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ABSTRACT

The structure and motion of the atmospheric planetary waves were studied using &
simple time filter and the method of characteristic patterns. Three universal pressure
modes are found, independent of the zonel and meridional wavenumbers and of the
speed of the wave: modes 1 and 3 have a large vertical mean value, and move with a
speed close to the Rossby-Haurwitz speed of the dominant meridional characteristic
pattern. The strongly divergent vertical mode 2 has a mean velocity close to the solid
rotation of the atmosphere in the longest waves, and close to the Rossby-Haurwitz
velocity in the short waves.

Four meridional characteristic patterns are universal for the fastest moving waves,
but individual meridional structures are found for modes forced by the seasonal cycle
and by the interactions of the fast moving modes.

Typical periods for the exchange of energy between modes are much shorter than

the typical periods of fluctuations in the observed phase velocities.

1. Introduction

The transient part of the planetary waves has
been studied observationally in surface harmo-
nics at one or two levels by Eliasen & Machen-
auer (1965) and Deland & Lin (1967). Theore-
tical studies and spectral forecast models have
been conducted by Blinova (1953, 1956, 1957,
1961, - 1964, 1965, 1966), Mashkovich (1957,
1960, 1961, 1963, 1964b), Eliasen & Machenauer
(1985) and Deland & Lin (1967). Mashkovich
(1961, 1964b) predicted the existence of slow
moving modes forced by the interactions of the
fast moving modes, which were observed but
not recognized by Eliasen & Machenauer (1965).
All attempts to use a barotropic divergence
model of the form proposed by Cressman (1958),
but with an empirical coefficient, have been
unsuccessful, which is now shown to be due to
the fact that the strongly divergent vertical
mode 2 is statistically uncorrelated with the
weakly divergent dominant mode 1.
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When the vertical structure is taken into
account, the dependence of phase angle and
wave velocity on meridional wavenumber ob-
served by Eliasen & Machenauer disappears,
due to the normal dominance of one meridional
mode. The vacillation is also much reduced,
and the remainder is attributable to the excita-
tion of sub-dominant meridional modes, to im-
perfections of the time filter, and to contingent
errors (aliases) of the objective analysis system.

2. Characteristic patterns

The formalism of characteristic patterns is
described by Lorenz (1956), Obukhov (1960),
Mateer (1965) and others. Briefly, a statistical
ensemble is formed of related observations over
& period of time; the time mean removed; the
covariance matrix formed; and the eigenvalues
and eigenvectors of the covariance matrix are
respectively proportional to the fractional vari-
ance explained and to the amplitude of each
characteristic pattern.

For example, the statistical ensemble may be
formed of the geopotential at eight pressure
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levels at each observation for a month, to give
a matrix

{yy}, 1<i<8, 1<7j<62 (approx.). (1)

The time mean is removed by making
62
> yy=0 (l<i<8). (2)
j=1

The square covariance matrix
U=-YY, (3)

where Y’ is the transpose of Y.

The eigenvalues and eigenvectors of U are
proportional to the desired fractional variances
and characteristic patterns.

3. Time filters

Two time filters with a fixed and a running
average were used in order to separate the long
period time average or standing part, the slow
moving forced modes, and the fast moving
modes of the planetary waves. As the basic
data covered January, February and March
1963, a fixed three months average was used
to approximate the standing part. With the
standing part removed, a 5.5 day or 10 day
running average was used to separate the forced
modes, and the residue is the fast moving or
free modes. The length of the running average
must be suitable for the phase velocities of the
free modes, which may be found from Eliasen
& Machenauer (1965), from this paper, or from
the results of preliminary computations.

Refined time filters will be needed to separate
observationally those forced modes which Mash-
kovich (19645), predicted would be generated
by the interactions of the free modes from the
seasonally forced modes which may be regarded
as the seasonal cycle of the standing part. This
study is concerned mainly with the free, fast
moving modes.

4. Aliases

In order to estimate the contingent errors of
the data, which are believed responsible for a
substantial part of the irregularities which re-
main in the results of this study, a model experi-
ment was performed on an idealized objective
analysis system.

Given a knowledge of the vector W of ampli-
tudes of every atmospheric wave, one could
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generate the vector of station soundings S by
some non-square matrix A:

S=AW. (4)

Proceeding through the linear algebraic pro-
cedures of the analysis system, and neglecting
the constraint of the analysis by the preceding
forecast and various minor difficulties, one can
generate a vector Z which is an estimate of W,
with some non-square matrix B:

Z = BS. (5)
The error matrix

E=4B-1, (6)

where I is the identity matrix.

