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ABSTRACT

The problem of solitary wave at the interface of two immiscible ideal fluids in a channel
of arbitrary cross section and infinite length is investigated, and expressions for wave
profile and speed are obtained. It is shown that when the two fluids are of nearly
equal density, then the wave is of elevation (or depression) when the lower (or upper)
layer is shallower of the two. The particular case of a rectangular channel is discussed
in detail, and the results correspond to those of Long [1956] and Benjamin (1966].

1. Introduction

In recent years there has been a growing
interest in the subject of solitary waves[Long
and Morton (1966), Ter-Krikorov (1961), Ben-
jamin (1962, 1966), Shen (1965, 1966) and Milne-
Thomson (1964)]. The problem of solitary waves
in two-fluid system and stratified medium with
free surface has been studied by Peters and
Stoker (1960). Earlier Long (1956) had investi-
gated solitary waves in a two-layer medium
between two plane fixed boundaries. Recently
Peters (1966) tackled the problem of irrotational
and rotational solitary waves in a channel of
arbitrary cross section wherein he studied in
detail the three-dimensional aspects of these
waves.

In this paper we study the problem of solitary
waves at the interface of two immiscible ideal
fluids in & closed channel of arbitrary cross sec-
tion and of infinite length.

2. Formulation of the problem

Two immiscible ideal fluids of constant den
sities o; and g, (¢; <p,) are enclosed in a closed
channel of arbitrary cross section and of infinite
length. In the undisturbed state, let the depths
of the fluids be H, and H, respectively. We
assume that a wave of permanent type exists
and moves at constant speed C towards left
over the interface of the fluids which are at
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rest at infinity. We take z,, xy-plane in the
undisturbed interface with x,-axis along the
length of the channel. Take x,-axis vertically
upwards and passing through the crest of the
wave. Thus our coordinate system is convected
with the wave. Fig. 1 shows the model adopted
for this investigation.

3. Basic equations

The relevant equations for the lower fluid
with the assumptions made in the previous
section are the equation of continuity
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Fig. 1. The cross section of the channel at infinity.
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where @, and @, are any two points, while ¢ is
acceleration due to gravity.
The kinematic boundary conditions are:

{i) at the channel z, = A(x,)

24
nmo, 3)
3

(ii) at the interface =, =f(x,, %;)

of of
—two, -, (4)
o, 0Ty

v =Y,
where u,, v, and o, are velocity components of
the lower fluid.

The dynamical boundary condition at the
interface requires that pressure should be con-
tinuous across it. Further we have the condi-
tions at infinity as

f(_ooy xa) =0’ ul(—-OO, 0’ 0) =C;
1}1(—00, 0; 0)=w1(_‘oor 09 0)=0’ (5)
p(—00, 0, 0)=p" = Const.

If we choose @, to be the point (~oco, 0, 0) and
@, a point on the interface x, = f(z,, ,), equation
(2) reduces to

2

qi Y
p1+91§+919f2391 (6)
where p, is the excess of pressure at (z,, z,, ;)
over that at ( — oo, 0, 0) i.e. p, =p —pW.
Further we will have similar equations for
the upper fluid, the flow variables of which
shall be denoted by capital letters while those
of the lower fluid by small letters unless stated.
We can write the above equations in the
dimensionless form by introducing a typical
length % in the vertical direction and a stretch-

ing parameter Ve. We take the dimensionless
variables

@=Veh 'z, y=h"'z, z=h"'z,
w=(gh) ‘u,, v="Velgh) v, =Velgh)'w, [ 7
= (@1gh)_1p1r n =h_1f, B-h"'A.
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Since the fluids are inviscid and start from
rest the flow is irrotational. In terms of the
above dimensionless variables with

U=Qrs V =0y, W =@,

the basic equations reduee to
EPrrt Puy + P22 =0, (8)

¢y=9. B, at y=B(z), (9)

PN =Py =P, 8 y=n(x,2). (10)

The dynamical condition at the interface y =
5(x, 2) reduces to

efgi +2n(1—0) -0 ®F} + (¢} + ¢3) — (D} +@3)

=(1-p)—&¢, 11
( e)ghe (11)
where g =g,/0,.
Now the conditions at infinity are
C
7(—o00,2)=0, @, (—00,0,0) =D, ~00, 0,0)=—=.
l/gh
(12)

As stated above @ denotes the velocity poten-
tial of the upper fluid.

