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ABSTRACT

This paper is concerned with flow on a f-earth toward a sink. A perfect-fluid solution
for a strong sink at the equator midway between two rigid latitude circles shows that
the streamline that divides flow from the west and flow from the east is a straight,
north-south line through the sink when the §-effect is neglected, but tilts toward the
west when it is taken into account. The B-effect also causes the sink to draw more
strongly from it8 own latitude in the region west of the sink and less strongly from its
own latitude east of the sink. This agrees with qualitative reasoning based on the
vorticity equations. Solutions are also found for a weak, viscous sink at an arbitrary
latitude. Approximate analytical expressions, valid far from the origin, indicate greatly
different flow patterns in the western and eastern sectors. In the former the motion
is divided into two components. One is a jet at the latitude of the sink, and this jet
carries the entire flux into the sink. The other corresponds to motion induced by the
basic rotation itself and is a flattened portion of a vortex in the same region occupied
by the westerly jet. The jet component dominates at sufficiently great distances. The
flow from the east dies off exponentially with distance and has a wave-like character.

1. Introduction

The study of basic fluid systems in geophys-
ical fluid mechanics has led to fundamental
understanding of some of the important effects
of rotation and stratification. This paper seeks
to extend this understanding by an analysis of
flow toward a sink on a 8-earth,

The first investigation of sinks in rotating
and stratified fluids was given by Long (1956)
who solved for flow in a rotating cylinder of
homogeneous fluid toward a strong point sink
at the axis. A few cases are shown in Fig. 1.
When the rotation is zero, the motion is irrota-
tional. Rotation tends to cause a concentration
of the streamlines near the axis. This is strongly
emphasized for the lowest value of the Rossby
number, R, =.261, for which a solution was
found. The fluid then approaches in a jet at
the axis, and there is reverse flow at the walls.
Superimposed on this motion is a circulating

! The research reported in this document was
supported by the Office of Naval Research under
Project No. NR 082-104, Contract No. Nonr-
4010(01), and by the Environmental Science Ser-
vices Administration under Grant No. E-9-67(G).

velocity component which becomes quite strong
when the jet forms. The flow at R, =.261 is
caused by the propagation up the cylinder of a
long wave which creates a concentrated velocity
at the axis and reverse flow further out.

The same kind of solution may be found for
the case of a stratified fluid moving in a semi-
infinite channel toward a sink at one end. This
was done by Yih (1958). The results were
similar, with the role of the Rossby number now
played by the internal Froude number F,.
When F, is infinite, the effect of stratification
is zero, and the motion is irrotational. At lower
values of F; the sink draws more strongly from
its own level until, at a critical value of F,, it
approaches in a jet, similar to that shown in
Fig. 1, with reverse flow at the top and bottom.

Experiments (Long, 1956; Debler, 1960) re-
veal motions similar to theoretical predictions
for large F, or R,. But the flows at the critical
values of R, and F, are unstable, and one would
hardly expect to see them in experiments. In
fact, under such conditions (and for still smaller
values of F, and R,), the observed motion is in
the form of a single jet which becomes more
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and more concentrated as the flux becomes
weaker and weaker; the reverse flow of the
theory is not observed. Obviously viscosity and
diffusion dominate when the strong gradients
characteristic of jets occur.

It is well known that steady flow on a
B-earth! is strongly analogous to stratified flow,
and one might suppose that it would be rela-
tively easy to obtain solutions of the type
discussed above, i.e., for flow toward a point
sink at (0, 0) midway between two latitude
circles. Two difficulties arise, however. One is
related to the form at the vorticity equation.
Thus, if ¥ is the streamfunction, the steady-
state vorticity equation, assuming wuniform
approach flow at great distances east and west,
is

