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ABSTRACT

The method of matched asymptotic expansions is employed to derive formulae for
viscous corrections occurring in small amplitude oscillatory disturbances in a non-
homogeneous fluid. Such formulae are given for quite general variations with depth of
the equilibrium density and viscosity distributions in the following cases: (i) two-
dimensional disturbances in a fluid of finite depth bounded above by a free surface,
(ii) two-dimensional disturbances in fluid bounded above and below by two fixed
horizontal planes. The derived expressions are seen to depend on the value of the
viscosity at rigid bounding surfaces and not at all on its actual distribution. An addi-
tional correction for viscosity is given for case (ii), when the density has an exponential
variation with depth and the kinematic viscosity is constant.

1. Introduction

Many investigators have calculated the at-
tenuation with time or distance of small ampli-
tude waves in a homogeneous viscous fluid of
finite depth—see, for example, Biesel (1949)
and Hunt (1964). Analogous studies to include
the effects of non-homogeneity have proved
more difficult. Although solutions of the lin-
earised equations can, in principle, be formu-
lated exactly, they are usually of such com-
plexity as to be virtually worthless. Moreover,
in many important circumstances, the fluid
in question is but slightly viscous. It therefore
seems natural to resort to approximate methods
of boundary layer type. A suitable modification
of the original boundary layer theory has
recently been presented by Johns (1967), who
illustrated his method by applying it to a two-
dimensional problem in which the flow external
to the boundary layers is irrotational. A further
application has since been carried out by Dore
(1967) in studying a case in which the external
flow is rotational.

In the present work we adapt Johns’ method
to consider another example of a rotational
external flow, namely that occurring when small
amplitude oscillatory disturbances take place
in a non-homogeneous viscous fluid which is
otherwise at rest. The formulation given here
relates to general variations with depth of the
equilibrium density and viscosity. For two-
dimensional disturbances in a fluid of constant

depth bounded above by a free surface, it is
found that the derived viscous corrections
depend on the value of the viscosity at the
bottom and not at all on its actual distribution.
When the fluid is bounded above and below
by two fixed, horizontal planes the expressions
obtained generally depend unequally on the
values of the viscosity at these bounding sur-
faces. By way of illustration the results are
considered for a fluid having an exponential
variation with depth of its equilibrium density,
and the viscous corrections are given graphi-
cally for cases when the wave number of the
disturbance is prescribed.

2. Formulation of problem

We refer the equations of fluid motion to
fixed Cartesian co-ordinates (x, z) for which the
z-axis points vertically upwards and the origin
lies in the free surface or upper horizontal plane
boundary. When the fluid is at rest the pressure,
density and viscosity take the forms p(z), g(z)
and ji(z) respectively, where

5 9

(2.1)
When there are small amplitude disturbances
of the fluid from this equilibrium position,
we may consider the equations of motion in
linearised form and obtain, as in Yih (1965),
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The horizontal and vertical components of fluid
velocity are denoted by u and w, whilst p’ and
@’ are the changes in pressure and density. The
linearised equation of incompressibility is

’ dg
%, W%y, (2.4)
ot dz
and the (exact) equation of continuity is
e (2.5)
or oz

On defining a stream function y such that
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we find from equations (2.2) to (2.4) that
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We shall develop solutions of (2.7) by employing
a modification of boundary layer theory given by
Johns (1967). Thus, immediately beneath a free
surface z = or adjacent to a rigid boundary
z =0, there is a viscous layer of thickness §,
whilst adjacent to the rigid boundary z = -4,
there is a viscous boundary layer of thickness
§. Except within these layers, all velocities and
their derivatives are of order unity. We shall
write

§(2) =e*R(2), z) —p*M(z),  (2.8)
where p* and u* are reference values of the
density and viscosity at the rigid boundary
2= —h, so that R(~h)=1=M(—-h). It will be
assumed in the present work that the deriva-
tives of R(z) and M(z) are everywhere of order
unity. Any boundary conditions associated
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with oscillating levels will be satisfied at the
mean position of such levels, in accordance
with the present linearised formulation.

