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ABSTRACT 
The steady, axially symmetric, viscous, incompressible flow induced by an infinite 
rotating disk in the presence of a stationary coaxial disk is studied numerically for the 
complete laminar range of a Taylor number, R. Emphasis is placed on qualitative inter- 
pretation of the numerical solutions. The asymptotic state for large R is shown to 
consist of two well-known special Ekman boundary layers on the disks which are 
linked by a Taylor column, with Eknian layer suction into one layer just balanced 
by axial outflow from the other layer. 

1. Introduction 

The concern here is with steady viscous 
axially symmetric flow between infinite coaxial 
disks separated by a distance d when one disk 
(at z =0, say) rotates a t  constant angular speed 
R, and the other (at z = d )  is held at rest. The 
relevant parameter characterizing the flow may 
be taken as a rotational Reynolds number, a 
Taylor number, or an Ekman number. Following 
Greenspan & Howard (1963), we choose a Tay- 
lor number R = daR/v and note that i t  is simply 
the square of the ratio of total fluid depth to 
the depth of an Ekman layer. The interest is 
in the complete laminar range of R .  

This generalization of the classical von KBr- 
mth (1921), single disk rotating boundary layer 
was first discussed qualitatively by Batchelor 
(1951). He suggested that for large R the flow 
ought to consist of two thin boundary layers 
on the disks separated by an essentially inviscid 
region in uniform rotation. The angular velocity 
of the core, R,, was presumed to be that value 
which just linked the two boundary layers by 
matching the axial outflow from one with the 
inflow to the other. Thus, in Batchelor’s view 
the rotating boundary layers are capable of 
exerting a strong influence on the interior flow 
far away from the boundaries and this distinc- 
tive feature of rotating boundary layers is what 
endows the problem with geophysical signifi- 
cance. 

In 1953, Stewartson proposed an alternative 
description of the flow based on analytical- 
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numerical methods applied to approximate 
boundary layer equations. He concluded that 
the interior could be completely free of rotation, 
in which case the two disks are effectively un- 
coupled and no torque is transmitted to the 
fixed disk. This last prediction was “confirmed” 
experimentally by measuring the torque devel- 
oped in a finite disk apparatus. It is now clear 
(e.g. Rott & Lewellen, 1966), that either type 
of flow is possible for finite disks depending 
crucially upon whether or not the disks are 
encased in a shroud. Here Batchelor’s similarity 
solution for infinite disks is studied. 

More recently, accurate numerical solutions 
have been obtained by various workers for 
several Taylor numbers. For example, Lance & 
Rogers (1962), present plots of two of the three 
velocity components for R = 25, 81, 225 and 441 
and Pearson’s (1965), transient calculations 
extend to the steady state for R = 100, 1000. 
Nevertheless, a complete understanding of the 
flow has not yet been attained. 

Since the problem represents such a pure 
example of the strong interaction aspect of 
rotating boundary layers, i t  deserves a careful 
and complete examination. In this paper, the 
Taylor number has been varied systematically 
from zero up to 2500 (which lies well within the 
asymptotic range) and the smooth dependence 
of the flow on R is exposed. Three distinct regi- 
mes in Taylor number are revealed and a simple 
but complete qualitative interpretation of the 
asymptotic regime is made. 
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2. Formulation 

The steady, axially symmetric, incompres- 
sible continuity and Navier Stokes equations 
in non-rotating cylindrical coordinates r ,  0 ,  z 
with respective velocity components u, v, w are: 

(1) (ru)r  -i- rwz 5 0, 

1 2  1 uurtwuz- -2, - - - p r + v  
r e 

Appropriate boundary conditions are: 

u =w=O, w=rR at z = O ,  ( 5 )  

u = v = w = O  a t  z = d .  (6) 

Non-dimensionalization and reduction of the 
system to ordinary differential equations can 
be accomplished in several ways. The most 
compact and revealing one for the present pur- 
poses is (following Batchelor) to retain von 
KBrmBn’s notation slightly generalized and 
write: 

u(r, z )  = - 4 rRH’(C), v(r,  z )  = r R G ( ( )  ( 7 )  

w(z) = (vR)*H(C),  p ( r , z )  = K e r h B - p R P ( 5 ) ,  

Here K is a constant to be determined and the 
continuity cquation is automatically satisfied. 
With this scaling, since the fluid occupies the 
region 0 < z  < d ,  the range of z is from 0 to R*. 
This explains why Lance & Rogers in practice 
found Rt rather than R to be the relevant 
parameter. Also, increase in Taylor number 
(more precisely R*) is associated, not with in- 
crease in angular speed R, as in Pearson’s work, 
but rather with increase in disk separation, d. 
With these definitions equation (4) determines 
the pressure function P(z)  after u and w have 
been found. The unknown constant K ,  which 
will occur in equation (2) is conveniently elimi- 
nated by differentiating (2) with respect to z. 
Thus, the problem reduces to solving the sixth 
order coupled system of non-linear ordinary 
differential equations: 

W’ - HG’ t H‘G = 0, (8) 

(9) H”” - HH’#‘ = 4GQ’. 