In the same way the equations for the upper
fluid are

@+ Oy, + 0., =0, (13)
o,=0,B, at y=DB(2), (14)

and
0.0, =0, ~®,7, at y=gnlz,2). (15}

4. Approximations

Following Peters (1966) we assume here that
the dependent variables can be developed in
integral powers of & for our three-dimensional
problem. That is we can write

(X, Y, 2) =@y T @y +E%p, ...,
iz, y, 2) = By +e®, +2D, +...,

and X, y, 2) =&y + e, + ... (16)
Since C = Vgh - @z( — o0, 0, 0), we have
0 =0 +620,0, +&¥(C} +2C,C,) +.... (17)

We shall substitute these expansions in the
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(1- e)¢zy<x,0z)+~{F1 (x) — Gy ()} = 0,
(32)

(1-0)®yy(x, 0, z)+~{F1 (@) -G (@)} =0

We know that if yx, is the outward normal
derivative of y at the boundary of D then

f (xw + ¥a)dydz = J' An A8, (33)
D L

where ds denotes the arc length along the
boundary L and L is oriented counterclockwise.
This identity imposes a condition for the exist-
ence of a function y which has a prescribed
normal derivative on the boundary of D and
which satisfies

T(y, 2) (34)

vy T Xoz =
in D.
Such a function does not exist if the assigned
normal derivative violates

ff T(y, z)dydz = (
D Ji

Replacing y in equation (33) by ¢, and @, in
turn we have

ynds. (35)

2

d, Fy (x) = {FI (@) -G} ()},
2 (36)

x4 C &4 r7
d, Gy (x) = - g”u'j;) {F! () -G (2)}

g(1-

where d; = A,h?/bh, d, = A, h*/bh; A, h* and A,h?

are the areas of D, and D, respectively, while

bh is the breadth of the interface at infinity.
Equation (36) shows that

G (x)= —dF; (), (37)
(1-p)
d 2 —gd, s ——
an Co=gd, (1+gd)’

where d =d,/d, = A,/A,, while d, and d, are the
mean depths of the lower and upper fluids
respectively.
Now the equations for @, reduce to
Payy + Pazz = ~F'(@) in D,
@gy(x, 0,2) = —k, Fl"(w) on S,
Pay — Pez B, =0

on L, (38)
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C,

Vo'

k, —d, k.

%:( 00’0 0)

with

This equation shows that

po= —Fl (@) pu(y, 2) + = a+ Fyla),  (39)
Vg
where Yoy TP, =1 in D,
12,(0,2) =K, on S, (40)

=0 on L.

To make y,(y, z) unique we can assume with-
out loss of generality, ,(0, 0) =0. Thus from
the above system y, can be calculated.

In a similar manner we have

O, ~dF; (2) ¥, (y,2) + =z + Gy(zx), (41)
Vg
where Wiy + ¥, =1 in Dy,
W (0,2) =k, on S,
¥,,=0 on L, (42)
¥,(0, 0) =0,
with ky= —d,fh.
Equation (42) determines ¥,(y, 2).
The last equation in (29) gives
, . C, h
Fyz)= —kplx), k= — (43)

Vgnd

To determine F,(x) we proceed to the third
order system (coefficient of &%) of equations.
(iv) Third approximation:

For ¢ the third approximation gives

lpsyy+(pgzz:F1”’(x)wﬂ(y: z)—F;'(x) in Dl’]

Pay(@, 0, 2) = — 7, ()71 (2o, (0, 2) +

c, C, (44)
+772(-’5: 2) - l/ - — + m(x) l/ h — kn,(x); on S,
g g

Psy ~93B.~0 on L.

Tellus XX (1968), 4
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14 Al ,y
Equation (11) gives 1+ dk(F2 —eG:) - ;F2 =
,r kC , M, 1- 2
(1= )+ )2 00,2+ 0%, ) - n,m{ f . (1 WL 5; + 90, z))dzl»
"‘(w)k’a od®) — ¢, (@) (1 +Qd)—1c‘ +n{”(z)Uf vu(y, 2)dzdy
Vah o,
k My
V {Fg(x) —0G3(x)} =0 on 8, (45) 1 +'Q i 1. {,(0, z) + gd¥,(0, z)}dz]
g 1
2 ’
while equation (45) and the second equation + lnl(z), (49)
in (44) give kV;ﬁ
o and
(z,0,2) = —n1 " (x)— ok kb A,
?7 » Vs -
N Ph1-e) FIrgp T2 o0 O
x {12(0, 2) +0d¥, (0, )} o, 1o’
=n n{(x)-f (d+d\lfm(0, z) - )dz
‘ )k{ Cyle (1—pd )} M 1+od
—mm@
T Vgh (1-0)
+q1 () [dff W, (y, z)dzdy
N om{(x){l LG k(1+gd)} Ds
gh h 1-¢ k
Ve Vo 1 . {%(0 z) + pd¥, (0, z)}dz]
c? +od
" gy P @ e )} (46) 2,
Voh Lo (). (50)
Similarly we have for ®, the equations kVgh
. Equations (49) and (50) give
Dy + Dyop = —d¥,(y, 2) F1'(2) ~ G5 '(x) in D,
@y —Dy; B,=0 on L, Gy (@)= ~dFy () + 9 (x)—
(47)
o kCs ¥, (y, 2)dzdy — (y,2)dzd
@yy(, 0,2) = —m (x)m b Y 'P: Y Y
_9 3
X {WI(O’ Z) +Qd\Fn(0’ z)} +n ?71(17) [b(l +d)
Coke1—od' } M
\ 2 - d—d¥,,,(0,z :
— 1y 71 (). {Vgh 1-¢ 2y(0, 2) + N {¥2y(0,2) +d¥F,,, (0, z)}dz] (51)
C,mix) kC, 1+gd _ . .
*-V;T 1+ E}; 1——9 Substituting equation (51) in (49) we get
: momy” (@) =my gy pi@) +my i) (52)
gh(l {F2 (x) -G ()} (48) where

