On the energy integral for satellites’

By ARNE BJERHAMMAR, Institute of Geodesy, Royal College
of Technology, Stockholm

(Manuscript received March 12, 1968)

ABSTRACT

The energy integral can be used for studing the gravity field of the earth from satellite
orbits. With known satellite velocities in the orbit we can compute the potential in an
extremely simple way. Polar satellites give full coverage all over the earth and permit
a high accuracy. Non-polar satellites require a small correction for the rotation of

the earth.

The orbital theory lends itself in a natural
way to the study of the gravity field of the
earth using artificial satellites. Various authors
have successfully applied an expansion in spher-
ical harmonics combined with an integration
prccedure for a determination of the low
order harmonics of the gravity field of the
earth (Kozai, King-Hele, Kaula, Anderle). The
integration of the orbit is made either by
analytical or numerical methods. Present so-
lutions have given promising results up to
order fifteen of an expansion in spherical
harmonics and higher order solutions can be
expected. The advantage of the present tech-
nique is rather obvious for all low order co-
lutions. Only a rather limited number of ob-
servations are needed for a determination of
the complete low order geoids and the internal
consistency is high. However, the differences
between various methods can be considerable.
This means that our present technique gives
a misleading presentation with respect to the
accuracy of the solution and there is a pos-
sibility that the very complex mathematical
models so far used include critical biases of
different types. The truncation of the spheri-
cal harmonic expansion of the gravity field
has a tendency to give a bias in the deter-
mination of the individual coefficients and

! This study has mainly been made at the Re-
search Institute for Geodetic Sciences and presented
in a paper ‘A new approach to satellite geodesy’,
(Alexandria, 1967).

? The energy integral of a stationary gravity field.
Cf. also equation (11).
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various authors find considerable differences
between most tesseral harmonics. It is obvi-
ous that all higher harmonics are excluded
in the present technique and this paper pre-
sents a new method for analyzing the gravity
field of the earth using satellite data.

An orbiting satellite is exposed to the grav-
ity field of the earth and all other celestial
bodies. If we disregard the influence of solar
radiation, the air drag, and distant celestial
bodies we have the following relation between
the gravitational and the kinetic potential of
an orbiting satellite

GM, GM, v

+ — = ¢ [see footnote 2],

7 Ty

Vi+

(1)

where

V,;=potential of the earth in the orbit (at
point P)),

G = gravitational constant,

7, =distance to the moon from the satellite,
M, =mass of moon,

r, =distance to the sun from the satellite,
M, =mass of the sun,

v;=velocity of the satellite,

¢ =constant.

This relation is based on the laws of con-
servation of energy and needs no direct ex-
planation. The gravitational energy and the
kinetic energy must balance in such a way
that there always is a constant difference.
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We are here not directly interested in the
energy and express instead our relation as a
potential difference.

If we also consider the influence of air drag
and solar radiation we have

— 4 c+Ac, + Ac,, (2)

where

Ac, =correction for drag,
Ac, =correction for solar radiation.

Equation (2) is transcribed

2

V,= 2+ ke, (3)
2
where
GM, GM
k= — . !+ Ac, + Ac,.
T

1 2

Equation (3) can be used for a determin-
ation of potential differences in the gravita-
tional field of the earth. The constant ¢ is
not directly available but the quantity k£ can
be determined with high degree of accuracy
for any position of the satellite. In most ap-
plications we want the potential at the sur-
face of the earth and in consequence of the
harmonic properties we can include the nec-
essary reduction in the following integral
equation

V= 05v,+k4c———ff (4)
4nr, Sr,,

,;—dlstance to the satelliie from the mov-
ing point,

where

r;=geocentric distance to the satellite,

ro=radius of the reference sphere (‘“radius
of the earth”),

V* =potential at the reference sphere,

S =reference surface.

