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ABSTRACT 

The reservoir, or “box”, model is a useful starting point for studies of chemical tracers. 
The model can be derived from the chemical transport equation for a continuous ocean 
and thus rests on a sound physical foundation. The assumption that the tracers are 
well-mixed inside each reservoir is discussed and found unnecessary. The model is 
well adapted for dealing with sets of chemical tracers which simultaneously undergo 
chemical reactions, isotopic fractionation, radioactive decay, and exchange with the 
atmosphere. 

In  this article we relate the transfer coefficients of the reservoir model to the ad- 
vective and diffusive coefficients of the space-averaged chemical transport equation 
for a continuous ocean, and we develop general methods for applying the reservoir 
model to a large suite of nonconservative chemical tracers. In an article which follows 
we apply the concepts of this article to a study of eight chemical tracers in the Pacific 
Ocean. 
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1. Introduction 

1.1. Introductory remarks 
Oceanic chemical d a t a  may be interpreted b y  

relating observed distributions of chemicals in  
the  ocean to sources and sinks of those chemi- 
cals and t o  the motion of the water. From a 
knowledge of concentrations, sources, and sinks, 
we can deduce water motion; from a knowledge 
of concentrations and water motion we can 
deduce chemical sources and sinks. In  both 
cases the observed chemical species a c t  as 
tracers of the oceanic processes under investiga- 
tion. 

Total ocean salt (or “salinity”) has been 
used extensively as a tracer of water motion. 
It has no oceanic sources and sinks, and its 
distribution within the  oceans depends solely 
on transport b y  t h e  water. For example, a 
s tudy b y  Wiist (1935) of the  salinity distribu- 
tion in  the  South Atlantic Ocean reveals a flow 
of intermediate water and bottom water north- 
ward from the  Antarctic Ocean into the South 

m y .  . . . . . . . . . . . . . . .  5’48 Atlantic Ocean, and the  vertical mixing of these 
waters with an intermediate layer of deep water 
originating from the North Atlantic ocean. 

evaporation and  atmospheric precipitation as 
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4.8. Concluding remarks . . . . . . . . .  580 
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well as on water transport. Wiist (1954), for 
example, from the surface distribution of salinity 
and the difference between evaporation and 
precipitation, deduced that the rate of vertical 
exchange between surface water and inter- 
mediate water is roughly the same for all 
oceanic regions except the Arctic. 

The chemical elements nitrogen, oxygen, and 
phosphorus are linked to the production and 
decomposition of organic matter in the oceans. 
A knowledge of their distributions in various 
chemical forms has been used to deduce both 
water motion and sources and sinks. Riley 
1951), for example, after prescribing the water 

motion consistent with the distributions of 
salinity and temperature, calculated biological 
sources and sinks of inorganic nitrogen, oxygen, 
and phosphorus. Wyrtki (1962), on the other 
hand, used Riley’s estimate of biological sources 
and sinks and the distribution of inorganic 
oxygen and phosphorus to estimate vertical 
advection and diffusion. 

In  all such studies the known quantities have 
been too few to solve the transport equation 
except after making considerable simplifica- 
tions or introducing large computational errors. 
For example, Wyrtki principally considered 
time averages of vertical motion while Riley 
considered time averages of both vertical and 
horizontal motion but attached significance 
to such small differences in tracer concentra- 
tions that his results were unstable to experi- 
mental errors. Both Riley and Wyrtki neglected 
time variations. 

Radiocarbon has been used in time-independ- 
ent transport studies simultaneously with 
stable tracers by Bolin & Stommel (1961), 
Eriksson (1962), and Munk (1966). Bolin & 
Stommel used a reservoir (or “box”) model to 
investigate the relations of salinity, tempera- 
ture, and radiocarbon to abyssal circulation. 
They determined the relative contributions of 
combined intermediate waters, Atlantic deep 
water, and Antarctic bottom water to the deep 
water (or ‘‘common water”) of the Pacific and 
Indian Oceans. The model was relatively in- 
sensitive to small experimental errors. Eriksson, 
extending an earlier study of stable tracers 
(Eriksson, 1959), investigated salinity, tem- 
perature, oxygen, phosphorus, nitrogen, carbon, 
carbonate alkalinity, and radiocarbon, using a 
reservoir model which emphasized transport 
between the ocean surface and deep water. In  
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both studies, however, he introduced a priori 
assumptions that make his principal con- 
clusions unconvincing. Munk has interpreted the 
distribution of salinity, temperature, oxygen, 
radiocarbon, and radon in the Pacific Ocean 
by considering the vertical transport,above and 
north-south transport below 4000 meters. He 
represented vertical transport with a second- 
order differential equation identical to Wyrtki’s. 
His representation of horizontal transport is 
equivalent to a two reservoir model which ex- 
changes water across the equator. 

These studies by no means exhttust the pos- 
sibilities for using tracers simultaneously. All 
chemical tracers are transported by the same 
water, and the more tracers under investiga- 
tion, the more information should be deducible 
by applying the transport equation. New data 
on both well-known and less-familiar tracers 
are being acquired rapidly, and the prospect 
of applying the complete transport equation is 
less distant today than two decades ago when 
Sverdrup wrote (Sverdrup et al., 1942, p. 162): 

“If the external influences were clear, if 
processes of diffusion and advection were 
known, and if biological and organic chemical 
processes were fully understood, the distribu- 
tion of all concentrations could be accounted 
for. It would then be possible not only to 
explain the average distribution but also to 
account for all periodic and apparently 
random changes. This is the distant goal but 
when working toward it one must be fully 
aware of the limitations of the different 
methods of approach.” 

This final caution might usefully apply to 
reservoir models as well as to the continuous 
models Sverdrup had in mind, especially since 
none of the recent investigators of reservoir 
models has demonstrated that such models rest 
on a sound physical foundation. Furthermore, 
no convincing study with reservoir models has 
been made of a suite of complicated non- 
conservative tracers such as Eriksson dealt 
with, even though such a study would help to  
demonstrate the advantages and deficiencies 
in using chemical trwers simultaneously to 
study transport phenomena. We believe that 
both demonstrations are overdue. In this article 
we discuss the theoretical foundations of 
reservoir models. In  a succeeding article 
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(Bolin & Keeling, 1968) we apply a reservoir 
model to a suite of nonconservative tracers in 
the Pacific Ocean. 

