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ABSTRACT 

A new technique to solve the balance equation for a given geopotential field is tested. 
The technique may offer a substitute for conventional methods of solving the w- and 
the y-equations. The non-filtered thermo-hydrodynamical equations are used as the 
basis, and the balance solution is obtained iteratively by filteringout the high-frequency 
modes through the use of the Euler-backward time differencing scheme. 

The merit of this technique as compared to conventional methods is that equations 
which include complicated processes, such as friction or heating, can be treated without 
difficulty, and that the balanced solution thus obtained appears completely consistent 
with the prognostic equations. Furthermore, it is no longer neceasary to  artificially 
modify the observed geopotential as in conventional schemes, so as to meet the elliptic- 
ity condition of the differential equations. 

1. Introduction 
To perform a time integration of the thermo- 

hydrodynamical equations, initial conditions 
are needed for the geopotential, wind, tem- 
perature, vertical velocity and moisture. These 
conditions can, in principle, be obtained from 
the observed data. However, the data may not 
always be used directly as initial conditions, 
even if the forecasting domain is covered with 
a dense observing network. If the data are used 
directly, a short-period oscillation of motion is 
produced and its amplitude appears unrealisti- 
cally large. This is partly due to some inaccuracy 
in the data and partly due to the incompleteness 
of the forecasting model. 

In view of the fact that the amplitude of the 
observed gravitational oscillation is not large, 
i t  seems reasonable to adopt the solutions of the 
quasi-geostrophic “balance” equation in a broad 
sense as initial conditions. (Hinkelmann, 1951; 
Phillips, 1960). “Balance” means that the fluid 
is in a state such that its flow is always adjusted 
to the pressure field under the control of gravity 
and coriolis forces (Rossby, 1938; Charney, 
1955). 

Mathematically speaking, this condition is 
expressed by the relationship between the 
stream function and the geopotential on an 
isobaric surface. If both of these quantities are 
related to each other through a formula without 
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including time derivatives of any quantity in 
explicit form, they are in the balance condition. 

More specifically, the balance condition a t  a 
certain time is given by assuming that the 
first and second order time derivatives of di- 
vergence of the velocity are set to zero. As a 
matter of fact, the w-equation (Sumner, 1950; 
Bushby, 1952; Hinkelmann et al., 1952) and the 
balance equation in the narrow sense (this will 
hereafter be called the “y-equation,” where tp is 
the stream function) (Charney, 1955; Bolin, 
1955) are derived under these assumptions (Re- 
fer to JurEec, 1964, and Washington, 1964). 
Initialization has hitherto been done by solving 
these equations with respect to w or y under a 
given geopotential 4.1 

This method, however, has two difficulties. 
(1) To make the balance solution completely 
consistent with the forecasting equations, one 
must use a fairly complicated form of differen- 
tial equations and then solve them with an 
elaborate iteration technique. In principle, i t  is 
not impossible, but very complicated. For 
instance, the w-equation should contain the 
terms of the vertical derivative of vertical 
transport of vorticity, the twisting term of 
vorticity and also the heating term. Relating 

Fjertoft (1962) obtained a kind of balance 
equation by assuming that higher order time deriva- 
tives of the wind speeds are zero. 
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to the y-equation, the wind velocity should be a 
function of the stream function as well as the 
velocity potential, and the equation should 
include the friction as well. It is difficult and 
tedious to solve this type of equations (for 
instance, Fjmtoft, 1962; Miyakoda, 1963). 

(2) To solve the y-equation especially (Bolin, 
1955; Shuman, 1957; Miyakoda, 1956; Arnason, 
1958) one encounters the difficulty of the mixed 
type problem; that is, the differential equations 
appear hyperbolic in some regions, whereas they 
are elliptic elsewhere. To solve the y-equation 
by the conventional technique (except Fjar- 
toft’s), the observed field of geopotential should 
be modified so as to satisfy the ellipticity condi- 
tion. Otherwise there is a strong possibility that 
the solutions would not be determined uniquely. 

The hyperbolicity is, of course, created by 
imposing the balance assumption, and in nature, 
some imbalance must exist. Artificial modifica- 
tion of the observed data is always undesirable. 
It is even more so if the purpose is merely 
to fulfil an artificial condition for which there 
is no satisfactory physical rationale. 

So there is a need for a simple technique to 
solve the balance equation which eliminates 
the difficulties mentioned above. It is true that 
the iteration technique proposed by Fjcartoft 
(1962) is one method that satisfies these require- 
ments. But we are now looking for a simpler 
method. 

Recently a prediction experiment using real 
data with a primitive equation model was per- 
formed by Smagorinsky et al. (1965). Its results 
have revealed somewhat puzzling and yet very 
interesting information on the initialization. 
They found that some quantities are not im- 
portant in determining the future evolution of 
the atmospheric motion. For instance, the hori- 
zontal patterns and quantitative amounts of 
precipitation appear roughly the same, irrespec- 
tive of the initial condition of vertical velocity, 
provided that the other initial conditions, such 
as temperature and the non-divergent corn- 
ponent of wind, are kept equal. Apparently, the 
vertical velocity grew quickly, even from a zero 
initial condition. (A Rossby number smaller 
than unity is probably required.’) 

