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ABSTRACT 

A procedure for computing approximate solutions of the boundary layer equations for 
a neutrally stratified atmosphere is described. The approximation equations, which are 
derived using perturbation expansion theory, are valid for cases when the cross-isobaric 
flow is small. The first approximation equations are integrated analytically and then 
applied to  cases for which the gradient flow is either straight or curved. Comparison of 
the approximations with numerical solutions of the exact equations indicates that the 
approximations are generally useful under normal conditions of flow near the surface of 
the earth. 

Introduction 

A useful concept in the analysis of the atmos- 
pheric boundary layer is Prandtl’s mixing length 
hypothesis. The hypothesis, when used in con- 
junction with the assumptions concerning the 
constancy of the turbulent shear stress and the 
linearity of the mixing length with height, leads 
to the familiar logarithmic wind profile. The 
logarithmic variation is generally observed in 
the atmosphere to be accurate under conditions 
of neutral thermal stratification and in the 
layers close to the ground. Figure 1 shows an 
example of wind observations by Thuillier & 
Lappe (1964) at the Cedar Hill tower located 
near Dallas, Texas. Note the decreasing accu- 
racy of the logarithmic representation with 
height; this inaccuracy appears to be associated 
mainly with the decreasing validity of the con- 
stant stress assumption with height; the inertial 
and coriolis forces become increasingly impor- 
tant relative to the frictional forces a t  high 
elevations. 

The logarithmic wind distributions which are 
obtained with the aid of the mixing length 
hypothesis may be considered as solutions of 
the full boundary layer equations for the highly 
restricted case for which the pressure gradient, 
inertial, and coriolis terms are negligible. When 
these terms are no longer negligible, the equa- 
tions become highly nonlinear and solutions are 
obtainable only by numerical methods. Exam- 
ples of numerical solutions for steady, straight, 

and uniformly horizontal flow are those obtained 
by Blackadar (1962) and Ohmstede & Appleby 
(1964). Solutions for the general case of curved, 
horizontally-nonuniform flow are much more 
difficult to obtain due to the greatly increased 
nonlinearity of the equations. 

The difficulty of obtaining solutions t,o the 
basic equations indicates the desirability of ana- 
lyzing the equations to find out if useful approx- 
imate solutions can be obtained by perturba- 
tion expansion methods (Bellman, 1964). For 
certain practical problems it would be desirable 
to find solutions which are valid when the corio- 
lis and inertial effects are small but yet not 
negligible. The analysis has been attempted. It 
has been found that asymptotic solutions under 
conditions of small cross-isobaric flow may be 
calculated conveniently by using a stepwise pro- 
cedure. In the succeeding Rections we will de- 
scribe the analysis and present example of cal- 
culated wind distributions. 

Theoretical analysis 

We will analyze the effects of curvature and 
horizontal non-homogeneity in the large scale 
flow by considering a flow pattern which may 
have these characteristics. A simple example of 
such a pattern is axially symmetric flow with 
variations along the vertical ( 2 )  and radial ( r )  
directions. The appropriate equations in a 
cylindrical coordinate system are 
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Fig. 1. Average wind profiles plotted as logarithmic 
function of height. (After Thuillier & Lappe, 1964.) 

a a 
- (0, rw) + - (p, rv) = 0,  
az ar (3) 

where u, u, and w are the wind components 
parallel to the tangential, radial, and vertical 
directions, respectively; e, is a standard air den- 
sity (function of L only), K is the eddy viscosity, 
f is the coriolis parameter, u, is the geostrophic 
wind speed, p is pressure, and t is time. If the 
geostrophic wind and the eddy viscosity are 
given, Eqs. (1) to (3) form a set of simultaneous 
equations with u, v ,  and w aa the unknowns and 
r, z, and t aa the independent variables. 

The variables will be rendered nondimen- 
sional such that all are of the order unity. For 
this purpose, let us introduce the characteristic 
scales (L, D, R), characteristic speeds (a, V), and 
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characteristic eddy viscosity (K,) and then 
define the dimensionless variables aa 

The characteristic tangential velocity compo- 
nent, B, will be assumed to be the gradient wind. 
Typical orders of magnitude of the character- 
istic quanties are 

LNR-lOaCm, D~lo 'Cm,  Km-106cm*sec-l, 

GNIOa cm mc-1, V-10' cm sec-l. 