3. Outer flow

To determine the solution outside the viscous
layers we prescribe the stream function ¥ there
to have the form

W, 2, & &) ={ Wol2) + ¥ (2)

+e1W,(2) +...}e!*77, (3.1)

0 =0y +e0y +E20, +..., (3.2)
2

where the non-dimensional parameter ¢ is as-
sumed small and given by

(3.3)

and only real parts of complex quantities have
physical significance. The real quantity k is
the (given) wave number of the disturbance and
viscous effects are represented by oy, 0, ....
On substituting equations (3.1) to (3.3) into
(2.7) we find that ¥, satisfies
gR’

» R,
L‘I’OE‘Fo*‘E—‘I’o - (l+—§)‘1’0=0, (3.4)

(where dashes now denote differentiation with
respect to z), and represents the solution for
small amplitude oscillations in an inviscid
fluid. We express the solution of (3.4) in the form

=A,Q(z) + B, T(z), (3.5)

where Q(z) and T(z) are themselves solutions
such that

—-h)=1, T(-h)=0,
&(—h) (~h) (3.6)
Q(-h)=0, T'(~-h)=1
Similarly, ¥, satisfies
20, gk’R’
Ly = -— , .
¥, o, oR ¥, 3.7)

and 80, by use of the method of variation of
parameters, has solution
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2 . =
¥,=A,Q+B,T - 20, % I(s,2)ds, (3.8) v 2 tie) ={vu(2)
Gy 00 J-n +eyy(Z) +etpy(Z) +..} KT (4.2.3)
where
with Yo =C, =constant. (4.2.4)
I(s, 2) = R'(s) ¥, (8)[Q(8) T'(2) - T(s)Q(z)]. (3.9)

4. Inner flow

4.1. Solution within the lower viscous layer

To find the solution in the viscous boundary
layer adjacent to the rigid boundary z = —h, we
first write

eZ =z +h, (4.1.1)

and 8 =eAh <h. (4.1.2)
The number A is much larger than unity but is
of order unity on the scale of ¢ and thus re-
presents a measure of the boundary layer

thickness. Within the layer we expect

u=0(1), w=0(), (4.1.3)
and therefore write
Yz, 2, t; 6) = e {Yo(Z) + sV, (Z) + ... J <270,
(4.1.4)

On recalling our assumption that the deriva-
tives of R(z) and M(z) are of order unity even
within the viscous layers and expanding these
functions in Taylor series about z = —h, use of
(4.1.4) in (2.7) gives

LY, =h"Y i =0, (4.1.5)
of which the physically appropriate solution is
Y, —a, "2

—(=1+i)/V2.

+e,+dyZ, (4.1.6)

where (4.1.7)
4.2. Solution within the upper viscous layer
In the upper viscous layer near z =0 we define

eZ =z, (4.2.1)

and 8 =erh <h. (4.2.2)
In the case when the upper surface of the fluid
is free, u and w are of order unity within the

layer so we write

Then, substitution of (4.2.3) into (2.7) yields

Ly, =h"M(0)yi® +iR(0)¥; =0, (4.2.5)

with required solution
py=a,e " 1c +d Z, (4.2.6)
where hn=(-1+1) V2M(0) (4.2.7)

Similarly, we find

L IR0 ]
a R(0)

~Z[W M (0)yl® +4R"(0)y1]

Ly, =i%’R(0)y, [1

+h’[§‘M(0)w —2M’(0)y;” 1 - iR (0)p;,
(4.2.8)
whence
Y,=a,e "Ly, +d,Z
~ R(0) gk Cy 2
**[ % R(O)( d')]z
_nz | M(0)
+i’a1Z6 z [M(O) (l+nZ)
RO) y o ] (4.2.9
" R(0) ( ) o, =9

If the upper surface of the fluid coincides
with & rigid boundary at z=0, we write

B, 2, 8 &) = {Po(Z) + £y (Z) + ... } ' FT7D,
(4.2.10)
and obtain
Po=boe " Z + iy +d, 2. (4.2.11)

