the temperature of the oceans. Furthermore, 
we have with this assumption automatically 
neglected the feed-back mechanism which results 
from the variations in the atmospheric circula- 
tion causing changes in the temperature of the 
sea surface through, e.g. upwelling and tem- 
perature advection in the sea. Since the 
variations produced by this mechanism are 
rather insignificant for short time periods, we 
can safely disregard this effect as long as we 
are interested in the large-scale circulations 
of the atmosphere which have a Characteristic 
time period of only a few weeks. 

4. The basic equations 

For this treatment of the problem we shall 
make use of the vorticity equation, the con- 
tinuity equation, the thermodynamic equa- 
tion, the hydrostatic equation and the quasi- 
geostrophic approximation. 

The dependent variables are the two compo- 
nents of horizontal wind, u and v; the vertical 
p-velocity, w ;  the height of a pressure surface, 
z; and the air temperature, T,. 

Since we are going to consider small distur- 
bances which are superimposed on a zonal 
current which is a function of pressure only, 
we express the dependent variables in the 
following form 

and 

where the primed quantities refer to the per- 
turbations. 

We shall make use of a local Cartesian co- 
ordinate system with pressure as the vertical 
coordinate together with the mid-latitude 
“,!?-plane” approximation. The Coriolis para- 
meter 2R sin q is thus represented by the linear 
function f +By, where f and ,!? are constants. 

After linearization the equations become 
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av‘ au‘ a d  av’ 

au‘ av‘ a d  - + - + - = O  
ax ay a p  

is a measure of the static stability, which we 
shall consider to be constant. We shall also 
assume that in the undisturbed state the 
surface air temperature is in thermal equilib - 
rium with the underlying surface averaged 
along the x-axis (latitude). 

The expression for the non-adiabatic heating 
can then be written 

The pressure ps  will be approximated by a 
constant value po which is assumed to be 
representative for the top of the friction layer. 
By making use of the hydrostatic equation 
we get the following form for the turbulent 
transfer of sensible heat: 

Now we introduce the geostrophic wind ap- 
proximation and eliminate the divergence 
between the vorticity equation and the con- 
tinuity equation. The vorticity equation and 
the thermodynamic equation then become 

(; a ) a Y  
dUaz’ 

ax ap dp ax 
+ u -  - - - - + o w ‘  

We assume that the contribution from the 
twisting term and the @-term in the expression 
for the relative vorticity can be disregarded. 

By making use of the non-dimensional in- 
dependent variable 

p = PIP0 
we obtain 

Elimination of o between these two equations 
yields 

Because the procedure used in solving this 
equation is dependent on the vertical variations 
of the horizontal mean wind and the non- 
adiabatic heating, it is necessary to make 
certain decisions regarding these functions be- 
fore proceeding to formulate initial and bound- 
ary conditions. 

As has previously been demonstrated by the 
author (1962), the choice of a windprofileand 
the value of r ,  which determines the rate of 
decrease in the heating, are not critical. Fairly 
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good agreement with observed variations of 
these quantities is obtained by using r = 1 and 
the wind profile 

u = U*(P - E ) z ,  (14) 

where 

and E is an arbitrary non-dimensional constant. 
With these assumptions equation (13) becomes 

We notice that with this choice of r the term 
which represents the non-adiabatic heating 
vanishes from the equation and occurs in the 
boundary conditions only. 

Now we prescribe the deviation Ti from the 
zonally averaged temperature, TQ, of the ground 
to be harmonic in x and y 

T ~ ( z ,  y) = D* cos (kx  - A) COB l y  

= (Dl  sin kx + D, cos k x )  cos ly, (17) 

where k and 1 are the wave numbers in the 
longitudinal and latitudinal directions respec- 
tively. By expressing T,' in the above manner 
we consequently assume the perturbations of 
the pressure surfaces to be of the following 
form: 

Z'(Z, y, p, t )  = Z*(P, t )  cos [EZ - y ( P ,  t ) ]  cos ly 

= [Z,(P, t )  sin kx 

+Z,(P, t )  cos kx]  cos ly. (18) 

By defining the new dependent variable 

z =z, +iZ, (19) 

we finally arrive at the following form for our 
equation 

where SOP: 2 2 ya = -- (k t I ). 
f' 

5. Initial and boundary conditions 

In order to study the pattern of development 
of a thermally produced disturbance we shall 
assume the pressure surfaces are undisturbed 
initially. 

