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Abstract

It is assumed that in horizontally uniform zonal currents certain long waves can grow in
amplitude whereby the kinetic energy associated with the growth is drawn from the potential
energy of the basic current system. This restriction as to the energy redistribution permits to
treat the simultaneous physical changes of state as polytropic, which simplifies considerably the
integration of the relevant equations of motion. It is shown that the amplitude growth, at a
prescribed zonal dimension of the perturbation(wave-length), is primarily controlled by the
value of a non-dimensional quantity, viz. the RICHARDSON number (= static stability divided
by the square of the vertical shear of wind), in a similar manner as this number controls the
time variation of turbulence to the extent of its being a result of energy redistribution. The
derived criterion for instability predicts that all but the very long waves in the middle latitude
westerlies are unstable.

The intensity of the absolute circulation, in addition to the vertical shear, has an important
bearing on the considered phenomenon of instability. This is discussed with regard to the non-
equilibrium position of a cold anticyclonic vortex centered at the pole. The stability criterion
is also scrutinized as to its validity at tropical latitudes.

1. Introduction

Considerable attention is at present’ given
to the origin and life-history of the long,
undulating upper level disturbances character-
istic of the middle latitude belt of westerlies.
To the extent that these disturbances may be
considered as quasi-horizontal wave motions
imposed on autobarotropic currents, their
shape, wave-length and displacements are
controlled primarily by the variation of the
Coriolis parameter with latitude.

In view of recent investigations into the
breaking up of zonal motion (BERGGREN, Bo-
LN and ROssBY, 1949) one must accept the
existence of some mechanism by which the
planetary waves are dynamically linked to
the minor scale disturbances of the frontal

t To be published shortly in the Communications,
Series B, Sveriges Meteorologiska och Hydrologiska
Institut.

wave type. However, the breaking up of a
quasi-zonal current into large scale vortices
may be regarded, without reference to the
existence of frontal waves, as a phenomenon
of long-wave instability on the grounds of a
rather marked difference in the horizontal
scale of the respective disturbances. Theore-
tical investigations — HAURWITZ (1940), JAwW
(1946) and CHARNEY (1947) — have dealt
with the dynamics of horizontally uniform,
barocline (vertically shearing) zonal currents.
These theories demonstrate that the baroclinity
and the static stability of the basic current
system are the principal factors in the early
stages of the life-history of the perturbation.

The object of the investigations summarized
below is an attempt to incorporate, in a
general manner, the physical process into the
theory for long waves (though restricted



THE INSTABILITY OF LONG WAVES IN ZONAL CURRENTS 45

by the same fundamental assumptions as
those made by the above authors); to derive,
by using relatively simple mathematical pro-
cedure, such elementary instability criteria
that can be more readg;f interpreted in the
light of the energetical and dimensional aspect
o% the phenomenon treated here: large-scale
turbulence appearing in a flow which mitially
is large-scale faminar; finally, to develop the
clementary criteria with a view to attain
more conformity with empirical evidence.

2. A limiting case of emergy redistribution]
(Introduction of the polytropic invariant)

To the extent that the kinetic energy of
the basic zonal current remains unchanged
during the growth of the disturbance, the
growth phenomenon is merely a manifesta-
tion of a release, through the perturbation
motion, of potential energy. Evidently, the
existence of a barocline field (more specific-
ally of solenoids in the meridional p ane? in
the basic system is a prerequisite for availab-
ility of that part of potential energy which
must be converted into kinetic energy of the
perturbation motion. These specifications re-
garding the energetic aspect of the process
imply that the current system is thermally
inactive and the physical process associated
with the motion is characterized by polytropic
changes of state. The polytropic process is a
reversible thermodynamic path of constant
heat capacity ¢’, so that the heat supplied to the
system per unit of time to unit o? mass is de-
termined by the differential relationship dQ =
=c'dT where T is the absolute temperature.
To each of the polytropic classes (isobaric,
isothermal, (dry) adiabatic and isopycnic) one

can assign an individual invariant & (conserva-
tive property) or, in the mathematical formu-

lation,% =0, so that e.g. in the case of dry-

adiabatic process & is being identified with
the potential temperature @. It is, however,
possible to treat, subject to subsidiary restric-
tions as to the distribution of water-vapour,
a reversible saturated-adiabatic change of
state as a quasi-polytropic process so that
¢’ is also in this case very neatly constant. In
doing so, allowance can be made for the
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effect on enerFy conversion of the formation
of extensive cloud masses which may accom-
pany the growth of the baroclinic wave.