1 2 f
my= — od ¥,(y, 2)dzdy
Application of equation (33) to ¢, and ®, gives ’ 1+Qd{ b,
Tellus XX (1968), 4



664

+ ff pely, 2)dzdy
Dy

M,

k
_ 1_+1;)7i " [:(0, 2) + @, (0, 2)] dz},

1 My
m, = il f " Yool 0, 2) — d™W,,.(0, 2) dz

(ed’~1)

+3b s
1+pd

(63)

and

Equation (53) can further be simplified with
the help of (40) and (42) to give

- (v, +yaz) dzdy
1+od o, Yoy + Y2z
+ od? ff (W§y+‘lf§z)dzdy],
D,

My

1-od’
m, = —3pm- %) (54)
1+pd
2bC,
and my=-——t
k, C,
where
1
Telt o
3b(ed” — 1)

My
x f (9222(0, 2) — 0¥ 322(0, 2) 2.
‘We note here that when the curve L intersects
the z-axis orthogonally then 77<1 and 7' can
always be made positive by taking the breadth
of the channel large.

Equation (52) is a well known basic equation
in the theory of solitary and conoidal waves.
As we are interested in the investigation of
solitary waves we impose the conditions
o0, 0, 2) = =0, n,(x)

$=1,2,3...

"PSy( - (I)sy( — 00, 09 Z)

=m(—x) for (65)

These conditions along with equation (11) reduce
to
=m (—o0)=0 (55)

(= 00) =71 = o0)
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The solution of (52) with the above boundary
conditions, can be written as

3m, x
mle)= —— 2 Sech® |/ —-=. (56)
m, m, 2
Let us define
3m, 2¢h 0 (1+pod)
q= - o= = 1T
m, k, T C’ 1-pd
Th 1—od”
sz l/q 1Ter (57)
myh 1+od’

The equation of the solitary wave, at the inter-
face of two immiscible ideal fluids, to the first-
order of approximation can be written as

f=q Sech’ ;+ o(q), (58)

where o(q) means limit o(g) /g =0.
q—>0

It can easily be verified that for the lower fluid

Tq 1~—gd2 q : % !
-0,|1+=2 - h™ — | + o(q),
u, 0[ 2. 1red 4, ech” -1+ (@)
q @1 z, 1
v, = - Cz Coyyy(y, 2) Sech® 2_1h tanh EIE + o(gh),
ql @, 1 ! 3
w, = = = Cyy,,(y,2) Sech’ = ta nh — +o(q ),
d, 2h
(59)
and

1- l
Py 919[1 dq Sech® E};_xz:l+o(Q)~

Similarly for the upper fluid we have

Tq1- gd q . 2,0
=Cy |1+ + —~ Sech +
* °[ 2d, 1+gd T a, 0 o | o0

a1 1
0 s W,y (y, 2) Sech® 27 tanh E+ o(gh),

ql 2,1 x, 1 3
w, = F) C,\¥,.(y, 2) Sech® —2; tanh 2_h + o{gq?),
2

{60)
and

Tellus XX (1968), 4



SOLITARY WAVES IN A TWO-FLUID SYSTEM

P, = —g,g[qd— Sech® =X ,:I + o(g).

l+ed

It is to be noted that p, and P, occurring in
(69) and (60) represent the excess of pressures
over the pressure at (—oo, 0, 0).