The above result may have various implica- 
tions. For one thing, it may suggest that the 
initialization of the vertical velocity is not 
needed because the prediction equation will 
take care of it. As a matter of fact, two forecasts, 

i.e., one with a certain value of initial vertical 
velocity and the other with zero initial vertical 
velocity, showed similar results for at  least 5 
days. There is, however, a possibility that the 
solutions would begin to depart from each other 
after 5 days. (Mintz and Krishnamurti’s result 
suggests this departure.) If this is true, details 
of the initial conditions become important for 
longer predictions.* Apart from this problem, 
quite independently a method to obtain vertical 
velocity is needed for diagnostic studies. 

The second point suggested by the prediction 
experiments is that, since a marching integra- 
tion of the prognostic equations produces rea- 
sonable values of vertical velocity, an initializa- 
tion method may be obtained by utilizing the 
above fact. 

Meanwhile, an idea has been proposed by 
Matsuno (1966) to use a special time differencing 
scheme for the purpose of initialization. It is 
known that certain finite difference methods 
have the property of reducing the amplitude 
of the high-frequency oscillations of fast- 
moving mode as the time integration proceeds 
(Eliassen, 1963; Kurihara, 1965). In our case, 
however, we do not march ahead in time, but 
stay a t  the same time level, and iterate the 
computations until the velocity field attains its 
equilibrium state. 

This paper is a report on an attempt to do 
this. In  section 2 an explanation of the balance 

According to a personal communication from 
Y .  Mintz and T. N. Krishnamurti of the University 
of California, Los Angeles, they have also carried 
out similar experiments based on the original ideas 
of Mintz (1963), and obtained a similar result. 
Using a two-level primitive equation model without 
an explicit water vapor variable, they made the 
general circulation experiment and then took the 
geopotential heights from the general circulation 
control experiment at a certain day, and computed, 
respectively, the geostrophic wind with a variable 
and constant coriolis parameter, and the linear 
balanced wind, Using each of these wind fields as 
the initial winds, numerical integration with the 
model for the next 5 or 6 days was performed. With 
all three of these initial winds there was remarkably 
close agreement with the control experiment, in the 
behavior of the surface pressure field and the upper 
level wind and temperature fields, up to  about five 
days. 

2 However, there is another opinion that for a 
longer period the prediction of a dissipation system 
is probably indeterminate in detail and neither pre- 
diction could be correct. If we accept this opinion, 
details of the initial conditions may be irrelevant in 
a long term deterministic sense. 
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equations will be given, and taking a simple 
example of linear, viscous, barotropic equations, 
the techniques for solving the balance equations 
are discussed and the results of numerical tests 
are displayed. Sections 3 and 4 are devoted to 
the comparison of the present results with solu- 
tions obtained by conventional techniques, i.e., 
w-  and w-equations. 

2. Demonstration of the initialization 
method for the linearized barotropic model 
Example of the barotropic model 

To begin with, let us take a simple example. 
The equations are linear, viscous, barotropic, 
la., 

(2 .1)  
av 
at 
-+  f k x v =  - V ~ - A V ,  

_ -  a 4 -  -HV.v, 
at 

where f is the coriolis parameter, v is the hori- 
zontal velocity vector, which consists of the x- 
and y-components, u and v, H is the product of 
the mean depth of the fluid and acceleration 
of gravity, 4 is the perturbed geopotential of 
the fluid’s surface, k is a unit vector directing 
upward, and A is the friction coefficient. Now 
the problem is to solve v under a given 4. 

First, these equations are approximated by 
finite difference both in time and space, i.e., 

y(T+l) - y ( T )  = -pk x y l T )  - yV4lT) -pv(Tl, (2 .3)  

(2 .4 )  4 l T + 1 )  -417) = - yHV . y ( T ) ,  

where t is the index for time level, p =  f A t ,  
y = At/ (2A8) ,  p =LAt, At is the time increment, 
and A8 is the grid size. Note that for the sake 
of simplicity, a forward difference formula has 
been used for finite time differencing. The space 
difference operator V is defined by 

vz4 = 4(i + 1, i )  -4(i - 1 ,  i), 
V,,+ = 4(4 j + 1 )  -4(i, j - I ) ,  

v * v = u(i + 1 , j )  -u(i - 1 , j )  +v(i , j  + 1) -v ( i , j  - 1 )  

and 

where i and j are the indices of grid points in the 
2- and y-direction, respectively. 
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To express the balance condition, we intro- 
duce the velocity potential x ,  and put (axlat) , ,  = 

0, where to is the time we are concerned with. In  
finite difference, we have 

Hereafter, t is used instead of to for the sake of 
simplicity. As is known, x is in the relation aa 

& V y T ’  = v . V‘T’,  (2 .6)  

and &VZX‘T+1) = v . V ( T + l l  (2 .7)  

where 

V’x = x ( i  + 2, j )  + x ( i  - 2,  j )  + ~ ( i ,  j + 2 )  

E = 1/ (2Aa) ,  

+ x(i ,  j - 2 )  - 4x(i, j ) .  