We shall first consider thc ocean as a con- 
tinuum (section 2). We shdl then show that the 
governing differential equation of transport can 
be approximated by the algebraic equation 
which governs the transfer of a tracer in the 
reservoir model (section 3). We shall next 
(section 4) develop a formulism for dealing with 
nonconservative tracers which undergo chemical 
reactions or radioactive decay within the ocean, 
volatile tracers which undergo exchange with 
the atmosphere, and isotopic tracers which 
undergo fractionation relative to the bulk 
element. 

In  the next article we shall illustrate these 
general methods by considering a specific 
model of the ocean similar to that proposed by 
Eriksson (1959) in which the ocean is divided 
into three rescrvoirs, two of which interact 
with the atmosphere. This division, although a 
crude representation, will test in considerable 
detail the simultaneous use of oceanic tracers. 

Since all readers may not be equally interested 
in both the general theory of reservoir models 
and our specific illustration we have arranged 
the material so that the two articles may be 
read separately. They are closely linked, 
however: sections and equations are numbered 
in a single series, and numerous cross-references 
are given. 

1.2. Lbt of symbols 

1.2.1. We shall use the following general nota- 
tions: 

A 
F 

h 

i 

i’ 

ii‘ 

surface area (see subsection 3.2) 
net flux of water from the atmosphere, 
owing to precipitation and evaporation, 
into a boundary reservoir of the ocean 
(cf. 3.22) 
that part of the flux of a rare isotope (e.g., 
radiocarbon) from the atmosphere into 
the ocean owing to a difference in the 
isotopic ratio across the ocean surface 

subscript, denotes an arbitrary region or 
an average, over the volume of that region 
subscript, denotes a region adjoining 
region i (i’ =x, -x, y ,  3, z, -2) 

subscript, denotes the surface common to 

(cf. 4.43) 

regions i and i’, or an average, positive 
when directed outward, over that surface 

i’i subscript, denotes a corresponding average, 
positive when directed inward 

i, j, k unit vectors in the directions of the 
x, y, and z axes, respectively 

k reservoir model transfer coefficient (cf. 
3.6) 

K,,  K,, K ,  the coefficients of eddy diffusivity 

P 

*P 

4 

Q 

R 

r 
*r 

il 

t 
T 

V 

V 

W 

U 

B 

in the directions of the x, y ,  and z axes, 
respectively (cf. 2.2), and with surface 
averages, Ki , . ,  as defined by (3.4) 
partial pressure of a chemical compound 
in the atmosphere or in a surface reservoir 
of the ocean (cf. 4.32) 
corresponding partial pressure for a com- 
pound involving a rare isotope (cf. 4.36) 
concentration of a chemical tracer in the 
ocean, defined by (4.7) 
reservoir source function defined (cf. 3.20) 
as the local time change of a chemical 
compound averaged over a region owing 
to chemical reaction, radioactive decay, 
and exchange with the atmosphere 
local time change in concentration per 
unit volume owing to chemical reactions 
a, b, ..., 1, ... and radioactive decay. The 
function R (cf. 2.1) is the sum of local 
source terms, C , R , ,  which refer to these 
processes individually (cf. 4.8 and 4.9) 
rate of a chemical reaction (cf. 4.12) 
corresponding rate for a reaction which 
involves a rare isotope 
abundance ratio of a rare isotope to the 
corresponding bulk element, defined by 
(4.19) 
time 
time interval over which an average 
value (-) has been computed 
component of V normal to a surface as 
specified by a subscript (cf. 3.1 and 3.8) 
the three-dimensional velocity vector 
with the components V,, V g ,  and 8, in 
the directions of the x, y ,  and z axes, 
respectively (cf. 2.1) 
the volume of a reservoir in the ocean 
(cf. 3.1) 
isotopic fractionation factor defined by 
(4.20) 
reaction coefficient, expressing the power 
dependence of the reaction rate on the 
concentration of a specific chemical 
species (cf. 4.12) 

Tellus XIX (1967), 4 



USE OF CHEMICAL TRACERS IN OCEANIC STUDIES. I 569 

source ratio between two tracers, defined 
by (4.16) for a point and by (4.28) for a 
reservoir 
rate coefficient for chemical reaction ex- 
pressing the dependence of the reaction 
rate on environmental factors (cf. 4.12) 
corresponding coefficient for a chemical 
reaction which involves a rare isotope 
(cf. 4.20) 
stoichiometric coefficient specifying the 
number of concentration units of tracer 
contributed by one concentration unit of 
a specific chemical species (cf. 4.7) 
stoichiometric coefficient for a chemical 
reactant or product (cf. 4.10) 
a chemical compound, radical, or ion 
(cf. 4.10) 
a rare isotopic equivalent of X (cf. 4.19) 
the concentration of X 
denotes a centered time average over a 
time interval, T 
denotes an instantaneous departure from 
the time average denoted by (-) (cf. 2.1) 
denotes a spatial departure from a time- 
space average (-)**, (cf. 3.2) 

(a /a t ) ,  denotes the local rate of change with time 
owing solely to chemical process 1 (cf. 
4.8) or, with m replacing I, boundary 
exchange process m (cf. 4.29) 
superscript, denotes a rare isotope (either 
stable or radioactive) 

* 

1.2.2. I n  subsections 4.3 to 4.7 we shall employ 
the following subscripts and superscripts: 

Specific General 
Superscripts notation notation 

Tracer (letter index) C (principal L 

Corresponding rare 
tracer) 

isotopic tracer * L* 

Subscripts 
Location in a reservoir 0, 1, 2, ... i 
Location on a reservoir 
surface 01, 02, ... 12 ... ii’ 

Chemical species 1,  2, ... i 

net or in general: a, b, ... 1 

Reaction component 1, 2, ... k 
Reaction (letter index) 

forward: ... I +  
reverse: 1 -  
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Exchange (letter index) 
net or in general: /, g, ... m 
evasion: m +  
invasion: m- 

1.1.3. Mathematics and chemical equations are 
noted in the text by decimal figures enclosed in 
parentheses. 

2. The general transport equation 

Consider an arbitrary point in the ocean. The 
general equation that governs the distribution 
of any tracer at that point (cf. Sverdrup et al., 
1942, p. 160) reads: 

- 
2 + v . (qv) + v  . (m) -z=o (2.1) 
at 

where q denotes the concentration of the tracer, 
V the three-dimensional velocity vector for the 
ocean water, R the local time change of concen- 
owing to chemical reactions and radioactive 
decay, a bar (-) a centered time average over 
a time interval T, an accent mark ( )’ the 
departure from this average (for example, 
q =ij +q’), and a/at the local rate of change with 
time owing to processes with time scales large 
compared with T. Exchanges with the atmo- 
sphere and the ocean bottom are expressed by 
appropriate boundary conditions. The water is 
assumed to be incompressible (see subsection 
3.5). We will call gv the advective transport; 
q’v’ the eddy transport. 

