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ABSTRACT

A general regression model is derived which describes the dependence of the cosmic-ray
neutronic component on the air pressure. As the residuals are correlated the ordinary
least-squares method is not the best one to estimate the pressure effect. Alternative
methods are discussed. Five methods are used to estimate the pressure coefficient at
Upsala during the years 1957-1964. It turns out that a modified two-station method
gives the best result and also that there exists a solar cycle dependence of the pressure

coefficient.

1. Introduction

The purpose of this paper is to point out some
statistical methods, well known to the econome-
trician but perhaps not to the physicist, which
may be of help when making regression analysis
on time series. The classical regression analysis
is based on the assumption that the residuals
are randomly distributed. But as correlated
residuals are the rule rather than the exception
in time series analysis, the research worker
should be cautious when applying classical least
squares, for two reasons: First, the ordinary
measure of precision is ruined. Second, estima-
tion in the classical way is usually not the best
way of extracting information from the data.
However, more appropriate methods exist,
which pay due regard to the time series aspect
of the problem.

To make the exposition more concrete, we
shall refer to the problem of estimating the
pressure dependence of the cosmic ray intensity
recorded by the neutron monitor. As almost
every practical problem is specific we give
some details only pertaining to this problem.

2. Statement of the problem

2.1. Background

Cosmic radiation consists of charged particles
which enter the atmosphere of the earth from
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outer space. When passing through the atmo-
sphere this radiation interacts with the air
nuclei. Other types of particles are generated
and an energy degradation takes place. As a
result, the particles which reach the earth
show other characteristics than those entering
the outer atmosphere. (These latter make up
what is known as primary radiation.)

The instruments used to observe the particles
are as a rule fixed and located at ground level.
Because the air mass above an instrument
changes, particles have to pass through different
masses at different times to reach the instru-
ment. One effect is that more particles are
recorded at low barometric pressure, the pri-
mary radiation being constant. On the other
hand variations in primary radiation are con-
cealed by changes in the air pressure. Conse-
quently one wants to correct the recorded in-
tensity for the pressure dependence.

The pressure dependence is intimately as-
sociated with the energy distribution (energy
spectrum) of the primary radiation which varies
with time. It is therefore of interest to study
the influence of the barometric pressure on the
recorded variation during relatively short pe-
riods. To this end regression analysis is used,
but as the residuals are autocorrelated, the
classical least squares method is not optimal
and can be replaced by more efficient methods.
Before we take up different methods of deter-
mining the pressure dependence, we shall derive
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the regression model which applies to neutron
monitor data. Confining ourselves to these data
means that only the effect of the barometric
pressure has to be considered.

2.2. Derivation of the regression model

Let N, denote the number of particles counted
and let AP, be the deviation in the air pressure
from the normal level at time f. Then the
relation between the number of particles
counted and the pressure is generally given by
the formula

N, =N_e B (2.2.1)
where N,, is the number of particles which
would be counted if the recording instrument is
located at the normal pressure level, while « is
the pressure coefficient. We prefer, however, to
use a more detailed formula, which allows for
the observed fact that the pressure coefficient
is not constant through time and spaec (e.g.
Bachelet et al., 1964, and Griffiths et al., 1966).

Let N'¥ denote the number of particles at
time ¢ at the normal pressure level having an
energy in the interval (E, E + AE). Then the
influence of the pressure is given by

Ny=SegNPe =285, (2.2.2)
E

where oy i3 a constant, which expresses the
influence of the pressure on the particles in the
energy interval (¥, E + AE), ¢z are instrumental
constants dependent on the size and location of
the recording instrument and 4, is the measure-
ment error.

We introduce the symbols

K= cg NP (2.2.3)
E
(E)
o - ENot (2.2.4)
ZCENLIE:) '
E
ZCEN%‘) 23]
%= o = SuwPap  (2.2.5)
ZCENfzt) E
E
and rewrite (2.2.2) using (2.2.4)
Ny—8,=D cg NP e %t APt g@t~2pAP:
E
=K e @APLS B gt 2pAPL (9 9 6)
z
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Take the logarithm of (2.2.8)
log (N,~é;)=log K, — o, AP, +
+log (O wi® et AP (9.9 7)
E

By Taylor expansion of the last term it is seen
that a first approximation of (2.2.7) is

log (N, —8,) =log K, — «, AP, +B,(AP,)? (2.2.8)

where f, is half the ‘“‘variance” of the constants
oy, or formally:

Bi=% > wt® (ap - )" (2.2.9)

To reduce the equation (2.2.8) to a form

suitable for regression analysis, we rewrite

log (N, —-4,) and log K,. Since 4, is small com-
pared to V,, then:

log (N,-6;) =log N, (1 - 171) ~log N, - N,

(2.2.10a)
Let K be the mean value of K, during the period
of analysis, and AK, be the deviation of K,

from the mean at time ¢. Since AK, is small in
relation to K we get:

_ AK _  AK
log K,=log K (1 + ft) ~log K + }—t
(2.2.10b)

Now we write (2.2.8) in a form adaptable to
regression analysis.

log N,=log K —a AP, + (AP +u,  (2.2.11)
where
Uy = ‘(dt—d)APH‘(ﬂt‘ﬁ)(APt)z*” Agt“* &t
(2.2.12)

This %, is called the residual and is composed of
three parts. One part depends on o4 f§; and
AP, and vanishes if «, and fB; are constant
during the period. The second part is propor-
tional to the deviation of the cosmic ray inten-
sity from its mean at the normal pressure level.

Tellus XX (1968), 1



AIR PRESSURE DEPENDENCE OF COSMIC RAY INTENSITY

The third part is

S
&= lvt

Usually, the quadratic term in (2.2.11) is
overlooked. Since B, is rather small compared to
a, this is not too serious. Moreover it is difficult
to get a reliable estimate of § when using sample
of moderate length. Instead of neglecting the
quadratic term we prefer to use an approximate
value of g in the following denoted by 8.

So instead of (2.2.11-12) we consider:

log N, B(AP,)" =log K~ AP, +u, (2.2.13)
= — (0~ @) APy + (B - Bo) (AP)
+AK, K +¢, (2.2.14)

2.3. Short time variation in the pressure coefficient

Now, what is the meaning of the coefficient «
in (2.2.13)? If «, is constant during the period
of analysis we think of « as this value. But as
o, fluctuates the meaning of « is not so obvious.
We can look upon « as a mean value of the a,;-
values. To better visualize this let us consider
the ordinary least-squares method.