It may be readily seen that the equations so 
far do not make a complete set, because there 
are seven unknowns, i.e., u(7), v(T), u(7+l), 

v(T+11, ~ ( t ) ,  x(T+~), and # l T + l )  and six equations, 
(2 .3)  - (2 .7)  r(2.3) includes two equations]. The 
equations that we need include the higher 
order differences in time; i.e., 

* “ + Z ’  = “p+” (2.10) 

where &V¶X‘T+z ’  = v . y(T+ZI* (2.11) 

Note that the relation (2.10) corresponds to 
( a z ~ / a t z )  t o  = 0. There are now ten equations from 
(2 .3)  through (2.11) except (2 .8) ,  and ten un- 
known quantities. 

The next problem is how to solve these equa- 
tions, so, let us consider two iteration schemes 
denoted by A and B. It will be seen that 
Scheme A is divergent, and B is convergent. 
Yet it will be convenient to start with Scheme A 
for the sake of explanation. 

A preliminary explanation of the method 

To avoid confusion in the mathematical nota- 
tion, we introduce the following: 
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+ GIVEN 

- TIME 

Fig. 1. Time levels and iteration scheme. 

uo = Uir)  u1 = Uir+l) uz = Uir+z) 

vo = vir), vl = vcr+l), v2 = vtr+e) 

4, = + i t ) ,  +1 = +cr+l), +z = +cr+e) 

= Xiri = xirti) = p + s ) .  

By so doing the index for the time level T 
does not appear in the equations explicitly, and 
instead the iteration step v will be used. 

Iteration Scheme A 

written as 
Equations (2.3), (2.4), and (2.9) are then 

u(v) = u p + p v r ’ -  yv,+o-pur), (2.12) 

v?) = v?) -Bur’ - yV,+, - p ~ r ’ ,  

+f’= +,, - yH(V,u:“’+ VlIt$)), 

(2.13) 

(2.14) 

and 

uy) = u?) + ,5v:“ - yV I 1  4‘”) - pu?’, (2.15) 

V~’=V?)-/?U:‘’-~V 1 1 1  + ( ” - p ~ r ) ,  (2.16) 

where ut ) ,  for instance, stands for the vth 
iteration of u,. 

The next step is to construct the formula to 
proceed from the vth to the (Y + 1)th iteration. 
This procedure should be designed in such a 
way that, in the final stage of the iteration, x 
becomes equal for three time levels, i.e., t, T + 1 ,  
and T + 2. In  hope that convergence may be 
achieved, let us put (see Fig. 1 )  

This means that the divergence a t  the vth 
iteration for the time level t + 2 is equated to 

the divergence at  the (v + 1)th iteration for the 
time t. 

In this way, the procedure for getting the 
velocity potential has been set. As is known, 
wind vectors consist of the velocity potential x a8 
well as the stream function ~ ‘ 5 ) .  So we should 
have next the correction procedure for ~y. The 
scheme that we propose here uses the vorticity 
equation in reverse with time. Namely, taking 
cross-differences of equations (2.12) and (2.13), 
one may get the vorticity equation difference 
form, i.e., 

V,Vl -V,U1 =vrv, -vuuo -/!I 
x (V,% +V,V,) -p(v$vo -V,uo). 

Now that the vorticity V,v, -Vyuo is written 
as &V2y, the formula for y is given by 

&V2y(”+l) = v v(”) - v u(”) + p(v r 0  u(”) + v u 0  p) 
1 1  Y l  

+ p ( V r v ~ ~ - V l I u ~ ~). (2.18) 

A computation based on this equation is a 
“backward forecast” or “hindcast.” 

We now have y‘”+lI and x ( Y + l ’ ,  so that ur’l) 
and vr”) may be computed by formulas: 

,r+u = E (  - V u y ( Y + l )  +V,x(”+l)), (2.19) 

VC+l) = ,(V,y‘Y+” +VlIyx‘”+1I). (2.20) 

Thus the equations from (2.12) through (2.20) 
constitute “Iteration Scheme A.” 

Convergence 
Let us next examine the convergence of this 

scheme. For simplicity, an assumption is made 
on the spatial variation of the quantities. Sup- 
pose that all the quantities vary sinusoidally 
in the x- and y-direction. It then follows that, 
V,+ = k+ and Vu+ = Z+, where k = 21. - 1 sin ( m h )  

and 1 = 2 1  - 1 sin (nAe), m and n are the wave 
numbers in the 2- and y-directions, respectively. 
Hence, Vz+ = (k’ + 1’) +. 