According to (2.1) the local time rate of 
change of tracer concentration, depends 
on: 

(a) divergence of the flux owing to mean 
motion, or advection, expressed by V . (qv), 

(b) divergence of the flux owing to eddy motion, 
or turbulence, expressed by V.(@),  

(c) sources, expressed by a local source func- 
tion, 2 (by “source” we will always imply 
sources and sinks). 

- 

The eddy transport, p“, depends on the 
covariance of deviations from the mean of con- 
centration and velocity. Data are not available 
to compute this averaged product; a t  best we 
have only a limited knowledge of mean con- 
centrations and velocities. Therefore, as a 
first approximation in Cartesian coordinates, 
we put: 
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aq aq aq 
8X aY az 

-~ 
-q’V’ = K,-i + Kv - j + K ,  - k (2.2) 

where K,, K,, and K ,  are coefficients of the 
so-called “eddy diffusivity” and i ,  j, and k are 
unit vectors in the axial directions x, y, and z. 
This assumption is useful if the concentration 
elements do not influence the motion of the 
water, or otherwise vary systematically with V 
over time scales smaller than T in such a way 
that the coefficients have different values for 
different tracers. Therefore, we must not 
consider heat and momentum as tracers, and 
even salinity must be used with care since the 
density of ocean water partially depends on it. 
Admittedly, we cannot get a complete under- 
standing of the mechanisms of turbulence in 
the ocean if we make use of (2.2), but we may 
obtain a general idea of the intensity of the 
long-term mean eddy transport in various 
parts of the ocean, and we may a t  least hope 
to determine, from the distribution of certain 
tracers, cocfficients which are appropriate to 
predict the effect of eddy motion on the distribu- 
tion of other tracers. 

With approximation (2.2), the motion of the 
ocoan a t  a point is described by six scalar 
fields, v,, vg, v,, K,, K,, and K,, the former 
three being components of v along tho x, y, 
and z axes. 

Each tracer yields one relation in time and 
space between these six variables; the continuity 
of water furnishes an additional independent 
relation. We therefore, in principle, need to 
know the time dependent distribution of five 
tracers to  determine the six scalar fields of 
water motion. Even then, the problem is solv- 
able only if the local source functions, R, are 
known for all five tracers, and if the distribii- 
tions of the various tracers are sufficiently 
different not to yield redundant equations (cf. 
Bolin & Stommel, 1961). In  reality, the source 
functions are often poorly known, while distri- 
butions of many substances, such as the indi- 
vidual chemical species of ocean salt, are so 
similar that they effectively act as one tracer. 
On the other hand, sources of tracers are some- 
times related. As examples, the formation of 
organic compounds in the ocean involves 
carbon, oxygen, phosphorus, and nitrogen in 
roughly constant proportions (Redfield et at., 
1963). Given the distributions of a sufficient 
number of chemically related tracers we can, 

in. principle, solve both for the six scalar fields 
of water motion and for certain related source 
functions. 

3. The reservoir model as an approximation 
of the space-averaged transport equation 
3.1. Introduction 

Owing to experimental limitations, all ocean 
memurements of concentration, q,  and velocity, 
V, must be reduced to averages in time and 
space before they are put to use to solve the 
transport equation. Time averaging was in- 
troduced already in section 2. We now con- 
sider further approximations which arise from 
the need to take space averages as well. 

We shall use the transport equation to obtain 
estimates of the components of the mean 
velocity, v, the coefficients of eddy diffusivity, 
K,, ICY and K, and some of the tracer sources, 
given experimental values of ?j and estimates of 
other related tracer sources. Two techniques exist 
for adapting oceanic chemical data for this 
purpose : 
(1)  The data may bo represented by a series of 

continuous functions suitably chosen with 
regard to the oceanic domain. 

(2) The data may be represented by discrete 
values in points in a regular mesh covering 
the oceanic domain. Derivatives of q, which 
occur in the transport equation, may be 
approximated by taking differences between 
mesh points. 

Each technique has certain advantages. For 
example, we used the first technique in an 
investigation of atmospheric transport several 
years ago (Bolin&Keeling, 1963). In  this in- 
vestigation we shall use the difference method, 
essentially on tho grounds that it will be simpler 
computationally. Subsection 3.2 adapts the 
general equation for solution by use of finite 
differences; the remainder of section 3 devolops 
an approximation by differences which is 
equivalent to the reservoir, or “box”, model. 

3.2. The space-averaged transport equation 
Consider an arbitrary region, i, with station- 

ary boundaries within the ocean. (Regions 
with exterior boundaries will be considered in 
subsection 3.4.) Denote its volume by W,,  its 
total surface area by A, .  Integrating (2.1) over 
W ,  and applying the theorem of Gauss [see e.g., 
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P w-" 

Pig. 1. The general reservoir model of the interior 
of the ocean. Symbols are explained in the text. 

Sokolnikoff, 1939, p. 169) to the integrals of 
V . ( q v )  and V.(p'v'): 

j w d z d W +  I A , ( q v + W ) d A -  I w i x d W = O  

(3.1) 

where 7 and q" denote the scalar components 
of f and TV' normal to surface A,, counted 
positive when directed outwards. 
' For convenience (cf. Fig. 1) let us suppose 

that region i is rectangular and bounded by 
surfaces parallel to the x, y, and z axes, and 
that region i shares its six planar surfaces with 
six adjoining regions in the abutting directions. 
(The exact shape of the adjoining regions need 
not be specified.) Denote these adjoining regions 
in the positive and negative axial directions by 
z, -2, y, -y, z, -2, or in general by i'. Denote the 
six planar surfaces of region i by ix, i-x, iy, i-y, 
iz, i-z, or in general by ii'. Denote the axial di- 
mensions of region i by Ax,, Ayl, Az,, or in 
general by Arl, the x dimension of region x 
by Ax2, etc. 

