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ABSTRACT

Boundary-layer type solutions are obtained for currents generated in a homogeneous
fluid in a long rotating channel by a steady wind stress acting along or across the chan-
nel. Included are viscous wall boundary layers which arise necessarily from secondary
circulations transverse to the axis of the channel, and from no slip eonditions at the wall.

Introduction

The study of wind-driven currents in the pre-
sence of lateral boundaries has been primarily
restricted to two-dimensional models in which
the vertical coordinate has been parameterized
in some way; see, for example, Munk (1950),
Charney (1955), or Pedlosky (1965). The present
paper examines a dynamical model of wind-
generated currents in which some details of the
vertical circulation are retained. A model of
viscous-driven upwelling and sinking motions
is obtained. The purpose of the paper is to ex-
plore those features of the circulation in a long
rotating channel produced by a steady wind
stress at the free surface, preliminary to the
discussion of the closed channel or rectangular
basin.

The model

In order to satisfactorily incorporate the ver-
tical structure a very simple model is used.
Since the wind stress js assumed independent
of the coordinate along the channel, the motions
are also assumed two dimensional, with the one
exception that a constant pressure gradient
along the channel is permitted as a special case.
The horizontal scale is such that the rotation
of the channel may be taken as a constant; the
fluid is homogeneous. If 4 is the viscosity co-
efficient either molecular or eddy, 2 the angular
velocity, (4, v, w)=v the velocity, (z,,7,) the
horizontal wind stress, and the z-axis is placed
across the channel, and y along it, the momen-
tum and continuity equations are
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where V2 =2?%/ax? + 22/22%. If the channel width
is L, depth D, the boundary conditions are

o
amh: a0 4®LT L, P,
oz ¢ oz o dt
z2=-D: v=0; =0, L:v=0,

where % is the height of the free surface above
z=0. If the magnitude of the stress is z,, the
starred nondimensional variables are defined:

(x, 2) = D(a*, z*), L =DL*,
(u, v, w) =7,/ QL(u*, v*, w*),
P =T,9D/Q*L?,
(T1 T2) = (To/o)zl, 12).
The equations and boundary conditions written

in these variables after dropping asterisks are

- d 2 L
R7'WVv-2kxv=R, (ua_x+ wa—z) viyvp+ o,

To
V-v=0, (2.1)
- _ov dh
z=h: R'—~=g¢, Rl;z—r,, w=o Pp=0;
z=—1: v=0; =0, L:v=0,

where R =L*Q/4, R,=7,/pl*Q* and y =g¢gD/
Q3D2. It is assumed that not only is R>1, and
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R,<1, but also that R,R<1. It is convenient
to introduce a stream function and also to
scale » by a factor of R%, that is, let

v = —j x Vy(z, z) + Rbvj. (2.2)
A vorticity equation is obtained by eliminat-

ing the pressure from the z and z momentum
equations. The system then becomes:

v
~RiWyy2-—=-0,
oz

& a
R%Vzv+2“‘e='y—pEP,
02 oy
ov '3
z=0: Rf’}f_—'rg, R‘l;f= -1,
oz oz (2.3)
w=p=0,
ay
z=-1: — =y=0v=0,
oz ¥
x=0,L: p=—=v=0,

where P ~0(1) is assumed a constant, and will
remain arbitrary. The equations, now linear,
may be solved separately for the stress compo-
nent along the channel and across the channel.

Considering the stress to be along the channel,
if the Ekman depth, here defined as D*R},is
much less than D* there is a frictional boundary
layer at the free surface, and possibly at the
bottom of the channel. In the surface layer in
addition to possible vertical flux out of the
layer, there is the Ekman transport across the
channel. Because of the lateral boundaries there
must be a compensating return flow across the
channel; this may be accomplished by either a
sinking motion to the bottom and return in a
bottom boundary layer, or by a return flow
across the channel in the interior, or by a com-
bination of the two motions.

