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ABSTRACT

The present paper continues an investigation on the analogy between fluids which are
rotating and fluids which are stratified. The analysis has been extended to include
rotation in the stratified system and stratification in the rotating system. Even though
the basic equations are the same we differentiate between the two systems on the basis
of the forces which drive the motion. System Sq corresponds to adding rotation to the
stratified system 8, in a foregoing paper where the flow is driven by differential heating
at the side boundaries. In system QS stratification is added to the rotating fluid, Q,
which is driven by differential vertical vorticity at the top and bottom boundaries.
It is shown that an exact analogy continues to hold when the flow is two-dimensional
and when certain variables are identified with each other in the two systems. Combining
rotation and stratification of the same order inhibits the outflow from the boundary
layers which was found to be necessary in the simple systems, and the buoyancy and
Ekman boundary layers play no role in two-dimensional flow. The entire fluid is
dominated by diffusive processes. In system Sq three-dimensional flows have significant
buoyancy layers. When the added process (rotation in system Sq or stratification in
system ()g) is introduced as a higher-order correction, it can lead to zero-order changes
in two-dimensional flows but has only higher-order effects in the three-dimensional
Sq system. It is also shown that the rotating, stratified fluid has no boundary layers of

the type found by Stewartson (1957) for rotating homogeneous fluids.

1. Introduction

The title of this paper is meant to be am-
biguous. One can correctly interpret it as ‘‘the
analogy between fluids which are stratified and
fluids which are rotating”. Alternatively one
can read the title as applying to fluids which
are both rotating and stratified and that too
happens to be correct. However, in the latter
case the title is somewhat meaningless because
an analogy must exist between two separate
concepts. The fact is that under certain condi-
tions rotating, stratified fluids which are driven
by heating at the sides behave in an analogous
fashion to rotating, stratified fluids which are
driven by vorticity at the upper and lower
boundaries. Hence, this paper is an extension
of an investigation (Veronis (1967), herecafter
referred to as I) of the analogy between ho-
mogeneous, rotating fluids (system ) and
stratified non-rotating fluids (system S).

In I the exact analogy between two-dimen-
gional, steady, linear flows in systems Q and §
was discussed and particular emphasis was
placed on two simple problems in each system.

The stratified fluid was forced by means of
temperatures imposed at the side boundaries
symmetrically and anti-symmetrically. The ana-
logous rotating problem involved corresponding
boundary conditions on the zonal velocity at the
upper and lower boundaries. The breakdown of
the analogy in three-dimensional situations was
investigated also.

In the present work we add rotation to the
stratified problem (denoting the combined
system by Sgq) and stratification to the rotating
problem (system {)5). Although strictly speak-
ing, in both systems, Sg and g we are con-
sidering flows in a stratified, rotating fluid
which differ only with respect to the applied
boundary conditions, it is worth while to keep
the description separate in the sense of looking
at the effects of rotation on stratified fluids
and vice versa. The point is that the analogy,
looked at in this fashion, continues to exist and
one derives results in one system which may
help with the interpretation of the other. These
reciprocal possibilities may be especially helpful
in more complicated problems where non-linear
and/or transient effects may enter and where
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the analysis may be difficult to carry out without
some intuitive aids.

The problems are formulated in the next
section where we non-dimensionalize the system
in two ways, one appropriate to the system
where the forcing is in terms of the zonal veloci-
ties () and the other where the system is
heated at side boundaries (Sg).

In section 3 we discuss the buoyancy boun-
dary layer and the analogous Ekman boundary
layer and derive formulae which are useful in
the analysis of the complete problems. The
following section introduces again the expan-
sion procedure used in I to analyze the flows.
Then two situations are considered in each
problem. E.g. in system Sp we treat the cases
where rotation is as strong in its constraining
effect as is the stratification and then where
the effect of rotation is an order lower.

Section 5 contains the corresponding analyses
of the three-dimensional problems in system
Sq. and the breakdown of the analogy (similar
to the breakdown in the three-dimensional
problems in S and Q of I) is pointed out.

The paper ends with a summary of the flows
and some concluding remarks in section 6.

The present work is the extension of the
analysis in I and the latter was developed from
some lectures which were presented by me at
the Woods Hole Oceanographic Institution dur-
ing the summer of 1966. Although this work is
self-contained, an earlier manuscript by Barcilon
& Pedlosky (1966) develops the equations for a
rotating, stratified fluid with the same expan-
sion as that which is used here. Barcilon had
previously given a similar expansion in a paper
presented at the Rotating Fluids Conference in
La Jolla, California, in March, 1966. The proce-
dure is developed again in this paper because
the non-dimensionalizations differ from that of
Barcilon and Pedlosky; the present ones, being
outgrowths of those in I, are oriented toward
the analogous behavior of the two systems.
Also, the emphasis in the entire work here is on
the analogy. Barcilon & Pedlosky have at-
temted a general development for problems of
rotating, stratified fluids for linear steady flows
but with an emphasis on the change which strati-
fication brings about in the theory of rotating
homogeneous fluids. Their notation and the one
used here, an overbar for variables in the
buoyancy layer and a tilde for variables in the
Ekman layer, are the same.
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2. Equations and non-dimensionalization

We start with the Boussinesq form of the
Navier-Stokes equations for a stably stratified
fluid rotating with angular velocity €2 about
the vertical axis:

1 .
Vi+V - Vv+2Qxv= —-Vp+gaTk
e

QB
+aTV [3 (m’+y’)] + Vv, (2.1)
V.v=0, (2.2)
' 4AT ,
Ti+v- VT + Tw=xV T, (2.3)
o' = eaT, (2.4)

where v is the velocity with components (u, v,
w) in the respective directions (x,y, 2), k is
the unit vector in the z direction, v and x are
kinematic viscosity and thermal diffusivity, p is
pressure, ¢ ( =constant) is the mean density
of the fluid, ¢’ is the perturbation density
expressed as & linear function of temperature in
accord with the Boussinesq approximation, g
is gravity, and « is the coefficient of thermal
expansion. Equation (2.3) contains the stable
linear temperature gradient 87 /oz=4AT/L
written explicitly as the last term on the left
hand side. L is a characteristic scale.