Let subscript i applied to concentration, eddy 
velocity, or source function, or to their deriva- 
tives or products, denote an average over volume 
W ,  and let subscript ii' denote an average over 
surface ii', positive when directed outward. 
Then (cf. 3.1): 

(3.2) 

We next denote spatial departures from a 
time-space average by a double accent mark 
( )" (for example on surface ii', ij =qrr. +q) and 
we rewrite (3.2): 

-R ,W,=O (3.3) 

The three terms in the bracket express, respec- 
tively, the transport across boundary surface ii' 
of region i by the mean motion, by standing 
eddies, and by transient eddies. 

Finally, we introduce a surface average coef- 
ficient of eddy diffusivity, K,,., to express the 
eddy transport per unit gradient across surface 
ii'. This approximation implies, instead of 
(2.2), that we assume 

(pnP)i,' + ($mi,, = - K p )  (3.4) 
li' 

where (a/ar)ii' denotes ( a / a ~ ) ~ ~ ,  ..., (a/az),-,. 
With approximation (3.4) the transport equa- 
tion becomes: 

-R,W,=O (3.5) 

To solve equation (3.5) for the variables of 
water motion, vli,, K,,. ,  requires that we evalu- 
ate from oceanic data the time-surface averages 
pli' and (aij/ar),,,. What approximation of the 
direct measurements of concentration is most 
appropriate for this purpose will depend on the 
problem and region under investigation. In  the 
next subsection we shall show that (3.5) can 
be replaced by the transfer equation for a 
reservoir model by the simple expedient of 
approximating these time boundary averages 
by linear combinations of the time-volume 
averages iji and ij,.. The model will suit our 
needs in later sections, and we shall not in- 
vestigate alternative approximations in this 
article . 

3.3. The reservoir model of the interior of the ocean 
The transfer equation for a reservoir model 

we may write for region i in the form (cf. 
Welander, 1959): 

3 W 1 =  c (G!.kl*,-pik,,.)+iZ,W, (3.6) at 1' = 2..  . - 2 
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where k i t ,  and k,., are non-negative forward 
and reverse transfer coefficients with the 
dimensions of volume of water per unit time 
and where the other symbols have their former 
meanings. 

The reservoir model transfer coefficients 
k,,. and k,., have no clearly defined physical 
basis, but neither do the eddy diffusivity 
coefficients K,, , ,  introduced in (3.4). From a 
knowledge of the concentrations, soiirces and 
sinks, and oceanic boundary exchanges of 
five tracers, we can in principle (cf. section 2) 
obtain numerical values for either set of para- 
meters. If we express the concentrations as 
volumetric averages, we evaluate the k’s. If 
we express them aa surface averages, we 
evaluate space averages of K,, K,,  K ,  and V. 
Which set of transport parameters is superior 
depends upon which set behaves most nearly 
like physical constants independent of the tracer 
under investigation. We cannot presently decide 
this, because we cannot with existing data solve 
for even five tracers, much less test the results 
on additional tracers (cf. subsection 8.9). 

We nevertheless attach more meaning to the 
surface-averaged transport parameters because 
the average velocities, vtt,, are clearly defined, 
and the eddy diffusivity coefficients, K t t e ,  are 
analogous to molecular diffusivity coefficients, 
even though they may not be constants in 
actual situations encountered in the oceans. 
We, therefore, would like to relate the reservoir 
model k’s of (3.6) to the velocities and eddy 
diffusivity coefficients of (3.5). 

If we subtract (3.6) from (3.5) to eliminate 
common terms, and then rearrange, we can 
equate the alternate representations of the 
total transport in and out of region i: 

surface-averaged continuous model 

reservoir model 

To reconcile the two models we shall give a 
physical interpretation to k,,. and k, , ,  which is 
consistent with the definition of velocity, 
Pi t . ,  and we shall express i j t r  and (ap/ar), , .  
in terms of i f  and ijv. 

Of the various physical interpretations which 
have been given to the transfer coefficients, the 

4 
f l  12 I N - 2  fN-l I N  

lime 

I <  T- 

Area - T  = k,iJ 

Area A T  = k,ti 

c 
[V,,,  
negative 

Pig. 2. Physical interpretation of reservoir model 
transfer coefficients. Symbols are explained in the 
text. 

interpretation which corresponds most closely 
to the continuous representation (2.1) and its 
surface-averaged equivalents (3.2) and (3.5) is 
to treat the k’s as unidirectional average flows 
of water. If we define V,,, as the instantaneous 
averago of the normal component of velocity 
over surface ii’, then ( k t i , / A , , , )  is the time 
average of positive V t t , ,  and ( k t , { / A i i , )  is the 
corresponding average for negative T’, i , .  i.e.: 

where time interval t ,  - to  = T has been sub- 
divided into subintervals t,+, -tn, t,,, -t,+,, 
etc., during which V i t ,  is alternately positive 
and negative, as shown in Fig. 2. (If V t t ,  is 
negative a t  the beginning of interval T, we 
set to  = t , ,  if positive a t  the ond we set t N - l  = 

tnr )  
It follows that: 

We next note that assumptions (3.8) provide 
a reasonable basis for representing the eddy 
transport. To show this, we eliminate vif-  
from (3.7) according to (3.9) to obtain: 
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where we have introduced the reservoir length 
Ar, to emphasize the dimensional relationships. 
The eddy transport in the reservoir model is 
thus proportional to a sum of the products of 
the k’s with “model gradients” obtained by 
comparing the surface average concentrations 

with the volume average concentrations in 
the upstream reservoirs. (If Ar,+Ar,, along a 
given coordinate, we may, if we prefer, express 
the model gradients in terms of mean lengths 
such aa t(Ar, + Ar,,) .)  

