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ABSTRACT 

The present paper continues an investigation on the analogy between fluids which are 
rotating and fluids which are stratified. The analysis has been extended to  include 
rotation in the stratified system and stratification in the rotating system. Even though 
the basic equations are the same we differentiate between the two systems on the basis 
of the forces which drive the motion. System Sn corresponds to adding rotation to the 
stratified system S, in a foregoing paper where the flow is driven by differential heating 
at the side boundaries. In system Q, stratification is added to the rotating fluid, Q, 
which is driven by differential vertical vorticity at  the top and bottom boundaries. 
It is shown that an exact analogy continues to hold when the flow is two-dimensional 
and when certain variables are identified with each other in the two systems. Combining 
rotation and stratification of the same order inhibits the outflow from the boundary 
layers which was found to be necessary in the simple systems, and the buoyancy and 
Ekman boundary layers play no role in two-dimensional flow. The entire fluid is 
dominated by diffusive processes. In system Sa three-dimensional flows have significant 
buoyancy layers. When the added process (rotation in system Sn or stratification in 
system a,) is introduced as a higher-order correction, it can lead to  zero-order changes 
in two-dimensional flows but has only higher-order effects in the three-dimensional 
Sn system. It is also shown that the rotating, stratified fluid has no boundary layers of 
the type found by Stewartson (1957) for rotating homogeneous fluids. 

1. Introduction 

The title of this paper is meant to be am- 
biguous. One can correctly interpret it  as “the 
analogy between fluids which are stratified and 
fluids which are rotating”. Alternatively one 
can read the title as applying to fluids which 
are both rotating and stratified and that too 
happens to be correct. However, in the latter 
case the title is somewhat meaningless because 
an  analogy must exist between two separate 
concepts. The fact is that under certain condi- 
tions rotating, stratified fluids which are driven 
by heating at the sides behave in an  analogous 
fashion to rotating, stratified fluids which are 
driven by vorticity at the upper and lower 
boundaries. Hence, this paper is an  extension 
of an  investigation (Veronis (1967), hereafter 
referred to aa I) of the analogy between ho- 
mogeneous, rotating fluids (system Q) and 
stratified non-rotating fluids (system S). 

I n  I the exact analogy between two-dimen- 
sional, steady, linear flows in systems Q and S 
was discussed and particular emphasis was 
placed on two simple problems in each system. 

The stratified fluid was forced by means of 
temperatures imposed at the side boundaries 
symmetrically and anti-symmetrically. The ana- 
logous rotating problem involved corresponding 
boundary conditions on the zonal velocity at the 
upper and lower boundaries. The breakdown of 
the analogy in three-dimensional situations was 
investigated also. 

I n  the present work we add rotation to the 
stratified problem (denoting the combined 
system by Sn) and stratification to the rotating 
problem (system Qs). Although strictly speak- 
ing, in both systems, S,  and a,, we are con- 
sidering flows in a stratified, rotating fluid 
which differ only with respect to the applied 
boundary conditions, it  is worth while to keep 
the description separate in the sense of looking 
at the effects of rotation on stratified fluids 
and vice versa. The point is that  the analogy, 
looked at in this fashion, continues to exist and 
one derives results in one system which may 
help with the interpretation of the other. These 
reciprocal possibilities may be especially helpful 
in more complicated problems where non-linear 
and/or transient effects may enter and where 
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the analysis may be difficult to carry out without 
some intuitive aids. 

The problems are formulated in the next 
section where we non-dimensionalize the system 
in two ways, one appropriate to the system 
where the forcing is in terms of the zonal veloci- 
ties (a,) and the other where the system is 
heated a t  side boundaries (Sn). 

In  section 3 we discuss the buoyancy boun- 
dary layer and the analogous Ekman boundary 
layer and derive formulae which are useful in 
the analysis of the complete problems. The 
following section introduces again the expan- 
sion procedure used in I to analyze the flows. 
Then two situations are considered in each 
problem. E.g. in system Sn we treat the caaes 
where rotation is as strong in its constraining 
effect as is the stratification and then where 
the effect of rotation is an order lower. 

Section 5 contains the corresponding analyses 
of the three-dimensional problems in system 
S,, and the breakdown of the analogy (similar 
to the breakdown in the three-dimensional 
problems in S and R of I) is pointed out. 

The paper ends with a summary of the flows 
and some concluding remarks in section 6. 

The present work is the extension of the 
analysis in I and the latter waa developed from 
some lectures which were presented by me at 
the Woods Hole Oceanographic Institution dur- 
ing the summer of 1966. Although this work is 
self -contained, an earlier manuscript by Barcilon 
& Pedlosky (1966) develops the equations for a 
rotating, stratified fluid with the same expan- 
sion as that which is used here. Barcilon had 
previously given a similar expansion in a paper 
presented a t  the Rotating Fluids Conference in 
La Jolla, California, in March, 1966. The proce- 
dure is developed again in this paper because 
the non-dimensionalizations differ from that of 
Barcilon and Pedlosky; the present ones, being 
outgrowths of those in I ,  are oriented toward 
the analogous behavior of the two systems. 
Also, the emphasis in the entire work here is on 
the analogy. Barcilon & Pedlosky have at-  
temted a general development for problems of 
rotating, stratified fluids for linear steady flows 
but with anemphasis on the change which strati- 
fication brings about in the theory of rotating 
homogeneous fluids. Their notation and the one 
used here, an overbar for variables in the 
buoyancy layer and a tilde for variables in the 
Ekman layer, are the same. 
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2. Equations and non-dimensionalization 
We start with the Boussinesq form of the 

Navier-Stokes equations for a stably stratified 
fluid rotating with angular velocity R about 
the vertical axis: 

1 
v , + v * V V + ~ Q X V =  - - V p + g a T k  

e 

+ aTV [: (za + y8)] + vV'V, 

v . v = o ,  

4AT 
L 

T i +  v ' V T  f ~ W =  xVPT, 

e' = eaT, 

where v is the velocity with components (u, v, 
w) in the respective directions (z, y, z ) ,  k is 
the unit vector in the z direction, v and x are 
kinematic viscosity and thermal diffusivity, p is 
pressure, e ( =constant) is the mean density 
of the fluid, e' is the perturbation density 
expressed as a linear function of temperature in 
accord with the Boussinesq approximation, g 
is gravity, and a is the coefficient of thermal 
expansion. Equation (2 .3)  contains the stable 
linear temperature gradient aT/az = 4 A T / L  
written explicitly as the last term on the left 
hand side. L is a characteristic scale. 

