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ABSTRACT 

Golitsyn’s equations for the study of magnetodynamic turbulence, and in particular 
ionospheric turbulence, at  low magnetic Reynolds number are discussed. It is shown 
that the hypothesis of small magnetic Reynolds number is not sufficient to justify 
these equations and appropriate additional conditions are indicated. The simple case 
of weak turbulence in the presence of a uniform ambient magnetic field is examined 
in illustration. The law of energy decay in the final period is obtained by the method 
of steepest descenefirst, from the solutions of Golitsyn’s equations, and secondly 
from the more general equations established by Lehnert. With Lehnert’s equations, 
one finds that the magnetic and the kinetic energies are composed of two contributions, 
one which decays at  t -  t &B in non-magnetic turbulence and corresponds to equiparti- 
tion of energy between velocity and magnetic fields, and another one which decays 
as t -a and leads to the partition of energy between the two fields in a proportion 
which depends on the ratio n of the kinetic and magnetic viscosities. With Golitsyn’s 
equations, one obtains only a t-8 component. When all the conditions of validity of 
these equations are satisfied-and not only the condition on Rm--one deduces that 
the t-a component dominates-although it decays faster-until an inaccessibly large 
time and the t-’ contributions derived from Lehnert’s and Golitsyn’s equations are 
found identical. On the contrary, when certain of these conditions are not verified- 
even if Rm<I-the t-* component is initially comparable to the t-P component 
and-as it decays faster-becomes rapidly negligible while energy tends to equiparti- 
tion. Golitsyn’s equations lead then to incorrect results. 

Introduction in geophysical applications of low magnetic 

Various observational data, distortion of 
meteor trails, scattering or random fading of 
radio waves, spread P and radio star scintilla- 
tions as well as observations with rockets and 
satellites strongly suggest the existence of 
magnetodynamic turbulence in the ionosphere 
(Matuura t Nagata, 1962). “he study of iono- 
spheric turbulence is made very complicated 
by  the complexity of the medium and a theo- 
retical study is often impossible without more 
or leas justified simplifying hypotheses. One of 
theae hypotheses, propounded by Golitsyn 
(1960) and presumably valid in the lower 
regions, is tha t  of low magnetic Reynolds 
number. With this proviso, Golitsyn derived a 
system of magnetodynamic equations for the 
study of homogeneous incompreesible’ turbu- 
lence and calculated the fluctuations of the 
magnetic field induced by the presence of a 
turbulent velocity field which he further as- 
sumed unaffected by the mean magnetic field. 

Later, Golitsyn’s equations were broadly used 

Tellus XIX (1967). 4 

Reynolds number turbulence. 
In this paper, Golitsyn’s arguments are 

discussed and i t  is shown tha t  the hypothesis 
of small magnetic Reynolds number is not 
sufficient t o  justify Golitsyn’s equations. 

The simple case . of weak magnetodynamic 
turbulence is examined in illustration. The last 
stages of decay of magnetodynamic turbulence 
have been treated numerically by Deissler 
(1963) for values of the ratio n =v/A of the  
kinematic and magnetic viscosities equal t o  *, 
2 and lo-’ respectively and he found that, 
asymptotically,P the energy in the kinetic and 

The hypothesis of incompressibility is justified 
if the velocity of sound is much larger than charac- 
teristic turbulent or alfven velocities. 

a Asymptotic here refers to times sufficiently 
larger than a time @-defined previously as the 
“inhibition time” (Nihoul, 1963)-characteristic of 
the process of draining of energy from the field of 
smallest diffusivity by the other field through the 
coupling due to the uniform ambient magnetic 
field (0 is usually much smaller than the lifetime 
of the turbulence). 
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magnetic modes tended to equipartition, for 
rz = a  and 2. 