The dependence on Taylor number enters 
through the boundary conditions which are now 

G ( 0 )  = 1, G ( R t )  =H(O)  =H’(O) 

= H ( R + )  = H / ( R * )  =o. (10) 

3. Method of numerical solution 

The two point boundary value problem posed 
by equations (8)-( 10) was accurately solved for 
0 < Rb < 50 by essentially the same technique 
used by Lance and Rogers, the only difference 
being that it was not found necessary to treat 
each boundary layer separately for large R.  
The numerical method rests on a simple yet 
accurate analytic solution valid for small R .  
Such a “narrow gap” solution is used as an 
iterative basis for estimating extra boundary 
conditions so that the problem becomes a one- 
point boundary value problem. Convergence is 
assured by taking sufficiently small steps in 
parameter space. 

Numerical accuracy (not discussed by Lance 
and Rogers) was verified in several ways in 
addition to the customary check of refining the 
mesh size until it produced no appreciable 
change in results (the final mesh used was 
AC = 0.01). For one thing, the velocity profiles 
coincide with those found by other workers a t  
appropriate values of R. An independent check 
is obtained by comparing the numerical solu- 
tions with the first integral of equation (9) 
which is: 

H ” ’ -  H H ” +  4 H’H’-  26’ =constant. (1 1) 

Numerical evaluation of the left hand member 
typically remained independent of 5 to one 
part in 1 0 8 .  A final check was made by substi- 
tuting the boundary conditions (10) into (11) 
which shows that 

H”’(0) -H”’(R*) = 2  (12) 

and this equation was also satisfied to one part 
in a million. 

4. Results and discussion 

The velocity profiles as functions of 5 are 
shown in Figs. 1-3. The value of Taylor number 
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Fig. 1. Circumferential flow profiles for Taylor 
numbers up to 2500. 

appropriate to each curve is simply the square 
of the right hand endpoint value of 5; for 
example the dashed curves terminating a t  
5 = 10, lo8 are the cases treated by Pearson 
( R  = 100, 1000). The initially unknown extra 
boundary conditions a t  5 = O  required to make 
the problem a one-point boundary value prob- 
lem, and found in the numerical solution, have 
been plotted by Lance & Rogers for R up to 
441, and will not be repeated here. However, 
the asymptotic values found for R = 2500, listed 
for reference, are G'(0) = -0.5243, H"(0) = 

It is of interest to know how much of the 
viscous torque developed on the rotating disk 
is transmitted to the fixed disk. Ordinarily, 
one might expect equal and opposite torques, 

- 0.9454, H"'(0) = 1.804. 
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Fig. 2. Axial flow profiles for Taylor numbers up to 
2600. 
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Fig. 3. Radial flow profiles for Taylor numbers up 
to 2500. 

but the fluid here is not fully confined and some 
of it leaks out to radial infinity where there 
may well be an effective sink for angular 
momentum. Since each disk is of unbounded 
radius, the total torque on each is infinite. 
However, if To, T, are the torque magnitudes 
developed on the rotating and stationary disks, 
respectively, out to some finite radius r =a, 
then the torque transmission ratio is 

This ratio is plotted as a function of Rt in 
Fig. 4. When the disks are sufficiently close 
together, the torque transmission is complete, 
but following some interesting variations i t  

0 5 10 I5 20 25 M 35 40 45 W 

R'" * (+yd 

Fig. 4. Torque transmission ratio as a function of 
disk spacing. 
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Pig. 5. Velocity profiles for Taylor number = 2500. 

reaches an asymptotic value of only 0.258 
when the disks are widely separated. 