Here we have for a constant Vi the simple

solution
7'1
- dS Vo =V, (5)
s r:j

Thus we find from equations (4) and (5)
the approximative solution in the general case

V= Q[(O.S@? +k;+c)

Ty

+T?—r§ff 0.5 ~o*) + (ks k) 6
4nr, s 7'?! ’

where

Vi =reouced potential of V, (on reference
sphere),
v;=velocity of the satellite at the fixed
point,
v=velocity of the satellite,
k;=parameter value for the fixed point,

k =parameter value for the moving point.

The final solution has to satisfy the equa-

tion
ve=-7; — dS 7
’ 7‘0[ ! 47”'0 f f ri} ] @

and we can insert any approximate solution
(for example, from equation (6)) below the
integral sign of equation (7) for an iteration
approach. This operation can then be repeat-
ed with corrected values of the potentials
to any accuracy obtainable from the obser-
vations.

Also, a solution with spherical harmonics
can be contemplated

il

x (Cy,, €08 mA + 8, sin mA)P,, (sing), (8)

where

M =mass of the earth,
P, ..(sin ¢) = associated Legendre polynomial,

Crms Spm =spherical harmonic coefficients.

This approach will in all practical applica-
tion exclude higher harmonics.

Gravity in space is obtained after derivation
of (4)

Tellus XXT (1969}, 1
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oy b f
g ory 8aryr;JJs

iy =30 —ro 4 ry) (f —r)

5
Ti5

ds. (9)

For the reference sphere we obtain the
simplified expression

1 V*_vVe V¥
g:—‘J‘J' —2dS+ 2. (9a)
2n s Ty "o

The multi-body problem for point masses

The exact relation between the gravitatio-
nal and kinetic energy can be given for all
bodies considered to be point masses or sphe-
rical bodies with concentric mass distribution.

GM M, GM,M, GM,M,
rOl rl)! r03
L OM M, GM,M, GM,M,
rlﬂ 1.13 ras

= MM vg+ M, o5+ M, o3+ M, v3) + ¢+ Ac, + Ac,

(10)
or
n—-1n M .M 1 n
a> > = > Mv;=c+Ac, +Ac,
i=0j=1 Ty 25
(<7, (10a)
where

M,=mass of the satellite,

M, =mass of the earth,

M, =mass of the moon,

M,=mass of the sun,

v, =inertial velocity of the satellite,
v, =inertial velocity of the earth,
v, =inertial velocity of the moon,
v, =inertial velocity of the sun,
r,, =distance satellite to earth,

74, =distance satellite to moon,
743 = distance satellite to sun,

r,, =distance earth to moon,

r,, =distance earth to sun,

74, =distance sun to moon.
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Thus we have for the potential of the earth

V,=

l 2 2 2 2
i oM [(M000+M1v1+M202+M3’03)]
[}

I ol Duint S

°

1 [GMOM,+ GM,M, GM,M,
"'oz r03 rl’

L GM M, M, M,

’ MC—Acl—Ac,]. (1)

13 r23

This expression is also a useful approximation
for an aspherical earth when the terrestrial
potential at the satellite is given by the ex-

pression
1
V= G’fff -dM,
M7T

dM ~mass element of the earth,

(12)

where

r =distance between the actual mass ele-
ment and the satellite.

If we consider the velocity of the earth
constant the only additional correction needed
will be a change of ¢. In all other combin-
ations of equations (10) we can still consider
the bodies concerned to be point masses if
the distances are measured to the gravity
center.

In the two body problem we have the fol-
lowing relation for a determination of ¢

G(M,+M,) G(M,+M,)
S ol B U
To1 2 2a
GM,+ M
- GMer M) (13)
r‘"max r‘”mln
where

v =relative velocity,
a =semi major axis of the orbit,

r,, ~distance between the two bodies.

For the multi-body problem we can compute
a value of ¢ using the known value of gra-
vity at the surface of the earth (equation 9a}
or any known value of the potential at the
surface of the earth (equation 6).
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Orbital approach

All present studies of the gravity field of
the earth seem to use an orbital approach.
We are here making a condensed presentation
based on the classical procedure.