A simple approximation to E was obtained
by treating only one pressure level, and by
using a field of RMS error of interpolation simi-
lar to that which Mashkovich (1964a), derived
from the theory of optimum interpolation, after
Gandin (1963). The fixed error field multiplied
by a single surface harmonic Y%, ,, defines an
error field for Y3, , which may be Fourier
analyzed into a complete set of surface har-
monics. )

The explicit form of a surface harmonic is

Y¥ =exp (iMA) P}, 4 (cos 6) (7

where A is the longitude, 6 the colatitude, M the
zonal wavenumber, N +M the degree, N the
meridional wavenumber, and PY, ,, an associa-
ted Legendre polynomial. All the values used in
this study were computed by the algorithms of
Belousov (1956), because of his extensive study
of the errors involved, and were checked against
his listings.

The usual meaning of the term alias was
further extended by defining a direct alias as
the real part and an indirect alias as the imagi-
nary part of the alias between any two surface
harmonics (M, N) and (MP, NP); an auto-alias
was defined as the alias between any surface
harmonic and itself.

The hemispheric mean is the wave vector
(0,0); the alias from (0,0) to (0,0)is 329, to
(0,1) 329%, to (0,2) 4%, to (0,4) —7%, and to
(0, 6) 25 %. These figures indicate that the meri-
dional profile of the zonal mean geopotential or
zonal mean wind is among the least reliable in-
formation now available.

Separation of zonal or meridional wavenum-
bers tends to reduce the alias, which falls to the
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order of 19 for the direct alias between wave
vectors near (0,6) and (6,0). The indirect aliases
tend to be one or two orders of magnitude smal-
ler than the corresponding direct aliases. The
direct auto-aliases vary between about 15 and
509%,.

The numbers obtained in this simplified ex-
periment should be used only as estimates of
error bounds, but not for the correction of data.
No results in this paper are affected by random,
systematic or contingent quantitative errors in
the order of 309,; but detailed examination
would be needed in any attempts to give sta-
tistics on the vacillation of the dominant modes,
the phase velocities of sub-dominant meridional
modes, the possible existence of zonal charac-
teristic patterns, or many forms of correlation
coefficient.

5. Motion of pressure modes

The data consisted of zonal harmonics 0 to
15 of the geopotential at 2.5° increments of
latitude from 20° N to 87.5° N at eight pressure
levels from January to June 1963. Most of the
work used the January to March period; in
particular, the standing part was evaluated only
as a three month mean and subtracted to pro-
vide tapes of transient zonal harmonics. De-
rived data sets carried transient surface har-
monics at eight pressures, transient surface
harmonics resolved in vertical characteristic
patterns, running means and deviations of ver-
tical modes of transient surface harmonics, and
vertical modes of transient zonal harmonics at
28 latitudes. It will generally be clear from
what data set any particular conclusion is
derived.

Cages were discarded with more than 2 adja-
cent pressure levels missing, or with more than
3 levels missing in all. Missing levels were
generated by linear interpolation or extrapola-
tion., Complete missing or discarded observa-
tions were ignored in evaluating running means
and deviations; no significant change would
have resulted from the use of interpolation.

The statistical ensembles used in the evalua-
tion of characteristic patterns were either 62
observations or all available observations in a
given calendar month.

It was found that three vertical pressure
modes explain 989, or more of the variance of
the geopotential of any statistical ensemble,
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which ensemble may be composed of transient
zonal harmonics, transient surface harmonics,
or the running means or deviations of either
transient zonal or transient surface harmonics.
These three modes are indistinguishable from
those reported by Obukhov (1960), and Holm-
strém (1963), from ensembles of station radio-
sonde soundings, and have a case-to-case varia-
tion similar to that shown by Holmstrém. Con-
sequently, the modes given in Holmstréom’s
figure 6 were arbitrarily chosen as standard,
orthonormalized over the eight pressure levels
of this study. The fact that mode 2 is of com-
parable magnitudes but opposite signs in the
lower and upper atmosphere indicates that it is
relatively more divergent than the other modes.
The percentage variances explained by each
mode are usually about 70-90, 10-20, and 1-
10%, except in February 1963 when mode 2 is
more important, in agreement with the findings
of Wiin-Nielsen & Drake (1966), on divergent
and non-divergent energy conversions.

If the vertical mean is removed from the
statistical ensemble, only two significant modes
result, with percentage variances explained
about 70-809% by the vertical mean, 10-209
by the new mode 1, and 1-10% by the new
mode 2. The observed modes are similar to
modes obtained by orthornormalizing the stand-
ard modes to a constant, but the observed
modes show a small variation of the pressure
level of the extremum with meridional wave-
number which reflects the variation of tropo-
pause height with latitude.