We shall suppose that the horizontal ext,ent 
of the fluid is sufficiently small so that the 
centrifugal force term aTV [Oa(zn + y 2 ) / 2 ]  can 
be neglected relative to the gravitational term. 
Formally the condition can be expressed as 

(2 .5 )  

where H is the largest distance from the axis of 
rotation to a side boundary. This condition 
may be stated alternatively as follows: It is 
not possible for a rotating stratified fluid to be 
in a state of zero relative motion if diffusive 
processes are present and the stratification is 
brought about by conditions imposed a t  the 
boundaries. We shall m u m e  that the motions 
brought about by the combined effects of rota- 
tion and stratification are much smaller than 
those forced by the applied variations in the 
boundary conditions which we treat explicitly. 



622 0. VERONIS 

We shall non-dimensionalize the equations in 
two different ways. The first is baaed on the 
assumption that the flow is driven by boundary 
temperatures with amplitudes AT,. Then choos- 
ing parameters so that the hydrostatic relation 
will result naturally and also that the Rayleigh 
number appears as a significant parameter, we 
write 

I- ,- 

T =  2AT,l/aT', p=guAT&Ll/ap', 

to derive (dropping the primes) 

System 8, 

o-* [v, + EV * V V ]  + 2Fk x v = - V p  + 2Tk + RV'V, 

(2.7) 

at [Tt + EV * V T ]  -t 2w = RV'T, (2.8) 

where the following parameters appear: 

Prandtl number, a = :, 
x 

1 gaATL3 
= --, 

R XV 
Rayleigh number, R, = 

Measure of non-linearity, E = AT, /AT,  

Ratio o f  rotation and 

Brunt-Viiisalii frequencies, F = __ [g::Ll & -  

(2.9) 

Our second choice of non-dimensionalizing 
is based on the assumption that the quantity 
A T ,  above is the temperature change resulting 
from the flow forced by applied velocity dif- 
ference of magnitude V at the boundaries. 
Furthermore, if geostrophy is to be a natural 
consequence and the Ekman number is to 
appear aa a significant parameter, we are led to 
the choice 

R 
a, = - a,., 

p=eLVRp' ,  V =  -V'  

v = Vv', 

1 
L 

T = 2ATc G F T ' ,  va 
(2.10) 

so that V as described above is related to 
ATc by V = g u A T C 6 / R .  Thus we derive 

System Rs 
2 T .  
F 

a-'[vt+Ev. V V ]  + 2k x V =  - V p  + - k+EV'V, 

(2 .11)  

(2.12) 
2w 
F 

a t [ T t + ~ v . V T ]  + - = EV'T 

instead of (2.7) and (2.8), with the parameters 

(2.13) 
Rossby number, E = v v i / R L  

Ekman number, E = v/RL'. 

Systems Sr, and So have been chosen thus so 
as to preserve a certain symmetry. Depending 
on the specific conditions of the problem, par- 
ticularly the type of forcing which is involved, 
we shall choose one or the other of the two 
systems. 

Note that when a, = 0 and E + 0, we are led to 
the equations 

System S,  

2Fk  x v = - V p  + 2 T k  -t RV'V, (2.14) 

2w = RV'T;  (2.15) 

System R, 

2 T .  
F 

2 k x v = - V p + - k + E V z v  (2.16) 

2w 
F 
-- EV'T. (2.17) 

These are to be supplemented by equation (2.2). 
The partisular forms of the above for two- 

dimensional flow show the same duality as for 
the pure rotating or stratified systems (see I). 
Thus if all variations with respect to y vanish, 
we have for (2.14) 

-2Fv  = -p ,  -!- RV'U,  (2.18 a) 

2Fu = RV'v,  (2.18b) 

( 2 . 1 8 ~ )  

(2.19a) 

2u = EV'V,  (2.19b) 
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0 = -p ,  + 2 T  i- RV'W 

- 2 ~  = -p ,  + EV'U,  
and for (2.16) 
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(2.19 c) 2 T  a O =  - % + -  + EV W .  
E" 

The complete analogy between the two sets of 
equations is now evident if we make the follow- 
ing identifications: 

Variables Equations 

System SQ System Rs System Sn System CIS 

U f f W  (2.18 a)  (2.19 c )  
w - U  (2.18 b) (2.17) 
x - Z  ( 2 . 1 8 ~ )  (2.19a) 
2 - x  (2.15) (2.19 b) 
T N t J  
R - E  

1 
F - -  F (2.20) 

3. Boundary layers for the linear systems 
We shall treat linear, steady flows in which 

R,  or alternatively E, is very small. These con- 
ditions are typical of situations where boundary 
layer theory is applicable, and the present system 
is no exception. To investigate the form of the 
boundary layers it is instructive to inspect the 
two-dimensional equations for either system Sn 
or system as. If all but one of the variables are 
eliminated from equations (2.2), (2.15) and 
(2.18) the resulting equation contains the fol- 
lowing operator 

Boundary-layer stretching in z (for F = 0 ( 1 ) )  
balances the sixth z-derivative of the first term 
with the second term and requires 

a, = +R-&at, where aE = 0 ( 1 )  (3.2) 