Regarding the boundary conditions, we re- 
quire the vertical p-velocity to be zero at the 
top of the atmosphere. At the bottom of the 
atmosphere, which is defined aa the top of the 
friction layer, we make use of the expression 
for the frictionally produced vertical velocity 
derived by Charney & Eliaasen (1949). 

Thus the initial and boundary conditions 
become 

z' = o  
w ' = O  I a t  t = 0 ,  ( 2 2 )  

at P=O, (23) 

x (k' +lP)z'  a t  P =  1, (24) 

where K* is the eddy viscosity coefficient and 
a is the acute angle between the surface wind 
and the isobars. 

In view of the geostrophic approximation 
we have 

az' w' = gQ - - sew'. 
at 

We can now express the boundary conditions in 
terms of the dependent variable Z by making 
use of the thermodynamic equation (12) with 
r = 1, together with (18), (19) and ( 2 5 ) .  This gives 

z=o a t  t = 0 ,  ( 2 6 )  I 

+ - D + - ( s )  K aZ = O  at P=O, ( 2 7 )  
RK 

CPg CP 0 

{ 

I X ( k P + l z ) Z = O  a t  P=l, ( 2 8 )  

where D = D, + iD,.  

Tellw XXI (1969), 1 
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' C, =a, eYp +a, e - y P ,  

C,  = b,  e y p  + 6, e -  Y p ,  

C, =a, eYp + a,  e-?", 

, C, = b, eYp + 6, e - y p .  

(39) 

6 .  Solution 

After introducing a non-dimensional vari- 
able, t, for time, defined as 

t = k U * t  

the solution of equation (20) can be written in 
the form 

Z(P ,  t) = F ( t )  eYp + G ( t )  e-Yp, (29) 

where F ( t )  and G ( t )  represent arbitrary func- 
tions of time. These functions are determined, 
with the aid of the conditions stated in the 
previous paragraph, in the following way. 

By substituting the solution (29) into the 
boundary conditions (27) and (28) we obtain 

I (30) 

1 d 1 [(. 
+ (py  + Y )  + i y (  1 - ~ ) ' - 2 i (  1 - 6 )  eYF 

(31) 

where 

ga& 
RT,' 

K 
P = c , k U * '  

By solving this system of equations we get 

where F,,, and G,, represent the solution for the 
stationary case. The arbitrary constants are 
determined with the aid of the initial condition 
(26) which, in view of (29), we now write 

F = o }  at t=0. (35) 
G = O  

For the complex constants 

A,-a,+ib,  for n = l , 2 , 3 , 4  (36) 

we then obtain the following expressions 

We write the complex frequencies in the form 

(38) 
RI =R,  + iw,, 1 a,, = n, + iw,  

and introduce the following function of 

According to (29), the solution (18) for the 
perturbations of the height of the pressure 
surfaces becomes 

z' = { [ F r ( t )  e y p  I G , ( t )  eCYP]  sin kx  

+ [ F i ( t )  e Y p  + G , ( t )  eCYP] cos kx} cos Zy, (40) 

where r denotes the real part and i the imagin- 
ary part of the solutions F and G .  By making 
use of (33)-(39) we then obtain after some 
manipulation 
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- cos [kz - 6,(P)]}] cos zy, (41) 

where the phase angles 6, and 6, are given by 

An alternative form of the solution (41) is gi- 
ven by 

z' = Z*(P, t) cos [kz - y(P, t)] cos zy, (43) 

where 

I Z*(P, t) = vz: +z;, (44) 

(45) 

7. Properties of the solution 

From the two versions of the solution we 
have obtained, it is possible to make some 
general comments regarding the behaviour of 
the motion caused by the external force Q. 

The solution thus consists of a time-dependent 
part which is superimposed on a stationary per- 
turbation 

z'(z, Y,P, t) = Z A G  y, P )  + zh(z,  y, P,  t). 