We shall suppose that the horizontal extent
of the fluid is sufficiently small so that the
centrifugal force term 7'V [Q3(x? +y2)/2] can
be neglected relative to the gravitational term.
Formally the condition can be expressed as

Q'H

<1, (2.5)

where H is the largest distance from the axis of
rotation to a side boundary. This condition
may be stated alternatively as follows: It is
not possible for a rotating stratified fluid to be
in a state of zero relative motion if diffusive
processes are present and the stratification is
brought about by conditions imposed at the
boundaries. We shall assume that the motions
brought about by the combined effects of rota-
tion and stratification are much smaller than
those forced by the applied variations in the
boundary conditions which we treat explicitly.
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We shall non-dimensionalize the equations in
two different ways. The first is based on the
assumption that the flow is driven by boundary
temperatures with amplitudes AT,. Then choos-
ing parameters so that the hydrostatic relation
will result naturally and also that the Rayleigh
number appears as a significant parameter, we
write

gaAT VgocL
@=V—— . v= T AT,
¢ I &s V ATA oV

T=2ATVoT, p=gaAToLVop,

1
V=V

2.9
I (2.9)
to derive (dropping the primes)
System Sq
o ¥ (v, + eV UV]+ 2Fk x v= —Vp+ 2Tk + RV’,
(2.7)
T +ev  VI+2w=RV'T, (2.8)
where the following parameters appear:
v
Prandtl number, ¢ = —,
x
1 TL
Rayloigh number, B, = — - 7572
R »y
Measure of non-linearity, e= AT /AT,
Ratio of rotation and
o' |t
Brunt-Viisala frequencies, F = .
gaATa
(2.9)

Our second choice of non-dimensionalizing
is based on the assumption that the quantity
AT, above is the temperature change resulting
from the flow forced by applied velocity dif-
ference of magnitude ¥V at the boundaries.
Furthermore, if geostrophy is to be a natural
consequence and the Ekman number is to
appear as a significant parameter, we are led to
the choice
T =2AT, Vo FT",

Q
o=—=0, V= Vv,,

Vo

1
p=eLVQp', V=LV (2.10)

G. VERONIS

go that V as described above is related to
AT, by V =go:ATcl/o/Q. Thus we derive

System Qg
) ) oT. .
o v, +ev VY] 4+ 2k x V= —Vp+ FkJ“EV v,
(2.11)

i 2w 2
o [Tt+EV'VT]+F=EVT (2.12)

instead of (2.7) and (2.8), with the parameters

Rossby number, ¢= Wo QL

(2.13)
Ekman number, E = v/QLZ.}

Systems ¢ and S have been chosen thus so
as to preserve a certain symmetry. Depending
on the specific conditions of the problem, par-
ticularly the type of forcing which is involved,
we shall choose one or the other of the two
systems.

Note that when &, =0 and ¢ >0, we are led to
the equations

System Sq
2Fk xv=—Vp +2Tk + RVv, (2.14)
2w = RV*T; (2.15)
System Qg
. 27 . .
2kxv=—Vp+Fk+EVv (2.16)
2
= - EV'T. (2.17)
F

These are to be supplemented by equation (2.2).

The particular forms of the above for two-
dimensional flow show the same duality as for
the pure rotating or stratified systems (see I).
Thus if all variations with respect to y vanish,
we have for (2.14)

—2Fv = —p, + RViu, (2.184a)
2Fu = RV?y, (2.18b)
0= —p, +2T + RV?w (2.18¢)
and for (2.16)
—-2v= —-p, +EViu, (2.19a)
2u = EV2y, (2.19b)
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2T 2
0=-p,+ — + EVw. (2.19¢)
F
The complete analogy between the two sets of
equations is now evident if we make the follow-
ing identifications:

Variables Equations

—

System Sq System Qg  System Sq System g

u ~ w (2.18 a) (2.19¢)
w o~  u (2.18 b) (2.17)

z ~ 2 (2.18 ¢) (2.19a)
2 ~ (2.15) (2.19b)
T ~ v

R ~ E

F 1

Y F (2.20)

3. Boundary layers for the linear systems

We shall treat linear, steady flows in which
R, or alternatively E, is very small. These con-
ditions are typical of situations where boundary
layer theory is applicable, and the present system
is no exception. To investigate the form of the
boundary layers it is instructive to inspect the
two-dimensional equations for either system Sq
or gystem Q. If all but one of the variables are
eliminated from equations (2.2), (2.15) and
(2.18) the resulting equation contains the fol-
lowing operator

RV + 403, +4F" 53, (3.1)
Boundary-layer stretching in 2z (for F =0(1))
balances the sixth z-derivative of the first term
with the second term and requires

o,= +R o, where 9;=0(1) (3.2
Boundary-layer stretching in 2z balances the
sixth z-derivative of the first term with the
last term and requires

P V% 2, where 2=0(1). (3.3)

In terms of K the above are

F
2, =+ VE s, o,- +E Yo (3.4)

Now the =z stretching corresponds to the
buoyancy layer which is basic to problems in
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stratified systems and which was discussed in I.
The equations governing the buoyancy layer
can be derived from equations (2.15) and (2.18c¢)
by stretching x as in (3.2) and neglecting the
pressure term. Then denoting the dependent
variables in the buoyancy layer by an overbar,
we have the two equations

T ~2% =0, We+2T=0. (3.5)
The solutions which decay as & >oo are

W = (W, cos £ + Ty sin £)eE, (3.6a)

T = (T, cos & -, sin £)e§, (3.6b)

where subscript zero corresponds to values at
& =0. The two-dimensional continuity equation
is

U, +w, =0 (3.7)
or in the boundary layer
@ = + R Y, (3.8)

Integrating this equation from &=0 to & =oo,
we derive

Rt
= 5 [+ T,.]. (3.9)

For a three dimensional system the results are
essentially the same but & must be interpreted
as the stretched coordinate normal to the

boundary.
In subsequent sections we shall make use of
the buoyancy.layer near the boundaries x = -1

and #=1. In the former the substitution is
x+1= R*.E, in the latter 1 —z = R}E. Hence near
x =1 we must choose a negative sign in (3.9) so
that

3

_ Rt _
Apzi= £ [T+ T (3.10)

The z-stretching corresponds to the Ekman
layer which is fundamental to rotating fluid
problems. It is convenient to use system (g
here and we derive from equations (2.18a, b)
using a tilde for variables in the Ekman layer,