3. Derivation of a basic frequency equation

A first approximate solution for the phase
velocity of plane waves, satisfying the hydro-
dynamic and all other relevant differential
equations as well as a minimum of boundary
conditions, yet revealing a fundemental cri-
terion for instability, is obtained in the follow-
ing way. The theorem for the path variation of
the vertical component of vorticity is trans-
formed (and linearized) for “small perturba-
tions” prcﬁpagating with constant speed in a
transversally uniform zonal current of infinite
width. Making use of the theorem of geo-
strophic meridional perturbation velocity?, a
linear differential equation of effectively second
order with the dependent variables p (pressure
perturbation) and & (perturbation of the po-
lytropic individual invariant &) is derived.
Two solutions are found, one establishing a
frequency relationship for short waves whose
wave-length is of the order of magnitude
equalling the depth of the atmosphere, the
other yielding an equation for the phase
velocity of long (planetary) waves. The waves
of the first group are linked with the dis-
turbance of hydrostatic equilibrium and are
capable of growing, in certain conditions, if
the static stability is negative. The long waves
are linked with the disturbance of zonal
balance. To understand and measure the
extent of validity of the criteria for instability
of the latter waves, the reader is asked to
follow a few steps in the derivation of the
principal equation for the phase velocity.

In order to simplify the mathematical aspect,
the effect of compressibility of the air will be
disregarded throughout in this summary.
Little generality is lost through this expedience
as far as the main results are concerned. In
view of the restrictions with regard to the
energy redistribution, as mentioned earlier

* The assumption that the meridional velocity is
geostrophic or very nearly geostrophic, involves the
exclusion of long gravitational waves from possible
solutions of the equations of motion. RossBy (1939) has
shown that in principle this must be so and later CHARNEY
(1947) has given a mathematical proof of this circum-
stance.
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in this paper, it must be expected that the
behaviour of the perturbation, i.e. its speed
of propagation and its time-rate of growth (de-
termined by the real and imaginary parts of
the phase velocity ¢ resp.) depends on a)
steady state or “basic” quantities such as the
intensity of the zonal circulation u or the
meridional slope of the isobaric surfaces m,;
the rate of basic baroclinity which in con-
junction with m, is determined by the me-

ridional slope of the constant £-surfaces, mg;
b) parameters constituting the structure of the
perturbation such as wave-length, L, and
phase angle @ as well as the amplitudes po and
&o of the respective perturbations in the

pressure- and £-field; ¢) planetary and physical
constants as e.g. the geographical latitude @
(central to the zonal current) and. the radius of
the earth, a; the acceleration of gravity, g.
A general theory of atmospheric waves
would have to allow for variations of all these
quantities, except a and g, with respect to
latitude, longitude and elevation whilst within
the limits set by the assumptions made already
above, we have to allow for variations of u
(or my), mg, po and & as well as the phase angle
with elevation. There are no physical or
kinematic boundary conditions which impose

a restriction on the &-surfaces whose meridional
slope may therefore without loss of generality
assumed to be uniform. It is well known that
the variations of the amplitudes po and &, with
clevation are subject to the boundery condi-
tions and it is this circumstance which makes
the integration of the relevant differential
equation so difficult. The view is here put
forward that among the factors that primarily
govern the law of amplitude growth, the
height-dependency of the perturbation am-
plitude is of secondary importance. We shall
therefore treat the amplitudes po and & as
constants for the integration of the transformed
vorticity equation.! We obtain

1 To further simplify the problem we shall, for the
time being, disregard the tlt of the component waves
in the vertical, in other words, treat also the phase-angle @
as independent of height. Later on the effect of the inclu~
sion of the tilt will be discussed.
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where u* is thus the zonal wind velocity
relative to the moving wave (i.e. the “velocity
deficit”) and B/k= its value in the case of non-
divergent waves in a barotropic, homogenous
zonal current (RossBY 1939). In this equation
f denotes the Coriolisparameter, § its rate of
change northward, H the height of the homo-
genous atmosphere whose surface temperature
is equal to that at the reference level, k = 2z/L
the wave number and ¢ the lag of phase be-

tween the &-wave and the pressure wave.r The
second term on the r.h.s. gives the combined
effect of horizontal divergence and horizontal
solenoids in the p- and é-fields on the net acce-
leration of relative vorticity — this effect
expressed as a velocity —, whilst the preceding
term, as is well known, gives in the same
manner the effect of the planetary or “induced”
variation of vorticity.