Ve gy = —%‘1’, 1)

where U is the uniform westerly flow far from
the sink. However, since the constant f/U is
positive in the region west of the sink and
negative in the region east of the sink, the
corresponding solutions of (1) differ fundamen-
tally. For example, the flow is not symmetrical
about the line « =0, and we must not, therefore,
assume that « =0 is a streamline.? As a result,
if there is a streamline that divides the two
regions of flow governed by the two different
forms of Eq. (1), it must be located from the
non-linear kinematic and dynamic conditions
to be imposed at this boundary. The second
difficulty relates to the effect of the basic rota-
tion or f,. This does not appear in the vorticity
equation, but it is obvious from the equations
of motion that the pressure distribution in the
vicinity of a sink, arising from the tendency
for geostrophy, will cause a local vortex to form.
The combined problem appears to be a very
difficult one for strong sinks, and we will limit
ourselves to the special case of a sink at the
equator. Here, f, =0, and the ““f-effect’ contri-

1 The term f-earth is now used to describe a
model of barotropic, planetary flow first introduced
by Rossby (1939). In the model, the earth is consid-
ered to be a plane with z-axis east-west and y-axis
north-south. The Coriolis parameter f is approxima-
ted by a linear function of y, i.e., f = f, +By. A more
detailed discussion for problems similar to the one
of this paper has been given by Long (1960).

2 Of course we could demsnd that z=0 is a
streamline. The resulting velocities, however, would
be discontinuous across this line.
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Fig. 1. Flow toward a sink at the axis of a rotating
fluid. The streamlines are for flow in a plane con-
taining the axis of the cylinder, but only the upper
half is shown. The Rossby number is R, = U/2Qa
where a is the radius of the cylinder, € is the basic
angular velocity and the flux into the sink is Una?.

butes all of the rotational aspects of the motion.
It is likely that the results of this specialized
investigation will reveal basic effects of the
B-term in the vorticity equation for a sink at
an arbitrary latitude. An approximate analysis
along these lines is in Section 2. The solution for
slow, viscous flow toward a sink at an arbitrary
latitude is in Section 3.

2. Perfect-fluid sink at the equator of a
B-earth

We suppose that there is a sink at the equator
midway between two rigid latitude lines. We
choose a unit length A/2, where % is the total



526

width of the channel, and a unit speed Q/2h,
where @ is the total flux into the sink. Some
question arises as to whether the speeds of the
zonal currents at great distances from the sink
in the two directions are the same. We can
imagine that a sink is started impulsively, and
that the f-effect modifies the motion as time
goes on. The initial flow will be irrotational,
and the nondimensional, uniform speeds of the
approaching easterly and westerly currents will
be the same (unity). Since the only possible wave
in the system, the Rossby wave, can only move
from east to west, it follows that no disturbance
can ever propagate toward the east, so that the
fluid speed at x = + oo remains the same, or
unity. Since the total flux is held fixed the mean
flow at x = — oo will also remain unity, but it
is possible that the uniformity of the flow may
be altered by the propagation upstream of long
Rossby waves. In this section, however, we
confine attention to strong sinks; consequently,
no wave can progress toward the west against
the current, and we may assume a uniform
speed of unity at z = — co as well.
The basic equations of the problem are

VY +ey = — eV, (2a)
Vip +ey =g, (2b)
h3
where e= é- s
2Q

and we have chosen the streamfunctions to be
¥ and ¢ in the western and eastern sections,
respectively. We take ¢ to be small (strong
sink), and expand in powers of e. For example,
the streamline dividing the two regions is given
by the equation

x =en,(y) +etng(y) +.... (3)

We separate into a uniform flow and a dis-
turbance:

Y= -y +¥, (4a)

p=y+¢. (4D)

Then VY +e¥’ =0, (5a)
Vig' —ep’ =0. (5b)

The dividing streamline is givenby ¥ = —1 or
@ =1 in the region 0 <y <l,and¥ =lorg= -1
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in —1<y<0. Assuming antisymmetry of the
streamfunctions about y =0, we need only im-
pose the conditions

(6a)
"(6b)

¥=(y-1)

, }0<y<l, BHen +EN ...
¢'=-(y-1)

Continuity of the velocity across the dividing

streamline’ requires that

o o 7 d o o

c_F_ (ei‘ﬂ’ﬂw ) (—*i”)=0 (7)
oy oy

o ox oy oy
at T=gen +en,+... . We now expand the solu-
tion as
=Y t+eP ..., (8a)
<p’=<p;+s<p;+..., (8b)

and write down the first two sets of governing
equations. The first approximation is

