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ABSTRACT 

Boundary-layer type solutions are obtained for currents generated in a homogeneous 
fluid in a long rotating channel by a steady wind stress acting along or across the chan- 
nel. Included are viscous wall boundary layers which arise necessarily from secondary 
circulations transverse to the axis of the channel, and from no slip conditions at the wall. 

Introduction 

The study of wind-driven currents in the pre- 
sence of lateral boundaries has been primarily 
restricted to two-dimensional models in which 
the vertical coordinate has been parameterized 
in some way; see, for example, Munk (1950), 
Charney (1956), or Pedlosky (1965). The present 
paper examines a dynamical model of wind- 
generated currents in which some details of the 
vertical circulation are retained. A model of 
viscous-driven upwelling and sinking motions 
is obtained. The purpose of the paper is to ex- 
plore those features of the circulation in a long 
rotating channel produced by a steady wind 
stress at the free surface, preliminary to the 
discussion of the closed channel or rectangular 
basin. 

The model 

In order to satisfactorily incorporate the ver- 
tical structure a very simple model is used. 
Since the wind stress is assumed independent 
of the coordinate along the channel, the motions 
are also assumed two dimensional, with the one 
exception that a constant pressure gradient 
along the channel is permitted as a special case. 
The horizontal scale is such that the rotation 
of the channel may be taken aa a constant; the 
fluid is homogeneous. If  A is the viscosity co- 
efficient either molecular or eddy, 1;2 the angular 
velocity, (u, v, w) = V  the velocity, (tlr tn) the 
horizontal wind stress, and the x-axis is placed 
across the channel, and y along it, the momen- 
tum and continuity equations are 

Tellus XIX (1967). 2 

v . v = o ,  

where Vz = aa/axa + az/aza. If the channel width 
is L, depth D, the boundary conditions are 

z = - D :  v = o ;  x=o,  L:v=O,  

where h is the height of the free surface above 
z =O. I f  the magnitude of the stress is to, the 
starred nondimensional variables are defined: 

The equations and boundary conditions written 
in these variables after dropping asterisks are 

z - -1 :  v = o ;  x=o, L:v=O, 

where R =L2n/A ,  Ro = t o / ~ L a n a  and y =gD/ 
CPDa. It is ltssumed that not only is R > 1, and 
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1 

- 

1 

R,<l ,  but also that R,R<1.  It is convenient 
to introduce a stream function and also to 
scale v by a factor of Rh, that is, let 

1. 

A vorticity equation is obtained by eliminat- 
ing the pressure from the x and z momentum 
equations. The system then becomes: 

av 
az 

- R - ’ V 4 y + 2 -  = 0 ,  

w = p = o ,  
(2.3) 

where P - O ( 1 )  is assumed a constant, a.nd will 
remain arbitrary. The equations, now linear, 
may be solved separately for the stress compo- 
nent along the channel and across the channel. 

Considering the stress to be along the channel, 
if the Ekman depth, here defined as D*R-*, is 
much less than D* there is a frictional boundary 
layer a t  the free surface, and possibly a t  the 
bottom of the channel. In the surface layer in 
addition to possible vertical flux out of the 
layer, there is the Ekman transport across the 
channel. Because of the lateral boundaries there 
must be a compensating return flow across the 
channel; this may be accomplished by either a 
sinking motion to the bottom and return in a 
bottom boundary layer, or by a return flow 
across the channel in the interior, or by a com- 
bination of the two motions. 

In  any case it is evident that boundary layers 
are needed along the walls, if for no other reason 
than to reduce the interior velocities to zero on 
the lateral boundary; the structure of these 
boundary layers involve two scales of motion 
and resembles those investigated in detail by 
Greenspan & Howard (1963). 