Equation (1) is as yet underdetermined with
respect to #* or ¢, since the amplitude ratio

&o . . "
=~ is not expressed in terms of known quantities,
0

and since the phase lag ¢ is in general not
determinable without regard to the vertical
tilt of the two component waves, this tilt
having been disregarded here so far. From
general principles 1t can be shown that the
non~-dimensional factor A = & P cos ke
o

depends upon the meridional horizontal

gradient of the conserved property, % , and

the orbital frequency »* and thus on wave-

length L and velocity deficit w*, since always
*

27U

p* =

L

. In particular, in a plane at which

the motion is horizontal (nodal plane of verti-
cal motion) the factor A is easily determined
from the developed and transformed law of

d = 0, which had been

conservation, viz. 7

T The bar over the quantities p and & indicates that
the value in the undisturbed state is taken.
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discussed earlier in this paper. One finds at
a nodal plane

S*H '

w7 @

Ao = —

where S¢* = % g—i, aquantity which, in analogy

g 6—5, may be term-

to the static stability § =
g0z

ed “‘dynamical stability function”. Substituting
(2) in (1) we obtain for the phase velocity ¢ the
equation

C=ﬁo—%[l + \/I——%(ﬁgk]’ (3)

where %o is the zonal velocity at the nodal

lane. In the derivation of this equation we
Ead assumed that Sg* and S; are independent
of height or, in other words, that the me-

ridional slope of the iso- & surfaces is uniform
throughout. This implies that e.g. in the me-
teorologically relevant classes of polytropic
change of state, viz. the dry- and saturated-
adiabatic, (£ = @ or O, resp.) there is a free
surface except if the absolute temperature
does not vary or increases with height. Eq. (3)
gives then the speed of propagation of simple
harmonic waves in a zonal current with one
nodal plane of vertical motion and one free
surface provided the current is horizontally
uniform, the vertical and (meridional) hori-

zontal 1glradients of the quantity £ are constant
throuﬁ out. The adopted model does therefore
not allow for the existence of a tropopause
, R .
surface at which both a—j and 5—5 possess discon-
tinuities. Neither does it allow for inho-
mogeneity, e.g. within the troposphere, of the
concentration of isentropes in horizontal
surfaces which is frequently observed in even
otherwise well organized zonal currents. And

T For a barotropic current this relation, after some
transformation, becomes identic with Rosssy's formula
(1942) for the ratio between the amplitude of isotherms
(iso-lines of conserved property) and the amplitude of

u

. A
streamlines, =L — — |
A u*

the variations of the verticallapse-rate of tem-
perature in both, the vcrticaf)as well as the
(meridional) horizontal direction, which may
be of importance, cannot be introduced as
significant quantities in eq. (3). Now, disre-
garding here the effect of the earth’s oro-
graphy as well as that of frictional stresses,
the earth’s surface is regarded as a nodal
plane in the vertical motion, i.e. a horizontal
nodal surface. In eq. (3) #o represents then the
surface geostrophic wind of the basic current
system.

4. The elementary instability criterion and
its validity in the middle latitude westerlies

An analysis of the equation (3) relating
the phase velocity ¢ to the intensity of the
zonal circulation at the ground u,, the
wavelength L (through k), the geographical
latitude @ (through §) and the stability func-
tions Sg* and S¢ (henceforth in application
to dry-adiabatic processes denoted by simply
S* and S) shows Erieﬂy the following. A neces-
sary condition for amplitude growth (ex-
istence of an imaginary component ¢) is that
the static stability § = o, higher static stability
values involving less rapid, lower stability
values involving more rapid amplitude growth,
This dependency on static stability appears
physica]lgf quite in order, since an existing
rate of static stability must damp out those
vertical components of the wave motion
which occur everywhere above the nodal
plane and are a consequence of the requirement
of mass continuity. In the limiting case when
the static stability vanishes, i.e. at so-called
“indifferent vertical stratification” of the fluid,
the solution eq. (3) breaks down except
when simultaneously the meridional in-
equalities in the £-field (potential temperature-
or entropy field) vanish as well.r Because of
this break-down at the singularity S =o
(S* # 0), it cannot be expected that in the
negative regime of S the relationship holds
va]g.id for one and the same phenomenon as it
does in the positive regime. In the latter regime
we have to take the first of the solutions of

t In this particular case we have homogeneity in

&and eq. (3) reduces to the well known Rossby formula
for planetary waves in an autobarotropic zonal current.