The time-dependent part is represented by 
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two harmonic waves, whose amplitudes are 
functions of time and pressure 

a 
z l r = 2  Bv(P)e.*vrCos [kz+w,t-S,(P)IcosZy, (47) 

v = 1  

where 

The phase speeds for these individual waves 
are independent of P and t. 

c, = - u*ov. (49) 

The phase speed for the total motion, how- 
ever, becomes a function of both pressure and 
time. It can be calculated from 

(50 )  

The stationary part of the solution can also 
be written in the following form 

zLt= -B*(P) cos [ k z - S ( P ) ]  cosly, (51) 

where 

c, + c3 

c, + c,' S(P) = arctg ~- I (53) 

The development from the initial state when 
the time-dependent part of the solution com- 
pensates the stationary part (& = -&), is 
unstable when R, and/or R, are larger than zero. 

In  the stable cask (R, and R, are both less 
than zero) the time-dependent part of the 
solution is oscillatory with a steadily decreasing 
amplitude. The disturbance then approaches 
the steady-state solution asymptotically. 

If R, < R, and R, = 0, the amplitude of the 
resulting motion, z*(P, t) is oscillatory around 
the steady-state solution. 

The question whether the disturbance as 
given by (43) is quasi-stationary or travelling, 
is determined by the relative magnitude of the 
amplitudes of the two travelling waves (48) 
and the amplitude of the stationary wave (52). 
With the aid of the ratios R,, and R, 
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Table 1.  The amplitude in metres and the phase- 
angle tn degrees of longitude 

where n denotes the number of waves around 
the latitude circle 45" N. Then 

n Df k = nk, = n * 2.22 * lo-' cm-'. 

3.80 
2.64 
4.31 
3.49 
1.67 
0.30 

~ 

- 

238 
166 

78 
56 
46 

(54) 

we can state that 

the disturbance is quasi-stationary if 

".} < 1, 
R, 

the disturbance is travelling if 

R, or R z > l .  

These ratios are either increasing or decreas- 
ing with time, depending on the signs of R, 
and R,. In  the stable case, e.g., it is thus pos- 
sible that a disturbance is travelling during a 
certain period of time and at a later stage 
becomes stationary or quasi-stationary. 

We notice also that these ratios are func- 
tions of pressure. A disturbance can therefore 
be stationary or quasi-stationary in certain 
layers and travelling in other layers. 

8. Numerical results 

In  the evaluation of the solution we shall 
make use of such values of the various para- 
meters and constants as are representative for 
the winter semon in mid-latitudes (45" N). 

By a zonal harmonic analysis of observed 
surface temperatures of the oceans we obtained 
the following approximate expression for the 
deviation from the zonally averaged tempera- 
ture 

TL(r, y) = [D: + 2 D f  cos (nk, z - An)] cos ly, 
N 

ll-1 

( 5 5 )  

The wavelength which corresponds to this wave 
number is 

272 28200 
km. L = - = -  

' k  n 

Tho meridional wave number is chosen to be 

I =  1.26 lo-* cm-', L, = 5000 km. 

Table 1 shows the values of the amplitude 
and the phase angle for the first five harmo- 
nics. 

Furthermore, we shall in the computations 
make use of the following numerical values: 

K = 10, erg gn-l  OK-' sec-I 

u = 0.24 cm mb-, 

eo = 900mb 

To = 273°K 

K* = lo5 cmz sec-l 

a = 15" 

U* = 1450 cm sec-l 

E = 1.55 

f = 1.03.10-4 sec-' 

B = 1.62.10-12 cm-' sec-l 

Then 

1 = 0.25 

p = 3.10/n 

v = 0.039 (nz + 3 2 ) / n  

a = 400/n cm"K-l 

The stationary case: 
We shall first consider some of the results 

which are obtained for the stationary case. 
These results are considerably simpler to com- 
pare with observed conditions than the time- 
dependent solution. In  this way we can also 
get some evidence that the values chosen for 
the various parameters are realistic. 