The terrestrial gravity field can be com-
puted anywhere in space directly in the local
coordinate system. However, a computation
using a previous expansion in spherical har-
monics simplifies the presentation in most
applications with satellite orbits. Then the
principal problem will be a transformation
from the equatorial rectangular coordinate sys-
tem of the earth to a satellite centered sys-
tem. Irrespective of the method chosen, we
can apply the following technique.

A series expansion, according to Taylor, of
the potential of a discrete point in space gives
(only the potential disturbance considered)

T=T,+(Ax, Ay, Az) ‘g’
ox
aT
oy
ol

_ 0% _

+%(A:I), Ay, A2) [Ty, Ty T, [A%
Typ Tyys Ty | | Ay
Topy Toys Tyl LAz

+... terms of higher order, (20)

where 7' =disturbance potential

(T=V,~GM/r)).

ToT | = — 1=9VT (potential gradient (21)
o Age using rectangular
oT N coordinates).
oy I
oT
- Ay,
- o0z | — -

For T we introduce the position vector #;
defined by polar coordinates.

7;=[r; cos ¢ cos ], (22)
r,cos ¢ sini

r; 8in ¢

where

¢ =latitude (geocentric),
2 =longitude,

r;=geocentric distance to the actual point.

Thus we have the following unit vectors

F=lcos¢ cosA], Fy=]—sing cosi
cos ¢ sin A —-sing sinij>
sin ¢ cos ¢
fa=F-sini], (23)
cos 2
0
where
Pefg=0, Fy-73=0, 7 -71=0. (24)

Fuarthermore we have for the gradient in a
polar coordinate system

L Fa 7y
Ag 1= - (FHh——— {Tr
r; COS ¢ 75
Agy 15

Ag, [Td,

=-VT, (25)

where

ox 6.7:;1:‘

B Py [eor o4 o4 ]
R
or o1 24
oy oy oy
or aA 8¢
Py

and furthermore

2.2

7+l —n
or, "5 n—2m=0

i 7o

o7 GM T % [C,Lm ©0s mA +8S,,, sin ml:l

x(n+1)Py (sing), (25a)

oT G § % = Cpm sinmi + 8, cosmi
;5 nlam—o rirg "
xmPy(sing), (25Db)
oT GM § i Cpom cOSmMA+ 8, sinmi
a; T nem-o 7'7’;”
[PT*Ysin ¢) —m tan $PF(sin ¢)]. (25¢)

Tellus XXT (1969), 1
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Finally we obtain the potential gradient at
any point in the orbit using equation (25).

In most applications it is simpler to use
a gradient presented in the orbital system
and we have to make corresponding mathe-
matical transformations.

AGex] = [Azex Azyr Aoox| [A9:],  (26)
Agy* Ag}:* A!lll* ya* Agy
Agz* Azz* Azy* Azz* Agz

where

x*=radial direction,

y* =direction normal to radius vector in
the plane of the orbit (direction of the
motion of the satellite),

2* =direction normal to the plane of the
orbit positive north

and

A, s =cos @ cos ) —sin @ sin Q cosz,
A, =cos @ sin Q +sin @ cos Q cos <,
A =sin @ sin<,

Ay = —sin@® cos Q—cos @ sin Q cos,
Ay = —sin @ sin Q +cos @ cos Q cos 4,
Aye =cos @ 8ind,

A, =8in Q) sin ¢,

A= —cos( sing,
A,y =cos1,
where

i=inclination of the orbital plane to the
equatorial plane,

Q =right ascension of the ascending node of
the orbit,

@ =argument of perigee +true anomaly.

Corrections to the Keplerian elements are
obtained according to Gauss in the following
way

aM*  [GM\* 1(2r 1-¢
== ——|—-- . cos v JAgx

ot a na\ a

1-¢

nae

(1 + C) sinv Agys, (27a)
P

2
L (e sin v - Agy + = Agyt): (27b)
ot 1-¢

Tellus XXT (1969), 1

oe _ Vl—ez
ot

(8in v Ag.« + (cos E + cos v)Agys),

(27¢)

ow l/l —e r i
— = = coSVAG s+ | =T 1]sinv Agys
ot nae P

2Q
—cost—, (27d)
ot
ot 1 5 A 270)
— = - cos , e
ot ml/l—e a w gz*
2Q l 7 sin @
o T /= Agz*’ (27 f)

where

a=semi major axis of the satellite orbit,

e =excentricity of the satellite orbit,

n=mean angular velocity of the satellite,

p=a(l-¢’),

r=distance of the satellite from the grav-
ity center of the earth,

v=true anomaly (®—w),

E =eccentric anomaly (cos E=(1—r/a)/e),

M*=mean anomaly (M*=E —e sin E).