V2\F")=0’ (9&)

Vg, =0, (9b)

¥=y—1 10a

(,) Y at =0 (0<y<1l), ( )

po=—~y+1 (10b)
v .

o 20 op z-0 (0<y<1), (11)
ox ox

together with the conditions that ¥, and @
vanish at the latitude boundaris and at |x| = oo,
The solution of this set is well known:

20°e7l7l1 2
Yo=—->— sinnagy=94-In(l-€%), (12a)
T n 24
, 2ooe—nn.t 2 _
(po=—z— sin nay = ~9 - In (1 -e ™),
T n Fi4
(12b)

where z =2 + ¢y and z =z —dy. This is irrotational
flow, and represents a symmetric streaming
toward the sink from both directions.

The equations of the second approximation
are

1 The Bernoulli Equation then shows that the
pressure across the streamline is continuous if we
make proper choices of pressure at (oo, 0).

Tellus XX (1968), 3
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V¥ + ¥ =0, (138)
V1 —@o=0, (13b)
v, .
—a;fm+%=0 (148)
, at =0 (O<y<l),
Po ’
—n,+1=0 14b
ax’?x P1 { )
o _opi, (Vi i
o  ow ™Mt
_3_'7_1(_2.}.?20_3_7’_9):0 (15)
oy y oy

at =0, 0<y<l. We see from (11) and (14)
that ¥;=¢; at £=0. This condition and Egs.
(13) are satisfied by

, 12 pad
¥y = <2 eV sinnay + D A, "™ sin nay,
A 1
(168)
. 1%«
g1= — 5 2—e " sin nay
7 Tn
o0
+ > A, e "™ gin nny. (16Db)

1

Equations (14a) and (15) yield

o0
—n, cot%—l+ S A, sinnay=0,  (17)
1

2 2 sinn %
~,Z nzny+ 22Annyzsinn7zy=0. (18)
T3 n 1
1
Thus An= "5 (19)
, 1 2= 1 ® o
vi= E e sin nay — Z 5 8in nay
=17 T op=1 W
(204)
l -]
P1= =3 > —¢ "™ 8in nay
T pn=1
1 -] e—nnz‘
-5 2~ sinnay, (20b)
T p=1 N
1 ny < sin nay
7= — 3ten 3 (21)
i n=1 N
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Fig. 2. Flow pattern for strong, perfect-fluid sink.
£=.50.

The total motion to this order is shown in Fig. 2
for a value of £ =0.50. A basic feature of the
rotational motion is that the approaching speeds
near the sink and at the latitude of the sink
(the equator) are increased in the western sector
and decreased in the eastern sector. This is
consistent with a qualitative argument, based
on the vorticity equation, that flow coming
from the west and converging toward the sink
will be accompanied by a generation of relative
vorticity of the same sign as that in a westerly
velocity maximum at the latitude line of the
sink. The tilting of the dividing streamline
toward the west means that more fluid enters
the sink from the western half of the region
than from the eastern half. This tendency is a
basic feature of the viscous case discussed in
the next section.

3. Viscous sink

The perfect-fluid solution of Section 2 applies
only for very strong sinks. As the sink at the
equator weakens, we may guess that a strong
jet begins to form in the western region, and
that viscosity will become important as the
shears increase. We have little indication as to
the behavior of the motion from the eastern
region but the total motion will surely be
controlled by friction for sufficiently small veloe-
ities.! Let us therefore investigate the flow into
a very weak sink, and we may now permit it to
be at an arbitrary latitude. Although we assume
that inertia terms are negligible except near
the singularity, the solution will also represent
motion toward a sink of arbitrary strength at
sufficiently great distances from the singularity.

1 A paper by Stommel, Arons & Faller (1958),
contained a study of slow motion in a similar
rotating system in the presence of sources and sinks
and lateral boundaries. The theoretical discussion
neglected viscosity. The experiments showed a
strong tendency for zonal jets, as in the present
paper.
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The appropriate equations, neglecting non-
linear terms, are

= (8 +Y)v = —pp + Uy +Uyy, (22a)
e +ylu= —p, +v, +v,, (22b)
U, +v, =0, (23)

where our unit of velocity is Q(8/»)}, our unit
of length is (v/8)}, and

fo

The fluid will be considered unlimited. We may
incorporate the effect of the sink into our equa-
tions by using, instead of (23), the equation

8=

u, +v, = —o(z, y¥), (24)
where d(z, y) is the delta-function: zero every-
where except at (0, 0), and such that

1= f fé(x y)dady.