If the tracer concentrations vary more or 
less uniformly over region i and its neighboring 
region i’, as for example when eddy motion is 
the predominate mode of transport, we expect 
Pit, to equal, approximately, the average of 
PI and the ij,., i.e.: 

(3.11) 

and we expect the model gradient obtained by 
comparing the volume average concentrations 
between adjacent regions to equal, approxi- 
mately, the average gradient over the ad- 
joining surface, i.e.: 

(3.12) 

Substituting these approximations in (3.10): 

is.,  the eddy diffusivity coefficients, in this 
instance, are approximately proportional to 
averages of the forward and reverse reservoir 
model transfer coefficients. If rl,, =0, kIr  and 
k, . ,  are equal by (3.9) and identical to 

A second possibility is that the tracers are 
relatively well-mixed within each reservoir in 
comparison to their mixing between reservoirs, 
as for example when distinctly different but 
nearly uniform concentrations are observed in 
adjacent regions of the ocean. Bolin & Stommel 
(1961), for example, cite the existence of 
distinct modes in the distribution of tempera- 
ture and salinity in the world oceana to justify 
their using a reservoir model to investigate 
abyssal circulation. If strong internal mixing 
occuw, the model gradients which appear on 
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( K * ~ A l l ~ / A ~ , ) .  

the right side of (3.10) will be much smaller 
than the true boundary gradients (&j/&),,, and 
the values of the k,, .  obtained using (3.13) will 
be far larger than those which would be obtained 
from surface averages using (3.5). 

Still another possibility is that the tracer 
concentrations, in one way or another, are 
significantly influenced by the mean motion. 
If so, (3.13) is clearly a poor approximation 
because i t  predicts that (K,,,/Ar,) approaches 
&v,,, aa the eddy transport approaches zero, 
whereas it should approach zero. This un- 
realistic limit is a result of assumptions (3.8) 
and (3.11) which imply physically that the 
water at face ii‘ is a mixture of equal parts of 
the average water of both adjacent reservoirs, 
regardless of the prevailing direction of motion 
of the water. 

More realistically, let us suppose that if,,, 
is influenced more strongly by the volume 
average concentration in the reservoir which 
is predominately upstream. 

The simplest possibility which yields correct 
limits for both purely advective and purely 
eddy transport is that 

In  this case the transport by the mean motion 
depends on only the volume-averaged concen- 
tration in the upstream reservoir, i.e.: 

and the eddy transport depends on only the 
smaller of the transfer coefficients for each face: 

It is also possible that 
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(3.17) 

In  this case the transport by the mean motion 
depends on a weighted mean of the volume 
average concentrations in both reservoirs, where 
the weighting accords to the relative strengths 
of the unidirectional average flows kii .  and k i , i ,  
while the eddy transport is proportional to a 
geometric mean of the k’s,  i.e.: 

Since the reservoir model is likely to be useful 
principally when information on the nit, is 
lacking, we are not likely to establish a cor- 
respondence between the k’s and K’s that is 
any more convincing than as given by (3.16) 
or  (3.18). Since the former is slightly simpler 
and agrees with the latter within a factor of 2, 
we shall employ it in sections 7 and 8. Since, 
in addition, we cannot evaluate the gradients 

we shall assume that they are roughly 
equal to the model gradients, (q iv  - Q i ) / A r i ,  
whence (3.16) reduces to the set of approxima- 
tions: 

3.4. The  reservoir model with exterior boundaries 
For a reservoir which shares a portion of its 

surface with the atmosphere or ocean bottom, 
the boundary conditions of (2.1) may be 
replaced by appropriate averages over the 
exterior surfaces. A detailed discussion is 
postponed until subsection 4.7. In preparation 
we shall now modify (3.6) by defining for 
reservoir i a reservoir source function, si, which 
includes expressions for the exchange across 
whatever external boundaries the reservoir may 
possess, in addition to the interior sources 
X i  W,, i.e.: 

s i  = x i  w, + 2 G i m  (3.20) 

where nz sums over all external boundary pro- 
cesses. The mean motion and eddy motion must 
vanish at the external boundaries and therefore 
exchange coefficients k,, .  and ki , ,  apply only to 
interior surfaces. The reservoir model equation 
thus takes the general form: 

where the sum is over all adjacent oceanic 
reservoirs, i’. 

3.5. Use of the principle of continuity of  water 
In view of the uncertainties discussed in sub- 

section 3.3, we introduce only negligible error 
in the transfer equation (3.6) by assuming ocean 
water to be incompressible. This assumption 
allows us to express the continuity of water as a 
special case of equation (3.21) in which theq, are 
unity. Writing T i  in place of si to denote 
specifically the exchange of water at an atmos- 
pheric surface of reservoir i: 

O =  2 ( k i , i - k i c ) + F i  (3.22) 
i’Ar r 

where pi vanishes except for atmospheric 
boundary reservoirs. Combining (3.21) and 
(3.22) to eliminate the kii , :  

Equation (3.23) shows that the relation be- 
tween transport and tracer concentration in the 
reservoir model is fully specified by the inward- 
directed transfer coefficients k i . i ,  together with 
the concentrations differences (Q1, - ? j i ) ,  and the 
reservoir source functions gi and G i  Ti. In section 
5 (cf. 5.11) we shall employ this equation in a 
format appropriate for a three-reservoir model. 

Of considerable interest is the ratio of the 
reservoir volume to the sum of the inward di- 
rected transfer coefficients, which can be evalu- 
ated if we solve (3.23) for a suite of tracers. 
We shall denote this ratio by the symbol t i ,  i.e.: 

(3.24) 

This mass-flux ratio has often been called a 
“turn over” or “residence” time (Bolin and 
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Stommel, 1961, Eriksson, 1962,) and interpreted 
as a measure of the average time a molecule 
or fluid element spends in the reservoir before 
removal to adjacent reservoirs. Such a physical 
interpretation does not follow directly from a 
definition of the k's as measures of the average 
rate a t  which water enters or leaves the re- 
servoir (cf. 3.8), but requires, also, that the 
times individual particles spend in the reser- 
voir are temporally distributed in a manner 
characteristic of a reservoir which is well mixed 
internally. Again, as in our attempt to relate 
the k's to eddy diffusivity coefficients (cf. 3.14 
and 3.17) we need more information than can 
be obtained directly from solving the reservoir 
model equations. 

Generally, it  is unrealistic to suppose that 
oceanic reservoirs are well mixed, and since this 
condition is not a requirement of the reservoir 
model (cf. subsection 3.3) we shall not confera 
meaning on tt beyond that implied by (3.24). In 
sections 7 and 8 we shall employ mass-flux ra- 
tios in connection with the conservation equa- 
tions of radiocarbon (cf. 7.8 and 7.9). 