When the running time mean and deviation
of surface harmonics are expanded in vertical
characteristic patterns, the zonal phase angles
are seen to be a function of zonal wavenumber
and vertical mode number but not normally of
meridional wavenumber: the meridional wave-
number appears briefly when a sub-dominant
meridional characteristic pattern (see below) is
excited.

Vertical modes 1 and 3 of any wave normally
have their phase angles close together, and move
with & mean speed near the Rossby-Haurwitz
value computed with a meridional wavenumber
of 2, 3 or 4, whichever most closely corresponds
to the expansion of the dominant standard
meridional mode in the appropriate associated
Legendre polynomials. The meridional wave-
number of largest amplitude may also be used
in estimating the applicable Rossby-Haurwitz
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Table 1. Observed mean zonal phase velocities of free and forced modes separately, Jan.-Merch
1963, deg. phase and deg. longitude per day

Zonal W. N, 1 2 3 4 5 6

Vert. mode (free modes)

1. Phase -32.5 —-33.0 -9.0 18.0 43.9 45.8
Long. - 32.5 —-16.5 -3.0 4.5 8.8 7.6

2. Phase 16.0 38.3% 36.0 45.0 54.8 50.6
Long. 16.0 19.1% 12.0 11.3 1L0 8.4

Vert. mode (forced modes)

1. Phase -7.0 -6.8 ~-1.5 -2.0 -2.5 5.0
Long. -17.0 ~3.4 -5 -5 -5 8

2. Phase ~17.0 2.3 5.5 1.5 1.5 4.5
Long. ~17.0 1.1 1.8 4 3 .8

¢ In periods when small amplitudes do not require interpolations, this value is 15.0

degrees longitude per day.

speed of vertical modes 1 and 3 of any zonal
wavenumber.

Vertical mode 2 of zonal wavenumbers 1 and
2 has a mean speed close to the angular velocity
of solid rotation of the atmosphere; with increas-
ing zonal wavenumber the speed approaches the
Rossby-Haurwitz velocity computed in the same
way as for vertical modes 1 and 3.

Mean rotational speeds obtained by exami-
nation of plots are shown in Table 1. Rossby-
Haurwitz speeds are shown in Table 2. When
the amplitude of any wave fell below one deca-
metre, the phase angle was carefully scrutinized
because much noise appears at such times.

The mean phase speeds of the running mean
or forced modes are very approximate and not
necessarily significantly different from zero.
They exhibit much vacillation, and this study
made no attempt to separate the seasonally
forced modes from the modes forced by the
interactions of the free modes.

No meaningful statisties can be computed on
the unsteadiness of the phase speed or the vacil-
lation of either the free or forced modes unless
allowances are made for all the following effects:

1. The solid rotation of the atmosphere.

2. Aliases.

3. Excitation of sub-dominant meridional
modes.

4. Tmperfections of the simple time filters of
this study.

Expansions in sines and cosines of pressure
were uninformative.

6. Meridional characteristic patterns

The free modes exhibit four universal meri-
dional characteristic patterns, independent of
zonal wavenumber and vertical mode, except
that meridional mode 1 is absent from monthly
or comparable ensembles of zonal wavenumber

Table 2. Rossby-Haurwitz speeds in degrees longitude per day, with the index of solid rotation
o =15.58 degrees long. per day

WR-g = *

2(360 + x)

NN+1)’

where the degree N is the sum of the zonal and meridional wave numbers

Degree N ... 1 2 3 4

5 6 7 8 9 10 11 12

~3595 -109.5 —423 -219

-9.4

-23 22 52 172 88 99 108
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Table 5. T'ilt of surface harmonics of the geopotential, less 3 month mean,
January, February, March 1963

Differences of east-west phase angle in radians of phase, 850-500 mb, 850-200 mb values

