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ABSTRACT 
An equilibrium theory is developed for a flow which conserves potential vorticity and 
consists of a stream of high relative vorticity imbedded in a geostrophic drift. Effects 
of bottom topography stratification and variation of Coriolis parameter are included. 
Transformation is made to stream axis coordinates, and a multiple expansion is made 
appropriate to the many scales involved. The variety of paths pertaining to flow over 
a uniformly sloping bottom are studied numerically. Some cross-stream profiles are 
obtained consistent with overall divergence. A result of importance is that a baroclinic 
meandering jet necessarily exchanges mass with the open ocean, i.e. a standing geo- 
strophic wave field is a feature of the equilibrium. The broadening and narrowing of the 
current is obtained. 

1. Introduction 

Northward and eastward of Cape Hatteras 
the Gulf Stream flows in deep water. The 
mean axis of the current roughly parallels 
the Continental Slope and is located several 
hundred km to the southeast of the 500 m con- 
tour. The usual interpretation of the observa- 
tional data pictures a narrow stream of high 
velocity which is coherent over many degrees 
of longitude. Although the Gulf Stream is a per- 
manent feature of the flow in this region, the 
position of the stream axis wanders about. 
At any given time the axis presents a sinuous 
pattarn. The amplitude of the meanders may 
be considerably greater than the width of the 
stream. A typical picture is shown in Fig. 1 
(FUQLISTER & VOORHIS, 1966). The meander 
pattern may be almost stationary (FUQLISTER, 
1963) or it may be unsteady. Transient motions 
have been interpreted as downstream pro- 
gression of the meander pattern, and aa eddy 
formation by the breakoff of an elongated Ioop 
(FUQLISTER & WORTHINGTON, 1951). The mean- 
dering and eddying of the stream in this 
region is presently the subject of considerable 
observational effort. The observations them- 
selves present a complex and fascinating puzzle. 

In  the theory of the general circulation of the 
oceans, strong narrow currents play a dominant 
role. The interaction of the strong currents with 
the slower broader flow is a determinative fac- 
tor in the total equilibrium of the circulation. 
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In  the simplified mathematical models which 
are necessarily used to study the total circula- 
tion problem such currents appear predomi- 
nantly as boundary currents. However, in 
discussions relating the modeIs to real oceanic 
flows, identification of these currents is made 
with the total Gulf Stream system. An under- 
standing of free inertial currents is essential 
if their role is to be correctly parameterized 
in the study of the general circulation. 

An understanding of the physics of the ge- 
neral circulation implies a knowledge of the 
overall balances of conserved quantities such 
as heat and vorticity. The Gulf Stream is an 
important mechanism for the transport and 
transfer of these properties. The region of 
meandering and eddying may be a particularly 
important one for communication of vorticity 
with the solid earth. Finally it may be re- 
marked that an understanding of this region is 
of major importance in the understanding of 
climatological processes, on an aa yet unknown 
scale. 

The approach to the general problem adop- 
ted here is baaed primarily upon two previous 
studies, WARREN’S (1963) analysis of the in- 
fluence of bottom topography on the path of 
the free stream, and ROBINSON’S (1965) general 
model for the three dimensional structure of 
inertial jets on a stratified p-plane. Here an 
attempt is made to penetrate the complex 
structure of the real geophysical situation by 
a consideration of many aspects of the problem. 
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Pieces of the problem are explored in isolation 
by simplified models, but often more questions 
are raised than answered. 

This paper presents a study of free jets of 
simple potential vorticity distribution, which 
flow in equilibrium over simple bottom topo- 
graphy. It is the first part of a larger study. 
At present the equilibrium of free jets over the 
real topography of the North Atlantic basin 
is being studied by numerical analysis. The 
generalization of the present work to the case 
of time dependence is in progress. 

2. Statement of the model 

2.1. EQUATIONS OF THE CURVED STREAM 

Consider an ocean baain of semi-infinite hori- 
zontal extent and finite depth, in which the 
longitudinal, latitudinal, and vertical coordi- 
nates are measured respectively by X (  - c q c o ) ,  

Y(O,co), z ( B ( X ,  Y ) ,  H ) .  Over the major part of 
the basin (hereafter referred to as the open 
ocean region) the flow is to consist of a slow 
and steady geostrophic motion, in which the 
relative vorticity is much less than the plane- 
tary vorticity due to  the rotation of the earth. 
Let there be imbedded in the open ocean flow 
a limited region in which the relative vorticity 
is comparable to planetary vorticity. This 
region is identified with the inertial current. 
The type of free jet or current to be studied here 
is defined by the occurrence of the high relative 
vorticity region as a narrow coherent filament 
of high speed flow. Across the filament the 
pressure gradient is much larger than that 
characteristic of the open ocean. At each edge 
of the filament the pressure gradient joins 
smoothly to the open ocean value without the 
help of a solid boundary (i.e. by mass and sea- 
level distribution alone). It is in this sense that 
the current is considered to be free. 

In  principle the problem to be posed has the 
nature of a boundary value problem in ( X ,  Y ,  
z )  space, in which a narrow area of high vor- 
ticity imposed in a boundary condition (e.g. 
at ( Y  -0)) would be found to result in a nar- 
row current throughout the region of interest. 
But to solve directly such a complex three- 
dimensional boundary value problem is pro- 
hibitively difficult, even by nuinerical methods. 
In  this investigation a logical approximation 
scheme is developed by which it is possible to 
treat various parts of the problem in isolation, 
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Fig. 2. The stream axis coordinates. 

under a set of restrictive but revealing physical 
assumptions. The time dependent problem, 
although of great interest, will not be considered. 
What is to be sought is an equilibrium state of 
the free current and the geostrophic drift. 

To locate the current within the open ocean 
it is convenient to define an axis of the stream 
by some suitable means, e.g. the local velocity 
or vorticity maximum. To discuss succinctly the 
structure of the current via simplifying dyna- 
mica1 assumptions, it  is essential to introduce 
a coordinate system for which the stream axis 
forms a coordinate line. The system to be 
defined is one in which the local curvature x is 
dependent only upon the distance (y) down- 
stream from an origin, and not upon the cross- 
stream distance z nor z (vid. Fig. 2). This de- 
finition is useful for the case that the stream 
is vertically coherent as well as narrow. The 
curvilinear coordinate line z = z o ( X , ,  Yo )  = 0 
forms the axis of the stream. Increments in z 
and y are given respectively by dx and [1 + 
x(y) z] dy, which indicates that the curvilinear 
coordinates are chosen in the manner that con- 
stant y are straight lines and constant z are 
parallel curves with the curvature x .  

Let 8(y) [Fig. 21 be the angle between the 
coordinate line of constant z and constant Y .  
The transformation from z, y to X ,  Y coor- 
dinates has the form 

x = Io’ [I+ xz] cos My’+ z sin 8 ( 0 )  (2.1) 

Y = IOU 1 + x z ]  sin My’ - z cos 6 (o), (2.2) 

d8 
where x = - 

dY 

The physical components of velocity in the 
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cross-stream and downstream direction are 
dxldt,  and (1 + xx) (dy ld t ) .  These components 
are related to the velocity components along 
X ,  Y by the differential form of (2.1) and (2.2), 

d X  dY dx 
d t  dt  dt  

- _  - [ l + x x ] c o s 6 - i - s i n 6 -  (2.4) 

d Y  dY d x  
dt dt  d t  

- _  - [ 1 + xx] sin 6 - - cos 6-. (2.5) 

The inverse transformation from X ,  Y to x, y 
coordinates exists in the region where (1 + xx) > 
0. This is the region of interest for the descrip- 
tion of the jet properties and is the formal 
statement of the narrowness assumption. 

The model for the dynamics of a free jet to 
be used here is that proposed by ROBINSON 
(1965) for the case that the jet is constrained to 
travel in a straight line ( x = O ) .  Identical 
dynamical approximations are to be made with 
respect to the cross-stream and down-strem 
directions, but in the curvilinear coordinate 
system defined by the jet itself. The pertinent 
conservation equations for momentum, mass, 
and density in the jet region are expressed under 

function of the down-stream coordinate is a 
priori unspecified. 

At this point reasonable boundary condition 
a t  the inlet ( y  = O ) ,  sides, top, and bottom of 
the jet are stated in some generality. How- 
ever, an important deduction of the ensuing 
theory will be restrictions on the class of con- 
ditions that allow the existence of a free cur- 
rent in equilibrium with the surrounding open 
ocean. The conditions a t  y = 0 are a pressure 
distribution p 0 ( q  0, z )  and a corresponding 
so(z, 0, z ) ,  v,,(z, 0, z) .  The conditions at large 
12 I ,  denoted by 00, are that the flow is 
independent of x and hence geostrophic, 

v+w+o, fu,” +gs; = 0. (2.11) 

The last of (2.11) represents two independent 
equations which hold respectively a t  5 00, 

but the k signs will usually be omitted in 
order to avoid cumbersome notation. For the 
application of the normal velocity condition 
the sea surface may be assumed undisturbed. 
Thus at z = H ,  and at the sea bottom, z = B ( y ) ,  
the boundary conditions are 

W(Z, y ,  H )  = w ( z ,  y ,  B )  -v (z ,  y ,  B )  B, == 0. (2.12) 
- 

the Boussinesq and B-plane approximations 
with the neglect of all diffusive processes. Let 
v be the down-stream component of velocity 
u the cross-stream component and w the ver- 
tical component. In the usual notation, these 
conservation equations are written as (vid. 
GOLDSTEIN 1938, p. 119 for the transformation 
of the equations to curvilinear coordinates) 

B is to be defined so that B(0) = 0. In the present 
formulation the effects of the convergence of x- 
coordinate lines, cross-stream advection of u, 
and cross-stream variation of B and B have 
been neglected. These omissions are consistent 
with the narrowness approximation discussed 
above, and will be justified in subsequent 
sections. 

