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ABSTRACT

A meteorological element, such as the surface air temperature, averaged over a given
time interval, can serve as a measure of the persistence or duration of the condition
over that time interval. To study the probability distribution of moving time averages
involving both common and extreme averages, it was found necessary to use a Monte
Carlo simulation technique. A simple Markov process generating a sequence of values
of a normally distributed variate, characterized by a constant hour-to-hour correlation,
has worked fortuitously well as a model of duration on the selected examples, for the
number of hours ranging from one to 768. Charts have been prepared to give the prob-
ability distribution of the highest m-hour average in n hours, where n is equal to the
number of hours in one day, 8 days or 32 days, and m is equal to 1, 3, 6, 12, 24, 48,
96, 192, 384 or 768 hours. The hour-to-hour correlation, in this study, ranges from

zero to 0.999, with the usual value approximately 0.95.

1. Introduction

This study is the result of a search for a
general model of the duration of weather events
such as a rainy spell or a heat wave. Atmospheric
processes suggest a Markov-type sequence of
events. Cyclones, anti-cyclones, cold and warm
fronts, that pass a station in cycles of two to
ten days throughout the year, produce weather
patterns that defy detailed analysis. But they
lend support to the assumption that the events
are part of a stochastic process that is stationary
in time. A parameter, such as the hour-to-hour
correlation of atmospheric surface temperature,
can be estimated from regular hourly observa-
tions. The use of this single parameter, however,
ignoring something as obvious as the diurnal
cycle, is justified only by the practical results.

A simple Markov process, in which there is a
constant correlation between successive regular
observations of a variate, has proved applicable,
making it highly desirable to examine the model
purely as a statistical exercise. For the rest of
this paper the key statistic is the m-period
average of a normal variate, such as the m-hour
average of temperature, m-day average of 24-
hour rainfall, or the m-year average of annual
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precipitation. While there are other criteria of
duration, such as a threshold value that is
exceeded for a sustained period of time (Gringor-
ten, 1966), the highest, or lowest, m-hour
average serves us more effectively when the
meteorological event is an integrated effect
(Bennett, 1967). For example, a drought is
recognizable by a deficiency of rainfall averaged
over a period of several weeks, months or years.

2. The model

Tt is assumed that y is a normal variate, ob-
served hourly, with hourly serial correlation g.
Thus

E(y,) =0,

E(y) =1 (i>0). (1)

It has been shown (Feller, 1966) that, where 7,
is normally and randomly distributed,

Yo = "N
vi=0 g +V(1-g) .y G=D. ()

If g;; denotes the correlation between the ith
and jth hourly values of y, then

oy =o" . (3)
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Fig. 1. Chart for determining the standard deviation g(m) of the m-hour average of the normal variate
whose basic mean is zero and standard deviation 1.0, when there is an hour-to-hour correlation ¢ in a

Markov process.

Hence, it is not necessary to limit ourselves to
hourly intervals. If observations are taken
daily, then the day-to-day correlation would be
02,

The m-hour average y(m) has an expected
mean of zero, but its variance o%(m) is given
by (Godske, 1966; Brooks & Carruthers, 1953).

Fom) =~ m(1 g ~(1=g™). (8)
m(1-g)
As a limiting case, when ¢ =0 the variance
becomes the familiar variance of the average of
m independent values. Fig. 1 has been prepared
from a series of solutions of Equation (4) to give
the standard deviation o(m) as a function of
m and p. The probability that any m-hour
average will not exceed a given value y., is

given by
(5)

This result is the simplest answer to the

Py(m) < Yo} =Py < ycrit/a(m))-

problem of duration. The number of hours (m)
constitutes the period of duration, and the
m-hour average is the statistic whose probability
of being exceeded is the measure of risk to
equipment or personnel.

But the practical questions related to dura-
tion require further study. An operation involv-
ing personnel or equipment usually is planned
for a gross period of time, such as one day, one
week or one month. It becomes important to
determine if the average condition of, say,
temperature, will exceed a threshold value for
some fraction of the whole period. There is a
need to know the probability distribution of the
highest, or lowest, m-hour average in n hours.
For example, what is the probability that the
highest 12-hour average temperature in the
whole month of July will not exceed 90°F?
Solution by direct mathematical analysis seems
prohibitively involved. But a Monte Carlo
technique, by computer, simulating the sto-
chastic process by generating normal numbers
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Fig. 2. The P-percentile of the highest m-hour average of y in 24 hours, or the (1 — P)-percentile of
the lowest m-hour average of —y in 24 hours. The basic variate y is normally distributed with mean

zero and varignce 1.0.