Boundary-layer stretching in z balances the 
sixth z-derivative of the first term with the 
last term and requires 

a2= Lac, where ac=0(1).  (3.3) f, 
In  terms of E the above are 

a,= & 1/" a,= +E-*ac. (3.4) 

Now the z stretching corresponds to the 
buoyancy layer which is basic to problems in 
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stratified systems and which was discussed in I. 
The equations governing the buoyancy layer 
can be derived from equations (2.15) and (2.18 c) 
by stretching z as in (3.2) and neglecting the 
pressure term. Then denoting the dependent 
variables in the buoyancy layer by an overbar, 
we have the two equations 

TtE - 2 ~  = 0, GEE + 2 T  = 0. (3.5) 

The solutions which decay as E + 03 are 

;iij = (ao cos E +To sin E)e-c, 

T = (To cos [ -Go sin [ ) e - c ,  

(3.6a) 

(3.6b) 

where subscript zero corresponds to values at 
E = 0. The two-dimensional continuity equation 
is 

u, f W z  = 0 (3.71 

or in the boundary layer 

Integrating this equation from E = O  to E = 00, 

we derive 
Rh 

.ii = k - [?aoz + TozI. (3.9) 2 

For a three dimensional system the results are 
essentially the same but 5 must be interpreted 
as the stretched coordinate normal to the 
boundary. 

In  subsequent sections we shall make use of 
the buoyancy,layer near the boundaries z = - 1 
and z = 1 .  In  the former the substitution is 
z + 1 = R*E, in the latter 1 -z = R*[. Hence near 
z = 1 we must choose a negative sign in (3.9) so 
that 

R* 
f i lz=Fl=  +- [w0,+ TJ. (3.10) 

2 

The z-stretching corresponds to the Ekman 
layer which is fundamental to rotating fluid 
problems. It is convenient to use system sZs 
here and we derive from equations (2.18a, b) 
using a tilde for variables in the Ekman layer, 

Cgg + 2~ = 0, vgg - 2 6 ~ 0 ,  (3.11) 

with boundary layer solutions 
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4. Two-dimensional flows driven symmetri- 
cally and anti-symmetrically 

We first investigate some simple flows in two 
dimensions and compare the results with those 
derived in I for the rotating homogeneous (R) 
and non-rotating, stratified ( S )  systems. It was 
shown in I that two-dimensional steady flow in 
system S has an exact analogy in system R,  
provided that the boundary conditions cor- 
respond. The stratified flows which we studied 
were driven by' imposed temperatures a t  the 
side boundaries and the rotating flows by im- 
posed tangential velocities at the top and bot - 
tom boundaries. We now add rotation to the 
problem in system S and stratification to the 
problem in system R and determine what effects 
these added features have on the flows pre- 
viously derived. It should be kept in mind that 
we are looking a t  the flow in a stratified, rotat- 
ing fluid and our designations R, and Sn are 
to some extent artificial. However, if one keeps 
in mind the results which we derived for systems 
R and S, it is very instructive to see what 
changes are brought about by the respective 
additions of stratification and rotation. 

As in I we shall derive detailed results for the 
stratified system (Sn) and point out the analogy 
in the rotating system (a,). 

Problem 
Given a rotating, stratified fluid enclosed 

1, where the velocity between two walls at x = 

vanishes and the temperature is given by 

; = ( G o  cos [ - G o  sin { ) e - ' ,  (3.12b) 

where subscript zero corresponds to values a t  
5 =O.  The continuity equation (2.2) takes the 
form 

(3.13) W; = T E' [GI + ;,I 

and upon integration from 5 = 0 to 5 = 00 gives 

Analogous to the buoyancy layer the above 
result with the positive sign holds near the 
lower boundary which we shall take as z = - 1.  
Near z = 1 the substitution is 5 = (1 - z )  E -  *, so 

We have summarized the properties of the 
buoyancy and Ekman boundary layers for later 
use. These are the only two boundary layers 
which occur in the present system when F =  
O( 1). The Stewartson (1957) boundary layers 
of O ( E g )  and O ( E f )  and parallel to the direc- 
tion z for rotating fluids (normal to z for strati- 
fied fluids) do not appear in the combined 
system. The point is that the rotational con- 
straint generates Ekman layers in the vicinity 
of all horizontal surfaces and the stratification 
generates buoyancy layers near all vertical 
surfaces. The thicker 1/3 and 1/4 layers are 
thus preempted by the thinner 

As can be seen from the operator in equation 
(3.1) i t  is possible' for Stewartson boundary 
layers to exist in system Sn as long as F < RQ 
and in system R, as long as F-' < Eli. However, 
we shall restrict our attention in this paper 
(as we did in I) to the similarities and differences 
between flows driven by heating (system Sn) 
along lateral boundaries and by imposed veloci- 
ties (system R,) along top and bottom bound- 
aries. For these purposes it suffices to consider 
driving forces which vary harmonically along 
the respective boundaries. 

layers. 

The results regarding the existence of these 
boundary layers have also been derived by Barcilon & 
Pedlosky (private communication). 

T = - T , s i n z  a t  a = - 1 ,  

T = + T , s i n z  a t  a = l  (4.1) 

What are the resulting temperature and velocity 
distributions? 

The flow is independent of y and the pertinent 
equations are ( 2 . 2 ) ,  (2.15) and (2.18) with R a l .  
We shall follow the procedure given in I (to 
which the reader may refer for a detailed descrip- 
tion and justification) of writing the variables 
as the sum of two contributions: an interior part 
(subscript I) which is valid throughout the 
fluid and boundary layer parts (denoted by an 
overbar) which are valid only near x = k 1 and 
which decay as the distance from the boundary 
increases. The interior and boundary layer con- 
tributions are each expanded in powers of Rh 
(vid. I) as follows: 

Tellus XIX (1967), 4 
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We then order the equations according to the 
different orders of Rk. The results depend on 
the magnitude of P in the equations and we 
study the cases where P =0(1) and F =O(R*) .  