Gy +20=0, vpp—20=0, (3.11)
(<4 e

with boundary layer solutions
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@ = (#, cos C+130 sin C)e_‘:, (3.12a)

v= (v, cos £ -1, sin C)eft, (3.12b)

where subscript zero corresponds to values at
£ =0. The continuity equation (2.2) takes the
form

(3.13)

and upon integration from { -0 to {=oo gives

{fgg + Doy + Vg — gy} - (3.14)

Analogous to the buoyancy layer the above
result with the positive sign holds near the
lower boundary which we shall take as z = —1.
Near z =1 the substitution is £ =(1 —z) E %, so

- Et

Y Y (g + Doy + Dog — gy }.  (3.15)

We have summarized the properties of the
buoyancy and Ekman boundary layers for later
use. These are the only two boundary layers
which occur in the present system when F =
O(1). The Stewartson (1957) boundary layers
of O(E%) and O(E?) and parallel to the direc-
tion z for rotating fluids (normal to z for strati-
fied fluids) do not appear in the combined
system. The point is that the rotational con-
straint generates Ekman layers in the vicinity
of all horizontal surfaces and the stratification
generates buoyancy layers near all vertical
surfaces. The thicker 1/3 and 1/4 layers are
thus preempted by the thinner 3 layers.

As can be seen from the operator in equation
(3.1) it is possible’ for Stewartson boundary
layers to exist in system S( as long as F < R}
and in system g as long as F'< EY. However,
we shall restrict our attention in this paper
(as we did in I) to the similarities and differences
between flows driven by heating (system Sq)
along lateral boundaries and by imposed veloci-
ties (system €)5) along top and bottom bound-
aries. For these purposes it suffices to consider
driving forces which vary harmonically along
the respective boundaries.

! The results regarding the existence of these
boundary layers have also been derived by Barcilon &
Pedlosky (private communication).

G. VERONIS

4. Two-dimensional flows driven symmetri-
cally and anti-symmetrically

We first investigate some simple flows in two
dimensions and compare the results with those
derived in I for the rotating homogeneous ({2)
and non-rotating, stratified (S) systems. It was
shown in I that two-dimensional steady flow in
system S has an exact analogy in system Q,
provided that the boundary conditions cor-
respond. The stratified flows which we studied
were driven by'imposed temperatures at the
side boundaries and the rotating flows by im-
posed tangential velocities at the top and bot-
tom boundaries. We now add rotation to the
problem in system S and stratification to the
problem in system  and determine what effects
these added features have on the flows pre-
viously derived. It should be kept in mind that
we are looking at the flow in a stratified, rotat-
ing fluid and our designations Qg and S are
to some extent artificial. However, if one keeps
in mind the results which we derived for systems
Q and S, it is very instructive to see what
changes are brought about by the respective
additions of stratification and rotation.

As in T we shall derive detailed results for the
stratified system (Sq) and point out the analogy
in the rotating system ({g).

Problem

Given a rotating, stratified fluid enclosed
between two walls at « = + 1, where the velocity
vanishes and the temperature is given by

T=-Tysinz at r= -1,

T=+4Tysinz at r=1 (4.1)
What are the resulting temperature and velocity
distributions?

The flow is independent of y and the pertinent
equations are (2.2), (2.15) and (2.18) with R<1.
We shall follow the procedure given in I (to
which the reader may refer for a detailed descrip-
tion and justification) of writing the variables
as the sum of two contributions: an interior part
(subscript I) which is valid throughout the
fluid and boundary layer parts (denoted by an
overbar) which are valid only near x = +1 and
which decay as the distance from the boundary
increases. The interior and boundary layer con-
tributions are each expanded in powers of R?
(vid. I) as follows:
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i:fl“‘;’

fr=fO+ RO 4 Rf® 4 RY® 4 (4.2)

F=F + RO 4 BF 4 IO+

‘We then order the equations according to the
different orders of R}. The results depend on
the magnitude of F in the equations and we
study the cases where F =0(1) and F =O(R?).

Case F =0(1)
Interior
O(R"): 2Fv® = p’, 2Fu =0,

p® =27, 2u® ~; (4.3a)
O(RY): 2Fo® = pP, 2Fu® =

p® = 2T, 945V = (4.3b)
O(R): 2Fv®=p®, 2Fu® - v“v“” D =279,

w® =V T“” (2) . w =0. (4.3¢c)

The sets (4.3a) and (4.3b) are identical in
form. We see that up to O(R) stratification in-
hibits vertical flow in the interior, just as in
system S. However, the presence of rotation
also inhibits flow normal to the axis of rotation
just as in system (. (Since the condition F =
O(1) means that the constraints of rotation and
stratification are equally important, it is not
surprising that the results reflect the presence
of both processes.) The remaining variables are
characterized by geostrophy and hydrostatic
balance, but to O(R!) the flow is otherwise
undetermined. We note that in the set of equa-
tions at O(R) the variables with superscript (2)
can be eliminated to yield a single equation for
T or »®, Thus

vHTE + PPr91=0 (4.48)

or VHFO +0®)-0. (4.4b)
Boundary layer

The boundary layer equations and their solu-
tions provide boundary conditions for the in-
terior variables. Note that we stretch the coor-
dinate x as given by equation (3.2).