1 
u V z  + VV, + WV, + xuv + fu + ~ p ,  = 0 (2.7) 

1 
-gs+  -p ,=o (2.8) eo 

UI+ v, + w, = 0 

us, i us, t WS, = 0 

(2.9) 

(2.10) 

Here s = 1 -e/e,, is the density anomaly, and the 
Coriolis parameter is expressed as f = fo + B(y) .  
Note that although the variation of f with 
latitude, Y ,  is linear ( f  = f o  +BOY), B(y )  as a 

If the axis of the current, and therefore the 
transformation of coordinates and x ( y )  were 
known, equation (2.6-.12) would serve to 
determine the structure of the current. How- 
ever, the jet axis is an unknown quantity; x is 
a dependent variable of the problem. The 
curvature term is the only ageostrophic term in 
(2.6). The freedom of the jet together with the 
presence of variable depth and Coriolis para- 
meter, obviates a completely geostrophic down- 
stream velocity component. The curved path 
taken by a free current provides an ageostrophy, 
and the path is unique if the current is narrow 
and coherent (vid. Eq. 2.31 ff.). WARREN (1963) 
has shown how the path of a free current is 
determined if requisite (integral) properties 
of the current are known. In  the present study 
the coupled problem of the simultaneous 
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determination of path and properties is in- 
vestigated. An approximation scheme is de- 
veloped for the case that these aspects of the 
total flow problem are interdependent but 
mathematically isolatable. 

2.2. CONSERVATION OF POTENTIAL VORTICITY: 

THE STRUCTURE INTEGRAL 

The three-dimensional perfect fluid model 
posed above has been shown to have a first 
integral which expresses the conservation of 
potential vorticity (or equivalently a Ber- 
noulli-energy integral). In addition to the 
boundary conditions, the free functional which 
appears in this integral must be specified. In 
reality the distribution of potential vorticity 
is determined by the history of the flow or by 
a far diffusive region. Here this physics is 
neglected. 

A convenient device a t  this point is to inter- 
change the independent roles of s and z ,  and 
to use the variable lI =gsz + p  in place of 
pressure. This quasi-lagrangian transforma- 
tion results in the equations (vid. ROBINSON, 
1965, for derivation), 

1 
-xv”fv+ -n,=o (2.13) 

eo 
1 

~ v , + ~ ~ , + x u v + f u +  - I I y = O  (2.14) 
PO 

1 
g z +  - r I s=o  

eo 

(%), + (.ozs)y = 0 

w = uz, + WZ,, 

where the partial derivatives in 

(2.15) 

(2.16) 

(2.17) 

x, y are taken 
at constant 8. The system (z, g, 8) independent 
will be called temperature space. 

The form of (2.16) allows the definition of a 
streamlike function y,  

vzs = yr, uz* = -yy .  (2.18) 

The existence of y allows the equation for the 
vertical component of vorticity, formed by eli- 
minating 11 from (2.13) and (2.141, to be 
integrated. The result is 

w, +xw +f  = 2, P ( y ,  8 ) .  (2.19) 
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The potential vorticity P ( y ,  8 )  is in general ES 

function of its two arguments. The specifica- 
tion of P ( y ,  s )  is a constraint upon both the 
initial current (y = 0 )  and the geostrophic flow 
with which the jet communicates a t  its open 
ocean edges. A primary effect of the s-de- 
pendence of P is uncoupled from the motion 
field if is negligible. This effect is the deter- 
mination of a basic stratification of the basin 
which remains, would the motion field vanish. 
The choice of s-independence implies linear 
stratification in this limit. In this paper, how- 
ever, only the simplest case of P =Po,  an 
absolute constant, will be explored. This 
choice, although limiting profile shapes, can 
be shown to be capable of describing many 
features of free jets imbedded in a geostrophic 
drift. 

It follows that in temperature space the 
initial profiles must be constrained to satisfy 

1 
- xov; -fovo + -no, = 0 

gz, + - no, 3 0 
eo 

(2.20) 

(2.21) 

eo 
1 

wo, + xowo + f o  = pozo,  

‘yo, = zos*o. 

(2.22) 

(2.23) 

The edge boundary conditions as z+&m are 
governed by the equations 

1 
furn+-rI,”=0 (2.24) 

eo 

g z W +  -II,”=o 
eo 

(2.25) 

f = 2,” Po. (2.26) 

Finally the vertical velocity boundary con- 

1 

ditions become 

(2.27) 

W C ~ ,  Y, 4m1 = ~,w[x, Y, s ( ~ ) 1 ,  (2.28) 

where the unknown surface temperatures which 
enter parametrically are determined from 

Z [ z ,  y, s(ff)] = H ,  Z[Z, g, s(B)]  = B. (2.29) 

Here and hereafter, a( B) means 8(z, y, B(y)) and 
similarly for 8 ( H )  etc. 
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CONSERVATION OF STREAMWISE AVERAGE VORTI- 

CITY: THE PATH INTEGRAL 

While the potential vorticity integral deter- 
mines the structure of the jet, it is the average 
value of the equation for the vorticity itself 
a t  each jet cross-section which determines its 
path. This average equation yields a first order 
ordinary differential equation for the curva- 
tare, and thereby implies a third order equation 
for the path. The curvature and direction at  
the origin, and the origin itself must be spe- 
cified. Consider, hence, the equation which 
results from eliminating p from (2.6) and (2.7) 
and take its integral in physical space over the 
area of the cross-section normal to the stream, 

With the help of the continuity equation and 
boundary conditions on w and w, this rela- 
tionship simplifies to 

(2.31) 

Note that (2.31) is an equation in y only 
and may be regarded as determining x from the 
cross-sectional integral properties of the stream. 
If the jot  were bound instead of free, the limits 
of the integral in (2.30) would be replaced by 
z(0, 00). Then the value of (v .Vv + x u ~ ) ~ - ~  
would appear in (2.31). The resulting equation 
would merely be an identity for any solution 
with given x (set by the boundary). The im- 
portant physical difference is the ability of the 
solid boundary to provide any requisite pressure 
gradient. The free jet must seek a path consis- 
tent with the vanishing of the x-pressure gra- 
dient at  both sides. This constraint is implied 
in (2.31). 

An alternative form of the path equation is 

a x++m H 

jx+- jB(v)  pZ + f v ldzds  
H 

f [ ~ + ~ - ~ - ~ ] d ~ = 0 .  (2.32) 
+ I.,,, 

In this form it may be seen simply that, a t  
every cross-section, the rate of divergence of 
(average) total vorticity flux is balanced by 
the rate of advection of planetary vorticity 
from the edge of the stream. The (average) 
manner in which the planetary vorticity is 
redistributed within the stream is expressed in 
(2.31). 

3. Exposition of path control mechanisms 

3.1. DEVELOPMENT OF THE PATH INTEGRAL 

Consider the path equation (2.31) in the 
simplest instance, i.e. that in which the bottom 
is flat, the Coriolis parameter is constant, and 
the stream is non-divergent (B = B = wg = 0). 
Hence, a/ay[x jj?:: w* dzdz] = 0 or xy = 0. The 
jet can maintain any circular path of constant 
curvature, including the limit of rectilinear 
flow. If there is an exchange of mass with the 
environment such that vg+O (but with B = 

- 0  retained), it is the quantity xw2 which is 
conserved along the path; the converging jet 
straightens and the diverging ciirls up. 

Some mechanisms which determine the path 
of the stream can be simply exposed by de- 
veloping (2.31) in a power series form which 
will be valid a short distance downstream from 
the origin. Let 

w = v 0  +w, y +v, y2 + . . . O ( Y ) ~  (3.1) 

and B = B , y i - B , y 2 +  ..., B = / 1 1 y + / l z y 2 +  ... 
(3.2) 

The path of the stream is described by 

x = x1 y + x ,  y2 + . . .) 

where for the sake of the present argument x o  = 0 
has been assumed. The effect of small x o  is a 
subject of later development in this section; 
if the initial curvature is large enough to control 
the current, only small modifications of tho 
circular path will occur. 