Now the disturbing accelerations are known
in the direction of radius vector, normal to
radius vector in the plane of the orbit and
perpendicular to the plane of the orbit. After
integration with respect to time we obtain

the disturbances in relation to a pure Kep-
lerian orbit.

Orbits from gravity anomalies

The satellites have been widely used for a
determination of the gravity field of the
earth. However, if the gravity anomaly field
is known from terrestrial date we can com-
pute the orbit using the expressions for the
potential in space.

47 4 f (’ ) 1
P
) n=2\"4% n-1

GM -GM,
+ —_—
7y

(cosw)dS

(w = geocentric angular distance), (30)
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2T, GM -GM
{ A s - 20 —
r,- 4m*, JJs r,, 7; 7y
[see footnote 1], (31)
_cosér,
Ag sinw sing k'dS, (32)
4]t7']
6T
To ff Ag* sinw cosa k'dS, (33)
3¢1 47!7']
p-2ogy 2D g 34
7 2rx % (34)
r 2
(r+1)°" - (—0)
- L (35)
= __—’
4
r=ry/r (36)

(M =mass of the actual earth,)
(M,=mass of the reference ellipsoid),

——dS=
47"‘1 f f 7 7y

g =observed gravity,

(37)

y =theoretical gravity (from the inter-
national gravity formula)?, cf. also
Arnold (1965).

It should be noted that the international
gravity formula is related to the Potsdam
system which gives approximately 13 milligal
too high values. The international ellipsoid
has a flattening of 1:297 and an equator
radius of 6,378, 388 m. Modern satellite data
give a flattening 1:298.3 for an equator of
the earth 6,378, 165 m.

Cf. Arnold, Kaula and Gaposchkin.

Equations (30)—(33) define the orbit after
proper transformation to the orbital elements
by equation (25)—(27f).

1 Zero and first order harmonics are included in
the integral.

2 Harmonics of order two and four of the Inter-
national Gravity formula have to be removed, Cf.
p. 43, ‘On a coalescent world geodetic system’ (Bjer-
hammar, 1967). Here the ‘‘sperical gravity anomaly”’
(Ag®) has been used.

Coordinate systems

Inertial system

A coordinate system with inertial orienta-
tion and with inertial origin.
Equation:

GM, M, GM,M, GM,M,

V,M,+
r

r

02 03 T1g

L OM\ M, GM,M, M, v

T1a T3 2
M,vi Mgpv; M,
_ 1”1_ 2”2_ 3”3:6*’ (38)
2 2 2

where

c*=c+Ac, +Ac,.

The equation has been evaluated in the
following way:

1. Exact in the Newtonian way for point
masses and if all external forces are ex-
cluded. (Correction for a symmetry of Eq.
(46).)

2. “Exact” in geodetic applications for po-
lar satellite orbits.

3. A useful approximation for non polar
orbits.

It should be noted that if non-polar satel-
lites are used then they should be matched
in such a way that equal distribution on both
sides of the pole is obtained. Circular orbits
of shortest possible radius are to be preferred.

Heliocentric system

A coordinate system with inertial orienta-
tion and with the origin in the sun or more
correctly in the gravity center of all bodies
concerned.

Equation:

GM,M, GM,M, GM M,

r

V;M,+ "

02 03 le

, GM,M, GM,M,

T3 "33
2 2 2
B M, vgs _ M, vy, _ M, vy =¢*, (39)
2 2 2

Tellus XXT (1969), 1
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where

vy, = the heliocentric velocity of the satellite,
v,;, =the heliocentric velocity of the earth,
,, = the heliocentric velocity of the moon.