O(R™1y: a® = 0;

-0, @-0 = F"=0,
(4.58)
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O(R): wg+27%=~0, TQ-2wV=0, of=0,
214’13“’) +p8, af’ +w) -0, (4.5b)
Since ﬁg’;’ =0, it is necessary that ® =0 and

also that p* =0. Hence to O(R°) we derive the
buoyancy layer equations (3.5) and use the con-
tinuity equation to solve for @V,

The solution for the buoyancy layer has the
form (3.6). Now the velocity vanishes on the
boundaries so w =0 on 2 = +1 and since w ! =0
everywhere by equation (4.3a), we must have
w® =0 on = +1. Thus the solution in the
buoyancy layer is

w®

=T sin ge %, TO-TP cos ée™,  (4.6)

where TO=7T® l5=0
It is now possible to derive boundary condi-
tions in terms of 7'® for the problem posed by
equation (4.4a). We have specified that v =0
on z = +1 and since 99=0 we deduce v'® =0
on x = *+1 or, making use of (4.3a)
79=0 on =z=+1. (4.7)
Furthermore the outflow condition (3.9) for the
buoyancy layer can be written
(0),5 . %T(O) (48)
Since v =0 at = +1 and since 4@ =0 every-
where, @@ l5=0 =0 so T{) =0. The boundary
layer temperature can be expressed in terms of
the interior and total temperatures by use of
(4.2) so we deduce

T =T, e (4.9)

The problem for T'® is now completely speci-
fied by (4.1), (4.48), (4.7) and (4.9). The solution
with symmetric heating, i.e. T = —Tysinz on

r=+1is
T =(4 cosh x + B cosh Fx)sinz, (4.10a)
where
B —FT,sinh F
F cosh 1 sinh F —sinh 1 cosh F’
p- - _Smbl (4.10b)
Fsinh F )
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From the zero-order geostrophic and hydro-
static balances we conclude

v = — (A4 sinh « + FB sinh Fx)cos z. (4.11)

This solution is very close to that which
was found in I for system .S, where we deduced
that the fluid was simply restratified by sym-
metric heating with uniform temperature across
each level. Here there is a slight departure from
a uniform temperature when F =1. The point
is that diffusion controls the temperature distri-
bution and gives rise to an almost uniform
temperature across the fluid. There is no cross
velocity, 4, and only enough zonal velocity, v,
to compensate geostrophically for the slight
deviation of the temperature from a horizon-
tally uniform value.

When the heatingis antisymmetric,ie.,T=+T,
sin z on « = + 1, the solution is similar to (4.10)
and (4.11) but with cosh and sinh interchanged.
The result shows a temperature distribution
which departs not too far from a linear de-
pendence on x when F =1. This result is very
different from the one for a non-rotating, strati-
fied fluid where we found that the temperature
deviation vanished in the interior and that
boundary layer contributions brought about the
change from the boundary to the interior
values. Also, in system S the fluid at each level
flowed uniformly across the interior from one
boundary to the other.

Now, the outflow, %, from the buoyancy layer
is inhibited by the constraint of rotation and
thus the buoyancy layer cannot be maintained.
The temperature variation is dominated by
diffusion as in the case of symmetric heating. A
relatively strong zonal velocity, v, is necessary
to balance the horizontal temperature gradient
locally.

The analogous picture for system Qg can be
derived by noting the substitutions listed at
the end of section 2. In this case if we suppose
that the flow is driven by an imposed zonal
velocity

v=—ys8inz on z= —1, v=ty,sinx on z=1,
(4.12)

we deduce exactly analogous results. Thus the
golution with symmetric driving conditions is

v =(4 cosh z+ B cosh Fz)sinz, (4.13a)

where

VERONIS

B —v,F sinh F
F cosh 1 sinh F —sinh 1 cosh F’
B- sinh 1 413b
F ginh F . )

and

T = —(A sinh z + FB sinh Fz) cos z. (4.14)

The solutions (4.13) and (4.14) can be translated
from (4.10) and (4.11) with the use of the equiv-
alences of section 2. Thus when F =1 the
zonal velocity is nearly uniform in z and there is
only a slight temperature variation which ac-
companies the non-uniformity of v.

In the antisymmetric case where v = +v,sinz
onz = + 1, the zonal velocity varies nearly linearly
with z when F =1 and is accompanied by a
strong temperature variation across the fluid.
Because of the constraint of the stratification
there is no vertical velocity anywhere in the
fluid, hence no Ekman layer suction and no
Ekman layer. Again the system is dominated
by diffusive processes.

Case F =O(R?Y)

Let F =jR* where f is a constant of O(1).
Then proceeding as before we derive an ex-
panded set of equations from (2.2), (2.15) and
(2.18) for the interior and the boundary layer
regions.

Interior
OR"): pP=0, u’=0, w”=0, p’=2T;
(4.158a)
ORY):  pi’=2f®, u® -0, w0,
ug’ =0, p = 27; (4.15b)
O(R): = 2f®, V3 = 254D, 2 = V2TV
=2T‘2), u® +w? = 0; (4.15¢)
O(Rg)- (q)=2fv(2’+V w®, Vip® = 2fu®,
w® = VTP, p® — 27P 4P+ wP =0,
(4.15d)
Boundary layer
ORY): pf=0,a"=0 = p®=0,a®=0;
(4.168)
O(Ro): ——(0)+2T(0)= T(O) (0) 0 5205)=
P = 2f0®, aé‘)+w<“> 0. (4.16 b)
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Hence, 7@ =0, p=0;

O(RY): pf -afl, off =0, wed + 2TV =0,

TE - 2w - 0, af” +w3 - 0. (4.16¢)

Again we shall look at the flows determined
by the conditions (4.1) together with v =0 on
x=+1.

The reader can either refer to I or verify for
himself that the set of equations leading to a
solution for u®, p®, @ T 4D jg exactly
the same as that for the non-rotating system
(F=0). Specifically, we find that the problem
with symmetric heating, ie. T = —T,s8inz on
x = +1, leads to

w® =0, w® =0, T =T, =0,

Hence, using the second of equations (4.15¢)
with 4 =0 and the derived result 5 =0, we
deduce

0 = 0. (4.18)

The solution with symmetric heating is thus
identical to the one derived when F =0. no
changes are brought about by higher-order cor-
rections.

For antisymmetric heating (T = +T,sinz at
« = +1) the zero-order solution in the interior is
again identical to that for the non-rotating case.
Thus,

T
u®=0, w®=0, TV =0, u® = E" cosz.  (4.19)

Letting »'® =»(x) cos 2, we see that the second
of equations (4.15¢) leads to
(82— 1)v=/T,. (4.20)

Since v =0on x = +1 and 99 =0 by (4.16b) the
boundary condition on ¢ is

v=0onx=+1,

and the solution for v!® is

@ _ cosh z
v =fT, 1) cos z. (4.21)
cosh 1

Thus, a weak rotation (with F =O(R})) gives
rise to a zero-order zonal velocity in the interior.
The Coriolis force associated with this value of
the zonal velocity is, of course, O(R?) because »
is multiplied by F in the original equation.
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Through the geostrophic and hydrostatic re-
lations in (4.15b) we find that an O(R?) tem-
perature is associated with »‘®. The equation to
be solved is

T =fT, |1~ -
e =T, cosh 1

and we find that

sinh x
70 = -—
T, |= cosh1]’

cosh x]

(4.22)

where we have made use of the boundary layer
equations (4.16¢) to show that TV is anti-
symmetric, i.e. that the integration constant is
zero. (The anti-symmetry of 7'V is obvious
intuitively.)