The zeroth and first order contributions to 
(2.31) appear as 

(3.3) 

<v:>xl + <v&% + fofioBl = 0 

2 ( v 2 > ~ 2  + 2 < f i 0 > B 2  + 2fofioB2 + 4<vov1)~1 

-<vi )Blx l  

(3.4) 

+fof io ,  B: +fofilBl +BlfioBl = 0 
(3.5) 
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where for any function 3 

Let the case of bottom topographical control 
alone be first considered, i.e. /? = O .  It may now 
be noted from (3.4,5) that if a straight isobath 
exists, i t  provides a possible equilibrium jet 
path. For the jet to maintain this path, how- 
ever, it must be initially oriented correctly. 
In  the framework of our present development 
the initial orientation is imposed by a choice 
of B,, the rate of change of depth seen by the 
jet EM it plunges forwards. The rectilinear path 
is obtained by setting B, = O .  Then by (3.4) 
x ,  =0, whence by (3.5) x ,  = 0, etc. A jet fol- 
lowing such a path may be described as a 
well-adjusted well-behaved jet. Similar paths 
exist over topography which contains circular 
isobaths, for which the well-behaved jet re- 
quires a x o  + 0. 

Consider next the case of a well-adjusted 
badly-behaved jet, i.e. the equilibrium con- 
figuration of a jet over the same rectilinear 
topography but in the case that the initial 
orientation is such that B,+O. The reaction, 
according to (3.4), will be a curvature x ,  = - 
(fl,/<vOa)) f o  B,. Thus the current may be de- 
flected towards its original isobath (a mean- 
dering tendency) or away from it (an eddying 
tendency). In the northern hemisphere a mean- 
dering tendency will occur if the nearest well- 
behaved path has deep water on the right; an 
eddying tendency if on the left. It can be seen 
directly from (3.4) that if B,  = 0 ,  but / ? , + O ,  
similar behaviours occur. 

The above considerations are valid only in 
the case that there exists a possible well- 
adjusted well-behaved path. However, in 
general the topography will consist of non- 
uniformly curved isobaths. Consider the case 
that the origin lies at a local point of zero curva- 
ture of an isobath. Now the best behaved jet 
will be one tangent to the isobath a t  y = O ;  
this implies B,  = O .  Then (again with /?, =0) 
(3.4) yields x1 =O. Thus the stream will follow 
a straight line for a short distance. However 
the isobath will gradually curve away from this 
rectilinear path. Correspondingly the current 
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leaves the isobath and sees a B,, which in turn 
via (3.5) produces a x,. This x ,  is not the curva- 
ture of the isobath itself and a meandering or 
eddying process is always initiated. 

It is also worthwhile to point out that the 
meandering process does not depend solely 
upon the existence of a significant component 
of velocity a t  the ocean bottom (as required 
both by Warren’s calculations and the above 
discussion). Again set ,6?-0 for the sake of 
argument. Since the bottom velocity is zero, 
fi, = 0, and x1 = 0 identically satisfies (3.4). 
Now it  may be argued that, if v, describes a 
structural adjustment required to maintain 
equilibrium in the curved jet, vl =O. Finally 
equation (3.5) yields the path tendency from 

2&)xg+fOfiOzB~=0. (3.7) 

In this case the finite value of the thermal wind 
shear at the ocean floor controls the path, and 
the appearance of the Bf factor favours eddying 
rather than meandering. The interpretation is 
simply that the effective bottom interaction 
velocity is itself proportional to the slope B,. 

Although power series development is in- 
structive in relating path tendencies to physi- 
cal processes, it is not useful for approximate 
calculations of actual paths. What is required 
is an approximation scheme which will be uni- 
formly valid along the entire path length. Such 
a scheme requires expansion in a parameter 
rather than a coordinate. The relevant para- 
meter is to be found by examining the assump- 
tion that the jet remain well defined and 
coherent in its downstream progress. The 
criteria that the jet remain coherent have al- 
ready been mentioned in connection with the 
approximate dynamics expressed by equations 
(2.6)-(2.10). These are that the radius of cur- 
vature of the jet remains smaller than its 
width for all values of y, and that a significant 
divergence not be forced in a distance com- 
parable to the width. It can be shown that the 
former is identical to the restriction that 
the change of bottom depth under the jet be smaller 
than the mean depth of the basin. This approxima- 
tion can be introduced directly into the pro- 
blem and an equation for the stream path 
results from (2 .6) - (2 .12)  which is valid for 
all y .  (See Section 5 for a formal development.) 

For the path of a coherent jet with bottom 
velocity the approximate form of (2.31) be- 
comes. 
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Here w =w(z, y, z )  is a function of the initial 
conditions and a forced slow divergence, i.e. 
v is the current which would be present in the 
system, were all topographical and f variations 
to vanish. In the case that w ( z ,  y, 0) =0, the 
approximate equation for the path is 

a foo,aB2 ag 
- [ ( w 2 ) x ]  + - - + (W? ~ = 0.  
ay 2 ay ay 

(3.9) 

To expose the scales of the meanders as func- 
tions of the physical parameters and discern 
the nature of the control that topography 
exerts on the jet, the remaining portion of this 
section deals with the integration of some simple 
versions of the above path equations. 

3.2. A UNIFORMLY SLOPING SEA BOTTOM 

(a) The non-divergent jet with bottom velocity 
For the case of a jet of constant transport, 

w(z, y, z) =vo(z,  z) ,  and the path equation (3.8) 
can be integrated once. There results 

where x o  is the initial curvature of the stream. 
Let g - 0  for the moment, and consider the 
resulting equation on a bottom which is a 
uniform plane of slope s in the Y direction, 

<wg> ( x  ~ x o }  +foO0S Y = 0. (3.11) 

In this equation the conventions s > O  and 
f 2 0  are adopted; the rectilinear path Y = 0, 
2 > 0 has deep water to the right. With x = 

( 1  + Y’2)s/aYn, (3.11) determines the path as a 
function of latitude and longitude with the 
specification of Y’(0) and Y ( 0 )  = O .  The equa- 
tion can be made free of parametric coeffi- 
cients if both independent and dependent 
variables are scaled by 

(3.12) 

The curvature has the scale of c-l. If the 
width of the jet is f, this analysis is valid for 
([/c)* a 1. Between 30 - 40”N latitude, with 
a bottom slope of one km in a thousand, a 
barotropic current of 2 knots progressing 
through a km of water yields a meander scale 
(3.12) of 100 km. 

The simplest example of a meandering jet 
occurs in the case that 1 Y’(0) 1 a 1  and Y’ 
remains small everywhere. Then X N  Y” and 
the scaled equation is simply Y” + Y = O .  
Sinusoidal meanders, Y = Y’ (0) sin X ,  result. 
Thus 2nC is seen to be the meander wave- 
length and can be seen below to be the maxi- 
mum wavelength for any meander over s. 
To deal with more general initial conditions 
numerical solutions of equation (3.11) have 
been obtained. Fig. 3 represents the behaviour 
for various initial conditions when x o  = O .  The 
effect of initial curvature on these solutions is 
exhibited in Fig. 4. The solutions which cross 
over themselves are unphysical; however, they 
tend to point out the conditions which lead 
to the formation and detaching of eddies in 
the stream. 

Note in Fig. 3 that a jet initially directed 
normal to the isobaths will simply meander 
and progress towards positive X .  In fact posi- 
tive progression will occur for initial “back- 
wards” slopes; a figure eight occurs at back- 
ward slope of-1.2. Fig. 4 shows the com- 
plexity of patterns which occur even with the 
extremely simple topography studied here. 
Results not depicted on Fig. 4 were obtained 
for x o  -10. For this large value of initial 
curvature the paths were practically circular. 

( b )  The non-diwergent jet with no bottom velocity 

The pertinent equation for the path of a non- 
divergent jet where the bottom velocity va- 
nishes is the integral of (3.9). Again let the 
bottom be of uniform slope, and B = O .  Then 

foO0, s” Y 2  
(’$>{ x - x o }  + ~ 2 = 0 .  (3.13) 

The scale and amplitude of the oscillation is now 

(3.14) 

A baroclinic current of linear shear with a 2 
knot surface velocity in 3 km of water yields 
by (3.14) and c =500 km, with s and f a  as 
before. If (3.13) is compared to (3.11), the 
effective bottom velocity is seen to be simply 
w,,sY. The path equation (3.13) is also ana- 
logous to that which pertains to the flow of a 
current with bottom velocity over a rounded 
hill or valley in which B - Y 2 .  

The numerical solutions of the dimensionless 
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Pig. 3. Stream paths over uniformly sloped bottom: bottom velocity but no initial curvature. 
Fig. 4. Stream paths over uniformly sloped bottom: bottom velocity and initial curvature. 

form of (3.13) are displayed in Fig. 5, and the 
effect of initial curvature on these solutions is 
found in Fig. 6. The physical or meandering 
solutions of (3.13) are possible only if the jet 
is initially ageostrophic, xo+ 0. 