The sets (4.3a) and (4.3b) are identical in 
form. We see that up to O ( R )  stratification in- 
hibits vertical flow in the interior, just as in 
system S. However, the presence of rotation 
also inhibits flow normal to the axis of rotation 
just as in system R. (Since the condition P =  
0(1) means that the constraints of rotation and 
stratification are equally important, it is not 
surprising that the results reflect the presence 
of both processes.) The remaining variables are 
characterized by geostrophy and hydrostatic 
balance, but to O(R1) the flow is otherwise 
undetermined. We note that in the set of equa- 
tions a t  O ( R )  the variables with superscript ( 2 )  
can be eliminated to yield a single equation for 
TIo) or do) .  Thus 

V a  [T:: + PaT:2] = 0 (4.4 a) 

or va [Fzvg + v 9  = 0. (4.4 b) 

Boundary layer 
The boundary layer equations and their solu- 

tions provide boundary conditions for the in- 
terior variables. Note that we stretch the coor- 
dinate x as given by equation (3.2). 

O(R-*) :  g , P ) = O ,  fp= 0 * 1)(0)= 0, f p - 0 ;  

(4.5a) 
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Since 08 = 0 ,  it is necessary that a(o)  = O  and 
also that ,(l) = 0. Hence to O(Ro) we derive the 
buoyancy layer equations (3.5) and use the con- 
tinuity equation to solve for .iiC1). 

The solution for the buoyancy layer has the 
form (3.6). Now the velocity vanishes on the 
boundaries so w = 0 on x = 2 1 and since w(0) = 0 
everywhere by equation (4.3a), we must have 
W'o)  = O  on x = f 1. Thus the solution in the 
buoyancy layer is 

, , (4.6) %(O) = g i ( O )  sin t e - 5  giw =T(O) cos te-€ 

where F p G  

It is now possible to derive boundary condi- 
tions in terms of TIo) for the problem posed by 
equation (4.4a). We have specified that v = O  
on x = _+ 1 and since @ t o ' =  0 we deduce d o )  -0  
on x = k 1 or, making use of (4.3a) 

T'O'-O s -  on x=F1. (4.7) 

Furthermore the outflow condition (3.9) for the 
buoyancy layer can be written 

Since u = 0 a t  x = 1 and since u(O) = 0 every- 
where, .ii'o'l€=o = O  so Z'g) = O .  The boundary 
layer temperature can be expressed in terms of 
the interior and total temperatures by use of 
( 4 . 2 )  so we deduce 

The problem for T(0) is now completely speci- 
fied by (4.1), (4.4a), (4.7) and (4.9). The solution 
with symmetric heating, i.e. T = - T o  sin z on 
x =  k1 is 

TIo) = ( A  cosh x + B cosh Fx) sin z, (4.10a) 

where 
- FT, sinh P 

F cosh 1 sinh F - sinh 1 cosh F' 
A =  

(4.10 b) 
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From the zero-order geostrophic and hydro- 
static balances we conclude 

v l o l  = - ( A  sinh z + F B  sinh Fz) cos z. (4.11) 

This solution is very close to that which 
was found in I for system 8, where we deduced 
that the fluid was simply restratified by sym- 
metric heating with uniform temperature across 
each level. Here there is a slight departure from 
a uniform temperature when F = 1. The point 
is that diffusion controls the temperature distri- 
bution and gives rise to an almost uniform 
temperature across the fluid. There is no cross 
velocity, u, and only enough zonal velocity, w, 
to compensate geostrophically for the slight 
deviation of the temperature from a horizon- 
tally uniform value. 

When the heatingisantisymmetric, i.e., T = +To 
sin z on z = 1, the solution is similar to (4.10) 
and (4.11) but with cosh and sinh interchanged. 
The result shows a temperature distribution 
which departs not too far from a linear de- 
pendence on z when F = 1. This result is very 
different from the one for a non-rotating, strati- 
fied fluid where we found that the temperature 
deviation vanished in the interior and that 
boundary layer contributions brought about the 
change from the boundary to the interior 
values. Also, in system S the fluid at each level 
flowed uniformly across the interior from one 
boundary to the other. 

Now, the outflow, u, from the buoyancy layer 
is inhibited by the constraint of rotation and 
thus the buoyancy layer cannot be maintained. 
The temperature variation is dominated by 
diffusion as in the case of symmetric heating. A 
relatively strong zonal velocity, w, is necessary 
to balance the horizontal temperature gradient 
locally. 

The analogous picture for system sl, can be 
derived by noting the substitutions listed a t  
the end of section 2. In  this case if we suppose 
that the flow is driven by an imposed zonal 
velocity 

v =  -wosinz on z =  -1 ,  v =  +vosinz on z = 1 ,  

(4.12) 

we deduce exactly analogous results. Thus the 
solution with symmetric driving conditions is 

(4.13a) d o )  = ( A  cosh z + B cosh Fz) sin z, 

where 

- v,, P sinh F 
F cosh 1 sinh F - sinh 1 cosh F' A =  

sinh 1 
F sinh F 

A B =  -~ (4.13 b) 

and 

T'O) = - ( A  sinh z + FB sinh F z )  cos z. (4.14) 

The solutions (4.13) and (4.14) can be translated 
from (4.10) and (4.11) with the use of the equiv- 
alences of section 2. Thus when F = 1  the 
zonal velocity is nearly uniform in z and there is 
only a slight temperature variation which ac- 
companies the non-uniformity of v. 

vo sin z 
on z = ri: 1, the zonalvelocity varies nearly linearly 
with z when F = l  and is accompanied by a 
strong temperature variation across the fluid. 
Because of the constraint of the stratification 
there is no vertical velocity anywhere in the 
fluid, hence no Ekman layer suction and no 
Ekman layer. Again the system is dominated 
by diffusive processes. 

CASE F =o(R*) 
Let B'=fRb where f is a constant of O(1). 