From (59), we obtain the speed of the solitary
wave at the interface, as

1-od*qT
—E L1 o).
1+pd d,

For #,(x, 2), the second-order approximation of
the wave profile, we have the equation

7y(2, 2) = n (x)[ { ff ¥, dzdy
- Jf p,dz d?/} ~9,(0,2) - qu’n(o,z)]
Dy

_ m(z) _ e
2(1+ed)[ Aa{(1+d)b

o’=03[1 + (61)

My
+ f " (Payy(0, 2) + AT, (0, 2)) dz}

1-od’h
L 1-e

. ] gnm Fie) 7

-9 Vgh'

1

(62)

5. Rectangular channel

When the channel is a rectangular one of
unit breadth, equations (40) and (42) reduce to

-r,<y<0,
Yayy t¥az=1 for

—-i<z<i.
P50, 2)=r, on y=0,

1,(0,0)=0 with ¢,,=0 on L,
(63)
and
O<y<r,,
Yoy + ¥y, =1  for
—t<z<y,
¥y,(0,2)= -7, on y=0,
¥,(0,0)=0 with ¥,,=0 on L, (64)

Tellus XX (1968), 4
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where 7, and r, are non-dimensional depths of

lower and upper fluids respectively.
The solutions (63) and (64) can easily be

written as
Ki
Ys =yrl(§—~ + 1) s
rl

¥, =w,(l - 1) (65)
2ry
From (65) m,, m, and m, reduce to
1+ s 1-pd?
= dred n my= —3—2 . (66)
l+gd 3’ 1+pd
20, h
and my= ——,
00 rl

When we take the depth of the lower fluid as
the vertical scale factor, then r, =1, r, =d the
ratio of the depths of the fluids.

Now the profile of the solitary wave, to the
first-order of approximation, is

z, 1
f=g¢ Sech’ —+oq),

oh (67)

1-0d*) 1
where poggtzed) 1
l+od”™ R

The speed of the solitary wave becomes

3 2
1—pd

CANPIS ol L
od

68
Cct h1l+ (68)

and the critical speed is given by

o 1-
e (69)
gh 1+9d

6. Conclusions

Equations (58) and (61) give the wave profile
and speed. for closed channel of arbitrary cross
gection. From the first-equation of (57), we
have C, >0 which shows that the solitary wave
at the interface of two immiscible fluids always
travels with super-critical speed (C >C,). Also
from the last equation of (57), we observe that
q20 if 1-d*=20 when ¢~1; m, and T being
positive. In other words, the waveis of elevation
or depression depending on the lower or upper
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layer is shallower of the two. This result does
not depend on the cross-section of the channel.

From (58) and (62), we find that the amplitude
of the solitary wave does not suffer lateral
change to the first-order of approximation
while it does suffer lateral change in the higher
approximations. In other words, the approxi-
mation giving the wave profile,

ai

Ty =5h771(‘/;h ) + 52}"’72(1/;%: %s) + 0(5’),

represents the three-dimensional solitary wave.
For ¢ =0 and d, =, our results reduce to those
of Peters [1966].

In case of a rectangular channel (67) with

S. V. RAMAN

e~1 yields g20 if 1~d?20 for I to be real.
This condition and the wave profile given by
(67) correspond to equations (24) and (27) of
Long [1956]. Equations (68) and (69) giving
the speed of the solitary wave and the critical
speed are in agreement with (4.9) and (4.7) of
Benjamin [1966].
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OJIMUHOYHBIE BOJHbI ABYXCJHONHON }HUAKOCTU B KAHAJIE C
IMTPOU3BOJIbHBIM NMMONNEPEYHLIM CEUEHUEM

Uccnenyerca sagaya 06 OXMHOYHOIN BOJIHEe Ha
MOBEPXHOCTH pasjelia IBYyX HeCMENIMBAIOIUXCA
HeATBHBIX MHUJKOCTe!t B OeCKOHEYHO IJIMHHOM
KaHajle ¢ NpPOU3BOJbHEIM ceuenneM. [loayuenn
BHIpaKEeHNA JJA NpOoQUIA BOJHE I ee CKOPOCTH.
IlokasaHo, 4TO ecam aTU ABe HHUAKOCTH obJa-
AAIOT MOYTH OJMHAKOBONR MIOTHOCTHIO, TO BOJHA

AIBJIAETCA BOJHON BO3BHILEHUA (MJIM Jemnpec-
CHM), eClI¥ HIKHUI (MU BepXHHUil) cijoit TOHbIIE
apyroro. JletanbHo o6Cy#gaeTcA 4acTHuIA cay-
4ali KaHaJa NPAMOYLOJBLHOTO CEYeHHs, HNpUYeM
MOJy4eHHEIe pPe3yJbTATH COBNAJAIOT C pe3yib-
tatamu Jlonra (1956) n Benmxamuna (1966).
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