Meridional

wavenumber ... 0 2 4 (] 8
Zonal 850~  850- 850-  850— 850-  850— 850— 850 850— 850-
wavenumber... 500 200 500 200 500 200 500 200 500 200
1 Jan. .20 .25 03 -.16 37 .69 15 25 .20 .33
Feb. 29 -.25 A1 .01 -.05 -.03 -.01 -.13 .39 47
Mar. .39 .75 .05 .10 .27 21 17 .31 .25 21
2 Jan. .53 .29 .03 .06 .25 .23 .51 .57 37 .51
Feb. 45 .60 41 48 32 -.00 35 —-.08 .32 .25
Mar. .59 .84 .58 .93 .05 .03 .25 .39 .55 .65
3 Jan. .46 .57 .20 .32 .28 .54 43 .66 .32 40
Feb. 41 41 .69 1.05 .33 .33 .52 .60 14 .53
Mar. .60 .56 25 .25 08 -.13 .35 .25 .29 .26
4 Jan. 51 .64 17 .32 .20 27 .25 .39 11 .08
Feb. .20 .28 .34 .38 21 .29 .16 21 .16 11
Mar. .19 40 .27 .52 .24 31 -.09 .16 .35 .35
5 Jan. 18 .23 .22 .64 .29 44 .26 .38 22 18
Feb. .55 .86 .37 .54 .41 .63 .35 .14 .31 45
Mar. 43 .56 31 .38 .50 47 .40 .39 .24 .08
6 Jan. .36 .36 .27 .26 49 48 17 .26 44 .22
Feb. .08 .02 12 .01 .21 .38 .30 .35 43 42
Mar. 47 .76 .60 .60 41 .55 45 44 .18 .33

0. The four modes have, respectively, 1 to 4
extrema of significant amplitude between 20° N
and 70° N, are near zero from 70° N to the pole,
and explain typically 60-70, 10-30, 5-10 and
1-59 of the variance, respectively. The case-
to-case variation suggests that mode 4 is about
half noise; there are also modes 5 and 6 which
appear to be not entirely noise, with 5 and
6 extrema respectively.

The forced modes exhibit individual meri-
dional characteristic patterns: better time filters
and a separation of the seasonally foreed modes
are desirable for their detailed examination.
Modes 5 and 6 of the free waves appear, at least
partly, to be modes of the forced waves which
remain because of imperfections of the time
filters.

The modes of the A coefficient (cosine, east
from the Greenwich Meridian), zonal wave-
number 7, vertical mode 1, March 1963, were
arbitrarily adopted as standard because they
appeared near the average. They are listed in
Table 3 and their expansion as linear combina-
tions of associated Legendre polynomials is
given in Table 4. The residuals are too large to

allow a transformation of data from surface
harmonics to meridional modes, except for
modes 1 and 2.

Tropical and inter-hemispheric effects which
cannot be analyzed in this study may contribute
to some of the modes. This may be judged from
the ratio of the amplitude at 20°N to the
extrema; the ratio is near 1 for modes 4, 5 and 6,
about 0.8 for mode 3, and about 0.25 for modes
1 and 2.

7. Characteristic patterns of longitude

The existence of characteristic patterns of
longitude would imply that the values of the
A and B coefficients of zonal harmonics were
correlated. Because the raw data of this study
were already expressed in zonal harmonics, a
procedure was adopted which would have given
the coefficients of the expansion of zonal char-
acteristic patterns in zonal harmonics. The
31 A and B coefficients of zonal wavenumbers
0 to 15 at any one latitude and any one pressure
level for any one month were used to form a
covariance matrix in the usual manner.

Tellus XX (1968), 3
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Table 8. Tilt of surface harmonics of the geopotential: 5.5 day mean and deviation, less
3 month mean, Jan.—March 1963

Differences of east-west phase angle in radians of phase modulo 27; 850 mb-500 mb, 850 mb—200 mb values

Meridional
wavenumber ... 0 2 4 6 8

Zonal 850-  850- 850—  850- 850—  850- 850-  850- 850-  850—
wavenumber... 500 200 500 200 500 200 500 200 500 200
1 Free 143 1.37 141 1.22 1.32 1.19 1.05 1.06 1.03 1.12
Forced 0.96 1.31 1.25 1.25 0.76 0.92 1.64 1.44 0.78 0.91
2 Free 1.43 1.22 1.12 1.05 1.10 1.29 0.89 1.00 1.16 1.04
Forced 0.57 0.77 0.84 0.70 1.13 1.07 0.43 0.62 0.76 0.77
3 Free 0.96 1.07 0.65 0.93 1.34 1.256 0.94 1.01 0.94 1.07
Forced 0.25 0.77 0.28 0.17 1.10 0.99 0.68 0.76 141 1.48
4 Free 0.97 0.97 1.04 1.00 0.95 0.96 0.77 0.91 0.96 0.97
Forced 0.68 0.78 0.54 0.66 0.86 0.79 1.58 1.44 1.19 1.27
5 Free 0.76 0.92 0.95 0.93 1.07 1.16 1.04 0.98 0.98 0.92
Forced 1.23 0.93 0.68 0.90 0.94 0.98 1.27 1.39 1.23 1.49
6 Free 0.73 0.85 0.84 1.03 1.07 1.09 0.74 0.74 0.94 0.94
Forced 1.21 1.18 0.97 1.01 1.23 1.17 1.13 0.96 1.21 1.50

The resultant characteristic patterns were so
unstable from one latitude circle or month to
another as to be entirely attributable to the
forced modes and aliases.