{y4) with autocorrelation (g) in a Markov Chain,
provides the answers conveniently.

In a project with a 7090-computer, each
“month” was composed of 32 days involving
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768 hourly values of y, (1 <¢ <768). One hund-
red months yielded & total of 76,800 values of y.
The value of ¢ was made, in successive exer-

cises,
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In each month of 768 hours there were (769 —m)
m-hour averages, from which to choose the
maximum. The highest m-hour average in =
hours (n <768) was the highest of (n —m +1)
successive m-hour averages, and the number of
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such highest m-hour averages per month, is
equal to, or less than (769 —m)/(n —~m +1).

The simulation exercise was performed for
m successively

m=1, 3, 6, 12, 24, 48, 96, 192, 384, 768

and, to represent one day, 8 days approximating
one week, and 32 days approximating one
month, n was made successively

n =24, 192, 768.

The results of the simulation excercise were
smoothed and presented in Figs. 2, 3 and 4.

Fig. 2 gives the P-percentile of the highest
m-hour average of y in 24 hours for

P =.02, .10, .25, .50, .75, .90, .98.

In each diagram the horizontal axis consists of
m from 1 to 24 hours. The vertica] axis consists
of the hour-to-hour correlation (g) from zero
to 0.999.

Fig. 3 gives the P-percentile of the highest
m-hour average in 192 hours. Fig. 4 gives the

Tellus XX (1968), 3
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Fig. 3. The P-percentile of the highest m-hour average of y in 192 hours, or the (1 —P)-percentile

of the lowest m-hour average of —y in 192 hours.

P-percentile of the highest m-hour average in
768 hours.

Each of the figures (Figs. 2, 3 and 4) serves a
dual purpose. The chart that gives the P-per-
centile of the highest m-hour average of y in n
hours also gives the (1 —P)-percentile of the
lowest m-hour average of —y in n hours.

The broken lines in Figs. 2, 3 and 4 place a
focus upon an interesting phenomenon. There
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is an optimum serial correlation that will maxi-
mize each percentile of the extreme m-hour
average. For example, in Fig. 4d, for ¢ =0.93,
the median value of the highest 6-hour average
in 32 days is read as y =2.4. If the persistence
of y is greater, that is g >0.93 then, for any
6 hours within 32 days the y-value is not as
likely to reach the extreme of 2.4 and the
6-hour average is not as likely to be as great
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as 2.4. On the other hand, if the persistence is
not as great, that is ¢ <0.93, then, while a single
value of y might more readily reach the value
of 2.4, yet 6 consecutive values are not as
likely to remain high enough to average 2.4.

Figs. 2, 3 and 4 are the essential product of
the study and their presentation is the purpose
of this paper.

3. Applications

Suppose T is a normally distributed variable
with mean T and standard deviation s;. Then
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the estimate 7' can be given in terms of the
corresponding estimate §, as follows:

T=T+g-sg. (6)

That is, the estimate of T is § standard devia-
tions greater than its mean.
If 7 is the P-percentile of the m-hour average,
then
g =a(m) - y(P),

where o(m) is the standard deviation of the
m-hour average (Fig. 1) and y(P) is the P-per-
centile of the basically normally distributed
variate. Hence the equation

T =T +s7- o(m) - y(P) )

gives the estimate of the P-percentile of the
m-hour average of 7. The value of y(P) is
obtainable from almost any textbook in sta-
tistics that has a table of the normal distribu-
tion.

If § is the P-percentile of the highest m-hour
average in n hours, its value is to be found
directly in Figs. 2, 3 and 4. The following
examples are presented to illustrate the use of
the charts (Figs. 1, 2, 3 and 4) to extend the
climatological information on a variate that is
approximately normally distributed.

Example 1. At Minneapolis, Minnesota a
10-year sample (1943-1952) yielded for July a

Tellus XX (1968), 3
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Fig. 4. The P-percentile of the highest m-hour average of y in 7688 hours, or the (1 —P)-percentile

of the lowest m-hour average of —y in 788 hours.

mean temperature 7' =72.9°F, standard devia-
tion s, =8.9 F°, and hour-to-hour correlation
¢ =0.928. There is a significant diurnal ampli-
tude of 8.4 F°, which inhibits the application
of the model. Nevertheless, the results of apply-
ing Figs. 1, 2, 3 and 4 and Equation (6) and (7),
as shown in Table 1, have a root mean square
difference of only 2.0°F from the shaky esti-
mates of direct sampling. The latter were not
always possible to make, as indicated by empty
spaces in Table 1.

