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ABSTRACT 

The Rossby wave velocities for several lowest modes were calculated using the Laplace 
tidal equation. The value of the equivalent dynamical depth of the atmosphere was 
taken, due to Diky (1965), equal to 10 km. The calculated values of the velocities are 
in close agreement with those found by Eliasen & Machenhauer (1965), who treated 
the empirical data. 

The extended calculations of the Rossby 
wave velocities using the empirical data have 
been recently performed by Eliasen & Mechen- 
hauer (1965). The values of velocities deter- 
mined by them for several low modes of the 
Rossby waves were somewhat lower than those 
calculated using the formula of Haurwitz 
(1940) (see also Blinova, 1943) for the non- 
divergent barotropic atmosphere 

2(w + R) 
n(n+ 1) ' (1) &=w- - -  

where e is the angular velocity of waves, R is 
the angular velocity of the Earth rotation, w is 
the additiond angular velocity of the rotation 
of the atmosphere as a whole. The velocity of 
the zonal flow is then equal to 

u =CUR sin 8, 

where R is the Earth radius, 0 is the co-latitude. 
If w = O  then 

2R 
& =  -~ 

n(n+ 1)' 

Analysing the possible causes of the syste- 
matic discrepancy of the empirical values of 
the velocities with the theoretical ones Eliasen & 
Machenhauer (1965) used the fact that the 
compressibility of the atmosphere must reduce 
the values of the Rossby wave velocities. They 
considered the divergence effect in the baro- 
tropic motion by using the equation 

a 2Rav x ay, 
at Ra a l  R'at 
- ( V " ) + v .  VV2y + - - = - -, (2)  

where y~ is the stream function, v is the velocity 
vector, A is the longitude and x is treated as a 
constant. If x were equal to 4, then the values 
of the Rossby wave velocities determined from 
the equation (2) become close to the empirical 
ones. However, this value of x differs essentially 
from the value used in another problem by 
Cressman (1958). 

The effect of compressibility of the Earth's 
atmosphere can be rigorously taken into ac- 
count by using the Laplace tidal equation (see 
e.g. Hough, 1898) 

Note that formula (1) can be obtained from d 1 
the formula (1') if one observes the waves pro- dP f 
pagating in the atmosphere rotating with the 
velocity w + R = a, while one is standing in the 
reference system which rotates with the velo- 
city R. This remark will be needed later when 
taking into account the zonal flow of the Here p = cos 0, rn is the azimuthal wave number, 
atmosphere. f = a/2Clo is the dimensionless frequency, i.e. 
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Table 1 

T =i t, days 

Eq. (4) Calculations 
Eq. (1’) - I 

7E ?a y = o  y = 7 . 9  7-10 y = 7 . 9  y = l O  

1 1  1 
2 1  3 

2 1.5 
3 1  6 

2 3 
3 2 

4 1 10 
2 5 
3 10/3 

5 1 15 
2 7.5 
3 5 

6 1 21 

1.25 
4.86 
1.63 
8.12 
3.70 
2.08 

12.08 
5.85 
3.70 

17.05 
8.41 
5.48 

23.03 

1.35 1.17 1.21 
6.27 4.87 6.26 
1.67 1.61 1.64 
8.68 8.11 8.65 
3.88 3.68 3.87 
2.11 2.07 2.09 

12.63 12.10 12.63 
6.08 5.84 6.06 
3.81 3.68 3.78 

17.59 17.10 17.61 
8.65 8.41 8.66 
5.61 5.47 5.60 

23.57 23.04 23.69 

if w = O  (no zonal flow). If one considers, ac- 
cording to Eliasen t Machenhauer (1965), 

w = 0.0225 R, then y = 9.2. 

A method of determination of the eigen values 
and eigen functions (Hough’s functions) of the 
Laplane tidal equation has been described by 
Diky (1965). As haa been shown by computa- 
tions (see e.g. Golitsyn & Diky, 1966), the 
values of the eigen periods of the Rossby waves 
even at ym10 are with the great accuracy de- 
scribed by (Hough, 1898) the following expres- 
sion 

m 
2 m T F = - = n ( n + 1 )  f 

n’(n + 2)’(n - m + 1) (n + m + 1) 
2 10.5 11.44 11.69 11.44 11.68 
3 7 7.54 7.68 7.54 7.68 I 

[(n+1):+2)* 2m’ ’ 
n*(n + 1) --I , * .  

(2n+1) (2n+3)  
the frequency divided by the double angular velo- 
city of the atmosphere. The function ~ ( p )  may 
be the three-dimensional velocity divergence, 
the pressure or the two-dimensional velocity 
potential (for the two-dimensional motion, e.g. 
for the motion in the Rossby waves). The in- 
fluence of the compressibility is described 
by the value of the dimensionless parameter y, 
where g is the acceleration of gravity, h is the 
so-called equivalent dynamical depth of the 
atmosphere. For the determination of the value 
of h one has to consider the equation describing 
the vertical structureof the oscillations (see Diky, 
1965) together with the equation (3). For the long 
period oscillations with the periods more than 
20 minutes (Diky, 1965) the “vertical” equa- 
tion does not depend on the frequency but only 
on the value of h. Therefore all Rossby waves 
have the same value of h. For the non-divergent 
atmosphere y = 0, i.e. h + 00. For the barotropic 
isothermal atmosphere gh = c;, where cT is the 
isothermal sound velocity; for the baroclinic 
(isothermal) atmosphere gh =ea, where c is 
the adiabatic sound velocity (see e.g. Diky, 
1961). According to computations by Diky 
(1965) the value of h for the Rossby waves in 
the Earth’s atmosphere with the vertical strati- 
fication, close to the real one (the tempera.ture 
profile was taken from the model CIRA 1961), 
is equal to 10 km. It is this value of h which we 
shall use. This value of h corresponds to y = 8.8 
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where TF is the period in days for the mode 
with the indices (m, n). The results of numerical 
computations of eigen periods of several low 
modes of Rossby waves are given in the Table 1 
together with the corresponding periods calcu- 
lated with the expression’ (4) and with Haur- 
witz’s formula (1’). 