4. Representation of source functions 

4.1. Introduction 
We shall now develop a procedure for simul- 

taneously applying the transport equation to a 
suite of nonconservative tracers. To do so we 
shall express x, the time-averaged change in 
concentration of a tracer owing to chemical 
reactions, radioactive decay, and other local 
processes, by a formula which distinguishes 
such local processes and also makes clear the 
chemical relationships between that tracer and 
other tracers. To produce such a formula, we 
shall first define a tracer precisely in chemical 
terms; we shall next introduce the stoichio- 
metry of chemical reactions as applied to tracers; 
and finally we shall make specific use of source 
ratios between the tracers considered. 

We shall distinguish between elemental tracers, 
composed of bulk chemical species, and isotopic 
tracers, equivalent to the former except that, 
for one element of the tracers, a single, usually 
rare, isotope is distinguished. We shall thus 
provide a unified formulism which is sufficiently 
general to apply to all chemical processes 
introduced in later sections. Finally, in sub- 
section 4.7, we shall also develop a fonnulism 
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for dealing with isotopic exchange a t  the 
atmospheric boundary. 

Before we begin a general discussion, however, 
let us illustrate what we propose to do, using as 
an example the most complicated tracer we 
shall deal with later on: total dissolved inorganic 
radiocarbon. 

We shall define this isotopic tracer ae the sum 
of the inorganic carbon-14 species in ocean 
water, i.e., its concentration, denoted by *q, is 
given by: 

*Q = ['4C0,] + [H14CO;] + [l4C0;] (4.1) 

where the brackets indicate concentrations of 
the enclosed chemical species. Justification for 
this particular definition is given in subsection 
6.1. Local changes in the concentration of *q in 
the interior of the ocean are brought about 
principally by three processes which we may 
represent approximately as follows: 

Reaction a: formation and dissolution of 
calcium carbonate: 

14C0, +Ca+++Cal4C0, (4.2) 
(dissolved) (precipitated) 

Reaction 6: synthesis and oxidation of 
organic (bio) carbon: 

WO,+organic-W + 0, (4.3) 

Reaction c: radioactive decay: 

inorganic-"C --t I4N + p- (4.4) 

Evidently, *E, the time-averaged local time 
change of concentration of radiocarbon per unit 
volume owing to chemical reaction and radio- 
active decay, may be expressed as a series of 
"local source terms", *Ba + *Zb + *$, where 
superscript * specifies the tracer, and the sub- 
scripts denote the individual local processes. 

The last term, *Bc, may be immediately 
replaced by the more explicit expression 
( - * I * i )  where *I is the radioactive decay 
constant. The f i r s t  two terms, *Ea and *xb, 
have, however, no simple representation. They 
depend in a complicated way on chemical con- 
centrations, organisms, light, temperature, and 
other environmental factors. We shall not 
attempt to evaluate them explicitly, but instead 
shall express the functional relationships be- 
tween them and local source terms for other 
tracers involved in reactions (4.2) and (4.3). 
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Consider, for example, the relationships be- 
tween ‘*C02, stable CO,, and 0, gas, implied 
by (4.3). As i t  stands, equation (4.3) neglects 
the organic synthesis of compounds containing 
nitrogen and phosphorus. A more complete 
equation which will be satisfactory for the 
present purpose is (vgw) :  

V’~CO, + wC0, + (z + y )  H,O + y N 0 ;  + zP0; 

+14C,C,(H,0),(NH,), (PO,) + (w + 2y) 0, 

(4.5) 

With superscripts C and 0 to denote stable 
inorganic carbon (bulk CO, + HCO, + C03=) and 
oxygen (bulk 0,) as tracers, we relate the local 
source terms for tracers *, C, and 0, by the 
stoichiometric relationships: 

These relationships are use fill because the 
stoichiometric ratios w/w and w/(w + Zy) are 
measureable even though the a.ssociated local 
source terms are not. Furthermore, these 
ratios vary less than do the individual source 
terms and a.re more readily averaged. 

We shall now generalize these ideas for use 
in later sections. 

4.2. Notation 
We shall classify quantities with respect to 

tracer location in the ocean, chemical species, 
reaction component, and chcmical process 
(reaction or ocean surface exchange). For clarity, 
we shall reserve specific letters L, i ,  j ,  k ,  I ,  m, 
to denote general members of each class. To 
denote forward and reverse chemical reactions 
and evasive and invasive exchange, we shall 
place + or - after the letters representing the 
process. If two or more general members of a 
class are referred to in the same expression, 
they will be distinguished by primes, e.g., 
k, k‘, and k“. The specific symbols are listed in 
subsection 1 2.2. 

4.3. Definitions and stoichiometry 
Subscript i will be omitted in subsections 

4.3 to 4.5 because all quantities will refer to the 
same location. We shall also leave out the 
notation (-) for time-averaged quantities. 
4.3.1. Tracer concentration. The concept of a 
chemical “tracer” arises in connection with 

equation (2.1) when, from a knowledge of q, we 
can deduce information about the motion of 
water or chemical sources and sinks. All chemi- 
cals in the ocean vary in concentration spacially 
and thus, in principal, can serve as tracers 
but if we assume that the eddy diffusivity 
coefficients have the same value for all chemi- 
cals considered (cf. 2.2 and 3.10), we ought to 
choose only those whose presence in the ocean 
does not systematically influence water mo- 
tion. Salinity fails in this requirement because 
it influences the density of water, and thus, 
the thermohaline circulation (cf. subsection 
7.2). The other chemicals which we shall 
employ meet this condition satisfactorily be- 
cause they all occur in the ocean in low con- 
centration. 

Let x denote a chemical compound, radical, 
or an ion (e.g., CO,, PO,, or OH-), and x1 a 
specified member of a set of chemical species. 
The most general chemical tracer we can define 
will consist of a linear combination of species, 
x j ,  such that its concentration is defined by: 

(4.7) 

where chemical concentrations are shown by 
brackets L 1, and the coefficients L p j  are, in 
practical applications, whole number, commonly 
1 or 2. (For example, the tracer, dissolved in- 
organic carbon-14, according to (4.1) consists 
of two ions and one molecule, each with Lp,  = 1.) 

4.3.2. Local source terms and functions. The local 
time change in concentration of tracer L owing 
to a single chemical reaction or radioactive 
decay, “I”, we shall call a local source term 
and denote by LRl,  i.e.: 

where ( ) 1  denotes a time change owing solely 
to process 1. 