( c )  The divergent jet 
Consider a jet on a uniformly sloping plane 

where for simplicity the down-stream component 
of velocity is assumed a linear function, 

v(z, Y ,  2 )  =vo(z,  2 )  +vl(z ,  2 )  ( y l c ) .  (3.15) 

The appropriate path equation, (3.8), is a 
valid approximation to the average vorticity 
equation when the forced divergence (v,) 
is small over one meander wave-length. It is 
then useful to define the numbers 

E =z(v,v,>/(v~), r = O,<v~):>/zO,(vov,> (3.16) 

and recall the relationships (see Fig. 2) 

Let equation (3.8) be made dimensionless with 
respect to the c of (3.12). With the help of 
(3.16) and (3.17) there results 

d d 6  
- [ 1 + ~ y ]  ~ + [ 1 + T E Y ]  sin 6 = 0, (3.18) 
dY dY 

under the approximation E very small but r 
of order unity. Even though E is regarded aa a 
small number, the effect of divergence ac- 
cumulates since the path is to be predicted over 
many wave-lengths. This is accomplished by 
the rentention of terms O ( E ~ )  and the neglect 
of terms O ( E ) .  Equation (3.18) is to be solved 
for 6 for the initial conditions at y =0: 6(0) = 

6,, d 6 ( 0 ) / d y  = 0. 
If both 1601 and I 6 ( y ) l  are less than n/2, 

a good approximation to (3.19) is obtained by 
replacing sin6 by 6. To the order of accuracy 
in which terms were retained in (3.18), the 
solution for 6 is then obtained by the W.K.B 
approximation as 
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Ko=+I. 

J L J  

FIG. 5 FIG. 6 
Fig. 5. Stream paths over uniformly sloped bottom: bottom shear but no initial curvature. 

Fig. 6. Stream paths over uniformly sloped bottom: bottom shear and initial curvature. 

sin [ y + & ~ y ’ ( r -  l)]. (3.19) 8 =  60 
[ 1 + (1 + r )  Eyy 

The position of the jet, on X ,  Y grid is given by 

(3.20) 

If the jet is convergent ( E  > O ) ,  the solution 
indicates that oscillations of the jet tend to 
decrease in the down-stream direction. For a 
divergent jet ( E  < O )  6 increases. This indicates 
that the solution of (3.18) would eventually 
form eddies by looping back on itself in an 
ever-increasing rate. The character of the 
solutions (3.20) is displayed on the schematic 
diagram in Fig. 7. 

3.3. THE CASE OF THE NON-UNIFORMLY CURVED 

The topography of a real ocean basin is a t  
best representable only sectionally by a smooth 
sloping plane. Thus the solutions obtained in 

ISOBATHS 

the above section can only apply along very 
short segments of a real path. These solutions 
can, however, be of use in the interpretation 
of the flow over topography in which the cur- 
vature of the isobaths is much smaller than the 
curvature of the meandering stream. One 
feature of interest can be noted upon re- 
examination of Figs. 3-6, viz. that in every 
case the line formed by connecting the points 
of zero curvature provides a control path for 
the wandering stream. That is, about equal 
number of equal size meanders of the stream 
appear on either side of this control path as the 

Y 

SHALLOW 

DIVERGENT JET t.3,n.iL \ I \  CONVERGENT c x  J E l  

\ _ _ _ I  I\.<, 

DEEP 

FIG. 7.  Schematic representation of effect of mass 
transport change. 
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stream progresses along the uniformly sloping 
bottom. Now, if a stream in a real ocean basin 
is to continue to progress in a fashion which 
is a pattern of physically realizable meanders, 
the curvature must change sign a t  regular 
intervals. The path mapped out by simply 
connecting the points of zero curvature may 
still provide a mean control path, even for the 
stream in the real basin. The stream need 
not oscillate about a curve of x = 0 ,  however if 
it  does not, it can not remain a physically 
realizable stream. For to depart x must be 
of one sign, and the stream will loop back on 
itself to form an eddy. 

Although the definition of a curve through 
the zeros of x as a description of a mean con- 
trol path is not unique, it is a useful one and 
will be developed here. Other definitions were 
considered, e.g. the shortest curve with equal 
area on either side. Although such a precise 
definition may be ultimately useful, the ex- 
cessive mathematical complexity implied pro- 
ved obscurative. 

For a given topography, let every Y’(0) 
which leads to meandering over a given down- 
stream interval be considered in turn. For each 
choice of such initial directions a finite number of 
points yo will occur such that %(yo) = 0. The col- 
lection of such points can be seen to form, at least 
in certain simple instances, a dense curve. This 
suggests the following more general concept 
of a control path, viz.: the locus of all zero 
curvature points generated by arbitrary Y’(O), 
which correspond to the same v(y) and x,. 
Such a locus will be called the control curve. It 
may be pointed out that for a given stream 
initial curvature is seen to play a more dominant 
role in the control of the overall path than does 
initial direction. This remark is particularly 
pertinent to the climatological mean Gulf - 
stream problem. 

To locate control curves in some simple cases, 
let (3.8) be integrated by parts, whereby 

(“5 x - <vf> xo + <v> B + f,*B - 

+foB*,]dy’= 0. 

[B (v,> 

(3.21) 

It will be possible to treat the case of divergence 
only when i t  is a modifying effect. Thus a per- 
turbation parameter, E ,  is introduced m a 
measure of the change in v. Let v =vo(z,  z )  + 
evl(z, z)y/c, where vo, v1 are 0(1) quantities but 
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~ < 1 .  E is obviously related physically to the 
E introduced in (3.16), but is not identical. 
Equation (3.21) is to be evaluated for %(yo) = O .  
The smallness of E may be exploited by the neg- 
lect of the last two terms compared in each 
cme to the related middle term. Physically 
this neglect is valid if the integral dy must 
be taken over several meanders before the change 
of mass becomes significant. The formal de- 
velopment of this approximation is accom- 
plished in Section 5. The result is 

- (vi)xO + (v)B + foOB = 0, (3.22) 

where in the coefficients v = vo + Evlyo/c. Thus 
the divergence effect appears parametrically 
and only on the last two terms; (3.22) is exact 
if vl = O .  

It is of interest to isolate the simple processes. 
For vl = B = O ,  B(y,) = x o ( v ~ ) / 8 , f o  and the con- 
trol curve is an isobath; for x o  = 0 ,  simply the 
initial isobath. If x i ’  is a radius of 500 km, and 
the other numbers take on values as before, a 
typical displacement of the control from the 
initial isobath is 0 (100 m). As it appears in 
(3.22), B is proportional to Y(yo) (recall the 
definition following equation (2.10)). As such 
its influence depends strongly on the general 
orientation of the stream. For v1 = B = O  the 
control curve is the latitude circle B(yo) = 

x o < ~ $ > / < v o > ,  the initial latitude only if x o  = 0. 
For the initial radius of curvature of 500 km 
there will be displacement corresponding to 
only about a 1 % change in f. The B effect is 
of greater interest in combination with bottom 
topography. Then with x o  = 0, the control 
curve is no longer tha initial siobath, but is 
given by B(y,) = - ~ ( y o ) ( v O ) / f o ~ o .  The maxi- 
mum effect occurs when the isobaths are ori- 
ented essentially along meridians. A northward 
pointed stream finds a control curve falling 
across the isobaths into deep water. A southward 
control curve climbs the isobaths. A reasonable 
upper bound for the rate of ascent or descent 
is measured in hundreds of meters per thousand 
kilometers. 

The above discussion may be modified for 
slow divergence by allowing the coefficients 
of (3.22) to vary m a function oft the parti- 
cular yo. It is seen that (for ,!? =0) an isobath is 
no longer a control curve unless xo = 0. A current 
which is losing mass has the displacement effect 
of x ,  enhanced over the divergenceless case. 



280 A. R. ROBINSON AND P. P. NIILER 

-2 

\ 

Fig. 8. Stream paths over a paraboloidal bottom. 

Over the distance in which the bottom current 
is halved, the control curve displacement is 
doubled. A convergent current tends to ap- 
proach the initial isobath. 

A simple numerical example has been chosen 
to illustrate the control mechanism of the initial 
isobath in the case that = vu = 0. Actual path 
solutions of 

x = - Y + ( X / 5 ) 2  (3.23) 

have been obtained and are illustrated in Figs. 
8 and 9. It is seen that the solution curve os- 
cillates about the line of zero curvature, Y = 

(X/5)2. This example corresponds to the case 
where the curvature of the isobath is smaller 
than the curvature of the solution curve, and 
the solut,ion remains oscillating about the initial 
isobath for a large number of meanders. 

4. Influence of baroclinic meanders on the 
surrounding sea 

I n  this section a final gross feature of the 
total free jet problem will be isolated and ex- 
plored. The phenomenon to be studied is a 
feature of the equilibrium of the free current 
with the surrounding open ocean environment. 
Such an equilibrium will be shown to neces- 
sitate the existence of a meander scale compo- 
nent of geostrophic drift and is, hence, a 
source of intermediate scale structure to the 

basin. This feature of the open ocean flow will 
be called the radiated wave field. The radiated 
component arises from an exchange of mass of 
the current and the open ocean which however, 
does not change the average transport of the 
stream over many meander wave-lengths. 
This oscillating convergence and divergence is 
thus distinct from the overall change of trans- 
port discussed above. The overall divergence 
contributes to the determination of the jet 
path. In contradistinction, the radiated field 
(in the present model) can be calculated only 
after the path is known. It is a purely baroclinic 
phenomenon, produced by changes in the den- 
sity field along the edges of the current, which 
are necessarily associated with the structural 
adjustment to the meander. Such down-stream 
density gradients imply thermal-wind shear 
and therefore a geostrophic mass exchange 
with the open ocean. Since the phenomenon is 
associated with meander produced structure, i t  
is no longer possible to be concerned only with 
a stream-wise average description of the cur- 
rent. The example chosen to illustrate this 
effect is a stream of absolutely constant po- 
tential vorticity with p = x o  = 0, and which, 
in the absence of topographical gradients 
proceeds rectilinearly with constant transport. 