Example 2. At Minneapolis, Minnesota a 10-
year sample (1943-1952) of January tempera-
ture yielded a mean T = 13.6°F, standard devia-
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tion 14.7°F, hour-to-hour correlation 0.982. But
the diurnal amplitude was 4.3°F, which makes
the application of the model more acceptable
for estimation of duration of low temperature
by time averages than for high temperatures
in the previous example (Table 2). The root
mean square difference of the model estimates
from the shaky estimates by direct sampling,
whenever the latter were possible, was 3.0°F.
This value seems greater than it was for the
July estimates, but relative to the standard
deviation it is slightly smaller.

Example 3. At Birmingham, Alabama a 9-
year sample (McGill University, 1960) revealed
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a nearly normal or Gaussian distribution of air
temperature in July, with mean 80.5°F, stan-
dard deviation 7.25°F. But, to this writers’
knowledge, there has been no processing of
Birmingham data to give the distribution of
m-hour averages, except 24-hour and monthly
averages. As this is being written the hour-to-
hour correlation is not known, although it un-
doubtedly is greater than 0.9 and less than 0.99.
In Figs. 2, 3 and 4 the broken lines join the
upper limits of the highest m-hour averages of
y in 24, 192 and 768 hours. When these are
transformed into values of temperature by the
equation
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the results are conservative estimates of dura-
tion, not likely to be exceeded (Table 3).

For comparison, the U.S. Weather Bureau
records for Birmingham were consulted. They
showed an extreme temperature of 107°F and
an extreme monthly average of 90°F in 40
years, which corresponds to the estimate of
234 % probability. The conclusion is that the
estimates of Table 4 are high by no more than
3 F degrees.

Example 4. At Boston, Massachusetts a 37-
year record (1930-1966) of annual precipitation
yields a nearly normal or Gaussian distribution
with mean 41.62 inches, standard deviation
8.88 inches. In 1966 the precipitation (36.01 in-
ches) was 139, below the normal, in 1965 the
precipitation (23.7 inches) was 43 % below nor-
mal and the lowest of the 37-year record. In
the four years 1963-1966 precipitation averaged
219, below normal, leading experts to believe
that a drought was established and a secular
trend was responsible.

Let us assume that one year’s precipitation
is independent of the precipitation in all pre-
vious years (g =0). Figs. 2 and 3 give the pro-
bability distribution of the lowest m-year
average of y in one quarter century (actually
24 years) and in two centuries (actually 192
years). By the equation

£=41.62 +8.88 y

Tellus XX (1068), 3
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Table 1. Probability estimates of (a) the m-hour average of air temperature at Minneapolis, Min-
nesota, in July, (b) the highest m-hour average in n hours
The 10-year mean is 72.7°F, standard deviation 8,9°F, diurnal amplitude 8.4°F, hour-to-hour correlation

assumed to be 0.928. Estimates by model are in column A, by direct sampling in column B. When the 10-year
sample was too small for a direct estimate, the figure in column B is missing

Probability
.02 .10 .25 .50 .75 .90 .98
n m A B . A B A B A B A B A B A B

(a) m-hour average

1 54 56 61 62 67 66 73 72 79 79 84 84 91 92
3 56 565 62 62 67 67 73 72 78 79 84 84 90 92
6 56 56 62 83 67 87 73 13 78 18 83 84 80 91
12 57 b7 63 63 68 68 73 173 78 178 83 83 89 89
24 59 60 64 66 68 69 73 73 M 82 80 87 86
48 61 62 66 66 69 70 73 13 76 76 80 80 84 84
96 64 63 67 66 70 70 73 713 76 76 78 79 82 83
192 66 65 69 68 70 70 73 T3 76 76 77 76 79 81

(b) Highest m-hour average in n hours

24 1 69 70 73 14 77 78 82 83 87 88 92 92 98
3 656 68 1 13 76 77 80 82 86 87 90 91 96 95
é 63 89 72 73 76 78 81 83 85 89 89 94 93
12 61 66 70 1 74 76 18 81 82 86 87 91 o1
192 1 82 86 89 87 92 90 95 93 99 95 104
3 81 84 84 87 87 90 89 94 92 98 94 102
6 79 82 82 85 86 89 88 92 91 96 94 100
12 il 80 78 83 82 87 856 90 87 92 89 96
24 74 78 14 80 72 83 80 87 82 90 86 94
48 71 74 12 77 4 80 77 83 80 86 82 90
96 68 71 70 73 73 7% 175 79 77 82 81 85
768 1 91 92 95 92 97 94 100 97 103 100 107
3 89 91 89 93 92 95 93 98 96 101 99 105
6 87 89 88 91 90 94 92 97 94 99 103
12 86 87 89 87 92 88 94 91 96 93 100
24 82 84 86 88 82 91 86 93 89 97
48 79 81 82 84 81 87 84 90 87 92
96 71 78 79 17 81 179 83 82 85 88
192 76 75 76 75 78 17 80 80 81 84
384 72 73 74 73 75 75 7N 78 80