48 F. A. BERSON

the differential equation, mentioned in § 3
which yields a relationship for very short
waves only, when the relevant atmospheric
values for §* and S are being introguced.
We shall not here discuss the properties of
these waves. However, it is worth mentioning
that in the normal case of static stability being
present (S > 0), these short waves can be
identified with the phenomenon of billowing
clouds for which Haurwirz (1941) has given
an adequate theory. One has then to consider
the limiting case when the baroclinity (ver-
tical shear) is concentrated in an infinitely thin
horizontal layer of air and the static stability
in the adjoining infinitely deep strata is
disregarded.

In the following it will be assumed that the
static stability is positive. (It is, however,
noteworthy that to a vertical lapse-rate of
potential temperature or entropy which in
meteorological practice is regarded as “very
small”, corresponds a value of S such as to
yield, at prescribed L (k) and S, still values
for ¢ or ¢ of meteorologically reasonable
dimension). With this specification the re-
quirement for instability may be expressed

by the inequality:

| S*| - B =Qcos¢%

VS 2k

or, if it is desirable to express this condition
through a critical (maximum) wavelength L,
by the equation

2ma | S*|

L =

“Qcosa Vs (42)

or, finally, if the critical (minimum) number
n, of waves around the circumference is
preferred, by the equation

n, =82 cos? ¢ |S£f| (4 b)

In these relationships £2 is the angular velocity
of the earth rotation, a the earth’s radius and
@. the latitude which is representative for the
zonal current under consigeration.

It is immediately seen that when the isen-

tropic surfaces are horizontal (S* = o), even
the shortest waves would be stable, whilst
when the static stability is reduced to zero,
even the longest waves would be unstable. To
which extent these eclementary instability
criteria conform with empirical data, could
be checked (though only very roughly),
since $* and S could be computed and mapped
for discrete zonal belts over long periods of
time. However, it is preferable to make first
use (as is usually done) of the gradientwind
equation which relates the dynamic stability
function S* to the surface (zonal) wind, the
vertical shear of the (zonal) wind, the so-called
thermal wind, and to the static stability.
Equation (4 b) may then be written as

n_I—sinzq_) VS /4| 5)
7 2sing ) % S 3

gl4|

where the symbol A denotes the vertical
windshear. It is noteworthy that the non-
dimensional quantity S /|4 |is the square
root of the Richardson number (see BrUNT,
1934) which plays a similar rdle in the theory
of energy remfistribution in turbulent currents
in which shearing stresses are operating
(RicHARDSON, 1920). According to various
investigators, this number (R) is close to
unity. The condition that turbulence should
increase, i.e. the rate of supply of energy by
the shearing stresses be at least as great as
the work which has to be done to maintain
the turbulence against gravity, is expressed
by th)e inequality R < 1, or in analogy to
eq. (s

Ro=~1 (6)

In order to develop further the analogy
between these criteria éc))r turbulent redistribu-
tion of energy — the breaking up of organized
zonal currents into vortices has been since long
regarded as a phenomenon of large scale
turbulence — we shall for the time being
neglect the term %o S/g |4 | in the denominator
on the r.his. of eq. (), as being small compared
with unity. In (}act this is permissible i all
“normal” (statistical average) conditions in
the belt of middle latitude westerlies. Im-
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Eortant exceptions occur when normal or
igh static stability (S = 1.3 1074 sec™?) is
coupled with weak shear (4 < 5 - 1074 sec7)
and/or normal to high zonal velocity at the
ground (4o = 10 to 50 m/sec). The above
criterion (eq. s) may be given the form:

R — (—“5——.“—‘1_)’
I— sin? @

In the middle latitude belt of westerlies, be-
tween 45° and 65° latitude, one observes
frequently 4 to 6 deep troughs in the streamline
pattern which — for the sake of providing a
point of argument — may be looked upon
as the result of a redistribution of energy in the
limited sense as earlier specified. With the
values n = § and @ = §5° the quantity R is
in the neighborhood of 600. In the diagram
fig. 1 the relationship between R, n and @ is
represented. In “normal” conditions in the
belt of westerlies the vertical shear is of the
order of magnitude 1 m/sec. per kilometer
elevation and the static stability all;out I.3. 1074
sec™2 (corresponding to a temperature lapse-
rate 0.65°/100 m). With these values we find
R = 100. On the other hand, it is seen from
the diagram that the critical Richardson
number is for all but the very longest waves
considerably above the value 100 (north of
45°). Thus if the criterion, derived with the
use of many simplifying assumptions, is
expected to give some part of the truth,
extremely long planetary waves only should,
north of latitude 45°, exhibit a large degree
of persistency with regard to shape. To some
degree this persistency is confirmed by synoptic
evidence but naturally other factors not having
been considered here, must have a great and
frequently overruling effect.

In the diagram fig. 2 the above criterion
of instability is given as a relation between
the circumferential wave number, the vertical
shear and the latitude for a prescribed ‘“nor-
mal” rate of static stability. For a number
n=35 (L=72° longitude) there is good
agreement between tigu's elementary criterion
and that derived by CHARNeY (1947) who
carried out a complete integration of the
hypergeometric coné’uent differential equation
which is obtained through taking into account
the variation of the perturbation amplitude
with height.r This agreement indicates that

(52)
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Fig. 1. Diagram illustrating the dependence of the critical
wave-length L (or circumferential wave-number nc)
upon the value of the non-dimensional quantity
R = §/4* (RICHARDSON number) and the latitude @,
through four selected isopleths for ne.

one does not introduce a really essential factor
in regarding the physical upper boundary

conditions.

5. Remarks on zonal currents in tropical
latitudes

In the derivation of (3) and of the en-
suing instability criteria it was not essential
that the zonal current at the nodal plane be
directed -from west to east and the vertical
shear be positive. Therefore these relations
are, at least in principle, applicable to easterl
winds and/or negative shear. To the norr.K
and south of the equator there are extensive
belts of low-tropospheric easterlies in which
the temperature decreases but slightly north-
wards. In view of the low latitude this weak
solenoidal field is associated with a strong
positive vertical shear, so that the east-west
circulation is superimposed by a west-east
circulation. The static stability in this current
system is on the whole rather low which

* CHARNEY's numerical criterion applies to a prescribed
(normal) static stability and a representative latitude 45°,
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Fig. 2. Diagram showing the dependence of the critical

wave-length L¢ upon the vertical shear of the zonal wind

A and the latitude @, for a prescribed, normal value of
the static stability S.

circumstance together with the strong vertical

. . o S
shear permits to disregard the term ’ﬁzﬂ on

the rhs. of (5). We may thus regard the
elementary criterion (6) to have at least
the same degree of validity in the latitude
belt 10°—35° as in the middle latitude belt.
As is evident (sec fig. 1) the critical Richardson
number is in tropical latitudes much smaller
than 100 (and would e.g. be reduced to unity
at latitude 9° for a circumferential wave num-
ber 3). On the other hand the rates of static
stability and vertical shear prevailing in “nor-
mal” conditions in the low latitude belts of
surface easterlies (trade winds) are such that
the corresponding value of R exceeds for
even relatively short waves considerably the
critical value, though it is, in such condi-
tions, smaller than in middle latitude westerlies.
Thus the kind of instability considered here
is not likely to be realised for any reasonable
perturbation dimensions. However, in extreme
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conditions the actual value of R may fall
below the critical value and then instability is
possible. The present theory may possibly be
of some use for the understanding of the
coupling between the storm systems forming
in or near the trade wind zone and the long
waves in the near-equatorial upper westerlies
which has come to (llight in recent investiga-
tions (RIEHL 1948).