If we now integrate (24) over the whole plane,
we find that there is a sink of strength 1 at the
origin,

If we eliminate the pressure in Eqs. (22), and
use (24), we get

—(8+y)d +v=v,, T Uy — — Uy, (25)

Uyzz
This and Eq. (24) are the differential equations
of the problem.

Let us now form the Fourier integrals for
% or v. Assuming that the Fourier transforms
U, V exist, we may write

1 oo
w = ﬁf f Ul,m)e'* "™ dldm, (26)
47 J_

v= i“’ f: fV(l, mye T dldm,  (27)
Transforming (24) and (25), we obtain

AU +imV = -1, (28)

V+ad(l + m)V —im(® +m*)U =s. (29)

These determine U and V. We get

ROBERT R. LONG

oo
w= — 1+dl(m'+1* )+¢me"’+‘""‘dldm
il —(m' +1%)"

(30)

_ ® im(l* +m®) - dse""“’"”dldm
T4 e A=+ T

(31)

Let us consider u first. If we take a com-
plex plane ¢ in which the real axis is

—ooglg oo,
we get
1 o0
u= +— eimll dm
47 —

« §1+z‘§(m2+§’)+iﬁ9
(& +m’y -

where the cyclic integral is in the positive sense
along the boundary of a large half-disk whose
base is along the real axis and whose circular
portion is in the upper half of the plane for
x>0 and the lower half for z <0. (In these
two cases we choose the +sign for x>0 and
the minus sign for  <0.) The contributions of
the circular portions then vanish as the radius
of the circle becomes larger and larger. To
evaluate (32) by the method of residues, we
must first find the roots of the denominator in
the integrand, i.e., roots of

' de, (32)

£44+28%m2 +mt —i£ =0. (33)
If we denote the four roots by
&=l+id, (:=1,2,3,4), (34)
they are given by the real roots of
14 — 61272 + 21 +2m3(I2 — 1%) +mt +41 =0, (35)
I[4122 — 443 +4m?*) - 1] =0. (36)
There are two corresponding to I =0, i.e.,
& =ik, &, =ik, (37)
where 4, are the real roots of
(A2 -m?)2 +1=0. (38)

Obviously 4, and 1, are both negative, so that
they will contribute to the cyclic integral only
when x <0. They may be expanded as functions
of m in series form:

Tellus XX (1968), 3
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£l=z_—l—§ ! mg‘—z—?m°+ ] small m,
- . _
§1=z-—m—»275+ | large m,
(39)
5,=i[—m‘+2m1°+...] small m,
[ 1 T (40)
§,=i-—m+§n~*+ ] large m.

The two roots of (35) and (36) corrresponding
to 130 are

23 B

fs=? l—ém +8—1m +...
m m 14,
+il—-F—+ =+ —m + small m,
2 3 3 81
— 1 +
& 2m*[ 32m’ ]
1
+3 m+128m5 large m,
(41)

l’/é 2 2 L]
&= ey 1+§m +—m +
1 m m 14,
tij=+— +— +—m+ small m,
2 3 3 81
L
: 1 1 1 +
4 2mt 32m®
+i|lm+ L + 1
i|m ar; m.
8m’ ge
(42)

Both of these are in the upper half of the
é-plane so contribute to the cyclic integral
only for z>0.