In the following, asymptotic solutions of 
Golitsyn’s equations are shown to be in the 
two cases described above in discordance with 
the results obtained by Deissler. The discrep- 
ancy, it is recognized, must be attributed to 
the fact that in these cases, the conditions of 
validity of Golitsyn’s equations-apart from 
that of small magnetic Reynolds number-are 
not satisfied. An asymptotic analysis using 
more general equations established by Lehnert 
(1955) for weak magnetoturbulence exhibits 
two contributions to the magnetic and kinetic 
energies. One decays asymptotically as t -  and 
leads to equipartition between magnetic and 
kinetic modes. The other one decays as t - s  and 
leads to the partition of energy between the two 
modes in a proportion which depends on the 
ratio of their diffusivities. This contribution is 
the only one given by Golitsyn’s equations. It 
is shown in this paper that when all the condi- 
tions of validity of these equations are satisfied, 
the second contribution is dominant-although 
i t  decays faster-during most of the life-time 
of the turbulence and that the first contribu- 
tion does not become comparable-and the 
law of decay be t-4 corresponding to equipar- 
tition-before an inaccessibly large time. On 
the contrary, when certain conditions of validity 
are not satisfied, even if the magnetic Reynolds 
number is small, the two contributions are 
initially comparable and the second one is 
rapidly negligible. The turbulent energy decays 
then aa t - q  and energy divides equally between 
the turbulent magnetic and velocity fields. 

Conditions of validity of Golitsyn’s 
equations 

The fundamental equations of incompressible 
magnetohydrodynamics may be written (e.g. 
Sutton & Sherman, 1965). 

avjat + v - V v  + IJeVp’ = h - V h  +vV8v, ( 1 )  

ah/at + v * V h  = h . V v  +IV‘h, (2) 

p’= p + t e h .  h; (3) (4) 

( 5 )  (6) 

with 
I = (pu) ’, 

V * h  = V * V  = 0. 

p is the pressure, v the velocity, h the local 
91fvBn velocity, v and I are respectively the 

kinematic and the magnetic viscosities ( p  is the 
permeability, (I the conductivity, e the density). 
If in addition “reduced” electric field and cur- 
rent are introduced by: 

e = (,w?FtE, j = (p /e ) ’ I ,  ( 7 )  (8) 

j = V x h = l - I  (e + v  x h ) ,  (9) (10) 
one has 

V . e =  - V . ( v x h ) .  ( 1 1 )  (12) 

Once v and h are determined by ( l ) ,  ( Z ) ,  (5) 
and (6), j is given by (9) and e by ( 1 1 )  and (12). 
[Note that (6) is always satisfied if it is at t = 0 
as a consequence of ( l l ) . ]  

The magnetic field is assumed to be the sum 
of an induced field and a uniform ambient 
field, i.e. h = b, + b. 

The essence of Golitsyn’s argument is the 
following: Equation (2) may be regarded as 
equivalent to the equation of heat conduction 
in a solid body with a diffusivity I and a source 
distribution h . VV - v . Oh. The accomodation 
time of the field h to the source distribution 
can be estimated from the diffusivity I and the 
characteristic length L of the problem as being 
of order I-lLz. Let t denote the characteristic 
time of modification of the turbulent field. 
Whenever t >l-’LZ we expect the magnetic 
field to adapt itself within a short time to the 
turbulence and develop further with the time 
scale of the “source”. Let 

ah v x e =  - -. 
at ’ 

e =el fez,  

where V x el = 0; V . e 8  = 0. 