The local source function for L (which 
without specifying the tracer, appeared as a 
time average, z, in (2.1)) is given by: 

L~ = 2 =R, 
1 

(4.9) 

4.3.3. Stoichiometry of tracer reactions. Chemical 
reaction 1 may be represented by the reaction 
equation (cf. Denbigh, 1963, pp. 132-133): 
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where the zkl are chemical symbols for the 
various chemical species, the vkI are stoichio- 
metric coefficients (usually whole numbers), 
and r l+  and r t -  are the forward and reverse 
reaction rates, measured in chemical equiva- 
lents per unit time. The species on the left, as 
usually written, are called “reactants” (Y nega- 
tive); those on the right “products” (v  positive). 
(Equation (4.10) could, if required, be extended 
to more than four species.) 

Stoichiometry requires for all subscripts k: 

(4.11) 

The reaction rates in (4.11) are expressed 
with considerable generality (cf. Denbigh, 1963, 
pp. 439-441) by the expressions: 

where the bkl are small powers, usually integers, 
end the “rate coefficients”, xt+  and x I - ,  are 
usually independent of the concentrations 
[xkt], or nearly so, but generally vary with 
temperature, hydrostatic pressure, light inten- 
sity, and other environmental factors. As 
defined, r l +  and rI -  are always > O .  

If a certain species xkI which takes part in 
reaction 1 is in the set of x, which define the 
concentration of tracer L according to (4.7) 
and we write p k I  for the corresponding p,, the 
time rate of change in concentration of tracer 
L owing to reaction 1 is: 

More generally, if one or more species be- 
longing to tracer L takes part in reaction I :  

(4.14) a[xkll r?) I = ‘Pkt (7) I 

Comparing this second equation with (4.8) 
and (4.11), we obtain a stoichiometrically 
explicit relation for the local source term of 
tracer L in reaction 1. 

k 
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4.4 Source ratioa for  elemental tracera 
The quotient of local source terms for two 

elemental tracers associated with the same 
chemical reaction, according to (4.15), will 
depend only on the associated coefficients 
p and Y, since the values tI+ and 21- are not 
related to the choice of tracer. To avoid refer- 
ence to two tracers in specifying this quotient, 
we shall make the simplification that all source 
ratios of elemental tracers be of the form: 

LyI  = L ~ I / C ~ I  (4.16) 

where L refers to any elemental tracer, but C 
is an invariant “principal tracer”. 

From (4.15) and (4.16) it follows that: 

where subscripts k and k’ refer to the possibly 
different components xkr and x ~ , ~ ,  respectively 
of reaction 1. 

The local source function L R  may now be 
expressed in the form: 

(4.18) 

where the sum over I‘ represents all reactions 
in which the local source function of tracer L 
is related to the principal tracer, C, while the 
sum over I” represents reactions not related to C. 

4.5. Source ratwa for isotopic tracera 
The source ratio of two isotopic tracers, 

unlike that of elemental tracers, will not 
depend on the stoichiometric coefficients, p and 
v ,  which must be the same for isotopes of the 
same element, but it will depend on the reaction 
rates P I +  and PI-  which, in general, show iso- 
topic differences. The resulting expressions for 
the source ratios will be considerably more 
complicated and will require that we define 
additional qumtities. 

Consider that in reaction equation (4.10) the 
chemical reactant xI1 and chemical product 
xst are the only species which contain the 
element whose separate isotopes are of interest. 
(More complicated possibilities need not be 
considered here.) With superscript * to denote 
the rarer isotope, and L* to denote the rare 
isotopic tracer corresponding to elemental 
tracer L, we denote the isotopic ratio of xkt by: 
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we define forward and reverse fractionation 
factors in terms of corresponding rate coeffi- 
eients: 

(4.20) 

and wo write for the local source term for 
tracer L* in reaction I (cf. 4.15): 

L*R I - L  - w l ( * r l +  - *r lJ  (4.21) 

Comparing (4.12) with (4.19) and (4.20) the 
forward and reverse reaction rates of reaction 
I for the rare isotope may be written: 

If we define isotopic source ratios for the 
forward and reverse reactions by: 

(4.23) 
L* * 
L* * 

Y I +  = r1+1r1+ 

y l -  = r l - / r l -  

we obtain by (4.22): 

In  studies of transport, al,, al-, and the 
pkl will usually be known independently of the 
results deduced by studies of chemical transport 
in the oceans. The isotopic ratios, Rrl, custom- 
arily replace bulk concentration as the vari- 
ables whose distributions are determined in the 
ocean water. 

If we restrict ourselves to the principal 
tracer, C, and a rare isotopic equivalent of C 
which we shall denote by the single character 
*, the local source function *R may be written 
(cf. 4.18): 

*R = 2 *yl.'Rl. + *R1.. (4.25) 

where the sum over I' represents all reactions in 
which tracer G takes part, *Rl. .  is non-zero only 
in the case of radioactive decay, and where 
* y l ,  denotes the isotopic source ratio for tracer 
* in net reaction I i.e.: 

I 

The second equality in (4.26) may be derived 
by the use of (4.15), (4.21), and (4.23). 

Whereas the source ratio Lyl  for two elemental 
tracers L and G is determined by stoichio- 
metric quantities likely to be nearly independent 
of oceanic location and time (cf. 4.17), the iso- 
topic source ratio *yl.  is seen (cf. 4.24) to be 
dependent on oceanic concentration ratios Rkl 
and, even more seriously, also on the forward 
and reverse reaction rates r I+  and p i - .  We shall 
be forced to make approximations of (4.26) 
before we can successfully use an isotopic tracer 
in an application of the transport equation 
(cf. subsection 6.3). 

4.6. Reservoir source functions 
In  the preceding subsections all processes 

refer to a single location, and the relations 
which we derive are directly applicable to the 
general transport equation (2. l), provided that 
the concentrations and the variable reaction 
parameters are treated as functions of the space 
coordinates. 

To adapt these relations to the reservoir 
model approximation of section 3, we shall 
specify by a subscript, i, the space averages 
over reservoir i, of all quantities which vary 
with location. As before, we consider average 
conditions over time interval T, but to simplify 
notation, we shall not take the trouble to note 
this specifically by a bar as we did in sections 
2 and 3. 