In the anti-symmetric situation it is impor-
tant to note that the stratification requires a
buoyancy layer to adjust the boundary values.
When rotation is equally strong (F =1), the
buoyancy layer vanishes because the outflow
required for the existence of a buoyancy layer is
suppressed by the rotation. A weak rotation
(F =O(R?Y)), on the other hand, is not suffi-
ciently strong to inhibit the outflow and a flow
similar to that of the non-rotating fluid is
established. Diffugion in the interior of the
fluid balances the weak effect of rotation to give
rise to a zonal velocity. The latter balances a
horizontal variation of temperature through the
thermal wind relation. It should be kept in
mind that the roles of both v and T™ are
rather passive, the principal dynamical bal-
ance being that of the non-rotating system.

The system Qg has exactly analogous solu-
tions for the case 1/F =O(E*). Thus, with sym-
metric boundary conditions (recall that in
system (), we impose zonal velocities given by
aquation (4.12) at the top and bottom bound-
eries) the zonal velocity achieves a value uni-
form in the vertical and the system behaves
exactly as if there were no stratification. With
antisymmetric boundary conditions an O(£°)tem-
perature is generated and is balanced by a zonal
velocity of O(E*!) by means of the thermal wind
relation.

5. Extension of results to three-dimensional
problems

One of the results which we derived in I is
that the rotating system in three dimensions is
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essentially similar to the two-dimensional one,
the main difference being the quantitative one
of evaluating the vertical vorticity as v, —u, in-
stead as only v,. The same conclusions hold with
respect to system Qg i.e. the addition of the
third dimension brings no new qualitative
results. It is not a difficult matter for the reader
to verify that result, so we shall leave the
system () and concentrate on Sg.

We found in I that the addition of the third
dimension in the stratified system brought
about qualitative changes because motion in
the added dimension is unconstrained by the
stratification. We shall proceed with the formal
analysis of the system Sq pointing out the
changes brought about by the addition of the
third dimension and then shall summarize the
results in the next section.

Problem

Given a rotating stratified fluid enclosed
between two walls at « = +1 where the velocity
vanishes and the temperature is given by

T=-Tysinysinz at x= -1,

T=+Tysiny sinz atx =1. (5.1)

What are the resulting temperature and velocity
distributions?

We shall proceed as in section 4, writing the
variables in the expanded form (4.2).

Case F =0(1)
Interior
O(R%): 2Fv¥ =pY, 2Fu® = —p, p¥ =277,
w® =0, uf’ + v’ = 0; (5.2a)
ORY): 2FPv® =p, 2Fu® = —p, p = 27
M =0, P’ + 0 =0; (5.2D)
O(R): 2Fv® =pQ —Vu®, 2Fu® = —pP 1+ v,
pP =27?, 2u® =V T,
ul + 0 +w® = 0; (5.2¢)

O(R?}): Same as O(R) but with superscripts (1)
and (3). (5.2d)
Therefore, the equations at O(R°) and O(RY)

are geostrophie, hydrostatic, and involve only
horizontal motions. At O(R) we can eliminate
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the superscript (2) variables to derive the equa-
tion

VIViT® + F*T)]=~0. (5.3)
Similarly, from the equations at O(RY) we
deduce

VIVITD 4+ FPT() = 0. (5.4)

Boundary layers
OR Y p=0,a0=0 = p¥=0,a"-0;
(5.58)

OR’): o2 =0, 2F5” -pf", B + 2T = 0,
T - 2wV -0, 4’ = Fwy’.  (5.5b)
The first of set (5.5b) gives 5 =0 and the

second pM = 0. 5/ =0 has been used in the last
of (5.5b).
ORY): 2F3V —pf —aff, 2Fa® - o,
wgg +2T% -0, T&) - 20 - 0,
af’ + 6 +wy = 0. (5.5¢)

We shall use the boundary layer equations and
their solutions to derive boundary conditions on
T and T for equations (5.3) and (5.4).

From (5.5a) and (5.5b) we have @' =0,
59 =0, Now since u =0 and v=0on x = +1 by
assumption, we have u'® =¢® =0 on = +1.
Thus from the first three of equations (5.2a)
we deduce

TO=0 and TP=0 on xz=+1. (5.6)
The solution to the problem posed by equations

(5.3) and (5.6) is easily seen to be

Two (5.7)

To get the boundary conditions on TV we
proceed as follows: Since w'® =0 everywhere
and w =0 on x = +1, it follows that w'® =0 on
2z = + 1. Then the buoyancy layer solution from
equations (3.6) is the same as equation (4.6).
Integration of equation (3.8) yields

770

a® = g -4
- + V sin (£+n/4)e °, (5.8)
2

where T§” = T®|s_,. Since 7' = 0 from (5.7) and
TP = =Tleo- T we get

Tellus XIX (1967), 4
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= _1_ i -¢ -5
@ iV,Tzl,f:OSm (+m/4)e”* near z= T 1.
2
(5.9)

Integrating the second of equations (5.5 ¢) with
8P —> 0 as £—> oo yields

0(1)=4T—£T | cos (§+n/4)e‘5nearac=+l
Vé z|é=0 -
(5.10)

Now =0 and v =0 so 4V = —y®, pD = —p
on z = +1. Thus we have

F
u® = 23T, |eo v(l)=$5Tz on z=TF1. (5.11)

Now we use the geostrophic relations from
equations (5.2b) to write the conditions (5.11)
in terms of TV, We have for symmetric heating,

ie. T=-T,siny sinz on z = +1, the condi-
tions
Pr )
T§I)|,:_1= - % sin y sin z,
F'r
T;l)lrml = % sin y sin z.
(5.12)
T(1)|,=_1 = - 2°cos y sin z,
FT
T“)II=1 = 7"005 y sin 2z

and for asymmetric heating the same but with a
negative sign for each term at = +1.
The solution to equation (5.4) with the condi-
tions (5.12) is
T = (A(x) sin y + B(x) cos y) sin z, (5.13)

where for symmetric heating

F°T,
Afz) = _5_‘2
sinh V1 + F* sinh (V22)
_sinh V2 sinh (VTsz)
V2 cosh VE sinh V1+F*
- VI+—IT’ cosh V:IT” sinh l/é

