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ABSTRACT 

The response of an unbounded rotating barotropic atmosphere to a randomly distrib- 
uted initial energy input is investigated. The initial condition is specified in terms of 
an energy density function and the solutions (kinetic and potential energies) of a 
one-dimensional and time-dependent linearized system are determined. The results 
show that the approach to a predominantly steady-state geostrophic energy distribu- 
tion is rapid if the initial energy density spectrum is broad and/or the wave number 
of maximum initial energy density occurs at a relatively large wave-number, k > 4. 
If the initial energy density is concentrated in a narrow band in the low wave-number 
part of the spectrum a significant amount of energy goes into ageostrophic inertia- 
motion and the approach to the steady-state occurs slowly. 

1. Introduction 
Rossby (1938) first formulated the problem 

of the “adjustment” of an initially unbalanced 
current to the time-asymptotic state of geo- 
strophic balance. Other authors (e.g. Cahn, 
1945; Obukhov, 1949) have investigated the 
linearized initial-value problem for a barotropic 
fluid in which particular initial conditions are 
prescribed in a finite region R of an infinite 
rotating flat plane. Veronis (1956) has extended 
the adjustment problem to a simple two-layer 
oceanic model and has also investigated some 
of the energetics of the motion as a function 
of the input energy, due to a wind stress, which 
is applied for a finite duration. These investiga- 
tions have been concerned with the approach 
to steady-state geostrophic badance in the 
region R due to horizontal dispersion of energy 
by fast moving gravity-inertia waves, which 
make the motion in the initial quiescent region 
outside R increasingly ageostrophic. 

The results of these investigations do provide 
an insight into the process of “geostrophic 
adjustment” in a limited region; however the 
more general problem of adjustment, when 
motions in many regions of the atmosphere 
are not in geostrophic balance initially, is not 
considered. 

In  the present investigation we shall assume 
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that atmospheric motions are in a state of 
imbalance a t  a particular instant ( t  = O ) ,  and 
that these motions are a random function of 
position over the whole infinite rotating flat 
plane. These initial conditions are more general 
than those of the above named authors, but 
by introducing random initial conditions only 
the statistics (mean kinetic and potential 
energies) of the transient and steady-state 
motion may be determined. 

We shall further assume that the initial 
fields are statistically homogeneous in space, 
implying that the statistics are independent of 
position. This latter assumption simplifies the 
mathematical development while retaining the 
basic physics of the problem. To summarize, 
the purpose of this investigation is to investigate 
the response of a barotropic atmosphere to 
ageostrophic initial conditions which are ran- 
domly distributed in space. 

2. Basic equations 
A basic system of equations, which describe 

the field of vertically averaged motion, has 
been derived by Obukhov (1949). We shall use 
the linearized nondimensional equations of 
this system in the form 

Ut -v = -nz, (2.1) 

v t + u =  -nu, (2.2) 

nt +uz +v, =o, (2.3) 
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where the constant Coriolis parameter f = 

2w sin 4 and the radius of deformation A = 

(gH,)tf-l ( g  is the acceleration of gravity and 
H, is the depth of a homogeneous atmosphere 
corresponding to standard values of atmospheric 
pressure and density) have been used to non- 
dimensionalize the time and length scales 
respectively. Characteristic values of these 
parameters in middle latitudes are f = 10-4sec-1 
and I =2700 km. The (2, y) components (u, v ) ,  
which are density weighted vertically averaged 
velocities, have been nondimensionalized by a 
characteristic velocity U ,  chosen to make the 
time and space derivatives of the velocity field 
of order unity. The variable n = ( p ( q  y ,  0, t )  - 
p,)pO1, where p ,  denotes standard sea level 
pressure and p denotes the deviation from it. 
These equations also apply to motions in a 
homogeneous ocean of mean depth H ,  if n is tjhe 
percentage variation in the depth. 