Suppose we have made observations on N,
and AP,(t =1,...n), letting AP denote the mean
value of AP, then we may write the least
squares estimator as follows, neglecting the
term (B8, — f,)AP} in (2.2.14):

_ 2(log R—ay AP+ AK,[R + ) (AP,~ AP)
2(AP,~AP)’

_ 2u AP(AP, - AP)
2(AP,~AP)

_ 2(AK,/R + &) (AP, ~ AP)
2(AP,-AP)

ZAPc AP) “t

'—p.zépt‘A—P)“t
S(AP,-AP)

(AP, AP)’

_ 2(AK,/R +¢,) (AP,~ AP)
2.(AP,—APY)

(2.3.1)

If we think of the cosmic ray intensity and
the measurement error as stochastic variables,
we may talk about the expected value of &. As
the intensity at the normal pressure level can
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be supposed to vary without any relation to the
air pressure at the ground level it is natural to
introduce the following restriction on this
variable:

E(AK,|AP) =0 (2.3.2)
This means that the conditional expected value
of AK,, given AP,, is zero. It is assumed that
the measurement error has the same property.
These assumptions imply that the expected
value of the last term in (2.3.1.) equals zero.

Hence

E(&IAPU s APn)

- 2(AP = BP)ay

AP-b,
S@p_apy AL buiar

(2.3.3)

where by, pp, i8 the regression coefficient of

a; on AP,. There is no physical significance to
the coefficient bat'Apt, and no other reason to

expect a co-variation of «, and AP, the last
term in (2.3.3) is therefore negligible.

Thus the meaning of « in (2.2.13) should be
clear. We can think of it as a weighted mean of
the a;-values. It is true that the weighting de-
pends on the estimation technique. But as a,
and AP, are unrelated, we can equally well use
some other estimation method having a diffe-
rent weighting system. There should not be
any systematic difference.

The importance of the first two terms of the
residual (2.2.14) should not be overemphasized.
The dominating part of the residual is the cos-
mic ray intensity and the measurement error.
The cosmic ray intensity does not vary in s
simple random way. Instead it shows a high
autocorrelation and necessitates a more refined
estimation technique than the usual least squa-
res method.

2.4. Limitations of the study

It is empirically verified that the pressure
coefficient depends on the geomagnetic latitude
of the place where the observation is made.
This phenomenon is due to differences in the
energy distributions at different latitudes.
Other geographical effects have also been ob-
served, which can be explained in the same way.
Hence the pressure coefficient is assumed to vary
in time and space. In this investigation we shall
not consider the space variation.

There are in principle two ways of studying
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the pressure dependence of the cosmic ray
intensity.

One way is to measure the intensity at two
or more levels of altitude. Such measurements
have been made using mobile instruments (e.g.
Bachelet et al., 1964). These are, however, stu-
dies covering only short periods.

The other way is to estimate the pressure
coefficient on time series data. We will confine
ourselves to this approach.

Several investigations based on time series
data are reported in the literature on this
subject. Some references will be given later on.
Different estimation techniques have been ap-
plied, but there seems to be some uncertainty
about the relative merits of the different tech-
niques.

The estimation problem can be split up into
two parts. One problem js to decide on an
“optimal” estimation method with the sample
size given. The other problem is to decide on
the appropriate sample size. To some extent
these problems are interrelated. Primarily the
former will be considered.

To conclude this section, we shall substitute
for the foregoing symbols those commonly used
in statistical texts as follows:

y,=log N, —f(AP,)? (dependent variable)!
Bo =log K,

fi=-—«a

z; = AP, (independent variable).

Then (2.2.13) is altered to

Ye=Bo+ i, +u, (2.4.1a)

The residual will be treated as a stochastic
variable with the expected value zero for each
z,. Hence

E(y|ay) = By + Bres (2.4.1b}

1 We put f, equal to 2.5.10~% (the air pressure
being measured in mb). This value is derived from
experimental results on the altitude dependence of
the pressure coefficient obtained by Bachelet et al.,
1965. This value is in good agreement with an esti-
mate of ours. By using a method, in thia paper called
the two-station method, and taking the average
over several periods, we found £ equal to 2.2.10-¢,
with a standard deviation of 0.8.10-¢,

The device of using side conditions on the para-
meters is in econometrics known as conditional
regression analysis (Wold, 1953, p. 47).
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This regression model is a special case of the
general linear model
Yo =Bo T P12y + BTy o+, Uy (2.4.2)
which will be considered too.

The variables are assumed to be cbserved at

equidistant time points and numbered 1, 2,...,n,
where 7 is the sample size.

3. Methods of estimation and attempts of
improvement

3.1. Ordinary least squares

Let us consider the residual u,; in (2.2.12). We
assume that the terms containing AP, are neg-
ligible.

AR,

— 3.1.1
Z W, (3.1.1)

Uy =

If the intensity is constant during the period,
the first term equals zero by definition. In that
case the variance of the residual is:

o =L o2
u
t N% t

(3.1.2)
The variance of the measurement error is pro-
portional to the number of particles counted
(e.g. Dyring, 1962). Hence:

(3.1.3)

2 _
Oy =

Zl=

The measurement errors are normally distribu-
ted and independent (e.g. Dyring, 1962). The
minimum-variance estimates of the regression
coefficients, B, and B,, in (2.4.1) are obtained by
minimizing the weighted sum of squares:

QB B = tgl Ny, - o~ Brz)" (3.1.4)

As the relative variation in N, is small, the
residual variance can be treated as a constant,
and a good approximation is obtained by mini-
mizing the unweighted sum of squares:

Qz(ﬁo’ 31)= tgl(yt_ﬁo‘_i}x xt)z (3.1.5)

Tellus XX (1968), 1
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Fig. 1. Residuals from ordinary least squares regression analysis on bihourly values from: (A) Upsala,

(B) Upsala and Murchison Bay.

If N denotes the mean value of N,, and s the
variance of the air pressure, we have:

2

N 1 % a1
03, n s (3.1.6)

(3.1.6) is the smallest possible variance and is
attained only when the primary cosmic ray
intensity is constant. However, in general the
intensity fluctuates, and the first term in (3.1.1)
cannot be neglected. It is not realistic to assume
that the intensity varies quite at random just
as the measurement error. This means that the
conditions leading to the minimumvariance
property of the ordinary least squares estimates
are no longer fulfilled.