Consider the equations of the stream that 
determine the changes of structure of the jet 
as it moves over slowly changing bottom topo- 
graphy. Here let subscript still designate the 
structure of the jet a t  y = 0, but symbols without 
subscript designate the meander induced struc- 

"4. 

I 
h r  I 

I / 

3 16 4 2  6 0  9 4  1 2 0  146 172 190 2 2 4  2 5 0  
Y 

Fig. 9. Many oscillations along a parabolic control 
path. 
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tu rd  changes. The latter are assumed to be 
small deviations in which the euqations are 
linearized. For the case of constant potential 
vorticity, Po, and = 0, these equations are 
obtained from (2.13)-(2.19), 

1 

e o  
uZosP,+wow,+ -rI ,=o (4.2) 

1 

QO 
gz+ -rIs=o (4.3) 

v2 + X V O  = z3 Po 

w = UZ02 + WOZ,. 

(4.4) 

(4.5) 

At the sea surface and bottom the vertical 
velocity is given, to a consistent order of ap- 
proximation, by 

4 x 9  Y, so(H))  =w(x, ~9 so(())) -wo(x,?/,so(O))B, = O  
(4.6) 

where s o ( H )  and so(0) are implicitly defined by 

~o(x, so(H))  = H ,  ~o(x, so(())) = 0. (4.7) 

At either edge of the jet the stratification 
must be linear; let S Z ~  = 1 as x+k  00, whence 
Po =foS.  The linear gradient must be included 
in the intial jet, thus S Z ~  = s - !Jt obtains on 
either edge of the current. Note that the sea 
bottom density is initially, !Jt, which may be 
different on either side. To describe the devia- 
tion field behaviour a t  either edge, (4.2,3,4,) 
may be integrated in y and a to yield the open 
ocean pressure field, 

Thus, Szm = - T(y)  (4.9) 

u r n =  - - T ( y ) s + U ( y ) .  9 (4.10) 
S f o  

It should be continually borne in mind that f 
signs are implied throughout. 
T(y) describes the deviation down-stream 

density variation and hence produces the ther- 
mal wind shear; U(y) is the barotropic drift 
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component. The problem is to determine 3 and 
a. To discover these functions the behaviour 
of the fields assymptotically near but not at 
the edge of the jet is studied. The variables 
are written as, 

T I ~ N V ~ ,  SZ,NS -To -u~(z, a )  (4.11) 

so(H) -SH + To + uo(~, To + N + To + 
U O h  To) (4.12) 

rIINrIm +z, U N U m  + p ,  v - v ,  
W - W ,  Z - Z m + z .  (4.13) 

Here it is understood that vo,  uo and thus n, p,  
v ,  2-0 exponentially m x+ k 00. It then follows 
from (4.5) that the vertical velocity field is 
calculated asymptotically from 

w=uo,UmS-l+voZym. (4.14) 

Upon insertion of (4.14) into the boundary 
conditions (4 .6 ,7)  and use of the thermal wind 
relationship which pertains asymptotically to 
the initial jet, there results 

[ vo -vos~]p+  ( y ) ~ = o  Sfovos a t  S = S H + T ~ .  

(4.15) 

- vo3 s]  p + ( s j ~ )  u = - svo B,  a t  s = go. 

(4.16) 

For a simply decaying initial jet every term of 
(4.15, 16) contains the same exponential factor. 
Then it  is possible to define the constants 

in terms of the derivatives in physical space. 
Now (4.17) may be substituted into (4.15, 16) 
which are then two simultaneous algebraic 
equations for U, T. Upon solution the geo- 
strophic efflux from the jet is found to be 

and the stratification is 

(4.19) sW = SZ + To + SB ko 
[ 1 + ko - k ~ ]  ‘ 
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Pig. 10. Schematic description of the equilibrium of 
the meandering baroclinic stream and open ocean 
geostrophic drift. 

I n  (4.18, 19) ?signs are associated with go, 

The above calculation can be seen to be the 
first step in a consistent iterative sequence for 
the asymptotic behaviour of the meander 
generated structure. Substitution of (4.12, 13) 
into (4.1-5) yields after some manipulation an  
equation in no alone. However, this equation 
is the asymptotic constant potential vorticity 
equation and is therefore merely a consistency 
statement. The next higher order equations 
determine finally the fields (4.13). Further 
development of the asymptotic field equations 
can be found in Section 7. 

The radiation of a geostrophic wave by the 
meander as a baroclinic phenomenon is simply 
exposed. When the stratification vanishes, 
Sk,+O, and by (4.18)um+0. ForgHS-0 (1  cm/ 
sec-a), B ~ 0 ( 1 0 - ~ ) ,  urn is O(10 cm/sec) times 
the k-factor, which is usually O ( 1 ) .  It is shown 
below in Section 6 that asymptotically a class 
of constant potential vorticity jets has the 
property that vOz < 0 necessarily. I n  this case, 
and if Y, does not change sign with depth, 
1 + k, - kH < 0, k, < 0, kH < 0. This implies that  
the jet moving into shallow water is pulling 
water up the slope of the basin and ,moving into 
deep water, causes the reverse effect. The 
temperature of the edge of the jet increases 
with cyclonic meanders and decreases with 
anticyclonic meanders. I f  the jet flows in a 
basin that has cold water in the shallows and 
warm water in the deep, the cyclonic meanders 
will tend to produce hot pools of geostrophic wa- 

ko, kH. 

ter to the deep, warm side of the jet, and cold 
on the shallow side. The schematic structure 
of the meandering constant transport jet is 
displayed on Fig. 10. This figure is drawn for a 
jet of non-constant width. The width change 
shown has been deduced (for the constant po- 
tential vorticity jet) in Section 7. 

It is of interest to compare the results of this 
model with observations from a real meandering 
ocean current. WARREN (1963) has shown that 
apparent agreement can be obtained between 
the real paths of the Gulf Stream and those 
calculated from the equilibrium theory path 
equation. The comparison of Fig. 10 and 1 
is sufficiently suggestive so as to raise the ques- 
tion-why does a constant potential vorticity 
model work so well? Furthermore the observa- 
tions of Swallow and Crease (CREASE, 1962) and 
FOFONOFF (1965) do lend themselves to an  in- 
terpretation in terms of a radiated geostrophic 
drift. Transient velocities of the relevant scale 
and direction have been measured, both in the 
deep, as well as shallow portion of the basin 
adjacent to the meandering stream. Transient 
meandering effects are not the topic of this 
paper; however, even the equilibrium structure 
of the radiated field suggests a picture consistent 
with measurements in a time-scale smaller than 
the transient effects of the real stream. Since 
the stream, after leaving Cape Hatteras, moves 
essentially in an  easterly direction, the associ- 
ated radiated field would have the strongest 
component in the northsouth direction. The 
suggestion that the observation of large ampli- 
tude intermediate scale velocities in the deep 
water may be related to the nearby Gulf 
Stream was originally posed by ISELIN (1961). 

5. Development of a formal approximation 
scheme 

5.1. NON- DIMENSIONAL FORMULATION 
I n  the previous sections approximate equa- 

tions were quoted and investigated; at this 
point a formal statement of the assumptions 
and expansions will be made. The heuristic 
approach used above is not only revealing be- 
cause of its relative simplicity, but also because 
it serves as a guide for the physical prejudice 
which is necessary to initiate a formal perturba- 
tion scheme. The essence of the scheme will be 
assumptions about the size of ratios of the 
many independent scale lengths which enter 
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the general problem. The following scales are 
relevant: 

I :  the width of the current; 
c: the meander scale or radius of curvature; 
L: the maximum relevant downstream scale 

(which may be the scale of the forced diver- 
gence, i.e. of the general circulation of the 
basin); 

D: the distance between the points of maximum 
and minimum latitude on the path; 

H :  characteristic total depth (taken to be the 
depth at the origin); 

h: characteristic bottom depth variation (or 
alternatively a characteristic bottom slope, s) 

Non-dimensional independent coordinates are 
defined as 

(5.1) 

where A@ is the vertical density difference. 
The following considerations motivate the 

initial choice of scaling amplitudes of the de- 
pendent variables and internal and path de- 
pendent lengths: 

The relative vorticity v, is to be comparable 
to the planetary vorticity f,,; thus v is 
scaled by f o  1. 
The continuity equation (2.9) is to contain 
no parameters; thus u, w are scaled res- 
pectively by (fo 18/c), ( f o  l H / c ) .  
The hydrostatic equation is to contain no 
parameter; thus n is scaled by (A@ g H ) .  
The ratios of horizontal pressure gradients 
to Coriolis accelerations are parameter 
independent; thus I =  (A@ gH/eojz)a, a ra- 
dius of deformation. 
The control curve is not to depart very far 
from the initial isobath; thus depth 
changes are governed primarily by mean- 
dering and h = Sc. 
The meander scale is less than the general 
circulation scale, and bottom velocity 
exists; thus the meander scale is to be given 
by (3.12) with (v",, 'L7, replaced respec- 
tively by (fi I*H), (fo13). Then c = ( H l / S ) & .  