Then proceeding as before we derive an ex- 
panded set of equations from (2.2), (2.15) and 
(2.18) for the interior and the boundary layer 
regions. 

Interior 

In the antisymmetric case where w = 

O(Ro): p f '  = 0,  u:) = 0, ~ 1 ' )  = 0, p f )  = 2T'"; 

(4.15 a) 

(4.15 b) 

O(Rb) :  p y  = 2fv'0', u(o) = 0, w'1) = 0, 

uy)  = 0 9 2  p(l) = 2T('); 
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Hence, 

Again we shall look a t  the flows determined 
by the conditions (4.1) together with v = O  on 
z =  f l .  

The reader can either refer to I or verify for 
himself that the set of equations leading to a 
solution for u ( o ) ,  plo), w(O), T(O), u(l) is exactly 
the same as that for the non-rotating system 
( F - 0 ) .  Specifically, we find that the problem 
with symmetric heating, i.e. T = - T o  sin z on 
x = +1, leads to 

~ 1 0 )  = 0 ~ ( 0 )  = 0 TIO) = - T ~ ( 1 )  = 0. 
0) 

Hence, using the second of equations (4.15~) 
with u(1) = 0 and the derived result zito) = 0, we 
deduce 

v(0) = 0. (4.18) 

The solution with symmetric heating is thus 
identical to the one derived when F = O .  no 
changes are brought about by higher-order cor- 
rec tions. 

For awtisymmetric heating ( T  = f To sin z at 
x = f 1) the zero-order solution in the interior is 
again identical to that for the non-rotating case. 
Thus, 

TO u(O) = 0, w(O) = 0, T(O) = 0, u(') = - cos 2. (4.19) 
2 

Letting d o )  -&(z) cos z, we see that the second 
of equations (4.15~) leads to 

(4.20) 

Since w = O  on x = f 1  and B ( O ' = O  by (4.16b) the 
boundary condition on & is 

& = O o n z =  *I,  

and the solution for d o )  is 

cosh x 
w'o)=fTo (z - 1) cos z .  (4.21) 

Thus, a weak rotation (with P=O(Rh) )  gives 
rise to a zero-order zonal velocity in the interior. 
The Coriolis force associated with this value of 
the zonal velocity is, of course, O ( R * )  because w 
is multiplied by P in the original equation. 
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Through the geostrophic and hydrostatic re. 
lations in (4.15b) we find that an O ( R * )  tem- 
perature is associated with w ( O 1 .  The equation to 
be solved is 

and we find that 
sinh x 

T(') =!To [z - i x ]  (4.22) 

where we have made use of the boundary layer 
equations (4.16~)  to show that T(') is anti- 
symmetric, i.e. that the integration constant is 
zero. (The anti-symmetry of TI1) is obvious 
intuitively. ) 

In  the anti-symmetric situation it is impor- 
tant to note that the stratification requires a 
buoyancy layer to adjust the boundary values. 
When rotation is equally strong ( P  = l ) ,  the 
buoyancy layer vanishes because the outflow 
required for the existence of a buoyancy layer is 
suppressed by the rotation. A weak rotation 
(P=O(R&)) ,  on the other hand, is not suffi- 
ciently strong to inhibit the outflow and a flow 
similar to that of the non-rotating fluid is 
established. Diffusion in the interior of the 
fluid balances the weak effect of rotation to give 
rise to a zonal velocity. The latter balances a 
horizontal variation of temperature through the 
thermal wind relation. It should be kept in 
mind that the roles of both w ( O 1  and TI1) are 
rather passive, the principal dynamical bal- 
ance being that of the non-rotating system. 

The system a, has exactly analogous solu- 
tions for the case 1 /P = O(Et ) .  Thus, with sym- 
metric boundary conditions (recall that in 
system as we impose zonal velocities given by 
aquation (4.12) at the top and bottom bound- 
eries) the zonal velocity achieves a value uni- 
form in the vertical and the system behaves 
exactly as if there were no stratification. With 
antisymmetric boundary conditions an O(Eo)  tem- 
perature is generated and is balanced by a zonal 
velocity of O ( E t )  by means of the thermal wind 
relation. 

5. Extension of results to three-dimensional 
problems 

One of the results which we derived in I is 
that the rotating system in three dimensions is 
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essentially similar to the two-dimensional one, 
the main difference being the quantitative one 
of evaluating the vertical vorticity as v, - uv in- 
stead as only vz. The same conclusions hold with 
respect to system Q,, i.e. the addition of the 
third dimension brings no new qualitative 
results. It is not a difficult matter for the reader 
to verify that result, so we shall leave the 
system Rs and concentrate on Sa. 

We found in I that the addition of the third 
dimension in the stratified system brought 
about qualitative changes because motion in 
the added dimension is unconstrained by the 
stratification. We shall proceed with the formal 
analysis of the system Sn pointing out the 
changes brought about by the addition of the 
third dimension and then shall summarize the 
results in the next section. 

Problem 
Given a rotating stratified fluid enclosed 

between two walls a t  z = & 1 where the velocity 
vanishes and the temperature is given by 

T = -To sin y sin z at z = - 1, 

sin z a t  z = 1. T = F To sin y (5.1) 

What are the resulting temperature and velocity 
distributions? 

We shall proceed as in section 4, writing the 
variables in the expanded form (4.2). 

Therefore, the equations at O ( R n )  and O(Ra)  
are geostrophic, hydrostatic, and involve only 
horizontal motions. At O ( R )  we can eliminate 

the superscript (2) variables to derive the equa- 
tion 

V 2  [V'f TCO) + F a T 9  = 0. (5.3) 

Similarly, from the equations a t  O(R1) we 
deduce 

V a  [Vi  T") + F2Tyi,:'1 = 0. (5.4) 

The first of set (5.5b) gives W" = 0  and the 
second = 0. t Y 0 )  = 0 hm been used in the last 
of (5.5b). 