5. Fluid whose upper surface is free

5.1. Matching of the outer and inner flows

The solutions for the inner flows must blend
smoothly into that for the outer flow at the
outer limit of the viscous layers. Matching
methods in general are described in the book
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by van Dyke (1964), whilst Johns (1967) has
shown how they may be applied to small
oscillations of a viscous fluid of finite depth
in the presence of free surfaces. The technique
consists of joining the outer and inner solutions
for the velocity components » and w at the edges

=~0=~glhandz=-h+8 = —h +zAh of the
viscous layers and utilises Taylor expansions
for the outer solutions about z=0 and 2z = —h.
When this procedure is carried out, exponential
terms involving A and 2, such as "™ and "™
(which arise from the inner solutions), are
neglected as is customary in boundary layer
theory [see also Johns (1967)]. Further, algebraic
terms in the unspecified numbers A and A cancel
so that there does indeed remain a set of rela-
tions between the constants of the outer and
inner solutions.

When we use this procedure at the edge
z = ~h +8 of the lower viscous boundary layer,
we obtain for the present problem

A,-0, (5.1.1)
B, =d,, (5.1.2)
A, —c,. (5.1.3)

Similarly, we obtain the relations

B, T(0) =c,, (5.1.4)
B, T"(0) =d,, (6.1.5)
20, gk* {*
4,Q(0)+ B, T(0) - = 9—2 I(s, 0)ds =c,,
o 0o J-h
(5.1.6)
20, gk’ [° oI(s, 0)
4,Q0)+B,T0) - — —5 | ———ds=d,
s Oo J-n 0%
(5.1.7)

from use of the above-mentioned matching
procedure at the edge z= -6 of the upper
viscous layer.

It further follows that the vorticity matches
automatically to the required order at the
edges of the upper and lower viscous layers,
on making use of the necessary results from
equations ({5.1).

5.2. Satisfying the boundary conditions

In order that the fluid velocity be zero on
2z = ~h we require in equation (4.1.6) that
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a,n+4,=0, (5.2.1)

a8,+6,=0. (5.2.2)
The kinematic condition at the free surface
¢ =ael®z=o® g

oy o

z2=0,
ax ot

(5.2.3)

so that, from equations (4.2.4) and (4.2.6),

ag, =kc,, (5.2.4)

aa, =ka, +c,). (5.2.5)
Within the order of accuracy of the present
linear theory, the viscous stress conditions at the
free surface demand

0
i (-ai‘+—w) -0 on z=0, (5.2.6)
oz ox
ow
P’=ég<:+2,zé; on z=0. (5.2.7)
The first of these equations requires
a, =0, (5.2.8)
and, on using this result, (5.2.7) gives
6,d, =kga, (5.2.9)
0ody = —a,d,. (5.2.10)

From equations (5.1} and (5.2) we now find

ao,
A,=0, B,=-—2, 5.2.1
=0, Bi=ge, (5211
d, d, ag,
8= — 0, o= - 5.2.12
0 n ’ 0 n 0 kT(O)’ ( )
(0
4,=0, 0,=20 ¢ -9 TO .,

5.3. Expressions for o,, o,
The normal stress condition (5.2.9) gives

gk* _ T'(0)

2~ T00) (5.3.1)
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This relation, in conjunction with (3.4) and
(3.8), determines the possible values of o, when
the wave number is prescribed and agrees with
the result that would be obtained by solving
the inviscid problem directly. In general, there
will be an infinite number of possible values!
of 0,. Further, combined use of equation (5.2.10)
and other equations of §5 which involve
A,, B, and d,, together with the Wronskian
QT -Q'T =1/R, yields

4n0—1f R(s)T(s) T(s)ds = =0 (5.3.2)

0o J -n 7°(0)°

where hn=(-1+4)/)2. (5.3.3)
Equation (5.3.2) thus gives the first order
viscous correction for any density distribution
and any viscosity distribution (subject to the
proviso of § 2), and shows that, as far as the
viscosity is concerned, g, depends only on its
value at z= —h. In order that eo, yield the
main contribution to the viscous correction it is,
of course, necessary that kh should not be
allowed to become too large (with » fixed)
lest £%0, become comparable with &o,. The con-
dition required in the case of a homogeneous
fluid has been considered by Hunt (1964).