Solution for wind stress along the channei 
The method of solution of equations (2.3) is 

based upon classical boundary layer theory for 
viscous flow. The method used is that of Carrier 
(1953), or the systematic theory of Lagerstrom 
& Cole (1955). For convenience the various 
boundary regions have been labeled in Fig. 1. 
If ( y ,  v) are the solutions of (2.3), a uniformly 
valid approximation, as a sum of asymptotic 
expansions in R, is constructed of the form 

where (y , ,  vj) is the component solution in region 
i of Fig. 1. In particular (yl, vl) represents an 
asymptotic expansion of (tp, v) to N terms say, 
as R+w, with x, z fixed. The interior component 
solution looks like, for example: 

~1 =ytii(z, 2) + R - ” 2 ~ i z ( ~ ,  2) f..., 
w1 = V ~ ~ ( X ,  Z) + R-1/2w,z(r, z )  + ..._ 

that is, (yl, vl)  = O( 1 ) .  Differential equations for 
the lowest order term in ( y l ,  vl) are obtained by 
substituting (3.1) into (2.3) and taking the 
limit as R - t m ,  2, z fixed; as described below 
all other component solutions tend to zero away 
from their respective boundaries; hence the re- 
sulting equations are equivalent to those ob- 
tained by dropping the viscous terms in (2.3). 
Since these are of lower order than (2.3), the 
solution cannot satisfy all boundary conditions. 
By adding to the interior solution a component 
solution which decays exponentially away from 
the boundary, the composite solution is made 
to satisfy the boundary conditions to a certain 
approximation in R (the interior solution is 
“matched” to the boundary layer solution). 
The stretchings of the variables, given in Table 
1, are consistent with those in a number of 
similar problems, for example as in Carrier 
(1966). The differential equations and boundary 
conditions for the lowest order component solu- 
tions are found by substituting (3.1) into (2.3) 
after writing (2.3) in the appropriate stretched 
variables, and applying lim R-t 00, holding the 
local stretched variables fixed. 

For regions 1, 2, 4, (y,, v,) -O(l);  the low 
order equations are, in the interior: 

Tellus XIX (1967), 2 
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For region 2,  the equations (2.3) in variables 
(x, (2) are 

which, on substituting in (3.1) and applying lim 
R+m, (2, c,) fixed, are identical to (3.3) if 
(yal, wzl)+(y, w), and the right side set to zero. 
The boundary conditions at z = ce = 0 are 

The equations in the bottom layer are identical 
with (3.3) if (y4, w4)+(yz, v,) and t 4 + ( 2 .  Boun- 
dary conditions a t  z + 1 = = 0 are 

= WI1(2) + V r , ( Z ,  0) = 0. (3.4) 

This is the Ekman problem for a horizontally 
unbounded ocean. The component solutions are 

gY,,(z, 2) = t [ % ( X )  + Z P 1 ,  

w,,(x) =t&) - P ,  

(3.5) 

In  addition to the surface Ekman transport 
$ t Z ( x )  across the channel, there are gradient 
currents wll along the channel and ull = -4P 
across the channel. There is the Ekman diver- 
gence of mass i (at , (z) /az)  out of the boundary 
layer which, since wll is independent of z, flows 
to the bottom layer and is returned to the sur- 
face via the walls. 

For the flow along the wall, that is, the return 
flow or upwelling, a boundary layer of thick- 
ness O(R-Il4) is required, denoted as region a. 
To match the interior geostrophic flow (y,, w,) N 

0 ( 1 )  is required. The equations for this region 
are 

Tellus XIX (1967), 2 
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Pig. 1. Cross-section of the channel showing the 
width of the various boundary-layer regions and the 
identification number for each region used in the 
text. 

where x = R4f4r]. With substitution of (3.1) into 
(3.6) and applying the lim R - t m ,  r ] ,  z fixed we 
have 

27F=09 1 
J kl aYul 

a7 az 
2 + 2 - - = o .  

(3.7) 

As in the interior, the order in z of the equations 
(3.7) is reduced requiring Ekman layers a t  the 
top and bottom of the region a. Although both 
coordinates are stretched, the equations in re- 
gions 2a and 4a are the Ekman equations to 

Table 1. Coordinates for the regiom of the channel 
cross-section. 