We shall use the boundary layer equations and 
their solutions to derive boundary conditions on 
T(o' and TI11 for equations (5.3) and (5.4). 

From (5.513) and (5.5b) we have . i i (o l  =0, 
B ( n l  = O .  Now since u = 0  and 2) = 0  on z = + 1  by 
assumption, we have u ( O )  =do) = O  on z = + - 1. 
Thus from the first three of equations (5.2a) 
we deduce 

- 
T'"=O and TF)=O on x= k l .  (5.6) 

The solution to the problem posed by equations 
(5.3) and (5.6) is easily seen to be 

(5.7) p o l  = 0. 

To get the boundary conditions on TI') we 
proceed as follows: Since w(") = 0 everywhere 
and w = 0 on z = & 1, it follows that GIo) = 0 on 
z = + 1. Then the buoyancy layer solution from 
equations (3.6) is the same as equation (4.6). 
Integration of equation (3.8) yields 

where !F$') = Fifo)I~=o. Since T(')= 0 from (5.7) and 
Tf" = =  TI^=,, - T(") we get 
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1 
Q(’)- ~ - ~ ~ l ~ = ~  sin (~+n/4)e-‘near  I =  -1-1. 

fi 
(5.9) 

Integrating the second of equations (5.5 c) with 
d’) -+ 0 as E + 00 yields 

a(’)= T - T ~ I ~ . - ~  cos ( ~ + n / 4 ) e - * n e a r x =  + I .  
F 

1/2 
(5.10) 

Now we use the geostrophic relations from 
equations (5.2 b) to write the conditions (5.11) 
in terms of T(”. We have for symmetric heating, 
i.e. T = - T o  sin y sin z on x = + 1, the condi- 
tions 

(5.12) T ( ’ ) I , = - ~  = - FTO ~ cos y sin z ,  
2 

and for aaymmetric heating the same but with a 
negative sign for each term a t  x = + 1. 

The solution to equation (5.4) with the condi- 
tions (5.12) is 

TI1) = (A(x) sin y + B(x) cos y )  sin z, (5.13) 

where for symmetrk heating 

FZT, 
A(%) = - 

2 

sinh sinh (121) 
-sib fi sinh ( V Z F z )  

fi cosh 1/2 sinh 1/1 + F a  

- 1/cF’ cosh 1/1+ Pp sinh 1/2 

(5.14 a) 
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X 

1/3 cosh sinh (f ix)  

- 1/2 cosh 1/2 sinh (1/* x) . (6.14b) 

- 1/2cosh 1’2 sinh 11 + Fa 

With anti-symmetric heating the solution is the 
same as above with To replaced by -To ,  and 
with sinh and cosh interchanged. 

Because the interior flow to this order is two- 
dimensional a stream function can be defined by 

%I , $ y l I  = ‘yI, u l l )  = - 

and we have 

1 
( A  sin y + B cos y )  cos z .  (5.16) 

y =  -P 
Hence, the results for this problem show that 

TIo) vanishes irrespective of the symmetry of 
the heating and the first correction to interior 
temperature is at  (I(&). The result differs very 
much from the two-dimensional system in 
which the interior temperature varied roughly 
linearly from the value at  one boundary .to that 
at the other. It also differs from the three- 
dimensional picture for the system S (vid. I) in 
which we concluded that the interior tempera- 
tures, T(0) and T(”, vanished identically. In  
terms of order-of -magnitude the present result 
lies between the two dimensional-system Sn 
and the three-dimemional system S. 

Note that a t  any level the interior stream- 
lines coincide (either parallel or anti-parallel) 
with the isotherms. We show the horizontal plan 
form of these contours in figures 1 and 2. For 
symmetric heating a fluid particle in a region of 
heating moves upward in the boundary layer, 
enters the interior in the region where 8To/az -= 0, 
executes the path partially shown in Fig. 1 
and returns to the boundary a t  a value of y 
where cooling takes place, sinks aa it cools, 
leaves the boundary layer when it has achieved 
the temperature of the ambient fluid, follows the 
same path as before but with opposite direction, 
enters the boundary layer again at the original 
value of  y and rises to its original position and 
temperature. The particle path differs from that 
of the non-rotating case in that the fluid enters 
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Y 
TI 
- 

X 
Fig. 1. The pattern of streamlines for interior flow 
of O(Rh)  is exhibited in the region 0 4z  4 1 for the 
three-dimensional case with symmetric heating. The 
fluid is heated at z = 1 with aTO/az > 0 in the region 
where the flow leaves the boundary and is cooled 
at z = 1 where the flow enters the boundary. The 
effect of rotation is evident from the skewness of 
the trajectories; in the non-rotating case the stream- 
lines enter and leave the boundaries symmetrically. 
The boundary layer near z = 1 where the fluid rises 
before it leaves the boundary region and sinks after 
it enters is not shown. The pattern at a lower level 
is anti-parallel to the one shown. The flow pattern 
is repeated in y with period 2n. In  the region 
n < y $ Z x  the pattern is identical except for the 
sign, i.e., y ( y + x )  = - y ( y ) .  

and leaves the boundary layer at an angle to 
the normal and the streamlines in the interior 
reflect the presence of rotation through the 
skewness of the pattern. In the non-rotating 
case the streamlines are symmetric about the 
plane y = n/2 and anti-symmetric about the 
plane y = 0. 

Anti-symmetric heating gives rise to the 
interior streamline (and isotherm) pattern 
shown in figure 2. Again the rotation causes the 
streamlines to be inclined to the normal a t  the 
boundaries and the entire pattern between 
y = 0 and y = n shows a general curvature in the 
same direction. In  the non-rotating case the 
pattern is symmetric about the plane y = 4 2 .  

CASE F = O ( R h ) .  ( F  =fRf, f =O(l))  

We shall not treat this case in the same detail 
as the previous ones because we can show rel- 
atively easily that the results differ from those 
of system S (i.e. the non-rotating case) only in 
som0 of the details of the flow in higher order. 