According to equation ( l l ) ,  we have then 

e , - 0  (F). 
According to equation (12) 

el - O(vb,), 

or el -O(vb), 

depending upon which one is the largest. 

orders of magnitude of the various terms 

I V x h =  el + e, + v x b , + v x b  

Ab/L vb,, vb bLlr vb, vb (13) 
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Going back to equation (lo), we estimate the 

6 



MAQNETODYNAMIC TURBULENCE AT LOW MAGNETIC REYNOLDS NUMBER 637 

The condition t > I - l L s  entails that e, is negli- 
gible as compared to I V  x h. The balance of 
the remaining terms requires then 

b - 0  - b -O(R,b,). (: 0 )  

Hence, under the two conditions 

L ’ t l t ,  (14) 

R, < 1, (15) 

we may neglect e, (the electric field is then a 
gradient to a very good approximation) and 
the induced field b as compared with the applied 
one. Equation (10) may be written: 

AV x h =el  + v  x b,. (16) 

Taking now the curl, we obtain equation (2) 
under the simple form 

b, -Vv  +AV*b = 0. (17) 

This equation is the same as if the system were 
stationary. This is not surprising. Since the 
time scale of turbulence is much larger than 
the accomodation time of the b field, the tur- 
bulence acts as a “stationary source” on this 
field. This argument was promoted by Golitsyn 
(1960). Golitsyn further assumed that the char- 
acteristic time of modification of the turbulent 
field r is O(v-lL). 

I n  this cme, the condition ( 1 4 )  i s  identical to 
(15) ,  and Golitsyn’s hypothesis reads: whenever 
R, < 1, one may neglect the induced magnetic 
field aa compared with the applied one in equa- 
tions (1) and (2) and the time derivative of b 
in equation (2). Now the assumption that 
T -O(v-l.L) is not generally true. 

I t  preaupposea first ,  that the turbulence is suffi- 
ciently evolved for its time scale of modification 
to be set by the m- l inear  tramfer and not by the 
Viacow, dissipation; secondly, that the characteris- 
tic time of magnetic intervention in the turbulence 
-which by comparison of the first t e r n  in the 
left- and right-hand sides of ( 1 )  may be estimated 
of  order b ; ’ b - ’ v L j ,  ah0 much larger than the 
time of &pta.twn of the b field. Clearly, indeed, 
if the coupling between velocity and magnetic 
fields works fast  enough to impose the rate of 
resistive diffusion on turbulence, the charac- 
teristic time of change of the turbulent “source” 
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and the time of magnetic adaptation will be of 
the same order and the time derivative of b 
will have to be retained. This entails the neces- 
sity of an additional condition for Golitsyn’s 
equations to be valid, 

If the magnetic energy is not prohibitively 
larger than the kinetic energy, (18) follows from 
the condition that the magnetic Reynolds 
number is small. Hence Golitsyn’s equations 
are valid with the provisoes that the turbulence 
is sufficiently evolved and that the applied 
field is not too strong. An opposite situation 
where this second condition doesn’t hold and 
on the contrary an important imposed magnetic 
field ensures a dominant coupling has recently 
been studied by Ohji (1964). 

We wish to investigate here the cam when 
the first condition is not fulfilled, i.e. the prob- 
lem of weak turbulence in the final period of 
decay. In  the case of weak turbulence, the condi- 
tions (14) and (15) yield: 

V 
n - -a], (19) A 

VA 
Rm= - <l. 

A 

In  addition, there is the condition that the 
time of magnetic intervention in the turbulent 
velocity field be large as compared with the 
time of adaptation of the magnetic field to the 
turbulence. To express this condition in the 
final period, it is necessary to be a little more 
specific than previously. Indeed the applied 
magnetic field has a strong anisotropic influence 
on the turbulence. This influence is impeded in 
developed turbulence by the non-linear cascade 
and redistribution of energy between different 
eddy sizes and orientations, but it probably pre- 
vails in the last stages of decay when the non- 
linear redistribution has considerably weakened. 
It is thus advisable now to distinguish between 
general variations of the b field and variations 
along b, alone. Let x be a characteristic wave 
number such that x - l = L  and let p be its 
component along b,. The characteristic time of 
adaptation of the magnetic fieId to the turbu- 
lence is (Ax*)-l while now the Characteristic 
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time of magnetic intervention in the turbulent 
velocity field is -bilb-l(px)-lv. Hence (18) 
must be replaced by: 