X

(5.144)
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F

V1+ F* cosh V1 + F® sinh (V22)
(
~V2 cosh V2 sinh (V1+ F* z)
Y1+ F® cosh V1+F®sinh V2

. (6.14b)
- Vé cosh Vé sinh Vl +F*

With aniti-symmetric heating the solution is the
same as above with T, replaced by -T,, and

with sinh and cosh interchanged.
Because the interior flow to this order is two-
dimensional a stream function can be defined by
pl) = wz’ u(l) = ._'p”

and we have
1 .
= ——(Asiny+Bcosy)cosz (515)

Hence, the results for this problem show that
T vanishes irrespective of the symmetry of
the heating and the first correction to interior
temperature is at O(R}). The result differs very
much from the two-dimensional system in
which the interior temperature varied roughly
linearly from the value at one boundary to that
at the other. It also differs from the three-
dimensional picture for the system S (vid. I) in
which we concluded that the interior tempera-
tures, T'® and 7TV, vanished identically. In
terms of order-of-magnitude the present result
lies between the two dimensional-system Sgq
and the three-dimensional system S.

Note that at any level the interior stream-
lines coincide (either parallel or anti-parallel)
with the isotherms. We show the horizontal plan
form of these contours in figures 1 and 2. For
symmetric heating a fluid particle in a region of
heating moves upward in the boundary layer,
enters the interior in the region where 87,/82 <0,
executes the path partially shown in Fig. 1
and returns to the boundary at a value of y
where cooling takes place, sinks as it cools,
leaves the boundary layer when it has achieved
the temperature of the ambient fluid, follows the
same path as before but with opposite direction,
enters the boundary layer again at the original
value of y and rises to its original position and
temperature. The particle path differs from that
of the non-rotating case in that the fluid enters
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Fig. 1. The pattern of streamlines for interior flow
of O(R?)is exhibited in the region 0 <x <1 for the
three-dimensional case with symmetric heating. The
fluid is heated at x =1 with 87'0/dz >0 in the region
where the flow leaves the boundary and is cooled
at x =1 where the flow enters the boundary. The
effect of rotation is evident from the skewness of
the trajectories; in the non-rotating case the stream-
lines enter and leave the boundaries symmetrically.
The boundary layer near x =1 where the fluid rises
before it leaves the boundary region and sinks after
it enters is not shown. The pattern at a lower level
is anti-parallel to the one shown. The flow pattern
is repeated in y with period 27. In the region
n<y<2n the pattern is identical except for the

sign, i.e., p(y +7) = —p(y).

and leaves the boundary layer at an angle to
the normal and the streamlines in the interior
reflect the presence of rotation through the
skewness of the pattern. In the non-rotating
case the streamlines are symmetric about the
plane y =n/2 and anti-symmetric about the
plane y =0.

Anti-symmetric heating gives rise to the
interior streamline (and isotherm) pattern
shown in figure 2. Again the rotation causes the
streamlines to be inclined to the normal at the
boundaries and the entire pattern between
y =0 and y == shows a general curvature in the
same direction. In the non-rotating case the
pattern is symmetric about the plane y =n/2.

Case F =O(RY. (F=fR}, f=0(1))

‘We shall not treat this case in the same detail
as the previous ones because we can show rel-
atively easily that the results differ from those
of system S (i.e. the non-rotating case) only in
some of the details of the flow in higher order.

Fig. 2. The pattern of streamlines for interior flow
of O(R?Y) is exhibited in the region 0 <z <1 for the
three-dimensional case with anti-symmetric heating.
The fluid is heated with éT0/9z2>0 at z = —1 and
cooled at x = 1. Particles sink in the boundary layer
(not shown) near z =1. At a lower level the flow is
anti-parallel to the one in the figure. Rotation
causes the streamlines to leave and enter the bound-
ary at an angle and to bend further to the right
than they do in the non-rotating case. Also, in the
latter case the streamline pattern is symmetric
about the planes ¥ ={(2m —1)7/2 {(m an integer).
In the present flow the pattern is anti-symmetric
about y =mas.

Interior
O(R): p;‘” 0, p’ =0, pP =27,
w®=0, 4P +o =0, (5.16 0)
hence Tye=0, Ty, =0;
ORY): pP =21, pP = — 2fu®, pP = 2T,
w? =0, u’ + vy’ = 0; (5.16b)
O(R): PP =20+ Viu®, p$ = — 2fu® 4+ V3©,
P e 27® 24¥ =V T(O’ uP + 08 +wd = 0.
(5.16¢)

Boundary layer

The pertinent boundary layer equations are
(4.5) and the conclusions are effectively the
same for the boundary layer variables. Thus
pP=0, a®=0, 3”2 =0, p¥ =0, ﬁ(l)|x=¢1
= 24T, |em 51 (5.17)
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We note immediately that 7' = 0 throughout
because of the imposed harmonic y dependence.
That T ldewise vanishes can be shown by the
following argument: For the first two of equa-
tions (5.16¢) we note that

Vi - o) =0. (5.18)
Since % =0 and 4'® =0, the boundary condi-
tions 4 =0, ¥ =0 onz = t1, require that «® =0,
!9 =0 on = +1 and that means that equation
(5.18) together with the last of (5.16a) requires
that

u® =0, v =0 throughout. (5.19)

Hence, from the set (5.16b) we conclude that

TP =0, TV =0. (5.20)

We can now go on to solve for 1! and v'*! and
hence T'®, but we note that we are simply
solving for higher-order corrections to the solu-
tions for the non-rotating system just as we
might expect would be introduced by a higher
order F. The point is that no lower-order changes
of the type that we found in the two-dimen-
sional systems are present in the three-dimen-
sional Sq system when F =O(R%).

6. Summary and discussion

We first summarize the results of the simple
systems S and Q and then discuss the resuits of
the combined systems Sg and Q.