In any case it is evident that boundary layers
are needed along the walls, if for no other reason
than to reduce the interior veloeities to zero on
the lateral boundary; the structure of these
boundary layers involve two scales of motion
and resembles those investigated in detail by
Greenspan & Howard (1963).
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Solution for wind stress along the channel

The method of solution of equations (2.3) is
based upon classical boundary layer theory for
viscous flow. The method used is that of Carrier
(1953), or the systematic theory of Lagerstrom
& Cole (1955). For convenience the various
boundary regions have been labeled in Fig. 1.
If (y, v) are the solutions of (2.3), a uniformly
valid approximation, as a sum of asymptotic
expansions in R, is constructed of the form

p@2)~ 2 vl 2)~ 2 o, (3.1)

where (y,, v;) is the component solution in region
7 of Fig. 1. In particular (y,, v,) represents an
asymptotic expansion of (y, v) to N terms say,
as R—oco, with x, z fixed. The interior component
solution looks like, for example:

Y1 =9, 2) + R~y (x, 2) + ...,
vy =v,(x, 2) + R~12p,(x, 2) +....

that is, (y,;, v;) =0O(1). Differential equations for
the lowest order term in (y;, v,) are obtained by
substituting (3.1) into (2.3) and taking the
limit as R—oco, x, z fixed; as described below
all other component solutions tend to zero away
from their respective boundaries; hence the re-
sulting equations are equivalent to those ob-
tained by dropping the viscous terms in (2.3).
Since these are of lower order than (2.3), the
solution cannot satisfy all boundary conditions.
By adding to the interior solution a component
solution which decays exponentially away from
the boundary, the composite solution is made
to satisfy the boundary conditions to a certain
approximation in R (the interior solution is
“matched” to the boundary layer solution).
The stretchings of the variables, given in Table
1, are consistent with those in a number of
similar problems, for example as in Carrier
(1966). The differential equations and boundary
conditions for the lowest order component solu-
tions are found by substituting (3.1) into (2.3)
after writing (2.3) in the appropriate stretched
variables, and applying lim R — oo, holding the
local stretched variables fixed.

For regions 1, 2, 4, (v, v;) ~O(1); the low
order equations are, in the interior:

g% _
oz
(3.2)
9Mu_p,
oz
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For region 2, the equations (2.3) in variables
(Z’, Cz) are

641[; ov 1 341[1
4t 2—=- 3,52 ’
ols Ca ox 93
2 . (3.3)
o oy 100
—=+2—— B s
8l 9, ox

which, on substituting in (3.1) and applying lim
R—>o0, (x,,) fixed, are identical to (3.3) if
(w21, v21) ~>(, v), and the right side set to zero.
The boundary conditions at z ={, =0 are

aztp,l vy,
x, 0) + , 0)=—3" = 1(x)-—=0.
T ) +1p5,(w, 0) 34'; Ty(x) o,

The equations in the bottom layer are identical
with (3.3) if (y,, vs) —>(y., v,) and {,—,. Boun-
dary conditions at z +1 =, =0 are

Way
1)+ x, 0)=—
) + g ) o,

=v,(x) + vy, (x, 0)=0.

P (@ —
(3.4)

This is the Ekman problem for a horizontally

unbounded ocean. The component solutions are

’P‘n(l"z) = %[Tz(x) + ZPL
vy, (%) =1,(x) - P,

Pau (@, §,) = — v,(x) ¢ cos Cos

(3.5)
Va1 (%, &) = $7,(2) €7 (cOs &, +sin (),
pa(@2,) = 3P —7y(x)] 6% (cos &, +8in L),

v (@, &) = [P —1,(x)] &% cos ¢,. J

In addition to the surface Ekman transport
37,{x) across the channel, there are gradient
currents v»,; along the channel and u,, = —}P
across the channel. There is the Ekman diver-
gence of mass }(27,(x)/ax) out of the boundary
layer which, since w,, is independent of z, flows
to the bottom layer and is returned to the sur-
face via the walls.

For the flow along the wall, that is, the return
flow or upwelling, a boundary layer of thick-
ness O(R-'4) is required, denoted as region a.
To match the interior geostrophic flow (y,, v,) ~
O(1) is required. The equations for this region
are
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Fig. 1. Cross-section of the channel showing the
width of the various boundary-layer regions and the
identification number for each region used in the
text.