For reservoir i ,  of volume Wi,  the reservoir 
source functions for elemental and principal 
isotopic tracers can be written (cf. 3.20, 4.18, 
and 4.25): 

where L refers either to an elemental tracer or 
an isotopic equivalent of principal tracer C. 
The final terms, (LQim), refer to exchange across 
external boundaries aa defined in section 3 and 
developed in the next subsection. The source 
ratios L y i l  are quotients of the averages, over 
reservoir i, of the local source terms, i.e.: 

LYil =LRtlICRtl (4.28). 

4.7. Gas exchange at the atrno.qpheric boundary 
In the general transport equation (2.1). 

exchange a t  the ocean bottom and atmospheric 
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boundary are accounted for by specifying the 
boundary conditions. We shall not formulate 
general cases, but rather shall immediately 
write expressions in a form useful to the re- 
servoir model of section 6. We shall thus restrict 
our discussion to the atmospheric boundary. 

4.7.1. Reservoir source terms. We shall denote 
the local time change in average concentration 
of tracer L in reservoir i owing to a single chemical 
exchange process “m” by: 

LQ,m = Wit:?) 
m 

(4.29) 

where ( ),,, denotes a time change averaged over 
volume W, owing to boundary exchange pro- 
cess m. 

4.7.2. Stoichiometry. The reaction equation 
which describes the exchange of a gas between 
the atmosphere (designated as reservoir 0) 

and an oceanic reservoir i may be written: 
‘lorn+ 

( I n  I )  r Iom - (In 0 )  
X m  + Xrn (4.30) 

since the stoichiometric coefficients (cf. 4.10) 
always have the values: 

vim = - 1, Yam = + 1 

and where subscript m refers to both the species 
and the process. 

Stoichiometry requires: 

where A, ,  is the surface area of reservoir i in 
contact with the atmosphere and where the 
evasion and invasion rates rIom+ and rlom-, 
are in units of mass per unit area (rather than 
volume ~ 1 9  was the case for rl+ and r l - )  and are 
expressed by: 

Here xIorn+ and are exchange coefficients 
for invasion and evasion per unit area, and 
pIm and porn are the average vapor pressures 
exerted by xrn a t  the boundary in reservoirs 
i and 0, respectively. 

I f  xm is in the set of x, which define the con- 
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centration of tracer L according to (4.7) and 
if we write pm for the corresponding p,, the  
time rate of change in concentration of tracer L 
owing to exchange m is: 

and the reservoir source term for exchange m is: 

‘Qtrn = - L p m A i o ( t i o r n +  -?,om-) (4.34) 

Replacing piom+ and rIom- according to (4.32) 
and noting that LQIrn must vanish if porn =pi,,,, 
we require xIorn+ = xiom-;  that is: 

where xIOm stands for either xiom+ or xIom-. 
In  dealing with atmospheric gas exchange, 

source ratios are of interest only in the case of 
isotopic tracers. These will be discussed in the 
next subsection. 

4.7.3. Source ratios for iaotopic tracers. Analogoup 
to (4.19) through (4.24) we denote the isotopio 
pressure ratio of xm in reservoirs i and o by: 

we define the fractionation factors: 

and (cf. 4.34) we express the source term for 
the rare isotopic tracer L* in Peaction m by: 

L*Q Im = - L P m A i o (  *?tom+ - *r iom-)  (4.38) 

the evasion and invasion rates for the rare 
isotope by: 

and the separate isotopic source ratios for the 
forward and reverse reactions by: 

If we again restrict ourselves to the principal 
tracer, C, and its rare isotope equivalent, *, 
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REFERENCES 

equation (4.38), which expresses the reservoir 
source term for the rare isotope, may be trans- 
formed with the aid of (4.39) and (4.40) to: 

Rearranging, factoring, and replacing rtom+ 
and r lom- according to (4.32): 

where xt,,  has the same meaning as in (4.35). 
The first term in brackets vanishes if p, ,  = 

p,,, but the second term is non-zero because 
the pressure p,, of X ,  in the atmosphere and 
the source ratio difference ( * y i m -  - * y l m + )  are, 
in general, non-zero. This second term, which 
represents the flux of the rare isotope owing 
solely to a difference in isotopic ratio (fz,, - 
fz,,) corrected for fractionation by factors 
atom- and atom+, we shall denote by a new sym- 
bol h,,, i.e.: 

Comparing (4.35), (4.42), and (4.43), we ob- 

(4.44) 

tain: 

*Qim = * Y t m - +  ‘Qim + h i m  

This linear relation between *Qtm and ‘Qim will 
be useful in later sections. 

If we eliminate the unknown, xiom, between 

equations (4.35) and (4.43) with L =C, we ob- 
tain an expression for ht ,  in terms of the re- 
servoir source term, ‘Qtm,  and measurable 
quantities: 

This equation is, however, valid only of ‘Qtm +O, 
and thus porn +pi,. 

4.8. Concluding remarks 
In a succeeding article (Keeling & Bolin, 

1968) we will apply the formulism developed 
above to a suite of tracers which include salinity, 
oxygen, inorganic phosphorus, organic and 
inorganic carbon, carbonate alkalinity, and 
radiocarbon. Extensive use will be made of the 
relationships of section 4, especially equations 
(4.17), (4.26), (4.35), 4.43), and (4.45). 
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OAHOBPEMEHHOE lTCrIOJIb30BAHlTE XHMHZIECICHX TPACCEPOB AJIH 
HY3ZIEHHH OKEAHA 

I. 0 6 q a ~  meow wodemneii peaeptyapoe 

MoneJrb p e a e p ~ y a p o ~  m m e T c R  nonea~ofi  OT- 
IIpaBHOfi T04KOfi I I p U  EByqeHHH XUMHqeCKIXX 
TpaCCepOB. 3 T a  MOneJIb MOKeT 6bITb IIOCTaBJIeHa 
B COOTBeTCTBHe Y p a B H e H H W  IIepeHOCa nnfl H e -  
npepbIBHOr0 O K e a H a  ll TaKIlM o 6 p a a o ~  OCHOBbI- 
BaTbCH H a  pa3YMHOM (PA3H9eCKOM OCHOBBHMH. 
0 6 c y ~ c n a e ~ c ~  npennonomeme, w o  Tpaccepbr 
xopoluo nepeMelumamTcn BHYTPH Kamnoro 
peaep~yapa,  EI 06HapyXeH0, m o  TaHoe npen- 
nOJIOmeHHe He HBJIHeTCH He06XOnHMbIM. MO- 
AeJIb XOpOluO npacnoco6neaa AJIH TOI’O, qTO6bI 
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