We can now use equations (5.3.1) and (5.3.2)
to find formulae for g, and ¢, in a particular
case. For example, we might specify the density
distribution by

Riz)=e

—a(z+h)
’

(5.3.4)

while leaving the viscosity distribution M/(z)
arbitrary. From § 3 we find

Q(z) _ _mzem.(z+h) + mlem,(z+h),
B
eml(z+h) _em,(z+h)
T(z)= ———M8M ———, (5.3.5)
B
where m; =3(a+ph), my=x-PF), (5.3.6)
8= Va’+4k’ (1 —g—f). (5.3.7)
)

1 When any of 6,, 6y, ... and T appear in the same
equation, and & particular value of 0, is under con-
sideration, it is to be understood that the quantities
0y, ... and T correspond to that same 0.

B. D. DORE

Then (5.3.1) and (5.3.2) become

'y h
97 =3 (ac+ﬂ coth ﬂ—), (5.3.1%)
Go 2
h 2 2
a2 (5 sinh Bk — b + 2 sinh?® ’3—) -Fo
g, \B 2 g
(5.3.2")

respectively. A real value of p is associated
with a surface wave. When «=0, so that the
density of the fluid is uniform, 8 =2k and equa-
tions (5.3.1’) and (5.3.2) reduce to the well-
known results

gk
— = k coth kh,

Oy Oy

o,  —(1+i)kh
V2 sinh 2kh’

as given by Biesel (1949).
If § happens to be purely imaginary, g =4y,
corresponding to internal waves,

2

S 1+i
o 4r”

and (5.3.1’) gives

20y

Fodewe 539

h
tan Lo
2

in agreement with Lamb (1932). If we assumse
that Iozh' is small,

|en| <1, (5.3.9)
which just means that the total change in the
equilibrium density between z=0 and z= — A is
much less than the average density, we have,
approximately, yh = 2sn where s is any integer.
Equation (5.3.7) now gives

. En’ "
00=gum, (6.3.1)

whilst (5.3.2")reduces to
11 - 1+7; 82 2 ”
0. _—(tism (5.3.2")

o Ve(s'n+ k%R

Equation (5.3.1”) demonstrates clearly that the
equilibrium of the fluid is stable or unstable
according as oh is positive or negative. It is

Tellus XX (1968), 3
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Table 1. Values of o3h/g associated with [yhly, o =27 (the first internal mode)

kh =

och 0.5 1.0 2.0 3.0 5.0
-1.0 -0.030 —0.108 -0.315 —0.497 ~0.723
-0.75 —-0.021 -0.078 -0.232 -0.370 ~0.542
-0.5 -0.014 —0.050 -0.151 —0.244 ~0.361
-0.3 —0.008 —0.029 —0.089 —0.145 ~-0.216
-0.1 —0.003 —0.009 -0.029 —0.048 ~0.072

0.1 0.002 0.009 0.029 0.047 0.072

0.3 0.007 0.026 0.084 0.141 0.214

0.5 0.011 0.042 0.137 0.231 0.355

0.75 0.016 0.061 0.199 0.341 0.529

1.0 0.020 0.078 0.257 0.446 0.700

readily seen from (5.3.1°) and (5.3.1”) that the
dispersive character of the surface wave is
different from that of an internal wave, whilst
a consideration of (5.3.2') and (5.3.2”) shows
that the decay characteristics differ also.

Some illustration of the analysis of this
section will now be given. Values of ajh/g cor-
responding to the root of equation (5.3.8) which
tends to 2n/h as ah—~0 are shown in Table 1;
similarly, Table 2 refers to that root of (5.3.8)
which tends to 4n/h in the same limit.