Substituting the definitions into Eqs. (1) to 
(3), we obtain 

aBaa a% 
= _ _  +I?- a2 a2 a P '  (4) 

GD DG ti2 -- K ,  (-)-=< VR P a2 (I?:), (5)  

a a 
- (@* i.6) + - (& i.6) = 0. a2 a? 

Since the characteristic quantities have been 
chosen such that the nondimensional variables 
are of the order of unity, the relative order of 
magnitude of the terms in the equations may be 
estimated by examining the values of the dimen- 
sionless number, DlVILK,, D=Vf/QK,, BDIK,,,, 
DflV, and DQIVR. 

In tropical latitudes where f N 10-6 sec-l the 
magnitudes of these numbers which correspond 
to the typical values of the nondimensionalyzing 
quantities listed above are: 

YN10-3, DB - 
V R  V 
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It may be seen that, in general, the terms involv- 
ing D2V/LKm and D’Vf‘fIGK, are relatively 
small. We will now restrict our analysis to the 
clam of motions where these two numbers (both 
denoted by E )  are small compared to unity. It fol- 
lows that, to the order of E ,  the boundary layer 
equations may be approximated by 

( 7 )  

Here the sign “_” has been omitted for simplic- 
ity; henceforth the variables refer to the dimen- 
sionless ones unless otherwise specified. The 
subscript in uo, vo, and wo denote that these ve- 
locity components are the lowest order or first 
approximations. The equations for the higher 
order approximations may be obtained con- 
veniently by an ordering procedure which is 
btrsed on a power series representation in E of the 
dependent variables. Thus 

u =uo +&Ul +&2U2 +..... &nun, 

v = v o ~ t & v l + & ~ v g +  .... &nvn, 

w = wo +&W1 +&=w, +.... &nWn. 

Substituting these in Eqs. (4) to (6) and eqiiat- 
ing like powers in E ,  one obtains the equations 
for the higher order approximations. I n  par- 
ticular, the equations governing the first order 
effects of E are 

The nth order perturbations are governed by 
equations which have exactly the same form as 
Eqs. (10) to (12); they can be written formally 
by replacing the subscripts “1” and “0” by ‘‘n” 
and “n- l”, respectively. The euqations indicate 
that the various approximations could be calcu- 
lated successively, starting with the lowest order 
approximation (in the order uo, vo, wo, ul, v,, wl. 
etc., using Eqs. (7) ,  (S),  (9), ( lo),  ( l l ) ,  (12), etc. 
Thus the set of nonlinear equations, Eqs. ( 1 )  to 
(31, is transformed into a simpler set. The first, 
equation of this set, Eq. (7),  is homogeneous 
while the rest are inhomogeneous. The inho- 
mogeneous terms, which act as forcing functions, 
depend on previously calculated solutions. This 
procedure therefore represents a considerable 
simplification relative to a straightforward nu- 
merical integration of the basic equations, (1)  to 
(3).  

A first approximation solution 

Before the equations for the various approxi- 
mations could be integrated, one has to specify 
the functional form of the eddy viscosity. A 
rather realistic distribution has been suggested 
by Blackadar (1962); the expression is 

where k is the Karman constant and I is an 
empirical parameter representing the upper 
limit which the mixing length approaches 
asymptotically a t  upper levels. The expression 
for I used by Blackadar is 

27 x lO-’G I =  _____ 
f 7  

where G is effectively the gradient wind. 
The use of Eq. (13) in our analysis, although 

theoretically possible, introduces a considerable 
amount of complexity in the solution of thO 
equations. However, if the total wind shear is 
approximated by the shear of the first approxi- 
mation for u, au,/az, one may obtain analytic 
solutions. We have, therefore, approximated 
the expression for K in Eq. (13), by K O  
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where zo is the roughness parameter. The re- 
placement of z by z +lo shifts the origin of the 
vertical coordinate so that the no-slip boundary 
condition could be applied at z = 0. This expres- 
sion for the exchange coefficient, together with 
the dimensional forms of Eqs. (7), (8), and (9), 

:(KO:) = 0, 

.- K 3 = - - -  f(uo-u,), a 4 
(15) 

a z (  0 az )  r 

provides a set of equations for determining the 
first approximation to the motion field. 