The observed values which we are going to 
make use of in this comparison are obtained 
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Table 2. Comparison of the observed and computed values for the amplitude, B* (in metres), and the 
phase angle, 6 (in degrees of longitude), in the stationary case 

n = l  n = 2  n = 3  

B* 6 B* 6 B* 6 
- - - 

Comp. P = 0.5 19 10 18 67 10 18 
34 42 64 -22 84 -34 

84 6 79 43 80 -14 Obs. 500 mb. [ t::: 
Comp. P = 1.0 33 54 48 85 33 28 

48 89 32 -12 39 46 
Obs. 1000 mb.[ t:: 76 66 83 85 33 2 

from Eliasen (1958), who has performed a 
zonal harmonic analysis of the height field of 
certain pressure surfaces for different latitudes. 
We thus consider the deviations from the zonal 
mean value of the pressure surfaces, 500 mb 
and 1000 mb, in January. For the three lowest 
wave numbers we get the values of amplitudes 
( B * )  and phase angles (6) for the computed (51) 
and the observed height fields which are given 
in Table 2. 

Since the observed height field exhibits a 
pronounced variation with respect to latitude, we 
present the values for this field for the two 
latitudes 40" N and 50" N. 

The computed heights refer to the two levels 
P = 0 . 5  and P = l .  

Quite generally we can state there is a fairly 
good agreement between observed and com- 
puted height fields for the lower pressure sur- 
face ( p  = 1000 mb, P = 1) and less good for the 
upper pressure surface ( p  = 500 mb, P = 0.5).  
Before proceeding to a somewhat more detailed 
discussion of this comparison we may also 
state that this is by and large what one could 
expect. As a matter of fact, it would have been 
astonishing if agreement had been much better 
since we have only taken into account one of 
the effects which are important in this con- 
nexion. Thus it has e.g. been pointed out by 
Eliasen (1958) that the large-scale distribution 
of heat sources plays an important role in the 
formation of the planetary waves in the lowest 
part of the troposphere, whereas the effect of 
large mountain barriers becomes more impor- 
tant in the middle and upper troposphere. 
The plausibility of this statement has been 
demonstrated by SaItzman (1963, 1965). This 
is, however, not necessarily the entire explana- 
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Pig. 1 .  The vertical variation of the position of a 
ridge for n = 2  for two values of the parameter r.  
The observed variation (obs) represents the normal 
values in January at 45"N. T represents the position 
of the maximum deviation of the ground tempera- 
ture from the zonal mean value. H ,  and H ,  give 
the position of the maximum rate of heating for 
r = 1 and 2 respectively. 

tion of the fact that the amplitude of the 
computed disturbance at P =0.5 is much less 
than the observed. As has been demonstrated 
by the author (1962), the choice of the para- 
meter, r ,  determines the vertical variation of 
the heating and has a strong influence in this 
respect. As the value of r is increased, i.e. the 
heating is more pronounced in the lowest part 
of the atmosphere, the amplitude becomes 
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a 

b 
Pig. 2 .  (a )  The dashed line gives the observed mean profile of the 1000 mb surface at 45ON in January as 
represented by the sum of the first three longitudinal wave numbers (n  = 1, 2 and 3) according to Eliasen 
(1958). The solid line represents the corresponding profile ( P  = 1 )  for the stationary solution (56). ( b )  Same 
as Fig. 2, except that only the first two longitudinal wave numbers (n = 1 and 2) are taken into account. 

weaker in the lower layers and stronger in the P =0.5,  however, they get a more westerly 
upper layers. Furthermore, the variation of position. This is illustrated for r = 2  in Fig. 1, 
phase with respect to height becomes stronger, in which we compare observed and computed 
but the positions of troughs and ridges do not variations of phase angle and amplitude along 
change significantly at the surface. At the level the vertical for two values of this parameter 
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( r = l  and 2). By studying this figure we see 
that a somewhat better agreement can be 
achieved by choosing another value of r, say 1.5. 

The result of this comparison for the lower 
layer ( p  = 1000 mb, P = 1)  has been illustrated 
in Fig. 2a, where all three terms (n = 1, 2 and 3) 
have been taken into account, and in Fig. 2 b,  
where only the first two terms are included. 

z ' =  -2 B ~ c o s [ n k , ~ - 6 ~ ] c o s l y  for 
N 

n - 1  
3 Fig. 2a., 

N = {  2 Fig. 2 b .  