An examination of Figs. 1-3 reveals that the 
flow dependence on R can be subdivided into 
three regimes. For 0 < Rt <2,  or for Taylor 
numbers up to about 4, the circumferential 
flow profile is nearly linear, so we have rotating 
Couette flow. In this regime of small R, the 
analytic small gap approximation for what is 
essentially a Stokes flow is accurate (see Lance 
& Rogers, 1962). The disks are so close together 
that viscous forces dominate throughout. Cent- 
rifugal forces arising from the Couette-type pri- 
mary flow drive a secondary flow with negligible 
convective acceleration. For the intermediate 
range of Rk from 2 to about 25 the nonlinear 
convective acceleration grows in importance. 
The Stokes-type flow undergoes a complicated 
transition to a state in which a jet-like region 
of high circumferential flow exists near the 
fixed disk. In this range boundary layers begin 
to form on each disk but they overlap and there- 
fore interact strongly. Finally, for R > 625, the 
asymptotic state is approached in which the 
flow near each disk becomes an asymptotic 
boundary layer with a well developed core be- 
tween them. Further increase in R merely 
thickens the core, in which there is nearly uni- 
form rotation (Fig. 1 )  with uniform axial flow 
(Fig. 2) and essentially no radial motion (Fig. 3). 
It is evident that the large qualitative changes 
with R that appear in Pearson’s work are due 
to  the fact that R = 100 falls in the intermediate 
range whereas for R = 1000 the flow has ap- 
proached closely to its asymptotic state. 

The most interesting regime in Taylor num- 
ber, both physically and mathematically, is the 
asymptotic boundary layer regime and it de- 
serves further attention (refer to Fig. 5 which 
displays the velocity profiles for the case 
R =2500). It is to be expected that for large R 
the main body of fluid in the core, well away 
from the boundaries, is executing a cyclostrophic 
motion in which a radial pressure gradient bal- 
ances centrifugal forces arising from the fluid 
rotation (it being obvious that there must be 
some angular velocity in the core since viscous 
effects, even though small, persist throughout 
the flow). This is verified by solving the inviscid 
versions of equations (8) and (9): 

HG‘ - H’G = 0, 

HH”’ + 4QG’ = 0. 

Equation (14) implies that G and H are pro- 
portional, say G = aH. Substitution into (15) 
then leads to inviscid solutions of the form 

(14) 

(15) 

a([) = u A  +uBsin (2u5++),  (16) 

H(5) = A  + B sin (Sac ++), 

H’(5)  =2uB cos ( 2 4  ++), 

(17 )  

(18) 

where A ,  B ,  u, +, are constants. It should be 
noticed that purely inviscid undamped spatial 
oscillations are possible. Equation (18) predicts 
that there can be cells of radial inflow and out- 
flow in an inviscid interior. However, for con- 
sistency, the amplitude of these oscillations 
must be small (or the wavelength long) for 
otherwise the neglected viscous terms would 
not be small. As a result, the basic inviscid 
solution, apart from these small inertial oscilla- 
tions consists of a uniform rigid body rotation 
a t  angular speed R, = aAR, a uniform axial 
flow of non-dimensional speed A ,  and no radial 
motion. (That is, a Taylor column motion in 
which av/& =O). Fig. 5 exhibits such motion 
in the region from about 5 = 5 to 5 =28. The 
pronounced spatial oscillation near the fixed 
boundary in Fig. 5 is evidently not of the in- 
viscid type described by equations (16)-( 18), 
since it is too large to be inviscid, is spatially 
damped, and has different phase relations. 

Once the core has been identified as a region 
in cyclostrophic motion, then it follows that 
the boundary layers on the two disks are 
Ekman layers in a generalized sense (e.g. Faller 
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t Kaylor, 1966). It is easily confirmed that the 
boundary layer on the fixed disk is precisely 
equivalent to that analyzed by Bodewadt 
(1940), provided that the angular velocity of 
the outer flow is taken to be R, =0.313 R as 
required by the present numerical results. 

The boundary layer on the rotating disk is 
clearly a modified von KBrmhn (1921), bound- 
ary layer because the outer flow is also rotat- 
ing. This extension of von Khrman’s problem 
has been studied by Fettis (1955) and Rogers & 
Lance (1960). With RJR ~ 0 . 3 1 3  the present 
results compare very favorably with an inter- 
polation of those of Rogers and Lance (for 
example, the latter would predict G‘(0) = 

- 0.521, H”(0)  = - 0.935, H (  co) = - 0.751 where- 
as the corresponding present values are - 0.524, 