Analyses of data resolved in vertical modes,
meridional characteristic patterns, and time
filtered showed that no stable characteristic
patterns exist for the free modes. It is also
characteristic of such cases that the eigenvalues
decrease only slowly, and that the largest eigen-
value corresponds to only a small fraction of
the variance, in the order of 20 to 509%,.

For the forced modes, many months of data
would be required for a significant result.

8. Tilt of surface harmonics expansions

The tilt of the surface harmonics of the geo-
potential was examined only by the mean differ-
ences of the 850 mb, 500 mb, and 200 mb phase
angles (1000, 150 and 100 mb data being un-
available for January 1963), equally weighted
over the availble observations without regard
to amplitude. All differences were brought into
the interval ( —=, =) before averaging.

Table 5 shows the monthly values in radians
for January, February and March.

The considerable month to month changes
have no evident systematic character.

Table 6 shows the three monthly values for
the free and forced modes separately.

Tellus XX (1968), 3

The tilts of the free and forced modes are
mostly similar, to the west from 850 to 500 mb,
and approximately vertical from 500 to 200 mb.
The recurvature above 500 mb usually increases
with increasing meridional wavenumber and
decreasing zonal wavenumber: the variation
with meridional wavenumber may merely reflect
the variation of tropopause height with latitude.
The 500 to 200 mb differences are consistent
with the prediction of Mashkovich (1961, 1964b),
of a tilt to the east in the upper troposphere
and lower stratosphere.

No calculations were made in meridional
characteristic patterns.

9. Comparison with other publications

The main observational studies of the tran-
sient part of the planetary waves are those of
Eliasen & Machenauer (1965), and Deland &
Lin (1967). Both these studies were mainly of
the stream function at 500 mb, where the
value of vertical mode 2 is near zero, although
Eliasen & Machenauer also studied the 1000 mb
field. No previous study has used three or more

Jlevels.

Eliasen & Machenauer also applied a simple
time filter with an averaging period which they
made a function of meridional wavenumber
because of their finding that phase speeds
depend on meridional wavenumber. Their ob-
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served phase velocities are generally similar to
those found for vertical modes 1 and 3 in the
present study; their finding that the phase
angles at 500 mb and 1000 mb are usually little
different was also observed in this study, but
both this observation and occasional departures
from it are due to the ratio of the percentage
variances explained by vertical modes 1 and 2:
cases were noted when the 200 mb and 850 mb
phase velocities were large and of opposite
signs.

The dependence of phase velocity on meri-
dional wavenumber is due mainly to a time
filtering technique which retained the forced
modes: if Eliasen & Machenauer had worked
at levels far from 500 mb, then vertical mode 2
would have been an additional complication,
but no qualitative change would have been
necessary in their conclusions. The use of cosine
or other vertical modes also leads to a depend-
ence of phase velocity on meridional wave-
number over short time periods.

Their other conclusions are consistent with
everything observed in the present study, al-
though their opinion of the nature of slow
moving waves conflicts with the results of
Mashkovich (1964b).

The main result of Deland & Lin (1967), on
which the present study casts new light, and
which is not comparable to any result of Elia-
sen & Machenauer (1965), is that surface har-
monics are slightly correlated. The existence of
characteristic patterns leads one to expect such
correlations, though substantial calculations
would be required for quantitative comparisons.

It must also be pointed out that many of
the correlation coefficients reported by Deland
& Lin are comparable in magnitude to the space
aliases found in the model experiment of this
report: because the simple model experiment
says nothing about the sign of contingent errors,
a further investigation is needed before any-
thing more can be said.

Although no regression of one day’s phase
velocity on another has been made in this study,
it appears likely from the available graphs that
the separation of modes by time filtering and

characteristic patterns would improve on the

maximum correlation coefficient of 0.69 re-
ported in Deland & Lin’s Table 4.

The difficulty which Deland & Lin found in
choosing a satisfactory empirical coefficient for
the divergence is due to the facts that they did
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not use a time filter, and that the main part of
the divergence is in vertical mode 2, which is
by definition statistically uncorrelated with the
dominant vertical mode 1. Operational ana-
lysis and forecast models also fail to separate
the standing, forced and free modes.