Fig. 1A is a plot of the residuals from a regres-
sion analysis on bihourly values from Upsala.
The ordinary least squares method has been
applied, and the residuals obviously display a
non-random pattern.

In order to improve the estimation technique
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it is necessary to make some realistic assump-
tions about the variation of the cosmic ray in-
tensity. Such assumptions may be either physi-
cal or statistical. For the time being there is no
workable physical model that explains the
cosmic ray intensity variation by using other
observable variables. It is possible, however, to
reduce the variation in the cosmic ray intensity
by using observations from two stations at
about the same geomagnetic latitude.

Another approach would be to describe the
cosmic radiation as a realization of a stochastic
process. In this way we can make use of the
statistical regularities in the variation of the
cosmic radiation.

3.2. The two-station method—a specific approach

The two-station method is a specific solution
pertaining to our problem. It makes use of the
physical fact that the cosmic ray intensity is
almost the same on one and the same geomagne-
tic latitude. Due to differences in size of the
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instruments the relative numbers of particles
counted, divided by the mean number of partic-
les, and not the absolute numbers are compara-
able.

We denote two stations with 1 and 2 respec-
tively. From (2.4.1) and (3.1.1) it follows that:

Y1t~ Yot = Bro— Bao + Bra B1s — By Tor + 4
_AKy AKy by Ou (3.2.1)
K Kz Nlt Nzt

1

U

If the relative number of counts are equal at the
normal pressure level, we get:

A—{{j - —A_£2t =0 (3.2.2)
K, K,

and the residual consists of measurement errors
only. The ordinary least squares method would
then be appropriate for estimating f,;and f,;.
It should be observed, however, that no as-
sumption of equality between the coefficients
iS necessary.

A modification of this method is to use an
approximate value of f,;, say ,8;*1, if we want to
estimate f,;.

We put

ﬂ: zﬁlo ~B (3.2.3)

and rewrite (3.2.1) using the assumption (3.2.2):

* %
Yot =Ygt — B Ty

Yu— ?/;t = ﬂ: +Bu Tyt U
(3.2.4)
U= (ﬁrl Bt

The residual is freed of the cosmic ray intensity
term, but instead it has acquired a fraction of
the air pressure at the second station.

There are two reasons for this modified
estimation technique: First, the official data is
generally corrected for the influence of the air-
pressure, and therefore, original data is not
always supplied. Second, & co-variation between
x,; and x,, enlarges the variance of the estimates
obtained when fitting the model (3.2.1). This
is the problem of multicollinearity frequently
met with when analysing non-experimental data
(Wold, 1953, p. 46). Whatever the reason, one
should be aware of the consequences of using
this method when g5 differs from 8,,, while x,,
and z,, are correlated. If we denote the regres-
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sion coefficient of z,, on x,, by by, |, the

expected value of the least squares estimator
By is:

E(Bll)=ﬂ11+(ﬁ:1—:321) : b22¢!11¢ (3.2.5)
The result is obtained in the same way as
(2.3.3), the pressure variables being treated as
non-stochastic variables. Hence the estimate is
biased if z,, and z,, are linearly related and ﬂ;{
does not equal §,,.

On the other hand, if z,, and z,, are uncor-
related, i.e.

tz (@ — %) (2 —7,) = 0 (3.2.6)
-1

it can be shown that the least-squares estimates
of B,;, obtained from (3.2.1) and (3.2.4), are
identical, while the modified method will give a
somewhat larger estimate of the variance of f,;,
because of the presence of x,; in the residual.

Even if x,, and «,; are unrelated one cannot
assume (3.2.6) to be true. In general the two
estimates differ. When the pressure variables are
unrelated, it is natural to look upon x,; as a
random variable correlated in time but inde-
pendent of x,, If #3, does not equal §,,, the
residuals in the model (3.2.4) are correlated, and
they have a larger variance than the residuals in
(3.2.1). Under these conditions the estimates
obtained by the modified method are not biased
but exhibit a larger variance. Consequently, if
possible, the first method based on original data
should be used.

Up to this point we have assumed the condi-
tion (3.2.2). Due to differences in instruments
and location this is not generally true. Moreover
for every station there is no corresponding
“twin-station’ at the same geomagnetic latitude
Hence the variation in the residuals due to the
cosmic ray intensity would be only partly
removed when using the two aforementioned
methods. Therefore, we have to assume cor-
related residuals even in this case. Especially
when the analysis is based on pressure cor-
rected data should this assumption be made,
as the variable z,, is probably present in the
residual.

The idea of using two stations to improve
the estimates goes back to Mathews (1958),
McCracken & Johns (1959) and Lindgren (1961).
But none of them considered the simple ap-
proach of fitting model (3.2.1). Lindgren used

Tellus XX (1968), 1
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this method to analyse the disturbed period
between 1957-59 and found it to be a consider-
able improvement.

Fig. 1 B shows the residuals from a regression
analysis based on the model (3.2.1). The data
on which Fig. 1 A is based has been employed.
The second station is Murchison Bay. We notice
that the residuals are not so strongly correlated
as in Fig. 1 A; yet one cannot say that they are
random.

3.3. Correlated residuals

3.3.1. The correlogram. The minimum-vari-
ance property of the least-squares estimators is
based on the assumption of uncorrelated resi-
duals.

To study the correlation structure of the
residuals the autocorrelation coefficients of the
observed residuals (v,) are computed. These
are defined by:

_ th'vt“?/(n—k)

Sk =12, .., 3.
St (k=1,2,.-.,m) (3.3.1)

Tk

A plot of the coefficients 7, is called a correlo-
gram. If the residuals (u,) are uncorrelated and
the regression analysis is based on a large
sample, the coefficients 7, fluctuate around zero
in a random way. In small samples, however,
the observed residuals may be autocorrelated.
This is true when the independent variable is
autocorrelated and not wholly removed from
the residuals. Durbin & Watson (1950) have
studied the problem of testing for correlation
in the residuals when the sample size is small.
They have derived the distribution of a general
kind of quadratic form which includes the
coefficients 7,. The distributions are rather
complicated for small »n’s but for large »’s, 7,
has an approximate normal distribution, with:

E(r,) ~ 0, "Ek‘*’_ )
n

(3.3.2)

E(rire) 0 (k+e)

Consequently we may use the two curves:

+2m—k) ¥ (3.3.3)

as control limits. If the residuals are uncorrela-
ted we expect only 5%, of the 7,’s to fall outside
these limits.