It should be emphasized that in applying
the above criterion to quasi-zonal currents
with an east-west motion at the ground it is
essential that the reversal to opposite motion
(westwind) should take place at rather short
distance from the ground. In average condi-
tions, in the regions just to the north and
south of the equator, this condition is not at
all satisfield. However, as e.g. the observations
from the Finnish aerological expedition of
the year 1939 show (see a%so VUORELA, 1948),
the average flow pattern in the belt 5°—15°
south during the period October—November
1939 is featured by a rather shallow layer
with light easterlies components and by uni-
formily increasing westerly components in the
troposphere above, the average vertical shear
amounting to as much as 2.5 m/sec per km.
The static stability had an average value of
.o+ 1074, These values bring the number R
down to a low value of 16. According to our
criterion this value requires (at 9° latitude) a
circumferential wave number 12, i.e. a wave-

length of 30° longitude.

6. The significance of the absolute circulation

In order to test the validity of the basic
equation (s) which had been derived for an
extremely simplified atmospheric model and
under many restrictive assumptions, it is of
importance to find out whether computed
velocities of propagation (of the perturbation)
and time-rates of its growth bring out some
of the characteristics of middle latitude disturb-
ances. In the diagram fig. 3 the velocity deficit
o —c is represented as function of the surface
zonal wind %, for different rates of baroclinity
(vertical shear A4) at a prescribed latitude (45°)
and wavelength (s1° longitude), the static
stability being assumed to have the normal
value. The characteristic time-rate of growth,
7;, taken as that interval during which the
amplitude would increase to e times its initial
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value, is also given as function of the surface
zonal wind for different shear values.

It is seen that for moderate or strong surfaces
westerlies (4o > 0), the disturbance moves
castwards with a speed that differs little from
the surface velocity, when the shear is con-
siderable, and this correspondence is the better
the closer the surface wind is to its critical
value (indicated by a circle) where instability
would set in. This circumstance implies
that when the westwind circulation is strong
aloft (and not too weak at the ground) the
“neutral” and unstable waves move approxi-
mately with the speed of the surface zonal
current (a similar result has also been obtained
by CHARNEY 1947). We find here a verifica-
tion of a well known empirical rule frequentl
applied in forecasting: a disturbance, whic

oes not move quickly “through” the upper
air flow pattern (long wave), propagates
castward with approximately half the velocity
of the westwind at ca. 5 km height. Now, the
surface zonal (geostrophic) wind is in such
cases indeed about one half of the middle
tropospheric wind. As soon as the initial
disturbance has assumed semi-mature dimen-
sions, the results, derived from a theory of
“small perturbations”, are not applicable.

For weak surface westerlies or surface
casterlies (decreasing upwards) the theory is
not in agreement with the observations. As
far as the sense and speed of propagation
is concerned it breaks completely down.
However, it brings out a perhaps not un-
characteristic other feature. It is seen that a
given shear rate may be sub-critical (not
involving instability) when the surface circula-
tion is from west to east, but be super-critical
when it is from east to west. For example at a
shear 0.6 m/sec per kilometer eclevation, a
value of % = + 10 m/sec would predict sta-
bility whilst with the same shear rate at a
molcrately strong surface east wind (4o =
= — 10 m/sec) we are well within the region
of instability. The significant time-rate of
growth, as defined above, is, in the latter case,
58 hours. (See fig. 3.)

The above results show how important for
the breakdown of zonal motion the absolute
circulation appears to be. At subpolar latitudes,
the concurrence of surface easterlies with
upper westerlies is a common feature of the
general circulation, The horizontally uniform

200 HoURS
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Fig. 3. Curves for the velocity deficit #y—¢ (heavy lines)
and for the characteristic time of amplitude growth 7;
(thin lines), plotted as functions of the surface zonal wind
1y, for different values of vertical shear 4. The circles
at the lower dashed line indicate that the selected shear
value is critical. — These curves are evaluated for pres-
cribed values of latitude p (= 45°), of circumferential
wave number n(= 7), and of static stability S (= 1.3 - 10—*
sec—2, normal value).

zonal current systems we have treated here,
constitute an integral part of an anticyclonic
cold polar vortex superimposed by a cyclonic
vortex. By computing the kinetic and po-
tential energy of similar current systems,
RossBY (1949) has demonstrated that an even
barotropic anticyclonic vortex centered at
the pole is in a state of dynamic inequilibrium.
Whether the (cold) vortex as a whole is displac-
ed equatorwards or whether the transport of
the cold air towards lower latitudes is realised
by a breaking up of the zonal motion, seems
to be dependent upon the dimensional pro-
perties as well as the shape of the cold dome
centered at, or near, the pole.