If we multiply (2.1), (2.2) and (2.3) by u, v 
and n respectively and add them together we 
obtain the energy equation 

(2.4) 
a a z z  - I (u  + v  + n ) =  - V . ( v n ) ,  
at 

where V is the two-dimensional gradient ope- 
rator and V is the two-dimensional velocity. 
The probability or ensemble average of a 
spatially homogeneous field (Yaglom, 1962) 
will be denoted by a bar. If the field of motion 
is spatially homogeneous the mean value of any 
quantity is independent of position. Then if we 
average (2.4) and integrate we obtain 

- - -  
t(ua + va + nZ) = E,, (2.5) 

where E ,  denotes the energy of the initial state. 
The expression in (2.5) is also the space average 
of the energy, since the field of motion is 
spatially homogeneous. 

The field of motion may be expressed as 

The subscript g denotes steady geostrophic 
motion, which has the property a/at E 0 and, aa 
Obukhov has shown, it may be determined 
from the equation of potential vorticity 

V”, -72, = n(x, y ) .  (2.7) 

n ( x ,  y) is determined from the initial conditions 
and is defined as 

Va is the two-dimensional Laplacian and 

Further, the ageostrophic motion has the 
property that its potential vorticity is 

av‘ au‘ 

ax ay 
n‘= 0 (2.10) 

and it follows from (2.10) that u’, v‘ or n‘ satisfy 

( $ - V 2 + l )  (u’,v’,n‘)=O. (2.11) 

If we substitute (2.6) into (2.5), then the mean 
energy equation becomes 

- - - - - -  
#(ut2 + v’2+n,2+ u; + v’, +n’,) = l& (2.12) 

since 

using (2.9) and (2.10). 

3. Solution 
In  the following development we shall 

permit no variation in the x-direction (,?/ax = 0). 
Cahn (1945) has solved this simplified system of 
equations for a particular initial condition. Here 
we shall investigate the response of this system 
to a random initial condition, characterized 
by a given energy density function. At the 
initial time, t = 0 ,  

(3.1) 

, av’lat = - u,(y), v=v’=O 

u = u,(y), aup t  = 0, 

n=O, anjat = 0, 
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where u o ( y )  is a homogeneous random velocity 
field, which may be represented by a Fourier- 
Stieltjes integral (Yaglom, 1962) 

The ageostrophic components u' and ?c' are 

W 

u,(y) = I -mdU,eiky.  (3.2) and 

(3.12) 
Since the velocity field is statistically homo- 
geneous, It is now possible to compute the various 

terms in the energy equation (2.12), which 
i b o ( Y )  u,*(Y + r )  = 4 y ( k )  eikrdk, (3.3) becomes 

- 
U2 _ _ - - -  I, 

~ ( ~ ' ~ + 2 r ' ~ + n ~ ~ + u ~  +n") = -'. (3.13) 
2 where Y ( k ) / 2  is the initial energy density spec- 9 9  

trum defined as: 
With r -0 ,  (3.3) reduces to 

gi = !Im Y ( k ) d k .  (3.14) 
2 2 .m 

the asterisk denoting a complex conjugate. 
The conditions on Y ( k )  are: Similarly, 

1 W ( k )  > 0, 

I \.I, -.-, 
2 4 J - m  w2 

I \n,  wn . w. 

- 
12 ( l+cos  2wt) !?=!I k2 Y"(k)dk ,  (3.17) 

Similarly Cahn's solution of (2.11) with 
initial conditions (3.1) may be expressed in 2 4 - 0 0  0 
the form 

sin ot 00 

w'(y,t)= - [ dU,-e iky  , (3.6) 
J - m  0 

- and 

(3.19) 

noted that the time-dependent terms in the 
energy equation cancel, thus (3.13) is satisfied 

u ( y , t ) = s W  d U , [ l + T  (cosot-1) eiky (3.7) where Y ( k )  is defined by (3.4).  It should be 

k by the steady-state expressions in (3.15) 

In  order to evaluate the various terms in 

where o2 - 1  + k 2 .  From (2.1),  (2.3) and (3.1), 
with a/ax = O ,  we obtain 

1 

- m  0 1 
and 

(1  - COS w t )  eiky (3.8) through (3.19). 