This system is from geodetic point of view
equivalent with the inertial system. However,
the velocities do not include the velocity of
the coordinate system.

Geocentric system

An inertial orientation of the system with
the origin of the coordinate system in the
center of the earth.

Equation:

GM,M, GM,M, GM,M,

V,M,+

02 To3 T12

2 2
—M;vgl_M;’Uﬂ_M;’Ugl:c*, (40)

where

v,, = geocentric velocity of the satellite,
v,, =geocentric velocity of the moon,

v, = geocentric velocity of the sun.

1. Exact only with the joint gravity center
in M,.

2. The accelerations of M, are transferred
to all extra-terrestial bodies. This means
that the sun will receive accelerations
that are 333,000 times larger than the
original ones of the earth!—The system
is justified only in the combination of
the earth, the satellite and the moon.

The numerical example is computed in the
geocentric system with exclusion of the sun
and the moon. Cf. p. 8. Explorer 22 is a
“polar satellite” with the inclination 79.69°.

Rotating geocentric system

An earth fixed orientation of the coordi-
nate system with the origin of the coordinate
system in the center of the earth which ro-
tates with the “‘constant’’ angular velocity .

Tellus XXT (1969), 1

(The classical geodetic system for geopoten-
tials.)

For the two body problem (the earth and
the satellite) we have the so called modified
energy integral (cf. textbooks).
V,.{.M—.é:c*’ (41)

2 2

where

vy, =the velocity of the satellite in relation
to the rotating earth (relative velocity)
ro, =the geocentric distance to the satellite,
¢ =the latitude of the satellite (geocentric),
w =the angular velocity of the earth,
V,+(cozr§1 cos® ¢/2) =the geopotential of the
satellite.

There is no variation of the geopotentials
with respect to time and therefore equation
(41) it valid also for a rotating asymmetrical
gravity field.

This equation is transcribed using geocent-
ric velocity vectors

".'w_i'w _ gi‘ox“""w)’ A

V;+ —— =¥,

5 2 (42)

where

7., =the geocentric velocity vector of the
satellite |y, [(+2,,),

7, =the geocentric velocity vector of a point
of the rotating coordinate system at
the position of the satellite.

Here we have
Fum X g (43)
where

7y, =the geocentric position vector of the
satellite,

@ =the angular velocity vector of the earth.

The equation (42) is rewritten

Fou
V, - = * ey, Fy, (44)
This equation is valid for a rotating asym-
metrical gravity field (M,=0).
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If there is no rotation we have the classi-
cal energy integral

For T
V- 0=k (45)
2
The asymmetry correction (Ac) of equation
(44) is now separated

Ac= —FyFo = —|Fy || 74, | coOs B (46)

or At = —vy, 7y, CcOS$ cos B, (46 a})

where

B=the angle between the vectors 7, and
Fu, and

B=90° for polar satellites.

The rotating geocentric system gives some
practical problems when applied to the sun,
the moon, the earth and the satellite. The
sun will be rotating around the earth in 24
hours and considerable relativistic corrections
have to be applied. The potential of the sun
is approximately 14 times larger than the
potential of the earth in the satellite orbit
and should not be neglected.

The main advantage with this system is
that tesseral harmonics are correctly repro-
duced for all inclinations. The practical im-
portance of this improvement is rather lim-
ited because only polar orbits cover all the
earth.

The correction of the constant c¢* is diffi-
cult to compute in the inertial system and
the angle between to two velocity vectors is
needed free from errors for the total orbit.
Any errors of this angle will give a very
large contribution to the final error because
they will also falsify the zonal harmonics
which are up to 1000 times larger than the
tesseral harmoniecs.

The asymmetry correction (Ac of Eq. 46)
is zero for polar orbits and it seems justified
to consider equation (38) as a ‘‘useful approxi-
mation” also for the rotating asymmetrical
gravity field of the earth. Only polar satel-
lites give full coverage of the gravity field
of the earth. (For non polar satellites the asym-
metry correction can also be considered for
equation (38).) This can be verified using Lag-
range equations.