Scale analyses of the planetary waves have
been published by Burger (1958), Murakami
(1963), and Deland (1965b).

Burger & Murakami show that in slow moving
planetary waves the vorticity equation and
the divergence equation both become diagnos-
tic. Vertical mode 2 of the observed free modes
may meet their assumptions; vertical mode 2 of
zonal wavenumber 1 and 2 have a mean phase
speed very close to the angular veloeity of solid
rotation of the atmosphere, although periods
of considerable vacillation are observed.

The basic difference between the scale ana-
lysis of Deland (1965b), and those of Burger &
Murakami is that Deland assumes wave speeds
in the order of the Rossby-Haurwitz velocity.
The horizontal advection of vorticity is not
then negligible, and Deland concludes that
there may exist modes for which the vorticity
equation has prognostie value and which move
with speeds in the order of the Rossby-Haur-
witz values. This study has shown the existence
of vertical modes 1 and 3 of the free waves,
which meet Deland’s assumptions. Zonal wave-
numbers 5 and 6 of vertical mode 2 of the free
waves also approach Deland’s assumptions and
conclusions.

Zonal wavenumbers 3 and 4 of vertical mode 2
of the free waves have properties intermediate
between those assumed by Deland & Murakami.

It remains to be clarified whether any scale
analysis is possible for the forced modes.

Unknown to the author, many of the results
of this study had been predicted by Mashkovich
(1957, 1960, 1961, 1963, 1964b), in a wide
range of studies using grid point and spectral
models, using instantaneous tendencies of sur-
face harmonics in a time-invariant basic flow,
and using low order models based on those of
Lorenz (1962, 1963a, b, 1965).

Points 4 and 7 to 14 of the conclusions of
Mashkovich (1961), are supported and point 1
appears to be contradicted by this study. In
particular, the motion and development of
disturbances depends on their vertical structure
and the vertical structure normally changes
rapidly with time.

Tellus XX (1968), 3



ATMOSPHERIC PLANETARY WAVES

The more rapid amplification of disturbances
in the upper troposphere predicted by Mash-
kovich agrees with the strong vertical shears of
the horizontal wind shown in the observed char-
acteristic patterns.

The predicted inclinations of the trough and
ridge lines to the west in the lower troposphere
and to the east in the upper troposphere are
observed for all waves expressed in surface
harmonies.

Wave motions of unbounded amplitude are
not observed in the atmosphere, nor in low
order models (Mashkovich, 1963, 1964b), but
only in models with a time invariant basic flow
{Mashkovich, 1961), i.e. with an infinite source
of energy for the disturbances. No explanation
is offered for the apparent breakdown of Mash-
kovich’s (1961), prediction 1 that the region of
baroclinic instability is a function of the degree
of a surface harmonic; the higher meridional
wavenumbers were found to be of comparatively
small amplitude in agreement with the obser-
vations of Eliasen & Machenauer (1965).

10, Conclusion

1. Any planetary wave or station sounding
of the geopotential may be represented by three
universal vertical characteristic patterns, or by
a vertical mean and two characteristic patterns.
Typical percentage variances explained by each
mode are 70-90, 10-20 and 1-109,, with the
total greater than 98 %. Vertical modes 1 and 3
have non-zero vertical means, and their motions
are very similar in all cases studied. Mode 2 is
of opposite signs but comparable magnitudes
in the upper and lower troposphere, with a ver-
tical mean near zero, and is therefore thought
to explain most of the horizontal divergence and
vertical velocity of the wind. These three verti-
cal modes are indistinguishable from those
found by Obukhov (1960), and Holmstrém
(1963).

The latitudinal structure of the free modes
of all zonal wavenumbers may be represented
by four universal characteristic patterns, with
typical percentage variances explained 60-70,
10-30, 5-10 and 1-59,, with the total about
95%. Modes 1, 2, 3 and 4 have respectively 1,
2, 3 and 4 extrema of significant amplitude
between 20° N and the North Pole, and are
close to zero from 70° N to the pole. The fourth
meridional mode is about equally signal and
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noise: it and higher modes have large values at
20° N, and are thus not correctly represented
in the present study or the available data, and
may be substantially influenced by inter-hemi-
spheric exchanges.

2. The characteristic patterns of pressure,
and the C.P.’s of latitude of fast moving waves
are sufficiently universal that the conclusions
of this report are not significantly influenced
by their case-to-case variations, and sufficiently
universal that diagnostic or prognostic spectral
dynamic models may be formulated in terms
of them.