Once the complex flow profiles of Figs. 1-3 
have been understood in terms of two Ekman 
layers linked by a Taylor column, it is straight- 
forward to give a qualitative description of the 
flow in the limit of large Taylor number. For 
two reasons, the crucial property appears to be 
the essential absence of radial motion in the 
cyclostrophic interior. The first consequence of 
this is that the centrifugal forces associated 
with the uniformly rotating fluid, namely 
era:, must be exactly counterbalanced by a 
pressure gradient force directed radially inward 
(i.e. ap/ar =erRz). From the geometry of the 
problem a*p/araz = 0 (refer to equation (7)) so 
this radial pressure gradient extends undimin- 
ished through each boundary layer (without 
approximation). The viscously-induced more 
rapid rotation near z = 0 generates excess centri- 
fugal forces which overcome the impressed 
radial pressure gradient and lead to a radial 
outflow in the Karm&n layer (of smaller magni- 
tude than in the pure KBrmhn case where there 
is no impressed radial pressure gradient). 
Through continuity, this radial outflow is ac- 
companied by the well-known Ekman layer 
suction axially into the boundary layer (e.g. 
Greenspan & Howard, 1963). The fluid near the 
non-rotating boundary is viscously constrained 
to rotate more slowly than the fluid in the 
interior so its associated centrifugal forces are 
too weak to counterbalance the impressed radial 
pressure gradient. As a result, there is a slow 
radial inflow towards the axis and, by conti- 
nuity, an axial outflow from the Bodewadt layer. 

The second important effect of the absence 

- 0.945, - 0.754). 
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of radial flow in the cyclostrophic interior is 
that it forces the two boundary layers to be 
linked in the following way. The fluid centrifu- 
gally pumped radially outward in the Kbmhn 
layer can only return radially inward in the 
Bodewadt layer. Through the continuity equa- 
tion this forces the two boundary layers to have 
matching axial velocities, the axial outflow 
from the Bodewadt layer being the same as the 
axial flow into the Ktirmh layer. Fluid particles 
expelled from the Bodewadt layer follow nearly 
helical paths as they traverse the cyclostrophic 
region to enter the Karman layer, where they 
are centrifugally pumped radially outward. 

The only point on which the present descrip- 
tion differs from Batchelor’s is in the shape of 
the streamlines. Since the Bodewadt layer has 
large overshoot effects (due to the induced 
flow from rotated vortex lines, or see Rott & 
Lewellen, 1966), the streamline pattern is not 
as simple as that sketched by Batchelor. In fact, 
the substantial radial outflow near the top of 
the Bodewadt layer implies that the streamlines 
of the secondary flow fold back on themselves 
somewhat. 

Detailed examination of the present numeri- 
cal solution for R = 2500 reveals the presence 
of very small spatial oscillations in the K6rmt-h 
layer and the cyclostrophic region, in addition 
to the pronounced oscillations in the Bodewadt 
layer. The analytic form of these oscillations 
has been deduced by Rogers and Lance by 
linearizing the full viscous equations about a 
uniform inviscid Taylor column motion. For 
R, = 0.313i2, they obtain harmonic oscillations 
of wavelength 6.4 (in units of 5 )  which are expo- 
nentially damped away from the boundaries. 
This value is confirmed by the present numeri- 
cal results. I t  is concluded that all spatial oscil- 
lations still present at  R =2500 are of the vis- 
cous type and that with further increase in R 
those in the interior will continue to decay until 
ultimately the Taylor column becomes strictly 
uniform in 5. 

It is perhaps worth mentioning that the prob- 
lem treated here is highly idealized (because 
the disks extend to infinity) and furthermore 
these rotating flows are unstable beyond a 
critical radius (see Faller t Kaylor, 1966). 
Consequently, one should not expect such a 
flow to be producible in the laboratory. None- 
theless, the overall dynamics of such a rotating 
flow are believed to be of theoretical importance. 
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AHHZIHOrO CJIOH 3 K M A H A  

H H n .  n O K a a a H 0 ,  ’IT0 aCAMIITOTMYeCKOe COCTOR- 
m e  RJIR 6 o n b r u ~ x  mcen R COCTOHT 113 RBYX 
X O p O I l I O  H3BeCTHbIX CIIeqHaJIbHbIX 3 K M a H O B C K H X  
I IOrpaHHYHbIX C n O e B  H a  A H C K a X ,  CBRRBHHMX 
T 3 h O p O B C K O f i  K O n O H H O f i ,  C IIOACOCOM OT O A H O r O  
CJlOR B ApyrOfi, C 6 a n a H C H p O B a H H b I M  aKCllaJIb- 
HUM OTTOKOM OT Apyroro CJIOR. 
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