Fig. 2 shows two correlograms computed from
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the residuals in Fig.1 A and Fig. 1B. The
control limits are also drawn (broken line). We
see that the two correlograms have values
outside these curves indicating correlated re-
siduals. Moreover, both correlograms show up a
gystematic pattern which we would not expect
if the residuals were uncorrelated.

3.3.2. The autoregressive model. Thus the
assumption of uncorrelated residuals cannot be
maintained. A more appropriate model of the
residuals should be used. A general approach
would be to specify the residuals, u, (t =1, 2,...,n)
as random variables with expectation zero and
a covariance matrix ¥, where the ¢, jth element
is 0;; = E(u;u,). However, the practical value of
such a general model is small. Usually the
restriction of stationarity is introduced:

Gij=0'|1_]| (3.3.4)

This condition implies that the covariance
between any two residuals depends only on the
distance in time (|7 —j]) between them. Espe-
cially all the residuals have the same variance.
The autocorrelation coefficients are then de-
fined by:

O

ox=— (k=0,1,2,...,n)
Gy

(3.3.5)

If the matrix ¥ is known except for a constant
factor (with or without the restriction (3.3.4)),
then under very general conditions the problem
of finding the B.L.U. (best linear unbiased)
estimators of the regression parameters has a
unique solution (Aitken, 1934). By means of a
linear transformation of the regression model
new uncorrelated residuals are obtained. But
this transformation is based on the inversion
of the matrix X of order n - n, and therefore in
practical situations some approximate method
has to be used. Moreover, it is not realistic to
assume that the matrix T (or a matrix propor-
tional to X} is known. Generally the correlation
structure of the residuals has to be estimated
before a transformation is made.

As a useful model of the residuals we use the
linear stochastic difference equation:

Uyt oty +0aUy gt FopU_y =& (3.3.6)
where «, (i =1, 2,...h) are constantsand ¢, (¢ =1,
2,...,n) are random variables with the following
properties:
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Fig. 2. Correlograms computed from the residuals in Fig. 1.

Eeterk)=0  (k+0)

(3.3.7)

The equation (3.3.6) can be solved for u,, if all
of the roots of the polynomial
o T by =0 (3.3.8)
are inside the unit circle. (See e.g. Bartlett,
1962, Chapter 5.2.) This solution is stationary
in the sense of (3.3.4), if it is assumed that the
process started a long time ago. We make this
assumption. Then the elements of the matrix X
satisfy the equation:

0y + o 0, +... toy 0y =0 (3.3.9)
as well as the difference equation:
o tayo,  t+..too, ;=0 (1>0) (3.3.10)

(Multiply (3.3.6) by u,_;(¢ > 0) and take expec-
tations.)

Now, it is possible to express the inverse of the
matrix X in the constants «; (¢ =1,...,h) and ¢*
(Wise, 1955). Then we can write down the
transformed sum of squares obtained by the
linear transformation mentioned above. In the
case of one independent variable and k=1 we
get:

Q"= X [y +ay o1 = foll +0u) = Pl + o 21-2)]'

+(1 —01?) (yl_ﬁﬂ_ﬂlxl)z

(Cochrane & Orcutt, 1949).

If the constants «; (¢ =1,...,h) are known, the
problem of estimating the regression coefficients
is simple, because then (3.3.11) is quadratic in
the unknown parameters. (Of course the same
holds true for the general case, when there are

(3.3.11)
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several independent variables and k >1.) How-
ever, the interesting case arises when these
constants are unknown and have to be esti-
mated. Then the sum of squares (3.3.11) is no
longer 8o easy to minimize. @2 is not quadratic
in the unknown parameters. In other words, we
have a non-linear regression model. If we neglect
the last term in (3.3.11), we see that the estima-
ting problem becomes equivalent to that of
estimating the parameters f,, f, and «; by
least squares in the model:

Yt oy = Bo(l +oy) + B, + oy y) +e
(t=2,3,..,n) (3.3.12)

The model is non-linear because of the terms
Boa, and B, «;. The model (3.3.12), or its general
form:

B h
yt+12 oY1 =Po(1+ 121“')
=1 =

D
+ Zﬁj(xﬁ+2aix,¢_¢)+£, (t=h+1,--~,n),
J=1
(3.3.13)

can be obtained in a direct way. Let the regres-
sion model be

(t=1,2,..,n),
(3.3.14)

ye=Fo +ﬂ1x1t + e +ﬂpxpt +uy

where u, is generated by (3.3.6). Multiply y,_, in
(3.3.14) by «;(2=1,...,h) and add to y,. It is
convenient to use the model (3.3.13). Making an
estimation of this model by least squares means
using some approximations, but estimates
obtained in this way should not differ too much
from those obtained by minimizing the trans-
formed sum of squares corresponding to the
inverse of the matrix X. In large samples the
difference is negligible.

A sequence of u,-values generated by the
difference equation (3.3.6) is called an autore-
gressive series. To gain an idea of this kind of
series see Wold (1965). Briefly the series can be
described as “‘periodic” but with continually
shifting phase and amplitude. If a strict periodic
component is contained in the residuals, one
should include this part in the regression equa-
tion. The daily variation in the cosmic ray
intensity is such a periodic component, at least
for shorter periods. Usually, the first harmonic
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is enough to describe the daily variation. If we
use bi-hourly values we can write, instead of
(2.4.1b):

. 2nt 2mt
E(ys| @) = o+ Br+ By sin 75 + By cos -
(3.3.15)

3.3.3. Iterative least squares. In this section
we will consider the problem of estimating the
nonlinear model (3.3.13) by least squares.

We want to minimize the residual sum of
squares:

n

Qa, )= X

t=h+1

h h
[y,+12 aayc‘i—ﬁo(l + 3 oct)
=1

{wl

p h H
-Z ﬁj<x1t+ p> “fwthi)] (3.3.16)
j=1 i

=1

where @ ={aj, ..., %,} and B ={8,, ... 8, }-

As @Q(a,8) is not quadratic in the unknown
parameters we cannot proceed in the usual way.
Some iterative procedure must be applied. We
shall use a method suggested by Cochrane &
Orcutt (1949). This method is based on a specific
feature of the function @Q(e,B). If « is fixed,
@(a,B) is quadratic in B, and if B is fixed,
Q(o,B) is quadratic in «. Hence the following
iterative procedure can be used.