3. Slower moving waves exhibit individual
meridional characteristic patterns; the meri-
dional C.P.’s of zonal wavenumbers greater than
6 in winter and greater than 3 in June approxi-
mate the universal functions, because the slow
moving parts are small relative to the fast
moving parts.

4. The divergent vertical mode 2 was rela-
tively important in February 1963; no results
are available for January 1963. This is consist-
ent with the results of Wiin-Nielsen & Drake
(1966).

5. The vertical C.P.’s obtained when the
vertical mean is removed are approximately
those found by orthonormalizing the usual ver-
tical modes to a constant. Changes in the
pressure levels of the extrema with meridional
wavenumber correspond to the variation of
tropopause height with latitude.

6. No zonal characteristic patterns were iden-
tified by this study.

7. The zonal phase angle and speed of any
given wave areusually approximately independ-
ent of meridional wavenumber for both fast
and slow moving waves. This observation, and
occasional departures from it, are explained by
the usual dominance of one meridional charac-
teristic pattern.

8. The transient planetary waves (less the
3 month mean) exhibit rotational periods about
21 to 28 days.

9. Vertical modes 1 and 3 of any given zonal
wavenumber are normally close together (mo-
dulo #) in zonal phase angle, for both fast and
slow moving waves,

10. Vertical mode 2 of any given zonal wave-
number moves predominantly eastward unless
& time filter is applied: modes 1 and 3 require
more detailed descriptions.

11. Vertical modes 1 and 3 of zonal wave-
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numbers 1 through 5 move predominantly west
with much vacillation, unless a time filter is
applied: vertical modes 1 and 3 of zonal wave-
number 6 move predominantly rapidly east-
ward.

12. The vertical mean wave has the same
characteristics as vertical modes 1 and 3, but
the meridional wavenumbers are less closely
coupled. Expansions in vertical cosine modes
are uninformative, and expansions have not
been made in characteristic patterns with the
vertical mean removed.

13. The 5.5 day mean of the waves show no
mean motion significantly different from zero
relative to the earth.

14. The deviation from a 5.5 day mean has
characteristics that all vertical modes of zonal
wavenumbers greater than 3 move east. For
zonal wavenumbers 1, 2 and 3, vertical modes 1
and 3 move west with much vacillation, and
vertical mode 2 moves east with much vacil-
lation.

These results are independent of meridional
wavenumber except rarely when a sub-dominant
meridional mode is excited.

15. The zonal phase velocities of the tran-
sient, 5.5 day average, and fast-moving modes
are all independent of the amplitude of the cor-
responding wave; large energy exchanges occur
on a time scale short compared to changes in
the zonal phase velocity.

16. The vertical modes are closely coupled
by the vertical shear of the quasi-horizontal
wind; the typical times for 100 % energy changes
by this mechanism are comparable to the periods
of the free modes.

17. Vertical modes 1 and 3 have phase speeds
close to non-divergent Rossby-Haurwitz values
assuming a meridional wavenumber of 2, 3, or 4
which is an approximation to the dominant
meridional mode.

18. The divergent modes have zonal phase
speeds absolutely smaller than the relevant
Rossby-Haurwitz values, and independent of
meridional wavenumber.

19. The predominant zonal phase relation of
the several meridional wavenumbers of any
given wave indicates a NE-SW tilt of the ridge
or trough lines: this result is explained by the
fact that the dominant meridional mode has a
maximum in middle latitudes.

20. The vertical structure of surface harmo-
nic expansions was investigated only by differ-
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ences of the 850, 500 and 200 mb zonal phase
angles. The tilt of all waves is westward from
850 to 500 mb, and vertical or slightly eastward
from 500 to 200 mb, independently of time
averaging period.

21. Little attention was given to the time
spectrum of energy in this study, but the broad
indications are of bands around 5-10 days (free
modes) and 28 days (forced modes). These
groups of modes have different meridional struc-
tures; the clearest results are obtained if the
expansions are performed in the order zonal,
pressure or time, and lastly meridional.

22. No theory known to the author adequately
describes the observations; the treatment of
Murakami (1963, p. 136) is consistent with
the observations for the 5.5 day mean of vertical
modes 1 and 3 or of the vertical mean of zonal
wavenumbers less than 6. The scale analysis of
Deland (1965b), applies to the weakly divergent
free modes of all wavenumbers. Conclusions 4
and 7 through 14 of Mashkovich (1961), are
confirmed. His conclusion 1 appears to be
contradicted, and no light is cast on his other
points.