For a homogeneous, rotating fluid, slow
steady flow is determined by the processes
which take place in Ekman boundary layers.
‘When boundary conditions on vertical vorticity
are applied to the upper and lower boundaries,
the resultant flow in the interior of the fluid is
such that the relative vorticity is the average
of the vorticities at the two boundaries. When
the applied conditions are symmetric, the in-
terior vorticity equals the boundary vorticity
and no boundary layers exist in the steady
state (although boundary layers are necessary
in the transient evolution to the steady state in
an initial value problem).

When the applied conditions are anti-sym-
metric, there is no relative vorticity in the
interior. In the latter case Ekman boundary
layers are necessary to adjust the boundary
vorticity to the interior. If the boundary vor-
ticity is uniform, the Ekman layer acts solely to
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bring about this adjustment. If the applied
vorticity varies along the boundary, an inflow
or outflow from the boundary layer is created
and the Ekman layer provides the necessary
flow out of or into the interior. These remarks
are pertinent for both two- and three-dimen-
sional flow.

A stratified, non-rotating fluid has an ana-
logous behavior when the flow is steady, linear
and two-dimensional (uniform in one horizontal
dimension). In this case, heating (or cooling) at
the lateral boundaries is transmitted to a thin
vertical slab of fluid by conduction and causes
the fluid to rise (or sink). If the applied heating
is symmetric, the rise of fluid near the two
boundaries necessitates a sinking of fluid in the
interior during a transient period and eventually
the interior of the fluid is heated because the
forced sinking brings fluid of higher temperature
to lower levels. In the steady state there is no
relative motion once the temperature of the
interior fluid corresponds to the applied tem-
perature and the system is thus effectively re-
stratified.

When the applied heating is anti-symmetric,
warmed fluid rises and cooled fluid sinks near
the appropriate boundaries and the interior
fluid maintains its original temperature. In this
case buoyancy layers are necessary to adjust the
temperature of the fluid from boundary to
interior values. When the applied temperatures
vary along the boundaries, this causes more
rapid vertical velocities in regions of more
intense heating and a vertical divergence results.
Thus, a horizontal flux of fluid from the interior
is necessary for mass conservation. This flux of
fluid to or from the interior through the action
of the buoyancy layer is the thermal counterpart
of Ekman suction in rotating fluids.

When the applied temperatures can vary also
in the horizontal direction along the boundaries,
the fluid can adjust to the variable boundary
temperatures by flowing in the horizontal direc-
tion parallel to the boundaries. Flow in this
direction is unimpeded by the stratification.
This added degree of freedom brings about
distinet changes in the behavior of the fluid.
The case with symmetric heating now involves
horizontal flows in the interior with no change
in the interior temperature at either zero or
first order, i.e. the fluid is not restratified. In
fact the thermal structure of the flow is the
same in the cases with symmetric and anti-
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symmetric heating, the only difference between
the two cases beingin the detailed pattern of the
interior streamlines. The interior flow is dom-
inated in both cases by diffusive processes;
the velocities are first-order and join to buoyancy
boundary layers, which are necessary to adjust
the zero interior temperatures to boundary
values.

The combined problem, i.e., adding stratifi-
cation to the rotating system or adding rotation
to the stratified case, shows quite different be-
havior from the simple systems. In the two-
dimensional flows the systems again behave
analogously.

The addition of stratification of O(1) to
system € inhibits vertical velocities. For the
case of symmetric boundary conditions the
stratification does not drastically alter the
results of the simple rotating system which
involved a uniform vorticity from one boundary
to the other. The only change which is brought
about by the stratification is to cause the pro-
cess of diffusion to play a large role but diffusion
does not have a large effect on variables which
are already uniform in one direction and slowly
varying in the other.

The flow in the anti-symmetric situation, on
the other hand, is completely altered. Since the
stratification inhibits vertical wvelocities, the
required vertical velocity of the Ekman suction
is no longer possible and in fact the Ekman
layer disappears. The entire flow is now dom-
inated by diffusive processes and the interior
vorticity varies uniformly from the value at
one boundary to the value of the other., As-
sociated with this zero-order vertical shear in
the zonal velocity is a zero-order temperature
variation across the fluid. This is the familiar
thermal wind balance.

Even though we have drawn a distinction
between the cases with symmetric and anti-
symmetric boundary conditions it should be
noted that there is no qualitative difference
in the physical processes which dominate when
stratification is added to system Q. In the
symmetric case there was uniformity to begin
with and the effect of diffusive processes in
the interior does not change the situation
very much. In the anti-symmetric situation
stratification inhibits the vertical velocities
which dominated the interior in the simple
rotating system and diffusion now brings about
a huge change in the behavior of the interior.
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But the difference between the symmetric and
anti-symmetric situations is quantitative, not
qualitative. '

The two-dimensional system Sg is analogous
to the system {5 The addition of rotation of
O(1) to system S inhibits the outflow from the
buoyancy layer so that diffusive processes dom-
inate in the interior. Again the effect is not
quantitatively noticeable in the case with sym-
metric heating and the system takes on the ap-
pearance of being restratified as it was for the
non-rotating case. With anti-symmetric heating,
however, the inhibition of the buoyancy layer
outflow by rotation eliminates the buoyancy
layer and diffusion dominates, causing a uni-
form change of temperature across the interior.

‘When the rotation is only O(R?) in system Sq,
the two dimensional symmetric problem is un-
changed from the non-rotating one. Slow rota-
tion introduces a small Coriolis term which is
balanced by diffusion in the interior. However,
gince there was no buoyancy layer outflow in
gystem S (the latter provides the zero-order solu-
tion) there is no Coriolis force to balance the
diffusion of zonal velocity so there is no change
introduced by slow rotation. For the case of
anti-symmetric heating there is a buoyancy
layer outflow at zero-order (the solution to
system S) and even though the Coriolis force is
small, a zero-order zonal velocity is generated,
the diffusion of which balances the Coriolis
force. These two effects are not very significant
dynamically because F =O(R!) but the zonal
velocity is O(1). The zero-order zonal velocity
is associated with a first-order temperature
change through the thermal wind relation.

Analogous results hold for the system Qg
when the stratification is O(E?).