(3.13), Y ( k )  must be specified. The expression 
for Y ( k )  may be somewhat arbitrary as long as 
the conditions in (3.5) are satisfied.' Physically, 

respectively. With the aid of (2.7),  (2.8) and 
(2.9), we obtain 

. .  
k .  one might expect that the initial energy density 

in wave-number space has one or more maxima 
with the bulk of energy stored in the relatively 

However Y ( k )  may be equal to a delta function, 
indicating a perfect correlation of the initial velo- 
city field (3.3). 

xg = i j-mmci u, -3 e'ky 

ug = 1- oo d U,  2 erky . 

(3.9) 
w 

and 

(3.10) " k 2 .  
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this 

d k =  1. 

(3.20) 

If b < fia, then the wave number of maximum 
energy density (for k > 0) occurs a t  

~ _ _  

k = m / / 2 ( 1 + a g ) - 1 .  (3.21) 

If b c  fia then k,,, wa; if b > via the maxi- 
mum occurs a t  k = O  and Y ( k )  decreases mono- 
tonically for k > 0. Y(k)/2 is displayed in Fig. 5 
for various a and b. 

4. Time-dependent energy 
Consider the expression for the ageostrophic - 

component d2/2 ,  given by (3.16), 

J - m  w 

If the substitution w = 1/1 + ka = q  is made, in 
order to apply the Riemann-Lebesgue lemma 
(Lighthill, 1959) to the time-dependent part 
of the integral in (4.1), we find that the absolute 
integrability of Y ( k )  (3.5) is more than suffi- 
cient to ensure that 

(C =constant) as t -+ co. In  particular, the 
spectrum given by (3.20) satisfies the conditions 
under which the time-dependent part of (4.1) 
will approach zero as t + 00. When t < 1, v'a/2 - t 2 ;  

while for t > l ,  application of the method of 
stationary phase (ErdBlyi, 1956) shows that 

- 

b cos2t 
a 2 + b  t i  * 

- 
tvtZ - c + --2 ~ (4.2) 

After the initial energy increase the ageo- 
strophic energy component vfZ/2 oscillates 
about its steady-state value with a period 
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equal to one half the inertial period and its 
amplitude approaches zero like t - * .  Further, 
the greatest amplitude of this oscillation occurs 
when the maximum initial energy density 
appears in the longest wave (a = 0) and the 
energy density is concentrated in the long 
waves ( b  small). 

The numerical solution of ~ ' ~ 1 2  was accom- 
plished by expanding d 8 / 2  in a Taylor's series, 
w'a/2 I t+T  wvf2/2 I + a ( ~ ' ~ / 2 ) / a t  [ tt and retaining 
only the first two terms. The time derivative, 
found from (4.1), is 

- 
- 

- - - 

(4.3) 

(see Magnus & Oberhettinger, 1949, p. 118) 
where J ,  is the zero-order Bessel function. 
Since Y ( k )  =Y( -k), (4.3) may be written 

a ._I_" = /oz'J,,( I/(2t)2 - /?') B(@) dB, (4.4) 
at 2 

where 
W 

&B(@) = 4 1 Y ( k )  eIkPdk = eCbP cos a@ (4.5) 
- W  

- if Y ( k )  is given by (3.20). 
Some numerical computations of d 8 / 2  are 

presented in Fig. 1. The solid horizontal line 
represents the steady-state value v7/2 for a 
given a and b. As noted above the energy 
initially increases like ts; it then grows linearly 
and finally it settles into the asymptotic state, 
given by (4.2). Further, the wave-amplitude as 
a function of a and/or b and/or t is given by 
(4.2) for t > l .  When a = 4 ,  b = 1, two maxima 
appear in the range 0 < t  <1.5.  This pheno- 
menon also appears in other computations (not 
shown) when a z b (a > 4 )  and the two para- 
meters are sufficiently separated. The exact 
criterion for the appearance of the two maxima 
has not been determined since it is always 
associated with a very small-amplitude oscilla- 
tion (4.2) and is therefore relatively unimpor- 
tant. 