By making use of these relat,ions, the equa- 
tions from (2.12) to (2.20) are rewritten. Then, 
insertions are repeated, and one ends up with 

/- 
- 

(k’ + Z’)ur+’)= tlu$“ + Eavr) + 
(k’ + 1’) vr ’’) = qlur) + qavr) + qS do, 

(2.21) 

(2.22) 

where, to save space, the descriptions of 6 and r]  

are omitted. 

Tellus XX (1968), 1 



119 INITIALIZATION FOR DYNAMIC& WEATHER FORECASTING 

Let us now denote the final solutions of uf’ 
and vr’ by u, and v,, i.e., ~ , = l h + ~  ur’, vo= 
lim,,+m vf’, and the deviations of uf’ and vf’ 
from u, and vo by Aur’ and Avf’, respectively; 
for instance, u, - uf’ = Auf’. 

It is then written that 

(k’ +l*)uo = Eiuo +Envo + E s 4 o ,  

(k2 + W V O  = q1uo + qavo + % 4 o *  

(2.23) 

(2.24) 

and also 

( k a + l a ) A u f f 1 ’ - E 1 A u ~ ’ + ~ , A v ~ ’ ,  (2.25) 

( k ’ + l x ) A v $ “ + l ’ - q l A u f ’ + q ~ A ~ f ’ .  (2.26) 

Equations (2.23) and (2.24) provide us with 
the final solutions if they converge. Equations 
(2.25) and (2.26) are the “error equalione,” which 
give the convergence rate of uf’ and vf’. 

Eliminating Avf’ and Avf+” from (2.25) and 
(2.26), we have 

(k’ + lp)aA~$“+2)  - (k’ + la) (El + 7%) 

name is suggested in Kurihara’s paper (1966). 
Eliaeaen (1963) discussed the “improved Euler- 
Cauchy” method, which is slightly different 
from it, but is essentially the same. Also refer to 
Matsuno (1966). 

This differencing technique is sometimes used 
to approximate first order time differential 
equations. The technique consists of two steps; 
namely, the “Euler” method which is virtually 
identical to the forward difference scheme, and 
the “backward correction”. As mentioned earlier, 
the characteristic property of the Euler-back- 
ward method is that the high-frequency oscilla- 
tion of the wave solution, such aa the inertia- 
gravity wave, is gradually damped as the time 
integration proceeds. The damping effect is 
caused by the second step. 

Iteration Scheme B 
The application of the Euler-backward tech- 

nique to the set of equations from (2.12) to 
(2.14) leads to: 

U: =US) + S V ~ ’  - Y V , ~ ~  -pu$“’, (2.30) 

(2.27) v* - - v(v’ ,, -/?uf)-yV,+,-p~r’, (2.31) 

4: = + o - y H ( V , ~ f ’ + V y ~ ~ ’ ) ,  (2.32) 

and 

Equation (2.27) is the transcendental equa- 
tion for At$). As is conventional in finite dif- 
ference calculus, we put 

A u ~ ’  = X’, (2.28) 

v in Auf’ is the iteration step, but v in X v  is the 
exponent, and X itself is the convergence rate. 
Hence, 

X* - (1  + a , ) X  + a ,  = 0.  (2.29) 

The solutions are: X = 1 and a, .  The fact that 
one of the solutions is 1, means that the intera- 
tive solution based on equation (2.28), does not 
converge. 

Iteration acheme 
As an alternative for Scheme A, we introduce 

the “Euler-backward” technique into thia 
method for solving the balance equation. This 

Tellus XX (1968), 1 

#(V’ 1 - - 4o - yH(V,u: + V,V:). (2.35) 

Equations (2.30) to (2.32) correspond to the 
“Euler” method, and those from (2.33) to 
(2.35) to the “Backward correction” except the 
friction terms. u:, v:, and 4: are quantities used 
only temporarily. 

Equations (2.15) and (2.16) in Scheme A are 
modified in a similar way to be 

U: = U : Y ’ + / ? V ~ ’ - ~ V , ~ ~ ) - ~ U ~ ) ,  (2.36) 

v: = v?’ -/?@ - yv,#$“ -pvy’, (2.37) 

4; =+y) -yH(V,u~’+V,vy ’ ) ,  (2.38) 

and 

UP’ = u?’ + /?v: - yV, 4: -PUP’, 
v:) = v?’ - /?u: - yV, 4: - pvy’, 

(2.39) 

(2.40) 
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where +: corresponds to &T+al ,  but i t  is used 
only as a carrying parameter. 