By equation (3.3) the analysis will not be
valid when o3h/g is too close to zero. For the
range of ah under consideration and for a
prescribed wave number we thus require

gh’

- |ah|>1, (5.3.10)
that is, the effect of the buoyancy forces must
be much greater than that of the viscous forces.
The values of the real (or imaginary) part of

( —0,/0,) corresponding to those of ojh/g in
Tables 1 and 2 are presented graphically in
Figs. 1 and 2 respectively. It is seen that the
variation in these values with «h is very small
for the shorter wavelengths. In Table 3, values
of the real (or imaginary) part of (ojh/dig)}
as computed from equation (5.3.2") are given
for the first four internal modes in & typical
case ah =0-1.
Since {(28~1)a<yh <(28+1)x in the sth

internal mode, we have approximately

ah R g, ah

Pab = AL

g T % hn [aJL+ 2 sin® ’—’2—]

when s is a large integer, whence

(a:h) i (1+1) ah ( k’h’) i
=2 ) ¥ - = wh53) -
%8 V2 | psasint?) V7

2

Table 2. Values of ash/g associated with [yhlu, - =47 (the second internal mode)

kh =
ah 0.5 1.0 2.0 3.0 5.0
- 1.0 —0.007 —0.026 —0.095 -0.191 —0.394
—-0.75 —0.005 -0.019 ~0.071 ~0.142 —-0.294
-0.5 -0.003 -0.013 ~0.047 ~-0.094 —-0.196
-0.3 —0.002 —0.008 -0.028 ~0.056 -0.117
-0.1 —0.001 -0.002 —0.009 ~0.019 —0.039
0.1 0.001 0.002 0.009 0.019 0.039
0.3 0.002 0.007 0.027 0.055 0.116
0.5 0.003 0.012 0.045 0.091 0.192
0.75 0.005 0.018 0.067 0.135 0.286
1.0 0.006 0.023 0.088 0.179 0.379
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0-8 I T = 75 ] T {

kh=0-5 H\:O\S
DT ——
06 110 65 —l
20 TT————— ]

‘R(%‘J'> 20 ﬂ ‘R(;':?

3.0

0k — -55 T

-05 0 oh 0-5 1-0
Fig. 1. Variation of the real part of (~0,/0,) with

ah associated with 7 <yh <37, the first internal
mode.

Provided s is not so large that the condition
(3.3) is violated, the slower internal modes can
certainly decay less rapidly than the surface
wave. In fact, by Table 3, when kh=0-5,
ah =0-1, all the internal modes (for which the
analysis is valid) have a slower rate of decay
than the surface wave.

5.4. Case of given angular frequency

The analysis can be repeated when the
quantity o is prescribed as the angular fre-
quency of the disturbance and % expanded in
the form

k=ky+cek, +e%, +...,

»\1
. (5)

(5.4.1)
where now

(5.4.2)

=10 =05 0 oh 05 10
Fig. 2. Variation of the real part of ( —0,/0,) with

oh associated with 37 <yh <57, the second internal
mode.

The result is — = , (5.4.3)

0 2g
2nk, k, RT|\T-—5T)ds=1. (5.4.4)
—h [

For the particular density distribution of
equation (5.3.4), but for arbitrary viscosity dis-
tributions, we find

gks

h
=f—3 coth P; +—, (5.4.3%)
2 2

IR

o
_ 4“;‘;0’01 [(l — Z’—;“.) (ﬁh +sinh ﬁh)
1
+ % sinh® _ﬂ_2}_"(§+ coth ﬂ;h)] =L (544)
0

Table 3. Values of the real part of (o} hjorg)t for the first four internal modes in the case when oh =0-1.

kh =
Internal ‘ A \
mode 0.5 1.0 2.0 3.0 5.0
1 -0.152 -0.197 —-0.207 -0.173 —-0.104
2 -0.111 -0.153 ~-0.198 -0.212 -0.192
3 —-0.091 —-0.128 -0.173 -0.199 —-0.212
4 -0.079 -0.111 —0.154 -0.181 -0.208
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When « =0, equation (5.4.4’) reduces to

b V20140)kh
k, 2koh+sinh 2k.h’

in agreement with the well-known result for a
fluid of uniform density. If, as in (5.3), we take
B =iy and luh‘ <1, we have, approximately,
yh =2sn and