The integrals of (14) and (15) are 

where P(z) 

z + 2, + c1 In ~ 

20 

and E(z)  

One constant of integration has been eliminated 
by applying the no-slip boundary condition for 
uo a t  z =O. The three remaining constants o f  
integration (u*, cl, cz) may be evaluated by 
applying the no-slip condition for eo at z = 0 and 
by prescribing boundary values for uo and vo a t  
upper levels. 

The expression for uo indicates that, to the 
first approximation, the wind component along 
the isobars is essentially logarithmic for small 
values of z ;  it  becomes increasingly linear as the 
altitude increases. 

Using the expression for uo, one may integrate 
Eq. (16) to obtain the corresponding expression 
for wo. 

The accuracy of the first approximations may 
be tested by comparing them with solutions of 
the exact equations, Eqs. ( l ) ,  (2), (3), and (13). 
In  the case of steady, horizontally uniform, 
straight flow, Eqs. ( l ) ,  (2), and (3) reduce to 

w = 0. 

The corresponding first approximation equa- 
tions are 

a(Ko2u,)  = - f(u,-u,), 
az az 

w, = 0. 

These two sets of equations have been integrated 
for the case where 

f = 5 x 10-6 sec-1, U ,  = 1000 cm sec-l, 

zo = 0.1 cm. 
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Pig. 2. Comparison between the exact solution 
(solid line) and the first approximation (dashed line) 
for straight flow. U* and a are the friction velocity 
and the cross-isobar inflow angle, respectively. 

The no-slip condition was prescribed at z = 0; in 
addition, the vertical derivatives of correspond- 
ing velocity components were made equal to one 
another at this level. The solutions-u(z), 
~ ( z ) ,  uo (z ) ,  and v,(z)-are compared in Fig. 2. It 
may be seen that the first approximations are 
indeed very close to the exact solutions even at 
moderately high elevations. 

An accurate test of the first approximation 
for the case of curved, horizontally nonuniform 
flow is not possible because there is neither a 
solution to the exact equations nor an  observa- 
tion for this case which could be used for com- 
parison. Only a very crude test could be made. 
We have done this by comparing the first 
approximations for axially symmetric flow with 
solutions to a simple linearization of Eqs. (1) 
and (2) about gradient flow. The linearized 
equations are 

SO( 

I( 

E 

I 

W 
I ? !  
r 

O.! 

Fig. 3. Comparison between the exact solution 
(solid line) and the first approximation (dashed 
line) for curved flow. U* and a are the friction 
velocity and the cross-isobar inflow angle, respec- 
tively. 

The corresponding first approximation equa- 
tions are 

(Koz) = 0, 

The inaccuracy of the simple linearization equa- 
tions arises from the fact that the assumption 
concerning the smallness of the velocity per- 
turbations is not valid at levels near the ground 
while the inaccuracy of the first approximations 
stems from the fac t  that  the cross-isobaric 
effect is entirely neglected in Eq. (19). On the 
other hand, the centrifugal force term appears 
to be described better by Eq. (20) than by Eq. 
(18). 

Eqs. (17), (18), (19) and (20) were integrated 
for data obtained from Hurricane Donna (1960) 
where 

f = 6.14 x 10-6 sec-1, uu = 594 m sec-l, G = 50 

aG G 
ar r 

m sec-I, zo = 1 cm, r = 75 km, - + - + f =: 

3 x lo-' sec-I. 
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The boundary conditions used were similar to 
those used in the preceding integrations for 
straight flow. 

Figure 3 shows a comparison between the 
first approximations and the solutions to the 
linearized equations. The agreement between 
the solutions is rather remarkable and entirely 
unexpected on the basis of the seemingly large 
differences between the governing equations. 

It is possible that the accuracy of the first 
approximations may be improved by replacing 
au,/az in the expression for K O  with 

[(?))'+ (31'. 
and then using this improved exchange coeffi- 
cient in solving for new values of u, and vo in 
Eqs. (14) and (15). 

Concluding remarks 
It has been demonstrated that a useful 

approximation to the basic boundary layer 

equations may be formulated for motions where 
the croas-isobaric flow is relatively small. In  
general, this condition is satisfied best a t  low 
latitudes where the coriolis effect is small and 
over relatively smooth ground and ocean sur- 
faces. The approximation equations are con- 
siderably simpler in form than the basic bound- 
ary layer equations and are conveniently solv- 
able using a stepwise procedure. 
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