Upon non-dimensionalization of the equations 
and boundary conditions, there appear three 
parameters which characterize the system, viz. 
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The solution to the problem posed is obviously 
dependent upon the absolute and relative 
sizes of 6, E ,  1. In terms of the basic geophysical 
quantities the first two scale ratios of (5.2) are 
given by 

For values typical of the North Atlantic (A@/ 
eO=3x1O-J,  S = l x l O - * ,  H = 4 x 1 0 6  cm, L =  
3 x lo8 cm) the width of the jet 12: lo7 cm and 
the meander scale c ~ 6 x  10' cm, and 8-0.2, 
6 2 0 . 2 .  Thus both E and S are small and will 
serve as perturbation expansion parameters. 

Physical interpretation of the parameters 
beyond that immediately provided by the de- 
finitions, will be afforded by their role in deter- 
mining the amplitudes of the (non-dimensional) 
dependent variables. The starting point for 
formal expansion will be the perfect fluid 
equations under the Boussinesq and hydrostatic 
assumptions. In  temperature space, the con- 
servation of momentum, mass and density 
appear as 

vv GXUV 1 
1+6& 1+6& 1 +ax5  

uvt+ x+ ~ +fu+ __ rII ,=o (5.5) 

The form of the Coriolis parameter is 

f = 1 +1B*(v, S t ) ,  (5.9) 

with p* -0(1). The arguments of p* are written 
consistently with the non-dimensional form of 
the transformation (2.1, 2); with X ,  Y scaled 
by C it  is only SE, not E alone, which enters. 
The potential vorticity integral has the form 
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The boundary conditions a t  the sea surface a v a  a 
(5 = 1 )  and at the bottom ([ =Sb(q, S t ) )  are at  ~ + S X E ~ T )  a<' where u * V = u -  + _ _ - - -  - + w - the 5 ,  ?/ 

(5.11) derivatives are taken a t  constant [, and in the 
last integral u, v are evaluated a t  5 =6b. The 

ab infinite integration limits of (5.17) are to be 
a u regarded as 15 1 > 1 but I SEX I < 1. The open 

ocean region is to be defined by the formal 
limit 65 = o ( l )  as 6 4 0 .  

W [ t , ? ~ , e e , ~ ,  1)i-0 

w[t,Tj,e(t ,a,sb)i  = ~ W [ E , T ) , ~ ( ~ , T ) J ~ ) I  - 

(5'12) 
ab  

+ ~ ' U ~ [ E , T ) , ~ ( E , W W - .  a (65) 

Note that in (.5.12) the [-derivative has been 
written as 6(a/a(6[)). This is because (a/a(@)) - 
(a/aq) necessarily when applied to b (or p*) .  

To discuss the boundary condition at the 
open ocean edges of the current, the results of 
Section 4 are borne in mind. Thus, the pressure 
field a t  03 is to be regarded as compounded 
of two parts: a forced divergence (general 
circulation) component ( G ) ,  and a meander 
induced component ( M ) .  Then 

n" = rIG + r IM,  (5.13) 

and hydrostatically and geostrophically 

C r n = C G  + t M =  -[n,"+II,"] (5.14) 

The appearance of e in (5.15) occurs because 
uG is considered as an order unity function, 
smooth on the scale L (vid. 8 5.2 below). Con- 
stant potential vorticity (now taken as P = 1 )  
further requires 

ng= - f .  (5.16) 

The streamwise average vorticity integral has 
the dimensionless form, 

b t w  

x (U  . Vu) d[dE + I S  S-r- 00 

(5.17) 

5.2. THE TWO SCALE EXPANSION 

under the following restrictions: 

total depth ( h t H  or S t l ) .  

At this point a formal expansion is developed 

( i f  Bottom changes are a small fraction of the 

( i i )  Significant change in transport occurs 
only over many meanders ( C t L  or ~ ( 1 ) .  

(iii) The control curve lies at almost constant 
latitude. 

Two mechanisms, the g-effect (A) ,  and topo- 
graphy (6), can cause and control meandering. 
Three possibilities exist: one or the other process 
may dominate A <or >6 or the effects may be 
comparable I - 6. Here it is to be assumed that 
the ,%effect may be comparable to or less than 
topographic. Then by the discussion preceding 
Equation (3.12), the latitudinal excursion will 
be on the order of the radius of curvature 
( D  = C). Then i t  is convenient to replace I by 

whence f = 1 + O &  ,!?i 1. The solution to be 
sought in the limit defined by (i-ii i) is the 
simplest in which the smallness of the para- 
meters can be exploited while all physical 
processes are operative. It is also the simplest 
model which may be applicable to a discussion 
of the Gulf Stream east of Cape Hatteras. 

Each dependent field, typically 9 ( E ,  T), 8; 
F ,  8 ) ,  is to be expanded in both E ,  6, in terms of 
of coefficients which are smooth functions of 
their arguments. To insure smoothness, the 
correct amplitudes of the leading contribution 
to each field must be stated. Furthermore, in 
the downstream direction two scales are rele- 
vant viz. T )  and ET). A representation of the 
solution uniformly valid over many meanders 
can be obtained by treating each of these 
quantities as distinct independent variables 
(LIGHTHILL, 1949). The required form 
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is to be substituted into the equation. The 
terms independent of 6 describe the divergent 
jet in the absence of topography, and the O(6) 
terms govern the path and describe the mean- 
der induced deviations to a first approximation. 
Moreover, in the O(6)-equations, terms O ( E )  are 
to be ignored, while terms O(q) are to be 
retained. This is because in following the stream 
over many meanders, the interval in q is (0, c-l). 
It is anticipated that the q-dependence of 3 is 
oscillatory but the q-dependence, monotonic. 
The physical nature of the approximation is 
simply that the local average properties of 
the stream govern the path over each meander, 
although the gradients of these properties are 
negligible. 

The monotonic forced divergence on the ge- 
neral circulation scale is considered to be 
approximately independent of the detailed 
path. Thus it is specified ZL priori as uniform in 
(q), and RosrNso~'s (1965) downstream ex- 
pansion is employed to simplify the calculation 
of the so state. Typically, 

where soo will be referred to aa the initial state 
and sol as the divergent state. Finally it can be 
noted from an examination of. the equations 
of 8 5.1, especially (5.12, 15) that the leading 
contributions to the cross-stream and vertical 
velocities are not O(1). Each haa a leading 
general circulation contribution O ( E )  and mean- 
der induced contribution O(6). 

Thus the full expansion of the dependent 
variables has the form 

n = II,, + Eqn,, + an1 + . . . (5.21) 

u = & U O l + 6 U 1 +  ... (5.22) 

(5.23) 

w = & W o 1 + 6 W  l... (5.23) 

v = voo +Eqvol + S V l  +. . . 

c = c o o  f E q c 0 1  -tSCl+. .. (5.25) 

x = x o  +Sx1 +... (5.26) 

where the independent variables which occur 
in the arguments of the expansion coefficients 
are demonstrated in (5.19, ZO), except that xo = 

xo(q)  only. Equations (5.21-6) are substituted 
into the equations of 5.1, which are then 
ordered as described above. The results quoted 
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below are for the special case of constant po- 
tential vorticity, P = l. 

The initial state is any solution of 

- voo + noot = 0 

Coo + n o o e  = 0 

(5.4a) 

(5.6s) 

(5.10 a) voot + 1 = Cooe. 

The divergent state is calculated from 

-vol + no1t = 0 (5.4b) 

(5.5b) Uo1(W*ot + 1) +woo W O l  + m J 1  = 0 

501 +Hole = 0 (5.6b) 

(5.8b) 

volt = Cole. (5.10b) 

wo1 = uo1 Coo€ + voo 51 

The boundary conditions for the divergent 
state a t  the sea surface and bottom are 

w O l [ ~ ,  eo0(1)i = w o l [ ~ ,  eoo(o)i = 0, ( 5 . 1 ~  

where Coo(& eoo(l)) = 1, Soo(E,  eoo(0)) = 0. 
(5.27) 

The surrounding geostrophic drift is specified 
by 

u,", + rI: = 0 (5.14b) 

CE + G o =  0, (5.15 b) 

where, as usual, two sets of equations ( 
implied. 

co) are 

The path to zero order is calculated from 

with ,!? and b evaluated a t  = 0 here and below. 
The equilibrium state forced by the meandering 
stream has the equations 

xov: + gv, + v1 - nlt = 0 (5.4c) 

u(l+vo~)+vovl,+n,, = o  (5.5c) 

51 +rile = 0 ( 5 . 6 ~ )  

w1 = %Cot + vo 51, ( 5 . 8 ~ )  

V I E  +xovo + B  =[lo. (5 .10~)  
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The boundary conditions for the meandering 

wl( t ,  7, e , w  = 0 (5.11 c) 

jet are, 

w1(t, 7, e , (w  -w, 0) w o e ,  7, e,(o)) = 0, (5 .12~)  

where C o ( t ,  6 , ( l ) )  = 1, C o ( F ,  e,(o)) = 0. (5.28) 

The seaward geostrophic relations ( 00) are 

?A,"+ n: = 0 (5 .14~)  

C,"+ n$=o ( 5 . 1 5 ~ )  

II$e= - b .  (5 .16~)  

The approximate equetions reveal simply the 
physical nature of the perturbation scheme. 
The initial state is specified at q = O  by ob- 
taining a solution of equations (a) .  Then the slow 
change of transport and consequent adjustment 
necessary to maintain the potential vorticity 
distribution is calculated from equations ( b ) .  
Since the average stream is known approxima- 
tely, the curvature is given directly from (5.17~).  
Then the path may be computed and the mean- 
der induced structural changes obtained from 
equations ( c ) .  The formal derivation of the 
equations with no bottom velocity in the initial 
state, e.g. (3.91, is entirely analogous to the 
case treated here. O(6) terms vanish but not those 
O ( 6 2 ) .  