In order to clarify the matter of the de-
pendency of the instability on the intensity of
the absolute circulation, we should add that
this is, in the present analysis, merely a con-
sequence of including in the (perturbation)
vorticity equation the horizontal solenoid
term. Now, the existence of p, @ solenoids
in the (meridional) vertical plane is absolutely
necessary to bring about the phenomenon of
instability considered here, because the ver-
tical shear (necessarily asscociated with the
vertical solenoids) controls the inequalities,
in the vertical, of vorticity transport: to this
extent this solenoid field controf; the defor-
mation of the flow pattern, in conjunction
with the effect of the earth’s rotation. On
the other hand, the horizontal solenoid field
appears immediately once the perturbation
has set in, but it only modifies the nature
of the deformation ofy the streamlines and
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is not a necessary condition for amplitude
growth.

In conclusion a very brief summary of the
results of a development of the above ele-
mentary criteria may be given. Through in-
cluding into the simplified model of a poly-
tropic atmosphere the effect of the vertical tilt
of the pressure wave — assuming in conformity
with empirical evidence the temperature wave
to have no such tilt —, one can deal with cer-
tain types of advection (horizontal mass
transport). These are associated with critical
wave-lengths which are longer or shorter
than those calculated on the basis of the ele-
mentary criterion. For just the type of ad-
vection which is most commonly observed
during the initial stages of a deepening large-
scale disturbance (see also NYBERG, 1949) the
critical wave-length is shorter than that
evaluated from the elementary criterion.
The stability curve is then in still better agree-
ment with the one derived by CHARNEY (1947).

There is perfect agreement between these

curves when the height of the polytropic
atmosphere is replaced by the height of an
equivalent polytropic atmosphere equal to the
mean height of the tropopause in the middle
latitude westerlies. — The inclusion of the
above mentioned tilt permits finally to evaluate
the phase lag, between the pressure wave and
the temperature wave, for which at prescribed
values of the Richardson number the growth-
rate of the disturbance has a maximum. This
phase lag corresponds to an extremely high
rate of the relevant advection.

After completion of this investigation a
paper by Dr. E. T. EADY has been published in
this journal (Tellus, 1, 3, p. 33), wherein
the author assigns to the value of the
Richardson number a fundamental téle for
the behaviour of cyclone waves and long
waves.

REFERENCES

Brreeren, R., Boun, B, and Rosssy, C.~G., 1949: An
aerological study of zonal motion, its perturbations and
break-down. Tellus 1, 2, p. 14.

Brunt, D., 1934: Physical and Dynamical Meteorology,
pp. 254 ff., University Press, Cambridge.

CHARNEY, J., 1947: The dynamics of long waves in a
baroclinic westerly current. J. Met., 4, pp. 135—I62.

Haurwirz, B., 1940: The motion of atmospheric dis-
turbances. J. Mar. Res., 3, pp. 35—Sso0.

— 1941: Dynamic Meteorology, McGraw-Hill Book
Co., New-York and London.

JAW, J. J., 1946: The formation of semipermanent centres
of action in relation to the horizontal solenoidfield,
J. Met., 3, pp. 103—114.

NygerG, A., 1949: An aerological study of large scale
disturbances in the atmosphere. Tellus, 1, 1, pp. 44—63.

RicuarpsoN, L. F, 1920: The supply of energy from
and to atmospheric eddies. Proc. Roy. Soc. A, 97,
P. 354

RiesL , H., 1948: On the formation of typhoons. J. Met.,
6, pp- 247—264.

RossBy, C.-G. and Collaborators, 1939: Relation between
the variation in the intensity of the zonal circulation
of the atmosphere and the displacement of the semi-
permanent centres of action. J. Mar. Res., 2, pp. 38—s55.

RossBy, C.-G., 1942: Kinematic and hydrostatic proper-
ties of certain long waves in the westerlies. Dep. Met.,
Univ. Chicago, Misc. Rep., No. s.

—: 1949: On a mechanism for the release of potential
energy in the atmosphere. J. Met., 6, pp. 163—18o0.

VUuoRseLa, L. A, 1948: Contribution to the aerology of
the tropical Atlantic, j. Met., 5, pp. 115—117.