The rest of the equations are exactly the 
same as in Scheme A, i.e., (2.17), (2.18), (2.19), 
and (2.20). So much for the procedure of Scheme 
B. Now the question might occur as to how the 
balance condition is satisifed in Scheme B. This 
point will be answered completely in the follow- 
ing discussion on convergence. But we mention 
now the following. Because of equation (2.17), 
f 7 '  = ~ ' 7 + ~ '  will try to be achieved. Secondly, 
the Euler-backward technique is expected to 
give a timely smoothed solution. Combining 
these two points one can get eventually ~ ( 7 '  = 

x"+l' = x(T+* ' ,  if the solution converges. 

Convergence 
Convergence of Scheme B can be examined 

analytically in a manner analogous to that in 
the previous section. Skipping the lengthy cal- 
culation, let us describe the final results. Cor- 
responding to equations (2.21) and (2.22), we 
have 

whsre 

(2.43) 1 5 ,  =a, ka + blla - B(aa + b,) kl, 

E 2 = ~ a , k 2 - ~ b a l s + ( a l - b l ) k l ,  

5 ,  =y(k* + Z') [( - 1 + a , ) k  -Ba,l], 

q1 = /3b,km -/?asle +(a, -b l )k l ,  

rls = b,ks + a l l s  +B(a, + b , ) k l ,  

r / 3 = y ( k e  + l a )  (Ba3k + (  -1 +a3)1), 

and 

a,=1 - 3 / ? 2 + / ? 4 + ( 3 - 2 , 9 2 ) P + P 2 - 2 p + 4 ~ a p  

- 3pP + p a  - p y ,  

2 - 2 ~ a + 2 P - 4 p + 2 2 p B ' - p P + 2 p ~ ,  

a 3 =  -1+zg2-2P+p-pp ,  

bl a 1 - ,9' + Bk,, 
bs =al  - 1 + p ,  

P = y2(ka + 1 2 )  H .  

The equation of amplification factor X becomes, 

X2 - (at  + b l ) X  +a161 -B2asb, = 0.  (2.44) 

By solving this equation we conclude that 
scheme B is conditionally convergent. The con- 
vergence criterion for At is that, when Q > 0 and 
A+O, 

3(A + f 2 )  ( f 2  + A s )  
Af"2f2 + A* +&j' At < 

or At <A-1, 

where 

H = H[sinz (mAs) +sin' (nAs) ] /Asa ,  

Q =AsAts +A[2f* +3& -As]At3 +o(At4) .  

And, if A = 0, the criterion is given by 

In  the above pairs of inequalities for A+O and 
1 = 0, the inequality with the smaller right 
hand term should be used. According to Matsuno 
(1966), the damping factor in the marching 
computation is the largest when At - (1/ h)Fmax, 
where F,, is the maximum frequency of the 
solution. This information can be used in our 
problem. 

Final solution of the iteration process when 4 is a 
single Fourier component 

The final solutions of us) and wp) as v + w  
are derived from the equations similar to (2.23) 
and (2.24), i.e., 

u0= ( -  '- @ N + y k N ) + , ,  (2.45) 
B B  

where 

N = (  - 1  +a,+a3)/(l -al -a ,p) .  

The first terms in uo and wo are the geostrophic 
components of wind. The first and the second 
terms are both rotational components, but the 
second term comes from the frictional effect. 
The third term is also due to friction, but it 
corresponds to the velocity potential. 

Tellus XX (1968), 1 



INITIALIZATION FOR DYNAMICAL WEATHER FORECASTING 121 

Let us next investigate several important 
points concerning the solutions of u, and wo. 
First, it  is known that the balance condition is 
exactly satisfied; xo corresponding to (uo, wo), 
(ul,wl) and ( u , , ~ , )  are equal to each other. 
Secondly, it is proven that the solutions of uo 
and w o  fulfill the y-equation completely, which 
may be obtained by taking cross-differences of 
equations (2.12) and (2.13). Thirdly, u, for 
instance can be transformed to 

where k=k/(2As), and i =l(2As). I f  At ap- 
proaches zero, only the terms in parenthesis re- 
main, and as it should be, uo, u1 and up become 
equal to each other a t  that time. It may be 
interesting to compare these solutions with 
those of steady state equations for (2.1) and 
(2.2), i.e., 

Our solutions are, therefore, quite different 
from the steady state Solutions so far aa the 
functional forms are concerned. 

From the foregoing, we may conclude that 
Iteration Scheme B is convergent for a suitably 
chosen At, and that the solutions thus obtained 
satisfy completely the balance conditions, and 
in general that they do not coincide with the 
usual steady state solutions. 

Numerical tests 
To insure convergence with Iteration Scheme 

B, and also to investigate some of the numerical 
aspects, tests were made with the linear, vis- 
cous, barotropic forecasting equations, i.e., (2.1) 
and (2.2). In  practice, the finite difference 
equations (2.30)-(2.40) and (2.17)-(2.20) were 
used. 