Table 2. Probability estimates of (a) the m-hour average of air temperature at Minneapolis, Min-
nesota, in January, (b) the lowest m-hour average in n hours

The 10-year mean is 13.6°F, standard deviation 14.7°F, diurnal amplitude 4.3°F, hour-to-hour correlation
assumed to be 0.982. Estimates by model are in column A, by direct sampling in column B. When the 10-
year sample was too small for even a shaky direct estimate the figure in column B is missing

Probability
.02 .10 .25 .50 .75 .90 .98
——P e, e e, r—— —— iy, ————— rr—, i,
n m A B A B A B A B A B A B A B

(a) m-hour average

1 -16 -17 -5 -7 4 2 14 15 24 24 32 32 44 37
3 -16 ~-17 -5 -1 3 3 14 15 23 24 32 32 44 37
6 —-16 -16 -5 -~ 6 4 4 14 15 23 24 32 32 44 37
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Table 2, (continued)

Probability

.02 .10 .25

.50 75 .90 .98
————— prr———— ey —— e iy, e, ——
n m A B A B A B A B A B A B A B
12 -16 -156 — 4 -6 4 4 14 15 23 24 32 32 43
24 -14 -14 -4 -5 4 4 14 15 23 24 31 31 42
48 —-13 -13 -3 - 3 5 4 14 15 22 23 30 29 40
9% —-10 -8 -1 -1 6 6 14 14 21 21 28 27 37
192 — 6 - 8 1 3 7 7 14 14 20 21 26 26 34
38¢ — 2 -3 4 4 9 8 14 14 19 19 23 24 29
768 2 7 8 10 9 14 14 17 18 21 20 25
(b) Lowest m-hour average in n hours
24 1 -25 -14 -13 -6 - 6 4 6 14 17 23 24 32
3 -23 -13 -12 -3 -5 6 6 16 18 25 25 36
6 —22 -2 -11 -2 - 4 8 8 18 18 27 27 38 35
12 -19 -9 0 -1 10 11 20 22 28 28 40
192 1 -33 -25 -21 -18 -16 -11 -11 -2 - 3 3 7 12 16
3 -32 -23 -20 -16 -15 - 8 11 0o -3 4 8 14 17
6 —30 -22 -19 -15 -4 -7 -9 1 -3 6 9 15
12 —-28 -24 -19 -18 -13 -13 -5 - 8 3 -1 8 13 18 24
24 ~-25 -21 -17 -13 -11 -8 -2 -3 5 5 11 16 21 26
48 —-21 -18 13 -7 -7 - 2 2 4 10 11 15 20 25 30
96 —-16 -11 -8 -1 -1 4 7 9 15 15 20 23 28 31
768 1 —40 -32 -28 -27 -23 -21 -19 -16 -14 —-10 -8 -5 ~— 2
3 -3 -31 -31 -28 -25 -23 -—-19 -18 -15 -14 -8 — 8 — 4 — 2
6 —37 -3 -27 -—-24 -21 -18 -17 -13 -12 -7 -6 -3 -5
12 -35 -28 -2 -22 -18 -16 -15 -—-11 -11 -5 -5 -1
24 32 -25 -20 -19 -17 -13 -12 -8 -6 -— 2 0 2 6
48 —30 -21 -17 -16 -10 -9 -6 -— 3 0 0 3 5 9
96 —23 -17 -10 -10 -3 - 4 1 1 6 5 11 9
192 —-16 -9 -7 -4 -2 1 4 5 11 9 13 14 22
384 — 8 -1 - 2 8 8 11 03 14 18 19 22

Table 3. Upper limit of the probability estimates,

by the model, of the highest m-hour average in

n hours of air temperature at Birmingham, Ala-
bama, 1 July-1 August (incl.)