2
22— oY),

oz
EX) % (3.6)
Tt 2o oRY.
on oz

where & = R-V4;. With substitution of (3.1) into
(3.6) and applying the lim R oo, 7, z fixed we
have

PAAC )
a
. (3.7)
0% | g%,
on oz

As in the interior, the order in z of the equations
(3.7) is reduced requiring Ekman layers at the
top and bottom of the region a. Although both
coordinates are stretched, the equations in re-
gions 2a¢ and 4a are the Ekman equations to

Table 1. Coordinates for the regions of the channel
cross-section.

Region Variable X = Z=
1 z
2 x R—l;‘zc
3 R-U3E 2
4 z RV, —1
7 RU3E RV2C
8 R—l/3§ R_II2C -1
a Rty z
2a R4 R™12L,
4a R4y R, -1
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the lowest order, that is the same form as (3.3);
again for matching with region a, (.4, v5,) and
(Vear Vag) ~O(1).

The boundary conditions for (., vs;), (¥ag
vy,) are found by substituting (3.1) into the z
conditions in (2.3) and applying lim R-—oo,
7, {a,4 held fixed. At 2 =0,

& @ Y1 _ OVsa1 _
o oC,

Yaa1 + YPa1 =
and at z= - 1:

Pisl
——— = Ya + Vg1 = 0.

. P
Ya1 T P41 =
oL,

Solving together equations (3.7), and the
Ekman equations (3.3) written for (y,,, v,,) and
(Paqs v4,) it is found that

va=—ke "V,
Va1 = Voef”,
(3.8)

Pea1 = V21 = 0,

Yia1 = — éVoe’”*c‘ (cos {, +sin ),

Vig1 = — Voef"’c‘ cos &,,

where V, is a constant to be determined.

The flow along the channel in the interior is
matched by the geostrophic current Vge—7 in
this boundary layer. Although ¥V, can be chosen
to bring the interior flow to zero at the wall, the
stream function cannot be brought to zero
there, and neither can éy/2xz be nulled at the
wall; these conditions require a R™'® layer
adjacent to the wall.

In this region the equations (2.2) become

3 X .
“- R L= or),

3_2 Py (3.9)
o' -1/6 'I’ ~2/3
a—é, + 2R =OR ), (3.10)

where x = R-1/3¢.

From (3.9) it is seen that if y; ~ 1 for matching
with the interior, then v, ~ R-1/¢, On substitut-
ing (3.1) in (3.9) and (3.10) and taking the limit
R—>o0, &, 2z fixed we have

23131_ 34'1’:1_ 0

oz og o° Py

. ¥u 4%¥a_ o (3.1
av:1+2a_:p_,,=0 * .

23 oz
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It would be suspected that again component
Ekman solutions would be required at the top
and bottom of this layer. It is found, however,
that if y3,(§, 2) can be made to vanish at top
and bottom (which it can), then the composite
solution in the region where §~1 and {,~1 or
{4 ~1, does satisfy the boundary conditions to
the lowest order. Substitution of (3.1) into the
boundary conditions at x =0, and taking the
lim R — oo, &, z fixed, demands

Wal(oy Z) +wal(0’ Z) +W11(0, Z) =0,
v, (3.12)
a% = 3(0) + 2 (0) = vy (0, 2) = 0.

Solution of (3.11) subject to these conditions.
yields
s %)= — 0)Qq 5, z),
wn (6 2) = —41,(0) G(&, 2) } 3.13)
05 (&, 2) = — 37,(0) H(E, 2),
where

oo
Qe 2)= -2 > a, 'sing,z

n=1

3 1 3
N {cosé— Use | gin- V ﬂ.l.wé‘} evﬂ,‘,’:"elz’

V3

7/3 oo
H(E, z)= "% z oz,fmcos anze*ﬁ}nla‘f/? 1 V3ﬁ1“§
n=1

and 8, =2«, =2nx.