The mesh was 20 x 20 gridpoints in the 2- and 
y-direction. The boundary conditions were that, 
on two lines of gridpoints surrounding the 
domain, the normal components of fluid veloc- 
ity to the boundary lines are set zero. The 
convergence was judged by checking 

where 6 is a prescribed small value. 
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Fig. 2. The solution of the initialization is shown by 
the wind vectors at each gridpoint. The solid lines 
represent the original geopotential field. C is the 
center of cyclonic rotation and A is the center of 
anticyclonic rotation. 

In  practice, however, the iteration was carried 
out until the cycle number times At reached 
approximately half a day in real time; for 
instance, 144 iterations with At = 5  minutes. 
This indicates that the relaxation time for the 
solution to attain the equilibrium state is 
roughly half a day under normal meteorological 
conditions. 

Results of computation 
The constants used in the first experiment 

were: f = 1.008 x lo-' sec-l, rt = am-', 
H = lo4 ma/sec9, At = 12 min and 6 = 0.01 meter/ 

Fig. 2 is the result, where the geopotential 
+o originally given is indicated by the geostro- 
phic streamlines, and the solutions are shown 
by arrows which are wind vectors. It is noticed, 
in the figure, that in the cyclonic area the wind 
vectors are slightly directed inward relative to 
the geostrophic streamlines, and in the anti- 
cyclonic area they are reversed. This is of 
course due to the friction effect. 

In any case, the solution converges monotoni- 
cally with iteration when At is less than the 
limit. Fig. 3 shows how the final solution varies 
with the magnitude of At. As is seen, if At is 

sec. 



122 K. MIYAKODA AND R. W. MOYER 
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Fig. 3. Dependence of the final solution on At. 
Arrows indicate the solution of wind. Wind intensi- 
ties of the 2-component are shown by the upper 
figures, and of the y-component by the lower figures. 

larger than 2880 sec, the solution does not con- 
verge. The dependence of the solution upon At 
is not large. 

Laplacian computation 
The Laplacian operator in finite difference for 

those in equation (2.17) or (2.18) was the formula 
(2.8). Let us denote it as Vi, and as an alterna- 
tive, let us denote: 

Vi R = R(i  + 1, j )  + R(i - 1, j )  + R(i ,  j + 1) 

where R 

+ R(i,  j - 1) - 4 * R(i,  j ) ,  

is an arbitrary quantity. 

4 

20 mlsec 

(2.48) 

Fig. 4. The same as in Fig. 2 except this solution is 
wrong and is based on the inconsistent version of the 
finite difference Laplacian vk. The correct solution 
based on V: is shown in Fig. 2. 

It is very important to note that if V, and 
V,, as defined in section 2, are employed in 
computing uytl )  and vytS from y and x ,  the 
use of the form Vi is strictly prohibited. An 
inconsistent usage of Vi, V, and V, will result 
in a serious error as shown in Fig. 4. The correct 
solution corresponding to this is the pattern 
in Fig. 2, which was obtained from V:. It may 
be seen that inconsistent application of the 
difference forms is like including fictitious fric- 
tion. 

Associated with the adoption of V i ,  however, 
a two lattice separation of the solution, like a 
“saw-tooth” pattern, may be obtained. This 
point was mentioned by Bring & Charasch 
(1958) for the y-equation. The trouble is caused 
by improper prescription of two boundary con- 
ditions, i.e., the “physical” and “computational’ 
conditions (Smagorinsky, 1958). But it can be 
reduced greatly by smoothing 4 only near the 
boundary beforehand (see Fig. 5) .  

3. Application to the non-linear barotropic 
equations 

Next, the initialization technique is applied 
to a slightly more complicated problem, which 
arises in the solution of the y-equation. The equa- 
tion is derived from the barotropic equations, 
i.e., 

av 
at 
- +  ( v * V ) v + f k x v = - V $ ,  (3.1) 

!!t + v .  ($v) =o, 
at 

where f is assumed constant in space, and $ is 
the total geopotential height. 

The iteration procedure for obtaining the 
balance solution for the system of equations 
(3.1) and (3.2) is set up in a way similar to the 
procedure in section 2. 

Computed rerrult and y-equation 
Fig. 6 is an example of the solution for the 

case in which the space mean of 4 is 6 x lo4 
mP/secL and At = 360 sec. It is interesting that 
there is wind divergence in the final solution, as 
shown in Fig. 6. This divergence is supposed to 
be a slowly changing component, although its 
intensity is extremely small: the maximum is 
1/30 of f. 

Tellus XX (1908), 1 
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Fig.  5. The "saw-tooth'' pattern created by solving the Poisson equation based on the Laplacian vt can 
be removed, to some extent, by smoothing the original geopotential field Q near the boundary. +'s 
marked by 0 in the upper figure are unsmoothed, and those marked by z are smoothed. In this case, 4 was 
smoothed at 5 gridpoints from the boundary. The solutions of the velocity potential x corresponding to 
the former are shown by 0, and those corresponding to the latter are indicated by x in the lower figure. 