These figures illustrate quite clearly that the 
agreement between observed and computed 
conditions is rather good for the first two wave 
numbers and less good for the third wave 
number. Without trying to draw too far going 
conclusions we may state that this is in agree- 
ment with the interpretation put forward by 
van Mieghem (1960) of the seasonal displace- 
ments of the observed positions of troughs and 
ridges. The contribution from Fourier wave 
number n = 3  shows, in contrast with wave 
numbers n = 1 and n = 2 ,  very small changes 
with season. It is therefore likely that wave 
number 3 is mainly of orographic origin. 

The time-dependent case: 
The calculations of the height (2 ' )  of a pres- 

sure surface which is given by (41) or (43), has 
been performed for four pressure surfaces, 
P = 0, a, + and 1. The results of some of these 
calculations are shown in Figs. 3a  (n = l ) ,  
3 b  (n = 2 ) ,  and 3c (n = 3). For these three longi- 
tudinal wave numbers we have illustrated the 
variation with respect to time of the amplitude 
(44) and the phase angle (45) of a ridge for two 
pressure surfaces, P = and 1. We have for the 
sake of comparison also shown in the figures 
the values of these quantities as obtained 
from normal charts in January. 

The amplitudes B, and B, (48) of the two 
components of the non-stationary part of the 
solution and the amplitude B* (52) of the statio- 
nary part are given in Table 3. This table also 
contain the values of i2 and c which express 
the exponential growth rate of the travelling 
waves and the phase velocity respectively. 
Furthermore, for n = 2 ,  we have included in 
this table corresponding quantities for a larger 
value of the meridional wave-length (L, = 

20 000 km). 
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In  order to isolate the effect of the non- 
adiabatic heating we have also evaluated i2 and 
c in the adiabatic case, both with and without 
friction. The results of these calculations are 
given in Table 4. We have also presented the 
phase velocities c,(q = 0 )  and cR& = 10-l8 m-,) 
which are obtained with the linearized baro- 
tropic model 

U(k2  + 1') - p 
k ' + l ' t g  ' C R D  = (57) 

where the parameter q represents large-scale di- 
vergence (Cressman, 1958). The value used for q 
is approximately the same as Eliasen & Machen- 
hauer (1965) found gave good agreement in their 
comparison of the Rossby-Haurwitz velocity 
with the velocity of the observed moving part 
of the fluctuations. 

It should be pointed out that this value of 
q is much less than the value Cressman sug- 
gested (q =0.75 10-l' m-'), which is com- 
monly used in numerical forecasting with the 
barotropic model. The reason for this consider- 
able difference in the value of q is evidently 
that the entire field of motion is taken into 
account in numerical weather prediction, i.e. 
also the stationary part. If  a model does not 
contain mechanisms which are responsible for 
the long stationary waves, as is e.g. the case with 
the barotropic model, it  is convenient to use 
this artificial method of reducing the large 
negative phase speeds of these long waves. 

9. Discussion 

In  view of the numerous simplifying assump- 
tions we have introduced it is evident we cannot 
make a detailed comparison of the results 
with the observed motion of the atmosphere. 
It may, however, be possible to make certain 
general comparisons which can help to improve 
our understanding regarding the behaviour 
of the ultra-long waves. 

In  discussing the main features of the solu- 
tion we may first state that it simulates the 
observed fact that the planetary waves consist 
of a stationary and a travelling component. 

Regarding the stationary part of the solution 
we have previously demonstrated that there is 
good agreement with the observed conditions 
for the lowest longitudinal wave numbers. We 
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Pig. 3 ( a )  The computed variation with time of the 
amplitude (44) and the phase angle (45) of a ridge 
for the longitudinal wave number, n = 1. The solid 
lines refer to  the level P = 1 and the dashed line to 
P = 0.5. The lines marked N represent the normal 
values in January at 45"N (the normal amplitude 
at  500 mb, 84 m, is not shown). 

( b )  Same as Fig. 3a, except that n = 2. 
( c )  Same as Fig. 3a, except that n = 3 (the; normal 

amplitude at 500 mb, 52 m, is not shown). 

should remember the computed values refer 
to one latitudinal scale (Lu =5000 km) while 
the observed mean values refer to the actual 
values. This strongly indicates that  in winter 
the chosen value for L, is the dominant one. 