Step 1:a) Set « =0 and determine B for mi-
nimum @(0,B). We denote this B-vector by .

b) Determine & for minimum Q(a,B™). This
a-vector is denoted by atb.

Step 2: The same as step 1, but a® is used to
compute @ which gives a new value of a
denoted by a'».

After s steps we get a®) and B*. Obviously:

0 <Q@®, B®) <Qar-, B) <Q(ad-b, Be-1)
(3.3.17)

Hence the sequence Q(at®, B®) (s=1,2,...)
converges.

An attractive feature of this procedure is that
the simple least squares technique can be used,
twice in each step. The determination of B¢
from a'*~1 is nothing more than a fitting of the
equation

Ye=PoTot + Pzl + -+ fpxpe  (E=h+1,..,7n)

(3.3.18)
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Fig. 3. Correlograms computed from residuals obtained by iterative least squares on the same data as in

Fig. 1A.

where:

" B
§~1 4 -1

=yt+‘2 o Py, moe=1+i2 o',
-1 =1

n
Kl»‘;g =Z'”+ 12 ags‘” Ljt—i (:'= 1’ Tty p)

=1
This can be done if the variables z;; (f =0, 1., p)
are not linearly dependent. In the same way
a® is determined by B¢ by a fitting of the
equation:

Yr =g+ o + ot 20t (3.3.19)

where

’
and 2= -y

-8 -

($)
ﬂs Ty
(s 4 $)
+Bo )4 121,5;' Xyt 4

(5=1, -, k)
This is possible if the variables zit (¢=1,...,h) are
not linearly dependent. Hence each iteration
consists of two regression analyses. This tech-
nique is related to the NILES-procedures stu-
died by Wold (1966).

Different types of convergence criteria can be
used to determine the number of iterations. A
simple one, which we have used, is to stop
when the differences |of” —* V|(é =1,...,})
and |87 -7 P|(j =0,...,p) are smaller than
some prescribed quantities.

On condition that the function @(a,B) has a
single, unique minimum, we shall find this
minimum and the corresponding values of the
parameters a and B by the technique above.

However, multiple minima may exist, and in
such cases the estimates of the parameters
depend on the initial values used in the first
iteration cycle. It is well known that local
minima may exist (Klein, 1953, Chapter 111.2},
but it is probably a complication pertaining to
rather small sample sizes. It is possible to get an
indication of the existence of multiple minima
by using different starting values in the first
iteration cycle. This was tried on a small part
of our data, but the same estimates were
obtained. The assumption that multiple minima
are unlikely in practice is supported by an
econometric study by Hildreth & Lu (1960).
Asymptotically, for large n’s there is only one
minimum. This is a consequence of the con-
sistency of the estimates obtained by the au-
thors for the case of an autoregressive series of
order one. But the proof can easily be generali-
zed to an autogregressive series of arbitrary
order.

Mere consistency of the estimates does not
motivate iterative least squares, as even the
ordinary least squares method gives consistent
estimates (see section 3.3.5). But the estimates
are also asymptotically efficient (Durbin, 1960)
a property which the ordinary least squares
estimates possess only under very special condi-
tions. The distributional properties of the esti-
mates based on small samples have not yet been
investigated. Therefore the situation involved
in the application of the asymptotic results is
not clear and caution is recommended.

The asymptotical variances of the estimates
of the parameters f; (¢ =0, 1,...p) derived by
Durbin (1960) are the same as would have been
given by least squares if @ were known. Hence

Tellus XX (1968}, 1
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in the case of p =1 and a large sample, we can
estimate the variance of B, as follows:

42
2 g

R (3.3.20)
3 (x-2)
t=h+1
where 62 = (n —2h —2)-* Q(a,B) and
h

@ =2 + iE & Tt -1 (t=h+1,...,n)
=1

As h +2 parameters are estimated, we have
divided the residual sum of squares by n —h —
(h +2). However, using the number of observa-
tions instead would make no difference in large
samples.

3.3.4. Variance of the ordinary least squares
estimates when the residuals are autocorrelated.

Until now we have been concerned with im-
proving upon the estimation technique. In the
next section we shall touch upon two other
methods of estimation. But before we go on, we
shall refer to two basic works that examine the
implication of autocorrelated residuals, i.e. the
papers by Wold (1950) and Grenander (1954).

Both authors consider the asymptotic vari-
ances of the ordinary least squares estimators
of the parameters in the regression model
(3.3.14), with stationary residuals generated by
(3.3.6). In both papers the structure of the
independent variables is shown to be significant.
As the model (2.4.1), with only one independent
variable, is of special interest to us, we shall
restrict ourselves to the results pertaining to
this case.

Assuming the following limits exist

n
z=lim - X =,
n -
e i (3.3.21)

n-k

. 1 - _
Ge=lim — X (z,—-2) (xt+x—2)
n-soe M=K t-1

and that the moments ¢, are negligible for
k>N, then the asymptotic variance of B, is,
according to Wold:

2

0,
af,; = ;:'(1+2r191+2r,9,+---), (3.3.22)
9

where r, = ¢, /c, and g, is defined by (3.3.5) and
(3.3.9-10). Hence the variance in the case of
uncorrelated residuals is multiplied by a factor

Tellus XX (1968), 1
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containing the autocorrelations in the dependent
variable as well as in the residuals. Ordinarily
this factor is larger than unity, and consequently
the usual variance estimate is too low. Perhaps
the most interesting thing about the formula
(3.3.22) is, that the autocorrelation in the in-
dependent variable is of the same significance
as the autocorrelation in the residuals. Obvi-
ously this is relevant to our problem, the air
pressure being a strongly autocorrelated variable,

Wold’s formula applies to the case of a
“stationary’’ independent variable taken in the
sense of (3.3.21). Grenander allows, in addition,
other types of independent variables, such as:
z,=t and z,=sin (2nt/T). He compares the
ordinary least squares estimators to those
obtained by the optimal method, based on a
knowledge of the autocorrelations in the resi-
duals. He shows that the ordinary least squares
estimators are asymptotically efficient when the
independent variables are of the type just
mentioned. Regression equations containing
polynomials in ¢ or trigonometric functions are
thus efficiently estimated by the ordinary least
squares method.