8'1!'
kah' = ——, (5.4.3")
9% _4
O'
144 1+4)kyh ,
PR U L L)L LS

6. Fluid contained between plane rigid
boundaries

6.1. Boundary and matching conditions

We first consider the case when the wave
number % is regarded as given. Boundary and
matching conditions associated with the lower
viscous boundary layer are as in § 5, that is
equations (5.1.1) to (5.1.3), (5.2.1) and (5.2.2)
hold. Those associated with the boundary layer
adjacent to the rigid boundary z =0 are

B, T(0) =0, (6.1.1)
B, T'(0) =d,, (6.1.2)
2 kl 0
AIQ(O)+BIT(O)—-—-£1-'(]—2J I(s, 0)ds =

Gy 0o J-n

(6.1.3)
~ By +dy=0, (6.1.4)
dy+6,=0, (6.1.5)

on using equation (4.2.11). In consequence, o,
will be obtained by imposing the requirement

7(0) =0 (6.1.6)
and then o, is given by
o, gk' f’ 177(0)
41 RTT'ds = +-, (6.1.7
% 08 J_n nQ0) ' n )
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b= (— l+)V2M(0) hn=(-1+i)/V2.
(6.1.8)

Thus, the first order correction depends on the
value of the viscosity at the rigid boundaries
only.

If R(z) =e *¢*® equations (5.3.5) and (6.1.6)

require e™” =¢™" go that
ph = 2isn, (6.1.9)
and then, by (5.3.7),
o1+ 8,” 19‘-:, (6.1.10)
o R 4k

in agreement with Lamb (1932). Thus, in the
outer flow,

sn(z+h)

¥, (2) = Cet*C+ M gin — (611D

where C is a constant. We also find from (6.1.7)
that

ay 1 1 &
dl—+ =) ——F——=, (6.1.7
G, (hn hn) 'R +8'n’ + 1o ( )

—ah —
hn=(-1+14) Véju—(o), hn=(—l+i)/V2.
(6.1.8")

Thus, for the exponential variation of density
the first order viscous correction is such that

(6.1.12)

e— a Vi(-h)+Vi(0), (2 )=‘((—)),

although, from (6.1.7), this is not true of general
variations of density.

The above analysis can be repeated for the
case when o is prescribed. As a result, k, must be
obtained by fulfilling

T(0) = (6.1.13)
and k, satisfies
0 2g 17T0) 1
2k, k. RT\T-—T')ds=———+ —.
* ‘f.n ( ' ) nQ0) n
(6.1.14)
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For the exponential distribution of density,
equation (5.3.4),

4 2 2+ 2h2
Rep- 2T rer (6.1.15)
go
4 (—; - l)
ag
k, 11 45’7’
Ao | =) s, (6114
k, (hn hn) 48’z + o'k’ ( )
kl L
and 80 e @ Vi(—h)+Vi(0). (6.1.16)

(1]

6.2. Second order viscous correction

To determine ¢°, the second order correction
for viscosity, we need the following additional
results. For the outer flow, (2.7) gives

gk'R’ (3_&_2_02 -
' iR o O, 0

h* d ! d (d*
+— M5 -K) +2M~ | - &
R [ (dz* ) dz (dz’ )

+ M” (;Z—a + k’)]‘}"o=f(z), say, (6.2.1)

_ 2o, gk'R’

2
g, oo

Ly, -

with solution

2

‘If,=A,Q+B,T+f

J(s,2)ds, (6.2.2)
h

J(3,2) = f(8) R(s)(Q(s) T(2) - T(8)Q(z)]. (6.2.3)

For the inner flow in the boundary layer adja-
cent to z= —h, we find

LY = —[B'M'(-h) Y +iR(-h) ¥, Z

—RM(~ R, — iR (—h) P, +h TPy,
Gy

(6.2.4)
whence
Y, =8, e, +d,Z-} R (~h)d, 2°
+iaoZe“Z[(l —-nZ)M'(-h)
—(3-DZ)R'(~h)+2n Z—‘] . (6.2.5)
0.