Numerical results

Computations by (. Prine

Orbital data from Explorer 22 have been
used for a numerical study where all spheri-
cal harmonic coefficients up to order 9.9 were
uniquely defined. The potentials were compu-
ted for selected points in the orbit with the
following results.

Geocentric coordinates and velocities

0.5v2 km/

No. é A r;, km sec?
1 —37°289056 209°68479 7427.2965 26.609251
2 —-27.406516 211.48025 7439.5848 26.530560
3 -19.162304 212.63917 7448.0330 26.476387
4 — 9.269896 213.80737 7455.7257 26.426310
5 2.263073 215.04022 7461.0198 26.389836
6 12.138060 216.11588 7462.2415 26.378322
7 25.283632 217.79653 7459.0727 26.392189
8 40.018772 220.52081 7449.2582 26.447910
9 53.125694 224.75212 7435.4411 26.532860
10 61.597380 229.70330 7424.1617 26.605651
11  67.112441 235.11761 7415.7786 26.661442
12 72.155374 243.55883 7407.1401 27.720333
13 76.559800 258.27239 7398.0141 26.784031
14 57.471264 9.24347 7335.3089 27.259483
15 29.121549 17.87715 7297.9676 27.569213

Potentials
W, = Gravitational W, =Kinetic
potential potential

No. (km?/sec?) (km?/sec?) w,-Ww,
1 53.665152 53.665185 .000033
2 53.586466 53.586494 .000028
3 53.532305 53.532321 .000016
4 53.482229 53.482244 .000015
5 53.445763 53.445770 .000007
6 53.434249 53.434256 .000007
7 53.448129 53.448123 —.000006
8 53.503850 53.503844 —.000006
9 53.588806 53.5688794 -.000012
10 53.661598 53.661585 -.000013
11 53.717389 53.717376 — 000013
12 53.776284 53.776267 —.000017
13 53.839981 53.839965 —-.000016
14 54.315427 54.315417 —-.000010
15 54.625168 54.625147 —.000021

M g s n
= —g(z > (T—o) (Crm cos mA+ S, sinml)

n=0m=o\";

P, sin ¢) = gravitational potential,

W,=0.5 v +c=kinetic potential (air drag and
solar radiation removed).

Tellus XXTI (1969), 1



ON THE ENERGY INTEGRAL FOR SATELLITES 9

Discussion

The present study indicates that the kine-
tic potentials agree with the gravitational
potentials within the computational accuracy.
The simplifications obtained using the new
approach are considerable in all cases where
the velocity of the satellite can be determined
with adequate consistency. Recent studies
by Berbert etal. indicate that Goddard Range
and Range Rate (RARR) System, SECOR
AND TRANET Doppler data give initial
velocities for short arcs with standard errors
from +1.6 to +6.6 cm and positions from

+6 to 16 m. These accuracies are sufficient
for a determination of the total potentials
to +1.107°. There is little doubt that the
low order harmonics will be obtained with
the highest accuracy using the eonventional
integration procedure. If the total potential
and the total gravity is considered the new
procedure can be of interest.
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OB UHTETPAJIE SHEPI'UHN

WNHTerpan sHepruu MoKer OBIThH UCNOJB30BAH
IpH M3y4YeHUH ¢ OpOUT CHYTHUKOB 'PABUTAIMOH-
HOro nonsa 3eMiu. 3HAA CKOPOCTH CIIYTHUKOB,
MOKHO BBIYHCJIHTH IpeAesbHO NpocTeM o6pa-
3oMm noreHnuai. COyTHUKHM ¢ NOJNAPHON opOuToit

Tellus XXT (1969), 1

MOKPHIBAIOT BCI0 3eMJI0 U JAIOT BHICOKYIO TOY-
HOCcTh. CHYTHMKH € HeNoJAPHHIMM OpOGUTAMH
TpeOyloT BHeceHUA HeOOJbLIOH MNONpaBKM Ha
BpameHue 3eMJu.