The small 6, B limit investigated here may have 
an importance beyond merely that of acces- 
sibility of solution in a geophysically interesting 
parameter range. The double interpretation 
of 6 (equation ( 5 . 2 ) )  indicates that this may 
be the only range in which a free jet may re- 
main coherent over many meanders. 

6. Structure of some currents of constant 
potential vorticity 

The structure of the meandering jet as well 
as the structure of the adjoining open ocean 
depends upon the initial state at  r) = O .  An in- 
vestigation of general conditions presents a 
formidable problem; here only the simplest 
case of absolutely constant potential vorticity 
is explored. This choice hopefully will allow 
physical features inherent in more general jets 
to be exposed. This argument is a priori strength- 
ened if P is a smooth function and does not 
vanish for zero arguments. A posteriori justi- 

fication lies in the features of real currents which 
occur even in this case. The underlying cause 
of such agreement itself presents a fascinating 
physical puzzle. 

The pertinent equations (5.4a, 6a, 10a) 
can be combined into a single equation for the 
dynamic pressuren,, 

IItt + IIee = - 1, (6.1) 

with the suppression of subscripts here and 
for the remaining portion of this section. On the 
open ocean edges the solution must become [- 
independent. Thus the boundary conditions 
are 

For the moment, the boundary conditions on 
snrfaces 5' = 0, 1 are left arbitrary. 

The solution for I1 is required to have a jet- 
like character and only the case of a continuous 
velocity field will be investigated. On physical 
grounds regions of (Ce) = ( O C ) - l  < O  are to be 
excluded from the jet. From (5 .10~~)  this can 
be seen to imply a restriction on the magnitude 
of cyclonic relative vorticity which is allowed 
within the jet region. For a current which de- 
cays simply towards the open ocean, vt = n t ~  < 
0 for E > 0. This in turn implies restrictions on 
p*, c-t which must be chosen in the manner 
that the relative vorticity of the jet is always 
smaller than the planetary vorticity (i.e. as 
the local Rossby number of this jet passes 
through unity the stratification formally flips 
from positive to negative infinity). 

In physical space (6.1) corresponds to a non- 
linear partial differential equation for II, and 
in general only numerical solutions could be 
obtained to this problem for a given set of 
boundary conditions on 5 = 0, 1. Here a simpler 
point of view is adopted. The problem is solved 
only for a class of boundary conditions that 
are capable of description by a particular, 
simple representation in 6-space. Some insight 
into the role of the boundary conditions is 
afforded by the heat conduction analogue which 
obtains by interpreting II as a temperature. 
Then the boundary conditions on [ = O ,  1 
provide asurface heat flux to balance the internal 
source of (6.1). 

The class of solutions chosen decays expo- 
nentially in both directions about a vertical 

Tellus XIX (1967), 2 



FREE INERTIAL CURRENTS. I 287 

axis at [ = 0. Different representations ( ) 
of the solution to (6.1) are introduced for & ? O  
and joined at the origin. Let 

8' 
2 0  

n+ == - _  + 2 A; COB (a ,  8*) exp ( -an 5), (6.3) 

where 9' = c' = 0 fixes the reference level of 
temperature and dynamic pressure at [+ + 03. 

For 5 < 0, the representation is 

I n  the above, a, = [ (n  + 4) n]/[8, + 81], 8* = 

8 +(I,. On, 81 are constant which together with 
9-, c- provide the generality available in these 
solutions. (The superscripts on 3, c may now 
be dropped.) 

The continuity of 11, n, a t  [ = 0, requires that 

The coefficients A: are obtained by expanding 
9 8  + c in a fourier series on the interval - O1 < 
8<81+82. 

A simple calculation results in 

The explicit series solutions are 

5' - 8 = - 2 A;  a,  sin an 8* exp ( - an[) (6.8) 
m 

0 

m 

5- - 8 = - 3 + 2 A: a,, sin LY, 6* exp (a,[) (6.9) 
0 

m 

v* = - X A i a , ,  cos a,8* exp (?a,[) .  (6.10) 
0 

The series may be summed at [ = 0; there results 

For the class of solutions obtained here the 
water a t  [+ - 00 is colder a t  every level by an 
amount - 3 than the water a t  E +  + 00. 

The total difference of dynamic pressure across 
the jet is C + 3[5 -93. The axis of the jet at 
([ = 0) has a t  every level the mean temperature 
between the two sides. The half-width of the 
jet compared to the radius of deformation ( I )  is 
(ao)-'; 81 sets the variation of bottom tempera- 
ture. I f  O1 =0 ,  the line 6 = O  corresponds to 
5 =o. 

A more detailed description is dependent upon 
the values of the arbitrary constants. These 
constants have been tacitly assumed 0(1) 
but otherwise unrestricted. Consideration of the 
solution, however, indicates that not all O( 1) 
values lead to physically acceptable results. 
To avoid the singularities in (6.12) it  is re- 
quired that 8, > - (9 /2) ,  Be > - (1  + 9/12). The 
general limiting relationship between 9, c, 
81, 82 such that vc - 1([6 > O )  has not been 
found. 

Numerical inversions of the solutions from 
temperature space to physical space have been 
made for two particular sets of values of the 
parameters. Fig. 11 represents the inversion of 
the solution for the density field when O1 = 

9 = 0, c = - 1, (28&) = 1. It is seen that a limit 
line (a5/a8 = 0 )  intrudes into the region ( O G  

[<  I), and single valued solutions cannot be 
found for such scaling of the problem for all 5- 
Figure 12 is a similar picture for 3= -0.4, 

the latter case a limit line intrudes even further 
into the region. 

In  figures (11, 12) the regions of the solutions 
regarded as examples of possible constant po- 
tential vorticity jets lie below the furthermost 
point of intrusion of the limit line. This region 
could be scaled to unity in tt new 5 variable, 
but this has not been done. To do so meaning- 
fully an extensive calculation of intrusion depth 
as a function of the ammeters would be neces- 
sary. It also might be remarked that two layer 
models of boundary inertial currents become 
invalid (singular) precisely in the limit where 
the relative vorticity becomes equal to plane- 

[2(8, + 8,)/n] = 1, (C + 0 2 9 )  = - 1, =0.4. In  
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Fig. 11. Cross streain structure of a constant potential vorticity jet with uniform bottom temperature. 

tary vorticity. (See BLANFORD [1965].) The 
continuous density model version of this break- 
down is the intrusion of a limit-line into the 
solution region. 

7. The equilibrium of free stream and open 
ocean 

7.1. CHANGE OF TRANSPORT PHENOMENA 

The divergent state equations (5.4b, 6b, lob)  
may be combined to yield a single equation for 
II,,, from which the other fields are simply 
deriveable. I n  this section the o,-snbscript will 
be suppressed, and the definition uoo = 1.’ will be 
adopted. Thus 

(7.1) rIg + rr,, = 0, 

with the conditions (5.11b) on Boo  ( l ) ,  O,, (0) 

rg r r  - TTI, + v[v,n, - v,n,l = 0. (7.2) 

A t  the open ocean sides the divergence is 
forced by 

n c  = Ti8 -u+. (7.3) 

Equation (7.3) exhibits the solution of (7.1) 
which is independent of 6. Since the II problem 
is homogeneous, (7.3) must be the limiting 
form of an eigenfunction as +m; (U/T)* 
will be seen to play the roles of eigenparameters. 
I n  the limit as E + ~ c c  let V - Y ,  O,, (1)-1 + 

suppressed). The boundary conditions assume 
the limiting form 

T o o  + 3 0 0  ( 1  )* e o o ( o )  - T o o  + W O d O )  (with * signs 

- 2 0 - 1 8  -16 -14  -1.2 -10 -.8 --6 - 4  -.2 0 2 4 6 .B 10 1 2  14  1.6 I 8  2 0  E 
- -~ LINES OF CONSTANT DENSITY 

5 DENSITY VALUE 
@ VALUES OF VELOCITY 

0 NEGATIVE VELOCITY 

Fig. 12. Cross stream structure of a constant potential vorticity jet with variable bottom temperature. 
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IIG - k,,,IIf = 0, (7 .4)  

on Oo0 = 1 +fl,,, Too. 
The notation in (7 .4)  is similar to that used in 
Section 4, i.e. 