Similarly, for the inner flow in the boundary
layer adjacent to 2=0,

B. D. DORE

L. PR R’(0) .
Y, =a,e nZ+Cl+d1Z“iE@ dOZ’

. 5 -nz | M(0)
+3d,Ze [M(O) (1+nZ)

RO 5 i nzy—2m “—‘]. (6.2.6)

" R(0) o

Then, by imposing the necessary boundary and
matching conditions on these higher order
quantities V', Y, and 1 Y., we obtain a set of
relations between the various constants, which
thus enables us to derive a general formula for
0,. This formula is necessarily of a complex
nature, and we shall be content to give the
result for the special case

R(z)=e "M, M(z) =e ¢t (6.2.7)

so that the kinematic viscosity #(z) is constant
throughout the fluid. The result is

2 2 2 2 2

4 1

40_=._~.6<1;(“ +zk)+égx Boo (l +_)
0, gy B g, 9k ah \n n

2 2
— 2ih% (‘4 + "—"),
T gu

where now hn=(—1+'i)/l/§=kn, and no use
has been made in (6.2.8) of equation (6.1.7%)
for 0,/0,.

(6.2.8)

6.3. Comparison with Hide’s result

A study of the behaviour of a viscous fluid
contained between two plane rigid boundaries
and subjected to small amplitude oscillatory
disturbances has been made by Hide (1955)
for the special case when the density and
viscosity distribution are as in equation (6.2.7).
His results are further confined to instances
when I ozhl <1 for which he finds (in the present
notation)

82312 82][’ 2
a (1 + kz—ki) +iov*E (1 + W) ~ ga=0.

(6.3.1)

The method by which this equation was ob-
tained makes use of a variational principle
involving the vertical component of velocity,
w. Hide used the inviscid form of w, whose
z-dependence is sin [sn(z +k)/h], which can be
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seen by setting ah =0 in equation (6.1.11). Con-
sequently, the full condition of zero fluid
velocity on the rigid boundaries is not satisfied
and Hide would find o, =0, k, =0, as is clear
from the structure of (6.3.1). For the second
order term, equation (6.3.1) yields

523

Do _yant L2,

Ty Oy

(6.3.2)

and we note that (to the required order) this
agrees with the result (6.2.8) of the present
analysis if, in the latter, ¢, is put equal to zero.
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8 fluids.

KOJEBAHMA B HEOJHOPOJHON BA3KOU KUIAKOCTHU

MeTon acuMnTOTH4YeCKNX pasjoxeHHd npH-
MEHRETCA K BHBORY QOpPMYJ NJA BABKUX IO-
fIpaBOK, NMEIONIMX MecTo B CJy4Yae OCIUILIM-
pylomux BoaMymeHuit majol amniamrTyan B
HeofHOopoaHoi skuaroctn. Tarue dopmynst
AATCA HJIA BecbMa 00X paclpefedeHuit ¢
rayGuHOH TIICTHOCTM B COCTOAAHMM DaBHOBECHA
¥ BASKOCTH B CleAylommx ciy4aax: (1) aBy-
MEpHbIE BOBMYIUICHMA B IMKUAKOCTH KOHeYHOU
rayOuHbl, orpaHmueHHoit cBepXy cBoOOAHON
MOBEPXHOCTBIO, (2) NMBYMepHHE BO3MYINEHHA B

Tellus XX (1968), 3

HUXKOCTH, OTpPaHH4eHHOU CBepXy M CHUBY
ABYMsA QUKCHPOBAHHHMU IFOPUBOHTANBHEIMY IO~
BEPXHOCTAMU. BHIBeleHHHEe BHIPAYKEHHA 3aBHU-
CAT OT BEJINYMHE BASKOCTH HA TBEPAHX OTpaHHU-
YHBAKUIMX NOBEPXHOCTAX, a4 He OT ee (PaKTU-
4eCKOTO pacnpepeneHun. JonoaHuTeNrHan mo-
NnpaBKa Ha BABKOCTL JaHa JuA caydas (2),
KOrfa TNJOTHOCTh BKCNOHEHIMAJbHO WBM2HA-
eTca ¢ riiyOMHO#l, 2 KHHEMATHYeCKAA BABKOCTh
NMOCTOAHHA.