The deviation in the air pressure from the
normal level, probably well described as a sta-
tionary variable taken in the sense of (3.3.21)
with z =0, has not the same structure of varia-
tion as the trend (z,=t) and the sine curve
{x, =sin (2xt/T'). The difference is best described
in the frequency domain. Grenander uses the
quantities

n
S Tk
Ry =lim —5—— (k=0,1,2...) (3.3.23)
n->+00 Z x?

t=1

which under certain conditions imposed on the
sequence of z,-values, can be represented as
follows:

B, = f cos kAdd(1) (3.3.24)

L]

where @ is a distribution function defined in the
interval (0,7). ®(A) is called the spectral distri-
bution function. Grenander shows, that a ne-
cessary and sufficient condition for the least
squares estimator to be assymptotically effi-
cient is, that the spectral function has only one
point of increase. As the trend has B, =1, and
the sine curve has B, =cos (2nk/T'), both vari-
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ables have discrete spectra with a single point
of increase for 4 =0, and A =2x/T respectively.
The air pressure, being a variable of a random
nature opposite to the two other variables
mentioned, is better described as a variable
with a continuously differentiable spectral func-
tion. We denote the derivative by ¢(4). As the
condition placed on the spectral function is
necessary, the least squares estimator cannot
be efficient.
The least squares estimator of 8, is:

M=

Y2y
t

n
-

B~ (x=0) (3.3.25)
a;

1

Rk

t

which has, according to Grenander, asymptoti-
cally, the variance:

2 ff(/l)tp(l)dz (3.3.26)

ok =
n

B 2o

2

t=1

where f(1) is the spectral density of the residuals
defined by:

o= f cos kAHAYdA (k=0,1,2...)

0

(3.3.27)

H4) is equivalent to ¢(1). But since o, =07, we
get:

f HA)dA=o; (3.3.28)
0

In the case of uncorrelated residuals, the co-
variances o, (k+0) equal zero, which implies
that f(A) =o?/n. Inserting this spectral density
in the formula (3.3.26) gives the usual variance.

The two variances (3.3.22) and (3.3.26) are
equivalent. The first one, expressed in the time
domain by means of autocorrelation coefficients,
is convenient to use when correcting for an
enlarged variance due to eorrelation in the
residuals. The second one, expressed in the
frequency domain by means of spectral densi-
ties, is appropriate when studying the effect of
filtering operations, which we will do in the
next section.

STEN MARTINELLE

3.3.5. Least squares after filtering.! While the
iterative method makes use of the first A
autocorrelations in the residuals, an efficient
method when the residuals are generated by
a stochastic difference equation of order %, the
method developed in this section is based on
the entire correlation structure of both the
residuals and the independent variable. As in
the preceding section we shall confine ourselves
to the case of a single independent variable
with a continuous spectral density, ¢(4).

The residuals are assumed to be stationary
taken in the sense of (3.3.4), and to possess a
continuous and positive spectral density of f(1),
defined by (3.3.27). Stationary residuals ge-
nerated by the Scheme (3.3.6) are allowed and
the spectral density is given by:

2

fy==

T

h
ivad
Ay €
v=0

-2

(@p=1) (3.3.29)

But other types of stationary residuals are also
included. Hence the method in this section is
more general in this respect. On the other hand
power spectra have to be estimated before the
method can be applied. We assume, however,
that the spectral densities, f(1) and ¢{), are
known.

The independent variable, also assumed to
have a continuous spectral density, can be
looked upon as a realization or a sample of a
stochastic process belonging to the same broad
class as the residuals. Alternatively, the inde-
pendent variable can be looked upon as a set of
constants obeying the conditions (3.3.21).

We shall consider the effect of a filtering
operation on the variables in the regression
model (2.4.1). By filtering of the sequence of x-
values (£=1,...n) is meant, & linear operation
defined by:

!

p> Ay Xt —p
v=—Fk

¢=1+1,...,n—k)
(3.3.30)

’
Tt =

where a, are constants. A new sequence of
values is obtained, denoted by x; The set of
constants: & =(a_, ---,a;) is called a filter. A
filter is said to be symmetric if a_, =ga,. If the
sum of the constants equals zero the filter is

1 As far as the author knows, general filtering
technique has not been used in regression analysis

before, even if the possibility is mentioned by Han-
nan (1963).

Tellus XX (1968), 1
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said to be trend-reducing. We have an example
of a trendreducing filter when g, =1 and a, = —1
corresponding to the difference operation:
@ =, — Xy

Filtering the variables in the regression model
(2.4.1) does not effect the parameter 8,. In fact
we get:

1
=8, T ay+Pxitur (t=l+1,.-,n—k)
bk

(3.3.31)

Hence we can make use of the filtered variables,
yt and x; in estimating the parameter f,. But
the spectral properties of the residual and the
independent variable are altered, and therefore
the variance of the least squares estimator de-
pends on the applied filter.

The effect of a filtering operation on the
(power) spectrum is simply a multiplication by
the (power) transfer function (see e.g. Blackman
& Tukey, 1959)

1
pa ay e—w}.
v=—k

(3.3.32)

pii; a) =

Denoting the spectral density of the filtered
residuals by f'(1) we get:

F(A) =p(4; 8)f(A) (3.3.33)

In the same way, but remembering the normali-
zing condition, we obtain the spectral density
of the new independent variable as:

w(i; 8) p(4)

@A) =
f y(2; 8) p(A) dA
[}

(3.3.34)

The division is rendered necessary by the fact
that the new independent variable has not the
same variance as the unfiltered one. Hence
the new variance is obtained by multiplying by
the factor used in (3.3.34), giving us:

lim = — = J v(d; 8) p(A)da  (3.3.35)
n-»c0 E x? 0

The asymptotic variance of the least squares
estimator of B8,, based on the filtered variables,
can now be expressed in the power spectra of the

Tellus XX (1968), 1
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unfiltered variables. Making use of the relations
(3.3.26) and (3.3.33-35), we get:

j [w(4; 8))" f(A) p(A) dA
2 T Jo

g

ﬁ; = n T 2
X [f (2; 8) p(A) d}.]
t=1

0

(3.3.36)

This formula shows the effect of a filtering
operation on the asymptotic variance of the
regression coefficient. A lower bound of the
variance (3.3.36) is obtained from the Schwartz’
inequality:

"p(d) f" 1
—d, 3 d
o ) A . [y(4; 8)]" f(A) (1) dA

[]

T 2
>[ f e a)tp().)d}.] (3.3.37)

Hence we get the lower bound:

1
%> T (3.3.38)
I f o(2) 171(a) da
tal [}
where the equality sign holds when:
w(4; a) f(A) = constant (3.3.39)

Thus, the lower bound is attained when the
power spectrum is of the form (3.3.29), i.e. when
the residuals make up a stationary autoregres-
sive series. The lower bound (3.3.38) is the
variance of the B.L.U. estimator as was shown
by Grenander (1954).