Region Variable X = z= 

1 
2 
3 
4 
7 
8 
a 
2a 
4a 

2 
X 
R--113: 
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Val = - JzeO V,, 

val = VoeO, 

y201= u201= 0, 

ydal = - ivoeC-'d (cos 

v4.1= - voe-"C4 cos 54, 

+sin c4), 

the lowest order, that is the same form as (3.3); 
again for matching with region a, (yza,  vza) and 

The boundary conditions for (yza ,  vza) ,  (ya,, 
v4,) are found by substituting (3.1) into the z 
conditions in (2.3) and applying lim R - t m ,  
7, czs4 held fixed. At z = 0 ,  

(Y4,9 v4,) - , O ( l ) .  

' (3.8) 

and a t  z =  -1: 

where x = R-'IsE. 
From (3.9) it is seen that if y s  - 1 for matching 

with the interior, then v3 - R-lls. On substitut- 
ing (3.1) in (3.9) and (3.10) and taking the limit 
R + m ,  E ,  z fixed we have 

It would be suspected that again component 
Ekman solutions would be required at the top 
and bottom of this layer. It is found, however, 
that if ysl(E, z )  can be made to vanish at top 
and bottom (which it can), then the composite 
solution in the region where E N  1 and Cz - 1 or 
C, - 1 ,  does satisfy the boundary conditions to 
the lowest order. Substitution of (3.1) into the 
boundary conditions a t  x = 0 ,  and taking the 
lim R-tco, E ,  z fixed, demands 

ys1(0, 2) +ly.l(O, z )  +y,*(O, 2) = 0 3 1  

(3.12) 
VI1(O) +va1(0) =v,,(O, 2) = 0. ?%I= 

a t  

Solution of (3.11) subject to these conditions. 
yields 

and pn = 2an = 2nn. 
Component solutions have been determined 

except for the small corner regions where 
E < 1, 5 - 1.  Since the equations (2.3) are sym- 
metrical with respect to x ,  the component solu- 
tions on the right wall may be found by replac- 
ing x by L -x in the above solutions. Collecting 
the above, the composite solution for each region 
can be written: 
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where the notation y, refers to the composite 
solution, whether on the left or right side of the 
equation; further, v, the velocity component 
along the channel, has not been rescaled, as 
in (2.2). 

The wind stress across the channel 
With the wind stress exerted across the chan- 

nel, the Ekman transport, being along the 
channel, will no longer require upwelling and 
sinking motions a t  the walls for conservation 
of maw. There will be small corner regions 
wherein the velocity must be reduced to zero, 
but these apparently are not susceptible to the 
boundary layer approach. T h e  equations and 

Tellus XIX (1967), 2 

boundary conditions are the same as (2.3) except 
a t  z =0: 

The equations are obtained for the regions 
1, 2 and 4 in the same way as before. It is easily 
verified that although (y, ,  v,) N 1, it is necessary 
that (yl, vl) - (w,, v4) N R-l,  that is, the interior 
solution arises from the second order terms in 
the Ekman layer; these solutions have coeffi- 
cients depending not on tl(x), but astl/azP = 
ti'(%), since the terms in (3.3) of order R-l, will 
appear as nonhomogeneous forcing terms. Since 
these solutions are derived with little variation 
in method from those found above, the compo- 
site solution will merely be written down for 
these regions. 

Y ~ ( X , Z ) -  - R-' t ; ' ( z ) /4+ ..., 
vl (z ,z ) -  -R- ' t ; ' (~) /2+. . . ,  

4 

1 3 
(C,et'cos 5,- feS*(cos <,+sin 5,) + ..., 

T " ( X )  
y,(z,z)-. R - ' _ _  [ - 1 +e~-'4(cos 5, +sin 5,) ]  + ..., 

4 

The solutions in the interior and bottom are 
identical with those for the case of wind stress 
along the channel (3.14), if -+t"(z)R-l replaces 
t&), and P is set to zero. Hence the wall solu- 
tions in the cam of stress across the channel 
may be found directly from (3.14). Instead of 
repeating the lengthy solution with the above 
replacement, it  is merely noted that the pre- 
sence of the lateral boundary current depends 
on the nonvanishing of Ptl(0)/aza. 