Let us now evaluate u and » at great dis-
tances (Izl>]) from the sink when x <0, The
velocity integrals are

if“
-7
. e M%{(1 —A,(m® - A3)] cos my ~ms sin my}

(51 - 53) (51 - Sa) (51 _EA)
Tellus XX (1968), 3
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Z’ -
TJo

5 e~ {1 —Jy(m* ~ 23)] cos my ~ms sin my} i
v (5: _51) (Eg "Ea) (53 - 6@)

i

(43)
% f“
o= —2
TJo
y e M2{ _m(m®—22) sin my + A, s cos my}
(6, - &) (6, - &) (6, - &,)
3 f "
TJo
y e H%{ _m(m®~ 22) sin my + 4, 5 cos my}
(53—51) (EQ_EQ) (E;_E‘)
(44)

The first integral in each of these equations
may be evaluated by the method of steepest
descents. 1, is a stationary function of m at
m =0 only, so that for large |x|, these integrals
are of the order of

|z| eIl
The integrands in the second integrals tend to

zero exponentially as |z| ~oco except when
m =0, 4, =0. In this vicinity

~dy =mi —2mi0 + ., (45)
so that
l -]
U+ - f cos my e™* dm
TJo
8 o0
-- f m sin my ™ dm, (46)
TJo
l -]
V> - f m’® sin my ™% dm
TJo
s [* .
- - m’ cos mye™ *dm. (47)
TJo
This corresponds to a streamfunction
1[*1 "
v = ——f — sin my e™ *dm
TJo M
8 -]
- - f cos my ™ dm. (48)
Jo

If we put z= +m‘lxl and 7 =y/|x|?, this may be
written
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S
¥Y=¥+¥, The streamfunction may be evaluated as fol-
1 [®e® lows. Expanding the sine and cosine functions,
= - — — sin nztdz we get
4n o ®
3 -—& 5 *
8 Xe? - L neE_
f —§ ©os nz*dz. (49) € (7]2 31 + 51 o) da
z

4n|x|* 0
This is a combination of two similarity solutions.
It is easy to see that they represent solutions
of (24) and (25) with the terms v,,, and w,,;
missing. The streamfunction ¥, in (49) repre-
sents flow from the west in a jet centered at the
latitude of the sink. The width of the jet is

Lo\ t
6~(—) ’
B

where L is east-west distance from the singu-
larity. The term ¥, arises from the basic rota-
tion and represents a flattened portion of a
vortex occupying the same region. Notice that
the jet component dominates at sufficiently
great distances toward the west. All of the
motion takes place in a boundary layer in
which derivatives along the axis are small com-
pared with normal derivatives. The largest
neglected terms in the approximation of (46)
and (47) are terms involving m¢ times the
retained terms of the integrand, so that the
ratio of the neglected terms to those retained
in (48) is of the order of le‘*. This is in accord-
ance with the error in the boundary-layer
approximation.

¥ = _._},J\w 2
4z Jo
s o
- 73 e
4”|“’|ifo
2~* 4*
x(z“i—ﬂ*l'n—%——f...)dz,
2! 4!
LN YO O T AV
in 1 s 31 51
s _3),
ek 4]

_#v&n+#&n_”J‘
21 4!

-2

(50)

Y =

(51)

Velocity profiles are shown in Figs. 3 and 4.

It is of interest to compute the contribution
of the western portion of the region to the flux
into the sink. The value of y, at 7 = co may be
found by another transformation of Eq. (48).
If we let my =¢, A

1 (*® ¢
Aol
TJo n

For infinite # this is

gin ¢

T dt. (52)

Telius XX (1968), 3
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1 {*sint 1 This is to be expected since, as we have already
¥i= - ) s (53) he entire flux is from the west
aJe ¢ 2 seen, the entire flux is from the west.

Since ¥, contributes no net flux, the total flux
from west to east in the western portion of the
region is 1 or, in dimensional terms Q. Thus,
all of the fluid supplied to the sink comes from
the west in the form of an intense jet.

When z >0, the velocity integrals are

i

w=—
2n
x fm e-/l,:{ 1+ ims + igy(m” + &) imy +1,1)
- (&3— &) (&3 —&,) (&, 8,)
1+ ¢ms +4&,(m® + £3) ei(mu—l.z)} dm, (54)
54_61) (54_52) (‘54—
P
v =—
27

i(my+1,2)

f“ 2 I{ i’m(mz+§§)+i§,

X e ™ e

—o (Es - '5:) (53 4
im(m’ + £3) — ik, 8

(Ea— 5 (5 — &) (&, -

e“”‘”_l")} dm.  (55)

Since A, is positive (minimum of 3) for all m,
we see that the motion drops off exponentially
with distance in the eastern sector, so that the
flow will be extremely weak at great distances.