Y 
71 
- 0.5- 

0 
0 05 1.0 

X 
Fig. 2. The pattern of streamlines for interior flow 
of O(R6)  is exhibited in the region 0 <z < 1 for the 
three-dimensional case with anti-symmetric heating. 
The fluid is heated with aTo/az > 0 at z = - 1 and 
cooled at z = 1.  Particles sink in the boundary layer 
(not shown) near z = 1. At a lower level the flow is 
anti-parallel to  the one in the figure. Rotation 
causes the streamlines to leave and enter the bound- 
ary at an angle and to bend further to the right 
than they do in the non-rotating case. Also, in the 
latter case the streamline pattern is symmetric 
about the planes y = ( 2 m - l ) n / 2  (m an integer). 
In  the present flow the pattern is anti-symmetric 
about y =mn. 

Interior 

Boundary layer 
The pertinent boundary layer equations are 
(4.5) and the conclusions are effectively the 
same for the boundary layer variables. Thus 
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We note immediately that T(0) = 0 throughout 
because of the imposed harmonic y dependence. 
That T(11 likewise vanishes can be shown by the 
following argument: For the first two of equa- 
tions (6.16~) we note that 

V'(u:"' -@) - 0. (5.18) 

Since f i ( 0 )  = 0 and 8 ' 0 )  - 0, the boundary condi- 
tions u = 0 ,  v -0 onx = & 1, require that do) =0,  
d o )  = 0 on x = 5 1 and that means that equation 
(5.18) together with the last of (5.16a) requires 
that 

u ( 0 )  - 0, ~ ( 0 )  = 0 throughout. (5.19) 

Hence, from the set (5.16b) we conclude that 

T:) - 0, Tt' = 0. (5.20) 

We can now go on to solve for u(1) and dl) and 
hence T(*', but we note that we are simply 
solving for higher-order corrections to the solu- 
tions for the non-rotating system just as we 
might expect would be introduced by a higher 
order F.  The point is that no lower-order changes 
of the type that we found in the two-dimen- 
sional system are present in the three-dimen- 
sional S, system when F = O( Rt) .  

6. Summary and discussion 
We first summarize the results of the simple 

systems S and C2 and then discuss the results of 
the combined systems Sn and Q. 

For a homogeneous, rotating fluid, slow 
steady flow is determined by the processes 
which take place in Ekman boundary layers. 
When boundary conditions on vertical vorticity 
are applied to the upper and lower boundaries, 
the resultant flow in the interior of the fluid is 
such that the relative vorticity is the average 
of the vorticities at the two boundaries. When 
the applied conditions are symmetric, the in- 
terior vorticity equals the boundary vorticity 
and no boundary layers exist in the steady 
state (although boundary layers are necessary 
in the transient evolution to the steady state in 
an initial value problem). 

When the applied conditions are mti-sym- 
metric, there is no relative vorticity in the 
interior. In  the latter case Ekmm boundary 
layers are necessary to adjust the boundary 
vorticity to the interior. I f  the boundary vor- 
ticity is uniform, the E h a n  layer scte solely to 
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bring about this adjustment. I f  the applied 
vorticity varies along the boundary, an inflow 
or outflow from the boundary layer is created 
and the Ekman layer provides the necessary 
flow out of or into the interior. These remarks 
are pertinent for both two- and three-dimen- 
sional flow. 

A stratified, non-rotating fluid has an ana- 
logous behavior when the flow is steady, linear 
and two-dimensional (uniform in one horizontal 
dimension). In  this case, heating (or cooling) at 
the lateral boundaries is transmitted to a thin 
vertical slab of fluid by conduction and causes 
the fluid to rise (or sink). If the applied heating 
is symmetric, the rise of fluid near the two 
boundaries necessitates a sinking of fluid in the 
interior during a transient period and eventually 
the interior of the fluid is heated because the 
forced sinking brings fluid of higher temperature 
to lower levels. I n  the steady state there is no 
relative motion once the temperature of the 
interior fluid corresponds to the applied tem- 
perature and the system is thus effectively re- 
stratified. 

When the applied heating is anti-symmetric, 
warmed fluid rises and cooled fluid sinks near 
the appropriate boundaries and the interior 
fluid maintains its original temperature. In  this 
case buoyancy layers are necessary to adjust the 
temperature of the fluid from boundary to 
interior values. When the applied temperatures 
vary along the boundaries, this cayes more 
rapid vertical velocities in regions of more 
intense heating and a vertical divergence results. 
Thus, a horizontal flux of fluid from the interior 
is necessary for mass conservation. This flux of 
fluid to or from the interior through the action 
of the buoyancy layer is the thermal counterpart 
of Ekman suction in rotating fluids. 

When the applied temperatures can vary also 
in the horizontal direction along the boundaries, 
the fluid can adjust to the variable boundary 
temperatures by flowing in the horizontal direc- 
tion parallel to the boundaries. Flow in this 
direction is unimpeded by the stratification. 
This added degree of freedom brings about 
distinct changes in the behavior of the fluid. 
The case with symmetric heating now involves 
horizontal flows in the interior with no change 
in the interior temperature at either zero or 
first order, i.e. the fluid is not restratified. In 
fac t  the thermal structure of the flow is the 
same in the cases with symmetric and anti- 
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symmetric heating, the only difference between 
the two cases being in the detailed pattern of the 
interior streamlines. The interior flow is dom- 
inated in both cases by diffusive processes; 
the velocities are first-order and join to buoyancy 
boundary layers, which are necessary to adjust 
the zero interior temperatures to boundary 
values. 

The combined problem, i.e., adding stratifi- 
cation to the rotating system or adding rotation 
to the stratified case, shows quite different be- 
havior from the simple systems. In the two- 
dimensional flows the systems again behave 
analogously. 