Component solutions have been determined
except for the small corner regions where
& <1, ~1. Since the equations {2.3) are sym-
metrical with respect to x, the component solu-
tions on the right wall may be found by replac-
ing z by L —z in the above solutions. Collecting
the above, the composite solution for each region
can be written:

¥, (@, 2) ~ 3[Ty(w) + 2P + ...,
,(, 2) ~Ty(T) = P+ ..o,
9al@, &)~y (@) [1-€ePeos £,]+ 2P + ...,
0y(, &y) ~ 1y(x) [1+ 3e (cO8 Ly +8in &) - P+ ...,
wa(, ) ~ 37y(2) [1 — e " (cos £, +sin Z,)]
+3Ple " (cos L +8in L) +2] + e
vy(@, L) ~Ty(@) [L—e Heos L)
+Ple cosl—1]+...,
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Ya(®, 2) ~ d74(@) + B2 "7,(0) + 2P (1 - ) + ...,
Va(®, 2) ~ Ty (2) —14(0) e T+ Ple™"— 1) + ...,

Wla(x’ z)~‘ﬂa +'|I)z; Vag~ Vg + Uy,

Ysal@, 2) ~ d1y(@) [1 - € (cos §, +5in £,)]
+371,(0) e [z + P (cos £, +sin £,)]
+3P[z+e t(cos ¢, +sinL,)]

x(1—e M) +..., (3.14)

Vsal@, 2) ~[T4(x) = 74(0) e T (1 - “cos £,)

+P[—1+e bcost,](1-e ) +...,

¥3(2, 2) ~ dry(2) — 37,(0) [¢ "2 + G(E, 2)]
+32P(1-e M+...,

(0)
2

Vy(2, 2) ~ Ty (@) — 7,(0) e — RYH(E, 2)

+Pe™"-1)+...,

Yol 2) ~ g T g3 Vg Uyt 0y,

¥l®, 2) ~ 314(2) [ —e " (cos &, +8in £,)]
+37,00) {e [z + e % (cos Cot+sing,)]
— G, 2)} + 4Pz +e " (cos £, +8in {,)]
x(1—e ") +...,
Vg(T, 2) ~ [T4(2) —T4(0) e "] (L~ e ™ cos ,)
+P(1-e M (=1+e %cosg,)
-3, (0) RV H(£,2) + ...,
where the notation p, refers to the composite
solution, whether on the left or right side of the
equation; further, v, the velocity component

along the channel, has not been rescaled, as
in (2.2).

The wind stress across the channel

With the wind stress exerted across the chan-
nel, the Ekman transport, being along the
channel, will no longer require upwelling and
sinking motions at the walls for conservation
of mass. There will be small corner regions
wherein the velocity must be reduced to zero,
but these apparently are not susceptible to the
boundary layer approach. The equations and
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boundary conditions are the same as (2.3) except
at z=0:

2
40
—=0, R 1371,/)= —7,(x), w=p=0.

The equations are obtained for the regions
1, 2 and 4 in the same way as before. It is easily
verified that although (y,, v,) ~1, it is necessary
that (y,, v,) ~ (y,, v4) ~ R-1, that is, the interior
solution arises from the second order terms in
the Ekman layer; these solutions have coeffi-
cients depending not on 7,(x), but 9%,/ox?=
71’ (), since the terms in (3.3) of order R-1, will
appear as nonhomogeneous forcing terms. Since
these solutions are derived with little variation
in method from those found above, the compo-
site solution will merely be written down for
these regions.

vz, 2)~ — B (z) /4 + ...,
vy(#,2)~ — R 7', (@) /2 +..es

Yelx, 2) ~ — 31,() e"sin Cot R! 714_@)

: 3 b
x {—l+e *cos C,+;C,e ‘(51nC,—cosC,)}+...,

1,(@, 2}~ — 1, (T) et (cos ty—sin{,)+ R7! I‘T(x)

x [—l+§(t ec'cosc —iec'(cosé’ +sinC)] +
4 2 2 3 H A4

y;4(x,z)~R"TT(x)[— 1+e % (cos s, +8ins,)]+...,
7 ()

S - 1ve M
3 (-1+e™]

vz, 2)~ R}
The solutions in the interior and bottom are
identical with those for the case of wind stress
along the channel (3.14), if —}1"(x)R-! replaces
74(x), and P is set to zero. Hence the wall solu-
tions in the case of stress across the channel
may be found directly from (3.14). Instead of
repeating the lengthy solution with the above
replacement, it is merely noted that the pre-
sence of the lateral boundary current depends
on the nonvanishing of 2*z,(0)/éx2.