When the boundary conditions vary in both
directions parallel to the boundaries, the system
Q. shows no qualitative change from the two-
dimensional rotating case with stratification.
The three-dimensional stratified system with
rotation of O(1) does change, however. The
velocity is still of first order and is dominated by
diffusion just as in the non-rotating case but the
interior temperature has a non-zero value at
O(R}), i.e., an order lower then in the non-
rotating case and active buoyancy layers exist.
The effects of rotation can also be seen in the
pattern of streamlines in the interior. The flow
enters and leaves the boundary layer at an
angle to the normal for both symmetric and
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anti-symmetric heating and the interior stream-
lines at any given level are shown in figures 1
and 2.

Rotation of O(R*) has no significant effect on
the three-dimensional stratified problem.

Finally, we note that the form of the equa-
tions in the stratified, rotating system (with
both processes of O(1)) precludes the existence
of the Stewartson (1957) boundary layers.
However, these can exist in the cases above
where we investigated the effects of small rota-
tion in stratified flows and vice versa.

A concluding remark

The foregoing investigation and that given in
paper I contain some results in the study of
fluids which are rotating and/or stratified. It is
interesting to see how the analogy works in
these linear steady systems and these two
papers may be of some help in extending the in-
vestigation to non-linear or non-steady prob-
lems. My own feeling about the present ap-
proach is that the restrictions to steady, linear
flows is much too drastic a limitation for the
combine drotatings, tratified system. The interior
fluid is dominated by diffusive processes and one
cannot help but feel uncomfortable about the
applicability of a method which relies on the
dominating influence of diffusion throughout
the domain of interest. For the individual
systems (Q or S) the approach promises to be
more useful although even in system S the
three-dimensional case contains a flow in the
interior which is governed by diffusion. How-
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ever, this result is higher-order and one does
deduce significant lower-order results indepen-
dent of the diffusive processes.
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Note

After this paper was submitted for publica-
tion I had an opportunity to see the manuscript
of a second paper by Barcilon & Pedlosky (A
Unified Linear Theory of Homogeneous and
Stratified Rotating Fluids, J. Fluid Mech. in
press) in which they discuss the behaviour of
fluids which are stratified and rotating with
EY< F '< Et. They show that side wall bound-
ary layers exhibit a triple structure with a
buoyancy layer of thickness R? ¢ “hydrostatic,
baroclinic layer of thickness ' and a Stewart-
son layer of thickness Et. As in their earlier
paper their discussion is concerned with the
changes which stratification brings to system €.
It is clear from the foregoing work that exactly
analogous results can be derived for system Sgq,
with a triple boundary layer structure when
Ri<F<RL
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AHAJIOTUYHOE NOBEOEHUWE BPAHNIAIOIINXCA U CTPATUONINNPOBAHHBIX
HUOKOCTEN

B nacrosieit crarhe IPOXOIKAETCA MCCIERO-
BaHMEe AHAJOTMM MeKAY BPAlJAIIUMACA U
CTPATMPUIMPOBAHHBIMU KUJKOCTAMM. AHAJIM3
paciiMpeH Ha BHIIOYeHMe BPAIleHHA B CTPATH-
(UUMPOBAHHYI0 CHCTEMY M CTPAaTUPHKALMH BO
BpaIlaiomylocAa cucreMy. XOTA OCHOBHbLIE yPaB-
HeHHUA OFHH M Tee, MH DA3JIMYaEM 3TH JiBe
CHCTEMH HA OCHOBe CHII, BBHIBBIBAIOLINX [BUe-
Hue. Cucrema Sq cooreercTByerT pobGaBieHuio
BpallleHUA B CTPaTUPMLUUPOBAHHYIO cucremy S
npegblaymeil CTaTbM, rie TedeHHe MOAAEPHH-
Bajioch nauppepeHINANBHEIM PasorpeBoM Ha
GoxoBBIX rpaHunax. B cucremy Qg mobapaserca
crpaTHMKALMA K Bpamawlieiica munkoctn £,
ABUKEHUME B KOTOPOH MOJEepHUBANOCH AHQ-
depennuanbHOt BepTMKAIbHON 3aBMXPEHHO-
CThI0 Ha BepxHe#l u HirkHedl rpaHumnax. Iloka-
33HO, YTO TOYHASA AHAJIOTMA NPOJOIIKAET MMETh
MecTo, KOIa TeueHUe ABYMEPHO M KOrjga onpe-
JHeJeHHble NepeMeHHbIe NIEHTHQUIMPOBAHEL 1PYT
¢ apyrom B ofeux cumcremax. HomOunuposanue

BpallleHUA M cTpaTHPUKALUM OZHOTO TOPAZKA
MofaBJAAeT OTTOK OT INOrPAHMYHBIX CIOEB, He-
00X0IMMOCTh CYLIECTBOBAHNA KoToporo Oblia
HajtieHa RJIA MPOCTBIX CHCTEM, [PH ITOM TaKKe
CUJIBL NIJIABYYECTH M 3KMAHOBCKME NOrPpaHHYHBIe
CJION He HUrpaloT poJIM B [ABYMEDHOM TeYEHMH,
Bca sKuUAKOCTh 1ENMKOM YNpaBAeTCHA Mpoec-
camu guddysun. B TpexMepHBHX TeueHMAX
cucreMa S MMeeT CylleCTBEHHble IOTPAaHUYHLIE
cion. Korga BBOOUTCA NONOJHUTENBHBIH Ipo-
Hecc (BpalleHue B cucTeMy Sq MJAM CTPaTH(HU-
Kauua B cucremy () B KauecTBe monpaBku 6o-
llee BHICOKOTO TOPALKA, TO OH MOMKET BeCTH K
U3MeHeHUAM B HYJIeBOM IOPAJKe JIA ABYMep-
HHIX TeueHHUil, HO BH3BIBAET JHIIb IPPEKTH
6onee BBICOKMX TOPAJKOB B TPEeXMEPHOU CH-
creme Sq. [lokasano Takke, 4To Bpamamollaaca
CTPpaTHPUUNPOBAHHAA KUJKOCTb He HMeeT Io-
rpaHUYHBIX CJIoeB TUIa, HalijgeHHHX CTI0OApPTCO-
HoM (1957) paAa BpamalmMUXCA OXHOPOMXHBIX
KUJIKoCTe.
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