The filtering method is optimal only in the
case of residuals of the autoregressive type, but
even in other cases the filtering method may be
applied with only a small loss in efficiency, if the
length of the filter and its constants are properly
chosen, & rational choice being guided by for-
mula (3.3.36).

The filtering technique is simple as soon as a
filter is determined. But before we can study
the effect of a particular filter, we must know
or have some estimate of the power spectra
involved. (When estimating power spectra see
Blackman and Tukey, 1959.) The next step,
to determine a filter with optimal properties is
no casy task, and we do not think it is worth
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while unless the filter can be used several times.
The iterative least squares method in section
(3.3.3) is a filtering method, but the filter is
determined simultaneously with the regression
coefficients.

Regression analysis on differenced daily
values is commonly used to determine the pres-
sure dependence. As the difference operation be-
longs to the class of filtering operations, this
method is a special case of those considered in
this section. The rationale of the difference
method is that a dominating low frequency
component is present in the residuals. When this
is the case we can expect the difference method
to give more reliable estimates than the ordinary
least squares method, which is also found in
pressure dependence calculations (Bachelet
et al., 1964; Bachelet, Balata & Iucci, 1965;
Lapointe & Rose, 1962).

Another estimation method, also based on
spectra, is proposed by Hannan (1963). We sub-
mit, however, that reliable results can be obtai-
ned with the simpler method presented in sec-
tion (3.3.3), even if the assumptions are not
wholly fulfilled.

4. On the choice of periods and aggregation

We have assumed the regression analysis to
be based on a fixed set of data, the type of data
(e.g. bi-hourly or 24-hourly values) and the
number of observations being given. We have,
however, at our disposal a long series of mea-
surements covering several years (though not
entirely complete due to instrumental break-
downs). In general the observations are hourly
or bi-hourly values. When trying to estimate
the pressure coefficient, «; (2.2.5), as a function
of time from this data, we have to decide upon
the appropriate sample length as well as upon
the type of data to use.

If we assume that the entire period is to be
divided into non-overlapping sub-periods, each
giving an estimate of the pressure coefficient;
what would then be the appropriate length of
such a sub-period? There is no unique answer to
this question. If we want to study the short time
variation up to 1 and 2 months in the pressure
dependence, it is natural to make the sub-
periods short, but it is questionable whether
much information of this kind can be extracted
from the data. If, on the other hand, we want
to study the long time variation, we can use
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either short or long sub-periods. In the first
case, we can take averages over several short
periods. Let us say that we want an estimate
for a period consisting of r sub-periods, with an
estimate a; of variance ¢} corresponding to each
sub-period. Assuming that E(a,) =« (¢ =1,2,...7),
the estimator:

G- (4.1)

is unbiased and has minimum variance. We get:
1

o

2
i=10i

2

o (4.2)

The estimator (4.1} is optimal only in the restric-
ted sense that it is the best linear combination of
the estimates a;. A better estimate may be ob-
tained by a single regression analysis based on
the entire period. If we disregard the fact that
the residuals are correlated, the variance o} is
given by the formula:

2 O .
g = 5 (1=1,2,.-,7)
n; 8

(4.3)

where sf is the variance in the air pressure. Let
us assume that the r sub-periods are of equal
length; hence: n; =n (¢ =1, 2,...7). Then we can
rewrite (4.2) as follows:

2
&

Q

2
o=
a

- (4.4)
n X s

=1
If we denote the estimator, based on the entire

period, by a, and the variance in the air pressure
with &2, we get:

ol = (4.5)
rne
Because of the relation
T r _ _
8= L+ X (z,—2), (4.6)
t=1 i=1

it is clear that o} <dj.

Tellus XX (1968), 1



AIR PRESSURE DEPENDENCE OF COSMIC RAY INTENSITY

193

mb?

o
©
T

Mean variance in air pressure

———bihourly volues used
——=— daily —i—= —y—

0 10 20 30
Days

40 50 60

Fig. 4. The mean variance in the air pressure at Upsala 1957-62 as a function of the length of period.

The length of the sub-period is of relevance
when considering the variance in the air pres-
sure. This is demonstrated by Fig. 4.

The air pressure (in mb) at Upsala for the
years 1957-62 has been used to compute mean
variances for six different lengths of period (3, 6,
10, 15, 30, and 60 days). For instance the mean
value corresponding to 60 days is based on the
following variances. The entire period has been
divided into 36 sub-periods of 60 days length,
and for each period a variance has been com-
puted using bihourly values. The mean values,
plotted on the graph, have been connected by a
line drawn by hand. We see that the variance is
on the average an increasing function of the
length of the period, rather steep to the left but
flat to the right. Using formula (4.4), it follows
that the variance of the estimate (4.1) is on the
average approximately doubled if we use pe-
riods of 6 days instead of 20 days. Thus using
very short periods may spoil much of the infor-
mation in the data.

When the residuals are correlated and we
apply the iterative least squares method, the
pressure variable is in principle filtered and
so the variance of the estimate (3.3.20) depends
on the variance of the new independent variable.
Hence Fig. 4 does not apply to this case. As no
standard filter is used, the equivalent to Fig. 4
cannot be computed. We believe, however, that
such a curve would flatten out for rather short
periods, because a large part of the low fre-
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quency component is filtered out. This means
that somewhat shorter periods could be used
than indicated by Fig. 4.