Discussion of the solution and conclusions

The circulation transverse to the axis of the
channel for the case of stress along the axis is
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the following. There is the rightward surface
Ekman transport 7,(x)/2, the gradient current
transport u,, = — 4P, and the horizontal tran-
sport in the friction layer at the bottom
3P —1,(x)), in addition to the vertical transport
of mass out of the surface layer, —3(or,/ox).
The presence of the friction layer at the bottom,
associated with the transport 3(P —7,(x)) requi-
res the interior geostrophic current v, along the
channel.

At the left wall the vertical transport by the
combined R-Y4 and R-/3 scales of motion is
the negative sum of the two component stream
functions evaluated at the wall, obtained from
(3.8), (3.9) and (3.13)

—Wal(()’ z) - '/131(0, Z)
= = 32[1,(0) — P] + 47,(0) G(0, 2)

~$2[7,(0) = P] + $7,(0) (1 + 2}
—37,(0) + $2P;

similarly at the right wall the vertical transport
is —37,(L) —42P. Here V, =P —1,(0) previously
obtained from (3.12), has been used. The sum
of these two transports represents the balance
to the net downward transport in the interior
from the surface Ekman layer. The maximum
vertical velocities occur in the R-1/3 region; from
(3.14) it is found that the ratio of w to the
magnitude of the horizontal velocities occurring
in the surface friction layer |w/v| ~RY3-V/2=
R-¢ where v has been rescaled consistent with
(2.2).

The currents produced by the constant pres-
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sure gradient P along the channel represent a
counterclockwise circulation (P >0), as seen
from the solutions in regions 1 and 4 in (3.14).

A case of special interest is that of uniform
stress along the channel. If in addition, P =7, =
constant, the gradient current u,, across the
channel exactly balances the surface Ekman
transport. The friction layer at the bottom is
no longer required to the lowest order; hence the
gradient current v»,, disappears and, since no
vertical transport from the bottom is required,
the R-%/1 scale of motion at the walls vanishes.
Maximum horizontal speeds occur in the Ekman
layer. This case must be close to representing
flow in a rectangular basin due to uniform wind
stress along one axis; since to the lowest order
only u differs from zero in the interior, insertion
of walls across the channel, say at y =0, M,
would require only a lateral friction layer to
null the current at the walls.

Returning to the variable stress case, if L is
a characteristic horizontal scale, an estimate of
the width of the lateral boundary layer thick-
ness is d~R-Y¢L. If Q~0.5x10-% sec! and
10¢ <A <10% cm?® sec-! and if L is in km,
4 LYz <§ <1.2 LM% if L =100 km, then 4 <4 <12
km. Since é depends on the fourth root of the
viscosity coefficient, it is not very sensitive to
the latter.
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TEYEHUA, BOSBYHKIAEMBIE BETPOM B JJIMHHOM BPAITAIOHIEMCA KAHAJIE

IlonyyeHH pemieHMA THOA IMOFPAHHYHOTO CJIOA  OTH PelIeHHA, B YACTHOCTH, ONHCHIBAIOT BA3KHE
AJNA TedeHUN, BO30YMIAEMHX B OXHODONHON  HOrpaHMYHHIE CJIOM Yy CTEHOK, KOTOpHE C He-
MUIKOCTH B JJIMHHOM BpallaloineMcA KaHaje 00XOAMMOCTBIO BOBHHKAIOT U3 BTOPUYHBIX L{Up-
MpH MOMOINM HAUPAKEHAA CKOPOCTH BeTpa, KYJIALMOHHHX TeYeHMI B ITOCKOCTH, MepIeHIH-
AelicTByioIero BROJb HJIH IIONEPEK KaHAJA. KyJIAPHO OCH KaHama.
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