Concerning the observed non-stationary part 
of the planetary disturbances it has been clearly 
illustrated that they move in conformity with 
the Rossby phase speed formula if i t  is modified 
with a weak divergence effect (57).  This is also 
in agreement with the present baroclinic theory 
since this gives similar values for the phase 
velocity (cf. Table 4). We notice that the effects 
of friction and non-diabatic heating have only 
a minor influence on the phase-velocity, as 
also has been demonstrated in special studies 
of the effects of friction (Holopdnen, 1961) 
and the exchange of sensible heat (Haltiner, 
1967) on the dynamics of baroclinic waves. 
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Table 3. The values of R,, c,, and B, (v = 1,2)  for the travelling ~ v e s  and 
for the stationary wave 

n Ly (km) (day-') c (m sec-l) P = l  P = $  p=*  P't 

1 5 000 - 0.053 
n2 = - 0.926 

2 5 000 nl = - 0.034 
= - 0.953 

3 5 000 G I =  0 a, = - 1.004 

2 20 000 Rl = - 0.804 
Q 2  = ~ 0.084 

c l=  9.8 
c2 = 9.8 

c,  = 10.4 
c2 = 10.3 

c1 = 12.3 
c2 = 9.5 

cl= 9.6 
c2 = ~ 26.7 

Bl 
B2 
B* 
B, 
B2 
B* 

Bl 
B2 
B* 

Bl 
B2 
B* 

51 
83 
33 

13 
39 
48 
11 
29 
33 
56 
90 
45 

21 
36 
21 

16 
19 
29 
12 
14 
19 
17 
29 
19 

22 
3 

19 
22 
8 

18 

15 
8 

10 

23 
31 
9 

53 
45 
24 

32 
18 
17 

23 
18 
7 

63 
93 
34 

Table 4. Comparison of ihe growth rates (a) and phase velocities (e )  in the non-adiabatic and adia- 
batic cases (with and without friction) and the phase velocity in the barotropic case 

(with and without a free surface) 

Barotropic 

No heating p = 10-13 Heating No heating 
Friction Friction No friction q = O  m-, 
w - - 
n C R C n C 'R ' E D  

(day-') (m sec-l) (day-') (m see-l) (day-') (m sec-l) (m sec-l) (m sec-') 
L Y  

72 (km) 

~ 0 . 0 8 0  9.8 10 9.4 

o'122 k0.153 10.35 10.9 10.3 

0'163 11'3 k0.208 10.9 12 11.4 

4 5 000 0.020 13.8 0.155 12.3 k0.215 11.7 13.2 12.6 

2 20 000 - 0.804 9.6 - 0.034 9.6 

1 5 000 - 0.053 9.8 0.064 
- 0.926 9.8 -0.097 9" 

-0.953 10.3 -0.189 10.2 

- 1.004 9.5 -0.263 10.7 

2 5 000 -0.034 10.4 

3 5 000 0 12.3 

- 1.608 9.7 -0.287 11.2 

9.6 0 -26.7 -34.8 -26.1 -0.084 -26.7 -0.058 -26.7 

In  this way we may say that we have been 
able to make simultaneous comparisons of the 
stationary waves with the phase velocity of the 
travelling waves, which is certainly more 
realistic than comparing only the travelling 
part of the waves with a barotropic theory. 
However, with these comparisons we have not 
yet discussed the important fact that these 
planetary waves according to observations only 
show small fluctuations about the mean state. 