It now follows from (7.3) and (7 .4)  that the 
eigenconditions for existence of a geostrophic 
flux at the seaward edges of the jet are 

k ,  = 1 + ko, ('u/T) = - ko +Too. (7.6) 

The first of (7 .6)  is a condition on the initial 
jet which allows a divergence on an f-plane 
of constant depth. The simply decaying jet of 
3 6 has asymptotically the velocity profile 
v* = V o  sin ao[O + e l ]  e*Orr'. The eigencondition 
on the initial jet can now be written, for y = 

(0, +go) a,, 

tan ( a ,  + y )  = a. +tan y. (7 .7)  

A graphical analysis of (7.7) shows that this 
equation can be satisfied only for uoa ~ ( y  = 

+n/2 when the equality sign applies). This 
implies that such a jet can efflux mass (in this 
model) on an f-plane of constant depth only if 
the velocity profile changes sign with depth at 
its open ocean edges. The decrease in total mass 
is given by 

A component of the net divergence is propor- 
tional to the difference of a forced thermal wind 
shear, characterized by T*, the downstream 
slope of isotherms. In addition, there is a contri- 
bution from the difference of a barotropic com- 
ponent of efflux, proportional to ( 9 k o ) * .  
This contribution is associated with the dif- 
ference of [-profiles on the right and left sides 
of the jet (a cross-stream [-profile aqmm&ry). 

The existence of an efflux at I E I + 00 does 
not necessarily mean that the flux can be 
continued through the jet in a regular manner. 
This can, however, be demonstrated for small 
asymmetry of the initial jet and a small initial 
dynamic pressure difference across the jet 
(i.e. in Section 6,  T, C a l ) .  For this caae the 
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Pig. 13. Schematic cross-stream structure of a 
constant potential vorticity jet consistent with a 
uniform divergence. 

boundary conditions (7.2) have the approximate 
form on 0 = 1 ,  0 

n = k1,o&, (7 .9)  

where kl,o = (V/Ve)  l e=l ,o .  The simplest form 
of small allowed asymmetry of the initial jet 
may be characterized by k ,  = 1 + k(E), ko = 

k ( 0 ,  where Ikl <1,  and k+O as E +  +-, 
k+k  as ,$+ - 00. The solution of the equations 
for an initial jet of constant potential vorticity 
(woo) which satisfies the required boundary 
conditions has been obtained by similar methods 
as were used in Section 6 .  Here only a schematic 
diagram for the jet cross-sectional profile is 
presented. Fig. 13 is a picture of the initial jet 
for small monotonic k > 0. When k = 0, woO(O) = 0, 
and the lines of velocity inversion form a 
cusp a t  6 = 0. 

To the order where asymmetry is neglected 
II =TO, and the flux of fluid which passes in 
one side of the weak symmetric jet must re- 
appear a t  the other side. To order k, the solution 
is written as 

00 

I I = [ e + k ( l - $ 3 ) ] +  ~qn(E)sinAnO, (7 .10)  
1 

where tan An =An, An=+ 0. (7.11) 

Here the E dependence is determined from the 
particular solutions of 

As ) E I - + c o ,  k"+O and hence rpn+O. The net 
loss of mass is the given by 4 m k g .  

It should be pointed out that in general the 
divergence phenomena for free jets (even for 
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this model) is not completely understood. Only 
the simplest features of a free jet which can lead 
to a net divergence have been described here; a 
more complete investigation of this problem 
would itself present a fascinating study. 

7.2. A MEANDER SCALE PHENOMENON 

It is of interest to consider further the asymp- 
totic analysis of the structural problem in- 
troduced in Section 4 .  There the radiated wave 
induced by the meandering was discussed for the 
case of constant potential vorticity by equations 
subsequently derived in Section 5 (formally 
for E = p* = 0). The additional meander induced 
structural feature for this case to be discussed 
here is a jet width change. A succinct exposition 
of this phenomenon is accomplished by ren- 
dering the d-expansion uniformly valid in t. 

An asymptotic decomposition of the pressure 
field is made as in Sections 4 and 7.1 viz., 
111 - I I M  +nl, wo - y o ,  as [-+GO. Whence, 

n i ~  +nice = - X O V O .  (7 .13)  

On 0 = 1 +yo, yo 

(As usual ( & ) will be written explicitly only for 
emphasis). From (6.10) and (7 .13)  i t  can be seen 
that a particular solution for nl is proportional 
to tv,. Hence, in the limit 6-0 the ratio of 
w1 to vo contains a term 0 ((6). The formal ex- 
pansion scheme used here implies that in the 
decaying portion of the jet terms of O ( 6 t )  
dominate those of 0(6), i.e. the edge of the jet is 
defined in the limit 6+0 with 66 = o ( l ) .  Note 
that this small order symbol has the inter- 
pretation that for large 6 O(6)  ~ 6 5  < 1. This 
indicates that IIo is a non-uniform approxima- 
tion in 5 to the full solution of equations in the 
limit of small 6. To remove this non-unifor- 
mity, a modified PoincarB-Lighthill method of 
expansion of the variables is adopted [e.g. vid. 
LIGHTHILL, (1949)l. It might be remarked that 
the effects of convergence of constant r j  lines 
also yields similar terms in the &expansion of 
the problem. This effect is of 0(6*[) and re- 
presents a non-uniformity in the no +anl 
approximation to the full equations in the limit 
of small a2, and is of higher order than has been 
considered here. 

Consider the simple cme of constant initial 
bottom temperature where yo = 0, = 0, k ,  + GO. 

The radiated field is determined from Section 
4 as 

n,”= - [k1+8-1 ] .  (7 .17)  

Then the modified equation is 

nit; +n18e = p O @  -boa’, p = ( f i o / < ~ i > ) ,  (7 .18)  

and on 0 = 1, 0, there obtains with the help of 
(6.8)-(6. lo), 

n1 - klnlo = 2 2~0klvo@’, (7 .19)  

nlo = 0. (7.20)  

The inhomogeneity in the boundary condi- 
tion (7.19) is removed by defining the function 

n 1 ~ n l + 2 u o k l v o ( 5 ,  1)a. (7 .21)  

I t  then follows ’that (7 .18)-(7.20)  become 

A,:( +&lee = F 2a$t1v0 (t, 1)  (9 - y o ( ( ,  e)[2@’ -q@ I 
(7 .22)  

(7 .23)  

A1o = 0. (7.24)  

nl ~ k17i10 = 0 

The particular solution for A, can be expanded 
in the series 

where the eigenvalues are determined from 

(7 .26)  qn tan Qn = - ( l / k l ) *  

The equation for qn([)  follows from (7 .22)  

Since v o  is an eigenfunction of the n1 problem, 
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qo = a. is secular. With this observation, broader. The jet moving into deep water 
narrows. To O ( 6 ,  t),  the mass of the jet is con- 

vortex sheet ( b  < 0) tends to increase its strength 
end make it narrower, while compressing a 
finite vortex sheet ( b  > O )  tends to decrease its 

1 qn[Qn-a~l[l+sin2qn/2p"l strength and make it broader. Fig. 10 indicates 

! + 2a: COB2 ao -] @ - .,) yg + 
served, and stretching of a finite, constant mam 

2-(l+sin2ao/2ao) 

+x+--a O0 
4 a & V o ( & l )  cos qne . (7.28) 

in a schematic way the meandering induced 

constant transport jet. 

The non-uniformity in t is now removed from effects of a constant potential vorticity and 
the particular solution b y  chosing 

a = e x p  { ['+ 
2-(2ao+sin 2 ~ )  Acknowledgement 
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TEOPUR CBOSOAHbIX BHEPqIIAJIbHbIX TErIEHBm 

I. Tpaeicmopun u cmpyicnuypa 

T p a e K T O p I I f i ,  KOTOPHM M O X e T  C n e A O B a T b  T e -  
Y e H H e  H a A  RHOM C P a B H O M e P H b l M  HBKJIOHOM. 
n 0 J I y q e H H  IIpO@llJIX CKOPOCTM B HeKOTOpbIX 

Y H e C H  C IIOJIHO8 P a C X O ~ H M O C T b I O  IIOTOKa. 
B B X H M M  p e 3 y n b T a T O M  RBJIElleTCR TO, YTO 6a- 

AMMOCTblo 0 6 M e H k i B a e T C R  MaCCOfi C O K p y X a l o -  
U M M  OKeaHOM, T. e. IIOCJIe CTORYHX reOCTpO@H-  
YeCKHX BOJlH R B n R e T C R  OC06eHHOCTbIO P a B H O -  

nonepewux c e q e H m x  T e Y e m R ,  cornacam- 

p o m m H a R  M e a H g p u p y m u a R  CTPYR c ~ e o 6 x o -  

B e c m .  H o n y s e H o  T a K m e  p a c m H p e H H e  II cyme- 
m e  T e s e m l f .  
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