Tellus XX (1968), 3
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4. Summary

This paper presents a study of two-dimen-
sional flow toward sinks on a f-earth. When
there is a strong sink at the equator, there is a
slight tendency to draw more strongly from
the west at the latitude of the sink and less
strongly from the east at this latitude. In addi-
tion, there is a slight tendency for the majority
of streamlines to approach the sink from the
west, as the streamline dividing the two sectors
tilts westward. These effects are a maximum
for a weak, viscous sink at the equator. Then,
there is no net motion from the east, and all
the fluid is supplied by an intense westerly jet
whose thickness increases gradually as the one-
fourth power of distance.! When the sink is at
an arbitrary latitude, there is an additional
component of motion arising from the basic
rotation, It is a flattened vortex in the western
sector occupying the same area as the jet. The
jot motion tends to dominate at sufficiently
great distances, however. Both velocity fields
drop off exponentially toward the east.

1 This solution may be more relevant to the
equatorial undercurrents in the oceans (Cromwell,
Montgomery & Stroup, 1954), than an earlier solu-
tion by the author for a constant-momentum-trans-
fer jet on a f-earth (Long, 1960). The latter had no
net transfer of fluid.
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HCTOYHUKU 1 CTOKUN HA B-3EMJIE

PaccMaTpuBAOTCA CTOKHM B NOTOKE MKUNKOCTH
Ha f-3emiae. PeuleHue xIA HAeaJbHON KUJ-
KOCTH B CJIydyae CHJIBHOI'0 CTOKA Ha YKBATOpe,
HocepefuHe MemAy ABYMA TBePABIMH KDYTaMH,
NOKA3HBAET, 4YTO JHMHUA TOKA, pasledlilad
3aNafHblt ¥ BOCTOUHH NOTOKM, ABJIAETCA NPAH-
MOl JnmHHMell, HampaBJeHHOH ¢ ceBepa Ha IOT,
ecny npenebpeub f-apderTomM, OFHAKO, OHA
HaKJOHeHa Ha 3amnaj NpU HAJIMYUN ITOro s¢-
Perra. f-sddeKrr TakKe 3aCTABIAAET CTOK Nei-
CTOBOBATH CHIIbHee B 00JacTH K 3amagy orT
cToka M cinalee K BOCTOKY OT CTOKa. 9pO Co-
TJACYeTCH ¢ KAYeCTBEHHLIMM cooGparkeHUAMH,
OCHOBAHHLIMM H3 YPABHEHUH BUXPA.

Taxie HaliteHB pellieHHA AJA caaboro BA3-
KOT0 CTOKA Ha Mpou3BoybHON mupore. I[IpnGan-

EHHBIe aHANUTHYECKHe BbIpaMkeHnusd, ReHCTBH-
TeJbHHE JAJEKO OT HAYajga KOOPAMHAT, YKAa3h-
BAIOT HA 3HAYNTEJbHBIE PA3MU4YMA XapaKTepa
IIOTOKOB B 3aMagHOM U BOCTOYHOM CeKTopax. B
mepBoM CJay4yae [BHUIKEHHe pasfielleHO Ha [Be
KoMmoHeHTH. OlHA M3 HMX NPeACTABJIAET CO-
6oii cTpyw Ha LIMpOTe CTOKA, HecyNUIyIo BecCh
cBO#t MOTOK K cToky. Jlpyrasg cooTBeTCTByeT
ABUMKEHWIO, BHI3HIBAeMOMY OCHOBHHIM Bpaie-
HHEM U ABJIAETCA CIVIaKeHHON YacTbi0 BUXPA B
obaacTy, 3aHaATOM samagHolt crpyeii. CrpyliHasa
KOMIOHEHTa mNpeoGiagaer Ha J0BOJbHO G0lb-
DIOM paccToaHnMu. BocTouHBIt TNOTOK dKCHO-
HEHIUAJIbBHO 3aTyXaeT C pacCTOAHUEeM U umeer
BOJIHOOGPA3HBIL XapaKTep.
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