Let us next compare this solution with that 
of the conventional v-equation. As is known, 
assuming that aVaX/at = 0 ,  one gets from (3.1), 

If we further assume that u = -ayt/ay and 
v =+/ax, and insert them into (3.3), the y- 
equation is obtained (Charney, 1955; Bolin, 
1955), 

2[(?k)a - G.G] - f f v =  -v". (3.4) 
axay ax' a$ 

It should be kept in mind that the solution of 
our balance equation does not necessarily sa- 
tisfy (3.4), but i t  must satisfy (3.3). The numeri- 
cal computation showed, however, that the 
values for wind as computed from the y-equa- 
tion and from our equations were almost the 
same. 

The mixed-type problem of elliptic and hyperbolic 
regions for the v-equation 

Equation (3.4) becomes hyperbolic with re- 
spect to v if v%$ +fa12 10.  In  this case, if tho 

Tellus XX (1968), 1 
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10 mlsec Divergence Unit: IO-~SEC-' 

Fig. 6. The solution of the initialization for the 
divergent barotropic equation is shown by the wind 
vectors a t  gridpoints in the left hand side. The 
original geopotential field is indicated by solid 
lines. The distribution of wind divergence is shown 
on the right. Intensities are given in units of 
sec-1. 
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boundary condition is such that y~ is prescribed 
a t  all boundaries, the problem is not well posed. 
In practical computation, the solution does not 
converge by the conventional iterative method 
(except Fjartoft, 1962). It is usual in such a 
situation to modify 4 locally in such a way that 
hyperbolicity may be removed. This arrange- 
ment is, of course, unfavorable. 

The present method has no difficulty in this 
respect. A solution can be obtained in any case, 
although the divergence appears very intense 
in hypcrbolic areas. For example, it was 113 of 
the coriolis parameter in one of our examples in 
the hyperbolic areas. Note that the hyperbolic- 
ity condition for our equation has not yet been 
obtained; it is difficult because x is also a func- 
tion of 6. 

4. Application to a two-level model 

Finally we apply this method to a two-level 
linearized non-viscous baroclinic model. This 
experiment is especially useful, because a 
comparison can be made between the vertical 
velocity distribution obtained by the present 
method and the solution of the conventional 
w-equation. Further, we took the vertical veloc- 
ity computed a t  a certain time in the course 
of forecasting, and compared it with those of 
the balance solutions. 

The model assumes basic flows at two levels, 
U ,  and U 2 ,  and the perturbed flows are super- 
imposed on them. The equations of motion are 
written as 

where k is the subscript for the vertical coordi- 
nate. The upper and the lower levels are indi- 
cated by k = 1 and k =2, respectively. Using 
these numerical values for k, the thermal equa- 
tion is: 

(4.2) 

where d1 -& is the product of the acceleration 
of gravity and the thickness between two 
levels, N is the index of static stability, defined 
by N = A P  * aJ/aP a lnj /aP,  8 is the potential 
temperature, A P  is the pressure difference 

between the two levels, the bar notation is the 
space mean, 0 is the mean basic flow in the 
vertical defined by 0 = 1/2( U ,  + U s ) ,  and A is 
the vertical shear of basic flow, i.e., A =  

The continuity equations are: 

V * V , + w / A P  = 0 ,  (4.3) 

and V * v2 -wlAP 0, (4.4) 

for the upper and the lower levels, respectively. 

Forecasting 
Using equations (4.1) to (4.4) and suitable 

initial conditions for u, v, 4, and w( = O ) ,  fore- 
casting was carried out for more than 5 days. 
The domain is a channel that is cyclic in the x- 
direction. The time differencing scheme is the 
Euler-backward method which suppresses the 
high-frequency mode of waves. At first we had 
adopted the usual centered time difference 
method, but the amplitude of the inertia-gravity 
wave was too large (see Matsuno, 1966) so we 
switched to the former. Fig. 7 is a result of 
forecast, where it is shown how the space mean 
of the absolute value of o changes with time. It 
began at zero, increased rapidly at the begin- 
ning, and settled to an equilibrium value. 

Now among these forecasts, we selected 
arbitrarily the 5th day as a sample of an equi- 
librium state. At this time, one can obtain 4 
and also w (see Figs. 8 and 9). 4 thus selected is 
used for the following computation, and w will 
be used only for comparison. 

w-equation 

assume that E = Vad/f, it  then follows that 
If E denotes the relative vorticity and if we 

Vaw-b*w+F = O ,  (4.5) 

where b* = 2f2/AP.f i ,  

This is a simplified form of the w-equation. 
4, and +a a t  the 5th day were inserted into F 
in the above equation, and the w-equation waa 
solved. The solution of quaai-geostrophic w is 
displayed in Fig. 10. 

In  this particular caae, 0'8 in Fig. 9 and 10 
coincide with each other almost completely. 