Eliasen & Machenhauer (1965) thus found in 
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their spherical-harmonic analysis of the fluctua- 
tions of these long waves that for almost all of 
the latitudinal scales they considered, the ampli- 
tude in the mean flow was only slightly smaller 
than the mean value of the amplitude when the 
longitudinal wave number was less than three. 
Evidently this implies that the amplitude of the 
travelling wave is less than the amplitude of 
the stationary wave. It also indicates that these 
travelling waves are baroclinically stable, which 
is not in agreement with the adiabatic, linear 
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theories of baroclinic instability. However, as 
haa been demonstrated here, the inclusion of 
the transfer of sensible heat changes the con- 
dition for the baroclinic instability consider- 
ably (cf. Haltiner, 1967). We thus obtain in 
similarity with the observations that the ampli- 
tudes of the travelling waves for TL = 1 and 2 
decays slowly with time (cf. Tables 3 and 4). 
This implies that the ratios R, and R,  (54) 
decrease with time. Consequently these waves 
become stationary (cf. Fig. 3a, b).  Regarding 
wave number 3, we notice that a, = O  and 
that B,IB* is less than unity in the lower 
layers only. This wave is therefore quasi-statio- 
nary in the lower layers and travelling in the 
upper layers (cf. Fig. 3c). 

In spite of the uncertainty of the results 
obtained here due to the approximations made 
or the choice of the values of the various para- 
meters it is not unlikely that the type of 
process described here is important for the 
maintenance of the ultra-long waves in the 
atmosphere. 

It may also be mentioned in this context that 
in the treatment of these long waves it is to a 
certain extent possible to justify the neglection 
of the non-linear effects. Based on the computa- 
tions of observed energy transfer and conver- 

sions performed by Murakami & Tomatsu 
(1965), Dutton & Johnson (1967) have thus 
pointed out that the conversion of available 
potential energy at each wave number to the 
kinetic energy of that wave number exceeds 
exchange of kinetic energy with all other waves 
by at least four times, and exceeds the exchange 
of kinetic energy with the zonal current by 
about 40 times. Kinetic energy a t  each wave 
number is primarily lost by transfer to the 
atmosphere above 500 mb, with the transfer 
at wave numbers two and three being strongly 
dominant. 

The choice of the initial condition with the 
height field undisturbed is undoubtedly rather 
artificial. However, this choice is less important 
in view of the fact that we are not aiming a t  
describing the actual motion, but rather are 
interested to study how the atmosphere 
responds when it is not in thermal equilibrium 
with the underlying surface. Of course, in the 
real atmosphere this balance is repeatedly 
disturbed. 

With any other initial condition we should 
have obtained a similar type of response, 
namely slowly damped fluctuations of the 
amplitude and the phase angle about the 
stationary state. 
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BJIMFIHME KPYIIHOMACILITABHbIX MCTOqHMKOR TEIIJIA H A  )JMHAMklICY 
YJI bTPA- )JJIMH H bIX BOJIH 

q M O H a p H a R  Y a C T b  O q e H b  6nrr3~a K ~a6n10nae- 
MbIM CpeAHI lM YCJIOBMRM B HMHEHe8 YBCTM aTMO- 
c @ e p L r .  H e c T a q M o H a p H a a  qacm COCTOHT Ma 
ABYX n e p e M e q a m q M x c n  BOJIH, a M n n m y A b r  HO- 

cnyqae pememe p a c T e T  no a M n n m y g e .  @ , a a o s a ~  

T o p a R  s a ~ y x a e ~  ~ a ~ 6 o n e e  M e A n e H H o ,  6 n u a ~ a  H 

c n o M o q b t o  cna6oro a @ @ e ~ ~ a  A m e p r e H q a H .  

s e e m ,  TO pe3yn~~npyroqee  A s M x t e H M e  ynmpa-  
~ J I H H H ~ I X  BOJIH n p e A c T a B n R e T  ~06010 M e n n e H H o  
a a ~ y x a m q ~ e  Q l n y K T y a q s n  OKOJIO c p e A H e r o  co- 

T O P M X  y 6 b I B a I O T  BJIR T p e X  H e p B b I X  BOJIHOBHX 
9MCeJI; B COOTBeTCTByIOqeM a A M a 6 a T M q e C K O M  

CKOPOCTb RJIJT T o m  113 BOJIHOBbIX KOMnOHeHT,  KO- 

pOCC6MeBCKO8 a a 3 0 B O f i  CKOPOCTH, M3MeHeHHOf i  

ECJIM H a q a J I b H O e  COCTORHMe B b I 6 p a H O  TBK, YTO 
CMCTeMa H e  HaXOnMTCR B TepMMqeCKOM P a B H O -  

CTOJTHAJT. 
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