Average is 80.5°F, standard deviation 7.25°F

Probability of not exceeding

n m .98 .90 .75 .50

24 3 100°F 96 92 89
6 98 93 89 87

12 97 92 87 83

24 95 90 85 81

192 3 105 101 98 96
6 103 99 96 94

12 101 97 94 92

24 99 95 93 89

48 98 93 91 87

96 96 92 88 84

192 95 90 85 81

Table 3 (continued)

Probability of not exceeding

n m .98 .90 .78 .50
768 3 107 104 102 100
6 106 102 100 98

12 104 101 98 96

24 103 100 96 95

48 102 98 95 92

96 101 96 93 89

192 99 94 90 87

384 96 91 87 83

768 93 88 84 81

it was possible to find the corresponding prob-
abilities of annual precipitation (Table 4).

It is concluded from Table 4 that the observed
lowest 1-year, 2-year, 4-year and 8-year aver-
ages in the 37-year record at Boston can be
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Table 4. The probability estimates, by model, of the lowest m-year average in 24 years and in 192
years of annual rainfall (inches) at Boston, Mass.

The mean annual rainfall is 41.62 inches, standard deviation 8.88 inches

Probability

n m .02 .10 .25 .50 .16 .90 .98
24 1 14.0 18.5 21.6 25.6 28.0 29.8 32.5
2 20.3 25.1 27.1 29.6 32.7 32.9 36.1
4 26.9 30.5 31.9 33.5 36.3 36.7 39.0
8 31.6 34.1 35.4 37.7 39.2 40.1 41.6
192 1 9.7 13.6 15.9 18.1 20.3 21.6 23.4
2 17.6 20.3 22.5 24.3 26.5 27.1 28.3
4 23.9 26.7 27.9 29.2 31.4 3L.9 32.7
8 29.0 31.2 31.9 33.0 33.9 35.7 35.9
Actual lowest m-year average in 37 years
37 1 1965 23.7
2 1964, 1965 29.8
4 1962-65 32.8
8 1939-46 37.1

expected in a quarter-century as part of Na-
ture’s random process. Also these averages are
nearly a certainty in two centuries.

4. Concluding remarks

A simple Markov process, operating on a se-
quence of normally distributed values with
constant hour-to-hour correlation, yields rea-
listic estimates of the probability of duration

of the meteorological element. The use of the
m-hour average, however, is admittedly an
initial decision which has its limitations, be-
cause a variate must have a Gaussian, or nearly
Gaussian, distribution before the model, as
described herein, can be applied. It has proved
effective on hourly temperatures and annual
precipitation. To what extent the model will be
applicable to other kinds of variables needs yet
to be tested.
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BEPOATHOCTH CROJB3AIINX CPEAHBRX METEOPOJIOTIYECKN X
IIEPEMEHHXBIX

MeTteoposoruuecknil saeMeHT, Hampumep HpH-
3eMHaA TeMIlepaTypa BO3AYXA, OCPefHEHHAA 1O
JA3HHOMY HHTePBAJIy BPEeMEHH, MOMET CAYHHUThb
Mepoll COXpaHEeHMA WJIM JAJUTEABHOCTH ollpe-
IeJleHHHX YCJOBHMH Ha 3TOM MHTepBale Bpe-
MeHu. JlnA M3yuyeHHA DaCHpefeeHNd BepPOAT-
HOCTell CKONBSANIMX CPeNHUX, KaK OOBIYHBIX
TAK M JHKCTPEMANbHBEIX, OKa3aN0OCh HeolOXomu-
MBEIM HMCHOJb30BaTh Meron Monute Hapumo. Ifpo-
CTaA MAapPKOBCKAA I10CIEN0BATEIbHOCTE HOD-
MQJIBHO DPACHpENeeHHRIX BeJIMYUH, XapaKTepu-
3yeMaA MOCTOAHHONA Me:K4yaCoBOM KoppeJA-

uueif, HEOMUIAHHO OKAa3ajach MNoAXofAlleit
MOAEJNbI0 TMpoliecca B PACCMATPUBAEMHX NpH-
Mepax JJisl MEepuojOB OT OMHOIO X0 768 uyacos.
Brin mocrpoeHsl KapThl, JaWIMe paclpenese-
HHMe BEPOATHOCTEH AJA MAKCHUMAJIbHOIO0 M-4aco-
BOTr0 CpPEegHero B 7-4acOBOM HMHTepBale, Tae 7
PaBHO YMCJIY 4acOB B CyTKax, 8 cyTkax mam 32
CYTKaX u m paBHO 1, 3, 6, 12, 24, 48, 96, 192,
384 uau 768 vacos. MeuacoBas KoppeaALHA
u3MeHAxach OT Hyaa 1o 0,999, nmpuueM oOBIYHO
3HaveHUe NpUGINKEHHO paBHAIO0CH 0,95,
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