Discussion of the solution and conclusions 
The circulation transverse to the axis of the 

channel for the case of stress along the axis is 
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the following. There is the rightward surface 
Ekman transport te(2)/2,  the gradient current 
transport ull = - +P, and the horizontal tran- 
sport in the friction layer a t  the bottom 
+(P - t2 ( z ) ) ,  in addition to the vertical transport 
of mass out of the surface layer, -$(at,/az). 
The presence of the friction layer a t  the bottom, 
associated with the transport +(P -t&)) requi- 
res the interior geostrophic current vll  along the 
channel. 

At the left wall the vertical transport by the 
combined R-lI4 and R-lt3 scales of motion is 
the negative sum of the two component stream 
functions evaluated a t  the wall, obtained from 
(3.8), (3.9) and (3.13) 

-y.*(O, 2) - ys1(0, 2 )  

= - $ z [ t z ( O )  -PI + +t , (o)  G(O,z )  

= - i Z [ T , ( O )  -P]  + itp(0) ( 1  -k Z) 

= - 4 T z ( 0 )  + tzP; 

similarly at  the right wall the vertical transport 
is - +t,(L) -3zP. Here V ,  =P - t z ( 0 )  previously 
obtained from (3.12), has been used. The sum 
of these two transports represents the balance 
to the net downward transport in the interior 
from the surface Ekman layer. The maximum 
vertical velocities occur in the R-llS region; from 
(3.14) it is found that the ratio of w to the 
magnitude of the horizontal velocities occurring 
in the surface friction layer [ w/v I - R1/3-1/2 = 

R-'/@, where v has been rescaled consistent with 
(2.2).  

The currents produced by the constant pres- 

sure gradient P along the channel represent a 
counterclockwise circulation (P  > 0 ) ,  as seen 
from the solutions in regions 1 and 4 in (3.14). 

A case of special interest is that of uniform 
stress along the channel. If in addition, P = T~ = 

constant, the gradient current ull across the 
channel exactly balances the surface Ekman 
transport. The friction layer at  the bottom is 
no longer required to the lowest order; hence the 
gradient current ell disappears and, since no 
vertical transport from the bottom is required, 
the R-'I4 scale of motion a t  the walls vanishes. 
Maximum horizontal speeds occur in the Ekman 
layer. This case must be close to representing 
flow in a rectangular basin due to uniform wind 
stress along one axis; since to the lowest order 
only u differs from zero in the interior, insertion 
of walls across the channel, say a t  y = 0 ,  M ,  
would require only a lateral friction layer to 
null the current at the walls. 

Returning to the variable stress case, if L is 
a characteristic horizontal scale, an estimate of 
the width of the lateral boundary layer thick- 
ness is 6-R-ll'L. If R-0.5  x 10-4 sec-' and 
lo4 < A < 1 0 8  cmz sec-l and if L is in km, 
4 Litz i 6  i 1.2 L1I2; if L = 100 km, then 4 ( 6  < 12 
km. Since 6 depends on the fourth root of the 
viscosity coefficient, it  is not very sensitive to 
the latter. 
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TEZIEHMFI, B03BYXAAEMbIE BETPOM B QJIMHHOM BPAWAH)IIJEMCFI KAHAJIE 

n O J I y Y e H b I  P e I I I e H H R  TMIIa IIOrpaHHqHOl’O CJIOR 3 T H  P e l U e H M K ,  B ‘faCTHOCTU, OIIMCbIBaIOT B I I 3 K M e  
AJlR T e q e H M f i ,  ~ 0 3 6 y m ~ a e ~ b 1 x  B O ~ H O p O ~ H O f i  I l O r p a H M Y H h I e  CJIOH y CTeHOK, KOTOpbIe C H e -  
HCAAKOCTM B AJIMHHOM BpaWaIOU(eMCJ3 K a H a J I e  06XOAMMOCTbH) BO3HMKPlOT M3 BTOPMYHHX UMP- 
IlpM IIOMOWU H a I l p R % e H M R  CKOPOCTM B e T p a ,  XYJIRqMOHHbIX TeYeHMfi  B IIJIOCKOCTM, I l e P I I e H n M -  
f l e f i c ~ ~ y r o ~ e r o  B A o n b  MJIM n o n e p e K  H a H a n a .  x y ~ ~ ~ p ~ o f i  OCM K a H a n a .  
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