23. The observations of previous authors of
the apparent variation of the zonal phase speed
of zonal harmonics with amplitude (Eliasen,
1958), and the vacillation and dependence on
meridional wavenumber of the zonal phase
speed of surface harmonics (Eliasen & Machen-
auer, 1965; Deland & Lin, 1967), appear to be
due to the omission of the vertical structure
and the non-separation of free and forced modes
in previous studies.

24. The main errors of analysis are contin-
gent, i.e. a function of the state of the atmos-
phere. They cannot, therefore, be eliminated
by any purely statistical technique. In the
author’s opinion, a carefully designed study of
the actual analysis system would enable greater
value to be extracted from the available data.
Even if critical points did not exist, the ampli-
tudes of waves often fall within the quasi-
random noise level.

11. Suggestions for future work

Direct extensions of the present work are by
the study of data in the tropics, Southern
Hemisphere, and above 100 mb. Satellite ob-
servations of the vertical and horizontal struc-
ture of the atmosphere may conveniently em-
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ploy characteristic patterns as an efficient noise
filter.

Existing observational studies of the trans-
ports and conversions of available potential
energy, kinetic energy, momentum, angular
momentum and matter (air, water, ozone, dust)
may be formulated in characteristic patterns.
In particular, the causes and roles of the char-
acteristic patterns are not understood.

The budgets of all the above parameters may
be evaluated for the standing, forced and free
modes of the atmosphere: a few illustrative
references are Qort (1964), Wiin-Nielsen &
Drake (1966), Gavrilin (1985), Holopainen
(1968).

The forced modes need further description but
little can be added to the description of the free
modes without a detailed knowledge of the
contingent errors of the analysis system.
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Characteristic patterns may be applied to
scale analyses (Murakami, 1963; Deland, 1965b),
to prognostic models (Mashkovich, 1964 b; Baer,
1964), and non-linear diagnostic calculations.
They are more economical than grid points,
surface harmonics or solid harmonics for dia-
gnostic calculations, and are more economical
for prognostic models provided the boundary
conditions can be formulated in characteristic
patterns, e.g. friction, topography and diabatic
effects.

The role and mechanism of geostrophic bal-
lance are questions which can probably be
treated more economically and meaningfully
in characteristic patterns than in any other
formulation on a spherical earth without fric-
tion, topography or diabatic effects.
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O HECTAIIMOHAPHOII YACTUA ATMOC®EPHBIX IJAHETAPHBLIX BOJIH

Maydanuck CTpYKTypa K IBHKeHHMe aTMocgep-
HBIX NJIAHETAPHMX BOJH € HCIO0Jb30BaHHEM
OpOCTOTO BPEMEHHOTO (MIBLTPR M MeTORa Xa-
PaKTepHHX NOTOKOB. HalimeHB Tpu yHHBep-
CaJbHBIX MOABI JIABJIEHNHA, HE3ABMCAILUX OT
B0HANBHOTO M MEPHUAMOHAJBLHOTO BOJHOBBIX
4KCeJ W CKOPOCTH BONHE: MOAW 1 u 3 mmeior
Gonpmoe BepTHKalbHOE CpejHee 3HAuYeHHME H
ABIGKYTCA CO CKODOCTBIO, OJIM3KON UM CKOPOCTH
ponn PoccOn-Taypeuna aas xoMuHHpYOMeit
MEPUANOHANILHON (OpMEI BoamylleHud. CHIBHO
OMBEPreHTHAA BepPTHKaJbHAaA Moma 2 MMeer
CPETHIO CKOPOCTh, GIMBKY0 K CKODOCTH TBep-

J0T0 BpamleHUA aTMocepsl B Cayvae caMmblxX
AJIMHHBIX BOJIH, M OJM3KYI0 K CKOPOCTH BOJH
PoccOu-T'aypBuna AiA KOPOTKUX BOJH.

UeTbipe  XapaKTEPHHIX  MepPUIMOHAIBHHIX
(OpMEI ABIAITCA YHHBEPCAIbHBIMUA IJA CAMBIX
OLICTPHIX BOJIH, OJHAKO, WHAMBUAYAJIbHBIE Me-
PURMOHANbHEIE CTPYKTYPH HMEIOT MECTO IJA
Mof, Bo30yKOaeMBIX CE30HHBLIM IIMKJIOM M B3a-
uMoneiicTBNeM OHICTPO IBUMAYIIMXCH MO,

Tunnyneie nmepuogsl o6MeHa sHeprueil Memay
MOlaMH HAMHOr0 MeHbIle, 4eM THIIMYHBEIE Ie-
puoan paykryanu#t B HabiomaeMHx ($az0BHX
CKOPOCTAX.
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