Another problem, met with in practice, is
what type of data to use. Should original values
(e.g. bi-hourly) or aggregated (e.g. daily) values
be used? If by neglecting the quadratic term in
(2.2.11) aggregation is allowed, it is a matter
of precision which type we use. By using ag-
gregated values the sample size is reduced as
well as the computation time. As seen from
Fig. 4 (broken line), the variance of the air
pressure is reduced very little by using daily
instead of bi-hourly values. Hence, if the resi-
duals were uncorrelated, daily values could be
used without any noticeable loss of information.
Because of the autocorrelation in the residuals,
matters are not so simple. If we knew that,
when using bi-hourly values the residuals are
generated as an autoregressive series of order
five, say, there would be no problem. Unfortu-
nately, the autoregressive model is at best only
a good approximation, equally probable for bi-
hourly as for daily values. Obviously the order
of the autoregressive series {or the length of the
filter) is not only intimately connected with the
type of data used but also with the length of the
period of analysis. If for instance we use 30
daily values to estimate the pressure coefficient,
we do not think it is meaningful to use an auto-
gregressive series of higher order than one, or
perhaps two. If instead, bi-hourly values are



194

coelficie

-1.05

nt '/-/rnb

STEN MARTINELLE

=100

-.95[

-9

-85

-80}F

~75

65k

-601

~.55p

-S0k

-90r

-85

-80

-5

-.70

|
1
1

de
o] %% oo

-85

~-60

=55

-85
-801

-75F

65

~60%-

~80

-75F

-65F

-50f

1957

1959

1961

1963

Fig. 5. Pressure coefficients obtained by four different methods: A (1a), B (1d), C (1¢), D (2b).
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used for the same period, a longer filter could be
applied without any risk of overfitting. A longer
filter does not imply better estimates, but cer-
tainly a longer computing time.

In the next section we shall present some
results of the estimation methods discussed.
Since the periods were rather short (15 days),
we used bi-hourly values. However, after looking
at these results, we are rather sceptical about
the value of such short periods. Periods of say
45 days or so with a filter including 3 or 4 terms
are practical and probably quite sufficient. For
the time being we cannot give any theoretically
motivated recommendations.

5. A numerical comparison of the methods

5.1. About the data and the methods

In order to get an idea of how the different
estimation methods work in practice, we have
applied them to a rather large amount of data
covering both disturbed and undisturbed pe-
riods.

All through we have been concerned with
estimating the pressure coefficient at Upsala.
As an auxiliary station we have used Deep
River. Pressure corrected data from this station
was available from August 1857 to the end of
1964. Hence the comparison of the methods has
been restricted to these years. In total, 125
periods of about 15 days length have been
analysed. These periods are the same as those
used in an earlier work (Dyring, Lindgren &
Martinelle, 1966). Thus periods of rapid inten-
sity changes, due to either primary variations
or unsatisfactory performance of the detecting
and recording instruments, have been avoided.

The following estimation methods have been
used:

1. One-station methods

a. Ordinary least squares.

b. The difference method (the ordinary least
squares method applied on differenced
daily values).

c¢. Iterative least squares.

2. Two-station methods

a. Ordinary least squares.
b. Iterative least squares.

All methods but the difference method have
been applied on bi-hourly values. For the dif-
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Fig. 6. Yearly mean pressure coefficients computed
on the coefficients in Fig. 5.: A (2b), B (1¢), C (1b).

ference method daily values have been used.
The length of the filter used in the iterative
methods is: h =12. As only pressure corrected
data was available from the station at Deep
River, the two-station method has been applied
in its modified form (3.2.4).

5.2. Results and conclusions

Fig. 5 shows the estimated coefficients ob-
tained by the methods 1la— and 1b. The stan-
dard error is plotted on both sides of each
estimate, except for the ordinary least squares
estimates. As seen from the figure, the ordinary
least squares estimates show a large variation,
especially during the years 1957-60, which con-
tain rather disturbed periods. The methods 1b
and lc¢ effectively reduce the variation in the
estimates. The difference between 1b and 1c¢ is
not large, but the latter results in a somewhat
smaller variation. Using two stations gives,
however, more closely clustered estimates (5 D).
The coefficients obtained by the method 2a are
not shown in the figure, but are somewhat more
scattered than those plotted in 5 D.



196

Yearly mean values have been computed
using formula (4.1) and are plotted in Fig. 6.
The upper diagram is based on the coefficients
in Fig. 5 B. We see that the coefficient is de-
pendent on time, with a minimum in 1959.
However, the location of the true minimum is
uncertain and not contradictory to the results
found by Griffiths et al. (1966).

For the reason discussed in section 4, better
estimates of the yearly means could be obtained
if longer periods were used. We believe, however,
that the relatively small variation of the estima-
tes in Fig. 5 D and the smooth curve in Fig. 6 D
demonstrate clearly enough the effectiveness of
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the two station method. Using method 2b
instead of 2¢ is an improvement, but the differ-
ence between these two methods is smaller than
between la and lc. For another station couple
the improvement may be larger.
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3ABUCUMOCTh JABJEHHNA BO3AVXA OT UHTEHCUBHOCTU KOCMUYECKUX
JJVUEN. METObI 1 PE3VJIBTATBl CTATUCTUYECHOI'O AHAJIM3A JAHHBIX
MOJYYEHHBIX C MIOMOIUBIO JATUMKA HENTPOHOB

BuBoguTes o6m@as perpeccMOHHAA MOJedb,
KOTOpasAd ONIMCHBAET 3aBUCHMOCTh [aBJeHUA
BO3yXa OT HeHTPOHHON KOMIOHEHTH KOCMH-
Jeckux nydeil. IlocKoIbKY ocTaTKM HOppens-
HHAOHHO CBABAHHI, TO OTMEYAETCH, YTO OORLIUHBII
MeTOJ HAMMEHBIIUX KBAJpPATOB HE HABIAETCA
HawaydmnM AAIA oueHku 3ddexToB maBieHUA.
OGcymxpalwrca apyrue MeTogsl. J{na Toro, YToGk
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OIEHUTh perpecCHOHHBI KoadPUIUEHT maBue-
HuA Yncana aaa 1957-1964 rr. ucnomassyerca
NATh MeTomoB. OKaskBaeTCA, 4TO MoguduuuU-
POBAHHBI METOX ¢ABYX CTaHUuM» maer Jyyiuuh
pesysibTaT; CYMECTBYeT TaKH€e 3aBUCHMOCTD
perpeccHoHHOro KkosgpPuuHeHTa JRABJIEHHA OT
CONHEYHOTO UMKIA.