Tellus XX (1968). 1 



Present method 
We now apply 4 to the present initialization 

method. To do so, we must set up the finite 
difference equation. The details are omitted 
here. 

Fig. 11 is the final solution of o. By comparing 
this vertical velocity with those in Figs. 9 and 
10, it may be said that they coincide rather 
well with each other, but in detail the pattern 
of Fig. 11 is shifted eastward by one gridpoint. 

This is really puzzling. We know from Kuri- 
hara's (1965) analysis of the Euler-backward 
method that the phase speed of a wave com- 
puted by this method will be greater than its 
real speed due to its aliasing error, so far as the 
centered space difference is adopted. With this 
information, our problem cannot be explained. 

We have made a couple of attempts to avoid 
this discrepancy. In  one attempt, the time 
levels used were shifted from the conventional 
system, i.e., t, t + 1, t + 2 to a new one, i.e., t - 1, 
T, t + 1 and 4 was assumed to be given a t  t. In  
this test the solution did not converge, however, 
probably because of an inappropiate iteration 
scheme. In  a second attempt, a one sided space 
difference was used to approximate the advec- 
tion term depending upon the sign (direction) of 
the advective flow. The solution did not differ 
significantly from the present one. 

20 I 1 
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Fig. 7. Time evolution of the space mean of I o I. 

Reduction of computation time 
Most of the computation time is used in the 

relaxation of the Poisson equations, namely the 
equation for x and for cy. It is suspected that the 

UNITS m 2 /  sec2 2-L-m 1 I I I I I I 1  I I I I I I I ' 
1 2 3 4 5 6 7 8 9 1011121314151617181920 

GEOPOTENTIAL 

Fig. 8.  Oeopotential field 4 at the upper level for the 
6th day. 

UNITS mb sec 2 
1 1 1 1 , 1 1 1 ( 1 , 1 1 1 1 , 1 1 1  

1 2 3 4 5 6 7 8 9 1011121314151617181920 

w FROM FORECAST EQUATION 

Fig. 9.  w computed in the prediction. 
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UNITS 10 rnb/sec 2 
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 ( 1 1 1  

1 2 3 4 5 6 7 8 91011121314151617181920 

w FROM Y EOUATION 

Fig. 10. UJ computed by the w-equation. 

UNITS lo-' rnb/sec 

1 2 3 4 5 6 7 8 9 101112131415161718192( 

2 
1 I I I I  I ( ) I , , I ,  I I  

w FROM PRESENT SCHEME 

Fig. I l .  w computed by the present initialization 
method. 

variation of with each iteration is smaller 
than that of x. Accordingly, rg can be solved a t  
infrequent intervals, whereas x is solved every 
iteration. 

Fig. 12 shows examples of the convergence 
of the solution, i.e., w. The upper curve is for 

the version of skipping every two iterations, 
and the lower curve is for that of skipping every 
five iterations. Experiment shows that this kind 
of treatment saves time. But, as is seen in Fig. 
12, the lower curve needs additional iterations 
in order to attain the final solution. 

REAL SOLUTION- 

20 40 100 120 id0 
~"TRATIoG?- 

Fig. 12. Convergence of w at a certain gridpoint. Ag is 720 see. The upper curve shows the solution when 
the relaxation of ly is skipped every two iterations. The lower curve shows a slower convergence when 
relaxation is computed every five iterations. 

Tellus XX (1968), 1 
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5. Conclusions and remarks 

A technique to obtain the balance solution 
was discussed. The analytical study has proven 
that Iteration scheme B mentioned in section 2, 
which includes the “selective damping”, is con- 
vergent if the time increment is properly taken. 

The merit of this technique is that compli- 
cated effects can be included in the original 
equations, that is, the initialization scheme can 
be treated in almost the same degree of com- 
plexity as in a marching computation. The solu- 
tion thus obtained is completely consistent with 
the prognostic equations. Furthermore, the 
artificial modification of observed data in the 
hyperbolic region is unnecessary. 

The technique was applied to  the non-linear 
viscous barotropic equations and to the linear- 
ized two-level non-viscous baroclinic equa- 
tions. The solutions in the former problem com- 
pared well with those of the conventional p- 
equation. The test showed that a solution can 
be obtained even in the hyperbolic area for the 
p-equation, although the divergence of the 
wind is large. 

In  the latter problem, the vertical velocity 
obtained by the present method was compared 
to that obtained from the w-equation. It was 
also compared to the vertical velocity com- 

puted in the forecast which was based on the 
non-filtered equations. Their distributions and 
intensities were roughly the same except that 
the pattern by the present initialization scheme 
was shifted slightly toward the east. 

In  conclusion, this initialization technique 
can be used to obtain the balance solution or 
the slowly changing component of the solution. 
There are, however, some defects in the method. 
The slight displacement of the vertical velocity 
pattern may be one of them. Another objection 
is that the scheme includes solving the Poiseon 
equation which requires considerable computa- 
tion time. 
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