In the two cases n = 4 and n = 2, considered 
by Deissler the condition (19) is not realized 
and we may forecast that the results obtained 
with Golitsyn's equations will not check against 
the numerical calculations of Deissler. I n  the 
third case n = lo-' discussed by Deissler, the 
first condition is satisfied. However, in decaying 
turbulence, there is an increase of scale together 
with a decrease of the kinetic energy. This 
second effect being very likely more important, 
R, remains most certainly smaller than 1 if it 
is initielly. The case is different for N ,  where 
b, is a constant. At some ultimate stage the 
condition N ,  < 1 is necessarily reversed and 
Golitsyn's equations cease to be valid. However 
a detailed analysis with Lehnert's equations 
will show that if n is sufficiently smaller than 
1 (condition 19) the time necessary to observe 
significant changes due to the abandon of the 
condition on N ,  falls largely beyond all experi- 
mental limits. This is due, aa i t  will be seen, 
to the fact that, when n < l ,  the dominant 
contribution to the energy comes from wave 
number vectors perpendicular to the applied 
magnetic field (p  - 0 )  and for these wave num- 
ber vectors, the condition (21) is always 
satisfied. 

The final period of decay 

The equations for the final period of decay 
of incompressible magnetoturbulence in the 
presence of a uniform ambient magnetic field 
were established by Lehnert. They are, in ad- 
dition to (15) and (6): 

(22) 
av 1 
- + - Vp" = b, * V b  + vV'b, 
at e 

ab 
at 
- = b,  * V V  + LV'b. 

Introducing a spectral kinetic energy tensor, a 
spectral magnetic energy tensor and a spectral 
interaction tensor respectively by: 

Lehnert derived and solved the equations for 
Q,,, AZj ,  y ip  Spherical coordinates ( x ,  p, w )  
being chosen in wave number space and p 
being referred to the direction of the applied 
field, the solutions for the energy densities: 

read 

where the following dimensionless paramet,ers 
have been introduced for compactness: 

t 
= =  e '  (34) 

and where the + and - signs correspond res- 
pectively to v < I  and v >A. The "inhibition 
time" 0 is given by: 

(35) 

and is characteristic of the process of draining 
of energy from the field of smallest diffusivity 
by the other field through the coupling due to 
the applied magnetic field (Nihoul, 1963). 
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The same initial conditions ae Deissler's have 
been assumed, i.e.l 

(!2)t=o = R, = Cx* (C constant), (36) 

Deissler (1963) derived independently the 
solutions (29) and (30). To obtain the total 
kinetic and magnetic energies, he then inte- 
grated numerically over all wave number space 
for values of n = v / l  equal to lo-', t and 2. 
He found that, for t sufficiently larger than 0, 
in the last two cases, the situation tended to 
equipartition while, in the first case, equiparti- 
tion was not attained before the turbulence 
was damped out. 

Now, if we accept Golitsyn's argument when- 
ever R, < 1-disregarding the discussion of the 
preceding section-Lehnert's equations may be 
further simplified and the time derivative of b 
may be neglected in (23). The solutions for R 
and A are then (with the same notations as 
previously): 

the + and - signs corresponding respectively 
to v < A  and v >A. 

The total kinetic energy ( K ,  say) and the 
total magnetic energy ( M ,  say) are obtained by 
integration of (29) and (30) or (39) and (40) 
over all wave number space. We seek here the 
asymptotic form of these integrals for large T 
by the method of steepest descent. The advan- 
tage of this analytical method is that it gives 
the asymptotic law of decay, a result beyond 
the reach of Deissler's numerical approach and 
that it permits a detailed comparison of the 
results obtained by Lehnert's and Golitsyn's 
equations respectively. 

I. According to Golitsyn's equations, one has, 
using (31) and (36) and calculating the contribu- 
tion from the saddle point p = O  by Laplace's 
method (Erdelyi, 1956, p. 37). 