The addition of stratification of O(1) to 
system R inhibits vertical velocities. For the 
case of symmetric boundary conditions the 
stratification does not drastically alter the 
results of the simple rotating system which 
involved a uniform vorticity from one boundary 
to the other. The only change which is brought 
about by the stratification is to cause the pro- 
cess of diffusion to play a large role but diffusion 
does not have a large effect on variables which 
are already uniform in one direction and slowly 
varying in the other. 

The flow in the anti-symmetric situation, on 
the other hand, is completely altered. Since the 
stratification inhibits vertical velocities, the 
required vertical velocity of the Ekman suction 
is no longer possible and in fact the Ekman 
layer disappears. The entire flow is now dom- 
inated by diffusive processes and the interior 
vorticity varies uniformly from the value a t  
one boundary to the value of the other. As- 
sociated with this zero-order vertical shear in 
the zonal velocity is a zero-order temperature 
variation across the fluid. This is the familiar 
thermal wind balance. 

Even though we have drawn a distinction 
between the cmes with symmetric and anti- 
symmetric boundary conditions i t  should be 
noted that there is no qualitative difference 
in the physical processes which dominate when 
stratification is added to system R. In the 
symmetric case there was uniformity to begin 
with and the effect of diffusive processes in 
the interior does not change the situation 
very much. In  the anti-symmetric situation 
stratification inhibits the vertical velocities 
which dominated the interior in the simple 
rotating system and diffusion now brings about 
a huge change in the behavior of the interior. 

But the difference between the symmetric and 
anti-symmetric situations is quantitative, not 
qualitative. 

The two-dimensional system S, is analogous 
to the system a,. The addition of rotation of 
0 ( 1 )  to system S inhibits the outflow from the 
buoyancy layer so that diffusive processes dom- 
inate in the interior. Again the effect is not 
quantitatively noticeable in the case with sym- 
metric heating and the system takes on the ap- 
pearance of being restratified aa it was for the 
non-rotating case. With anti-symmetric heating, 
however, the inhibition of the buoyancy layer 
outflow by rotation eliminates the buoyancy 
layer and diffusion dominates, causing a uni- 
form change of temperature across the interior. 

When the rotation is only O ( R ) )  in system SQ, 
the two dimensional symmetric problem is un- 
changed from the non-rotating one. Slow rota- 
tion introduces a small Coriolis term which is 
balanced by diffusion in the interior. However, 
since there was no buoyancy layer outflow in 
system S (the latter provides the zero-order solu- 
tion) there is no Coriolis force to balance the 
diffusion of zonal velocity so there is no change 
introduced by slow rotation. For the case of 
anti-symmetric heating there is a buoyancy 
layer outflow at zero-order (the solution to 
system S) and even though the Coriolis force is 
small, a zero-order zonal velocity is generated, 
the diffusion of which balances the Coriolis 
force. These two effects are not very significant 
dynamically because F - O ( R h )  but the zonal 
velocity is O(1).  The zero-order zonal velocity 
ie associated with a first-order temperature 
change through the thermal wind relation. 

Analogous results hold for the system R, 
when the stratification is O(E*) .  

When the boundary conditions vary in both 
directions parallel to the boundaries, the system 
a, shows no qualitative change from the two- 
dimensional rotating case with stratification. 
The three-dimensional stratified system with 
rotation of O(1) does change, however. The 
velocity is still of first order and is dominated by 
diffusion just as in the non-rotating C M ~  but the 
interior temperature has a non-zero value at 
O ( R t ) ,  i.e., an order lower then in the non- 
rotating case and active buoyancy layers exist. 
The effects of rotation can also be seen in the 
pattern of streamlines in the interior. The flow 
enters and leaves the boundary layer at an 
angle to the normal for both symmetric and 
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anti-symmetric heating and the interior stream- 
lines at  any given level are shown in figures 1 
and 2. 

Rotation of O ( R t )  has no significant effect on 
the three-dimensional stratified problem. 

Finally, we note that the form of the equa- 
tions in the stratified, rotating system (with 
both processes of O(  1)) precludes the existence 
of the Stewartson (1957) boundary layers. 
However, these can exist in the cases above 
where we investigated the effects of small rota- 
tion in stratified flows and vice versa. 

A concluding remark 

The foregoing investigation and that given in 
paper I contain some results in the study of 
fluids which are rotating and/or stratified. It is 
interesting to see how the analogy works in 
these linear steady systems and these two 
papers may be of some help in extending the in- 
vestigation to non-linear or non-steady prob- 
lems. My own feeling about the present ap- 
proach is that the restrictions to steady, linear 
flows is much too drastic a limitation for the 
combine drotatings, tratified system. The interior 
fluid is dominated by diffusive processes and one 
cannot help but feel uncomfortable about the 
applicability of a method which relies on the 
dominating influence of diffusion throughout 
the domain of interest. For the individual 
systems (a or S) the approach promises to be 
more useful although even in system S the 
three-dimensional cam contains a flow in the 
interior which is governed by diffusion. How- 

ever, this result is higher-order and one does 
deduce significant lower-order results indepen- 
dent of the diffusive processes. 
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Note 

After this paper was submitted for publica- 
tion I had an opportunity to see the manuscript 
of a second paper by Barcilon & Pedlosky (A 
Unified Linear Theory of Homogeneous and 
Stratified Rotating Fluids, J. Fluid Mech. in 
press) in which they discuss the behaviour of 
fluids which are stratified and rotating with 
Et 6 F-'<  Ef. They show that side wall bound- 
ary layers exhibit a triple structure with a 
buoyancy layer of thickness Rt c "hydrostatic, 
baroclinic layer of thickness F-' and a Stewart- 
son layer of thickness E f .  As in their earlier 
paper their discussion is concerned with the 
changes which stratification brings to system R. 
It is clear from the foregoing work that exactly 
analogous results can be derived for system Sn, 
with a triple boundary layer structure when 
R " F ~ R * .  
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