As one can see from this table the accuracy 
of Hough’s formula increases rapidly with the 
increasing of m and n. Therefore aa a rule it is 
not necessary to make numerical computations 
by using the Laplace tidal equation (3) to obtain 
the periods of the Rossby waves except very 
fimt few modes because one may use Hough’s 
formula (4). Note also that the values of the 
periods depend rather slightly on the value of y 
in the range considered here. 

Let us turn to the calculation of the velo- 
cities. The velocity of a Rossby wave in degrees 
of longitude per day for an observer standing 
on the Earth surface is expressed by 

& = 3 6 0 0 ( w - m T ) .  w + n  

In  Table 2 (columns 2 and 3) we present the 
values of the Rossby waves velocities for the 

l A formula, simiiar to (a), was obtained by Bli- 
nova, in 1949 (see Blinov~, 1960). For (m, n) not very 
small (nr 3) her formula also gives good results. 
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Table 2 

(m, n) E ,  eq. (1’) &RH, eq. ( I )  ecaIc ‘obs 

-64.0 -70 (1.2) -120 - 115 
(2.3) - 60 - 53 -40.3 -40 

(1.4) - 36 - 28 -21.5 -20 
(2.5) - 24 - 16 -13.4 - 12 
(3.6) - 17.1 - 9  - 8.0 - 8 

(3.4) - 36 - 28 -24.7 - 20 

non-divergent atmosphere with no zonal flow 
(eq. (1’)) and for the non-divergent atmosphere 
rotating with the velocity a, =o + (eq. (1)). 
The values of velocities computed on the base 
of the Laplace tidal equation with y =9.2 
(compressible atmosphere rotating with the 
velocity Q, = 1.0225 Q) are given in the fourth 
column and in the last column the empirical 
values of the velocities found by Eliasen C 
Machenhauer (1965) are presented. The com- 
parison of the two last columns of this table 
shows their close agreement. The grea,test discre- 
pancy observed for the modes (1.4) and (2.5) 
in less than 20 per cent. Note also that the 
compressibility removes “the degeneracy” from 
the modes (3.4) and (1.4) and their theoretical 
velocities begin to differ. 

The program of computations described by 
Diky (1965) and used here gives also the coeffi- 
cients of the expansion of Hough’s functions 
in the series of the normalized associated 
Legendre polynomials 

The prime on the summation sign means that 
only those values of k enter the summation for 
which k -n is an odd integer. Having the coef- 
ficients c, one can calculate Hough’s functions 
Q:(p) and also stream functions for the Rossby 
waves 

m 

Here the following relationship between coef - 
ficients ck and a, has to be used (see e.g. Diky, 
1961, 1965): 

(k+ 1)(k-m) 
k(2k+ 1)  c k - l  

[m-k(k+l) f ]ak= 

k ( k + m + l )  
(k+ 1)  (2k + 3 )  

+ 

From expressions (6)-(8) one can see that if 
Hough’s function is even, the corresponding 
stream function must be odd and vice versa. 
Houghs functions &T(p) are a system of the 
orthonormal functions so ~ ~ ~ m c i  = 1 and 
~kI[&:(p)]%!p = 1.  For the case of the Earth’s 
atmosphere the coefficients ck decrease rather 
rapidly as k increases. The same behaviour is 
shown by the coefficients ak. For a non-divergent 
atmosphere tp,”(,u) = P , ” ( p ) ,  but if one considers 
a compressible atmosphere, then it is necessary 
to determine the coefficients of the expansion 
in the series (7) .  Hough (1898) presented some 
approximate expressions for the calculations 
of the coefficients a, also, but we found that they 
are not as accurate as his expression (4) for the 
periods. For the case na < n  < 3  such a compari- 
son has been done earlier (see Golitsyn & Diky, 
1966). We present now several first terms of the 
expansions at y =9.2 of the stream functions 
for the modes presented in Table 2.  These 
stream functions are normalized in the manner 
that ~ ~ ~ , , , a i  = 1. These expansions are as fol- 
lows: 

& = 0.993Pl- 0.1 1OP: + 0.009P: + . . . 
6 = 0.997P: - 0.075Pi t- 0.004P: + . . . 
yi = 0.999P: - 0.035Pi + 0.00ZP: + . . . 
& = 0.147P: + 0.986P: - 0.087P: + 0.001P: + . . . 
yi = 0.123P: + 0.992Pi - 0.053P: + 0.002Pi + . . . 
& = 0.131P’: + 0.99OP;- 0.043Pi - 0.002P;0 + . . . 

These expansions show that even a t  y-10 
the shape of the stream functions for the lower 
modes of Rossby waves does not differ greatly 
from the shape of those in the non-divergent 
atmosphere ( y  = 0) when y: = Pf . 
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