These conditions correspond to isotropic tur- 
bulence and zero magnetic fluctuations at the 
initial time. 
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(41) 

Both the kinetic and magnetic energies are found 
to decay as t-$ and: 

(43) 

11. The expressions of the total energies ob- 
tained from the solutions of Lehnert's equations 
are conveniently written as the sum of two 
components. The first of these components is 
independent of p. In  the second component, 
the integral over p is dominated for large t by 
the terms in em'. Hence: 

KL = K ,  +K, ,  (44) 

ML = M ,  +M, ,  (45) 
with 

(46) 
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The dominant contribution to these integrals 
comes from the saddle point p = O  (where 
u =PIP, u' =0,  u" = - P  i 0 )  and may be calcu- 
lated by Laplace's method (Erdelyi 1956) after 
expanding the functions [l  &u/[ua and 
p2/(uz -pa) in power series of p/a. 

we have: 

Hence, setting Q =#?(/I - 1) U'T, we get: 

J. NIHOUL 

1 "  
B = 2 r(g-n)r(* tn) [2 (p-  l ) in+ l  

0 

= -z [2(p- i )13r[1+2(~-r) i -3  

+[2(p-1)]4[1+2(p-1)]-* 

+ b [ W -  1)1[1+ 2(8-  lllrl. 

There are thus two contributions to the total 
energy calculated from the solutions of Lehnert's 
equations: one which decays as t 8 as in ordinary 
turbulence and corresponds to equipartition of 
energy (see equation 46), one which decays as 
t - 3  and leads to a partition of the energy in a 
ratio which is a function of p, i.e. in second 
instance of the ratio of the two diffusivities. 
To determine which of these composants is the 
most important let us compare the total 
(kinetic +magnetic) energy in the two compo- 
nents. We have: 

and thus the first component will dominate 
after a time given by: 

n(A+B)' p4 
tl = 

18 ( p -  1y .  

Let us examine separately the cases n < l  
(n = say), and n- 1 (n = i), 2, say). In  
the first of these cases we expect the solutions 
obtained with Lehnert's and Golitsyn's eqria- 
tions to coincide; at least up to a certain time 
when possibly the condition on N ,  reverses 
(see the discussion in the preceding section). 
Simple calculations give: 

n t l ,  p - 1 < 1 ,  p-1,  

x 
T l N - ( p - 1 ) - s ( w 1 0 ' 4  for nN10-')), 

2 

nU1, p - 1 - 1 ,  p-1, ?1-0(1).  

Hence: 

In the case n < 1- 
1. The t-' component dominates up to a time 

so large that the turbulence is practically 
damped out. Taking for instance b, - 10, A - 1 ,  
v-10-7 in M K S  units,' one finds 0 - l o - *  and 

These values correspond to laboratory experi- 
ments with mercury. 
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the effective law of decay is t -a  for all time 
such that lo-' <t < 1088, i.e. practically the 
life-time of the turbulence. 

2. I n  the t - l  component, the ratio of kinetic 
to magnetic energy is 

K , A  6 1 
5% B B - 1  v 

. . - - - - 3 - .  

The energy is partitioned between the turbulent 
velocity and magnetic fields in the inverse ratio 
of their respective diffusivities' and equiparti- 
tion is not realized before a time inaccessibly 
large when the law of decay reverts to tKf. 
This agrees with Deissler's results. 

3. The solutions obtained from Lehnert's and 
Golitsyn's equations are identical. We have 
indeed (for B - 1): 

1% the erne n - 1- 
1. The t K g  component and the t-a component 

are initially comparable and, since i t  decays 
faster, the second one becomes rapidly negli- 
gible. 

2. I n  the t - *  component, energy is partitioned 
equally between kinetic and magnetic fields in 
agreement with Deissler's numerical calculations. 

3. Golitsyn's equations give only the negli- 
gible t-' component and thus lead to incorrect 
results aa predicted by our discussion above. 
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