In the special case of a perfect correlation 
in the initial field (a = b = O ) ,  (4.4) yields 

- 
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0.4 

-0.3 - 0.3 
2 
V ' 2  V ' 2  - - 

0.2 0.2 

01 0.1 

5 10 I5 20 25 5 10 15 20 25 
0.0 b.2 t o * O  b.4  t 

0.2 

5 10 I5 20 25 5 10 15 20 25 5 10 I5 20 25 
0.2 b.1 + 0.2 b.2 t 0.2 b.4 t 

F O ' W  g - 0.1 p"Awnw+-'+ 

5 I0 15 20 25 5 10 I5 20 25 5 10 15 20 25 
0.4 b*l t a = 4  b.2 t 0.4 b.4 t 

Pig. 1. The ageostrophic energy component v'2/2 as a function of time for various a and b. The solid 
horizontal line in each graph is the asymptotic steady-state value of w'2/2 for the corresponding 
a and b. If f =  10-4 sec-l, one nondimensional time unit corresponds to  2.78 hours. 

(Magnus & Oberhettinger, 1949, p. 34). The 
amplitude of the oscillation does not damp with 
time. This case represents a pure inertia- 
oscillation with equipartition of energy between 
the ageostrophic velocity components and no 
potential energy present. 

These computations agree qualitatively with 
the results of Washington (1964), who showed 
that in a barotropio fluid the steady-state is 
approached rapidly if the scale of the initial 
velocity field is much smaller than the radius 
of deformation I ;  while the steady-state is 
approached more slowly as the scale of the 
initial field is increased. In  the limit, as the 
scale of the initial field approaches an infinite 
length, a time-independent steady-state is never 
reached since these one-dimensional pure inertia- 
waves have zero group-velocity and wave 
dispersion cannot occur. 

5. Steady-state energy 
The time independent expressions for the 

energies in (3.15) through (3.19) may be inte- 
grated exactly when Y(k) is expressed by 

(3.20). In  the upper half of the complex k-plane 
each expression has simple poles at k = +a + ib 
and a simple pole (or a pole of order two) at 
k =i. Therefore, each integration may be ac- 
complished by summing the residues at the 
poles. These integrations were carried out for 
the steady-state energies v2/2 and n:/2, given 

- - 

by - 

1 a2-b'+1 vc=' '2 [ b(a2+b'-1) 
+ 

2 2 (a2 + b' - 1)' + 42 (a' - b' + 1)' + 4u'b' 

and (5.1) - 
f2 nc = 1 { 2(a2 - b2) [ (a2-  b' + 1)'- 4a'b'I + 16aab'(aa - b' + 1) 

2 4 

+ 

[(a2 - b2 + 1)'- 4a2b2I2 + 16a2b'(a2 - b2 + 1)' 

. (5.2) 
b(u' + b' + 1) [(a2 + b2 - 1)'- 4a'] 

[ (a'+b2-  l)2-4a']'+ 16a'(a'+b'- 1)' 

The remaining energies were computed using 
the following expressions, which are clearly 
deducible from (3.13) and (3.15) through (3.20), 

(5.4) 
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a 
Fig. 2. The steady-state ageostrophic energy com- 
ponent v i 2 / 2  as a function of a and b. 

- 

- 
The numerical computations of v:/2 and 

4 1 2  L ~ B  functions of a and b are displayed in 
Figs. 2 and 3 respectively. The most striking 

- 

1.0, , , , , I , I , 

a = O  b 

1.0 , , , , , , I 

0.3 

0.2C -I 

2 4 6 8 10 I2 14 16 

0 ' 2  b 

16 

14 

12 

10 

b e  

6 

4 

2 

2 4 6 8 10 I2 14 I6 

a 
Fig. 3. The steady-state geostrophic energy compo. 
nent ug"2 as a function of a and 6 .  
- 

feature of these diagrams is the large region, 
in the (a, b) plane, in which the geostrophic 
kinetic energy u:/2 is close to unity. Only in a 
very small region, where a and b are small, 
does the ageostrophic energy, associated with 
inertia motion, predominate. 

1.0, , , , , , , , , 
0 9 -  

2 4 6 B 10 12 14 16 

a = l  b 

I .a, , , , , , , , , 

":G, , , , , , , 1 
2 4 6 8 10 12 14 16 

0 .4  b 
Fig. 4. Steady-state energies (E) as a function of b for given values of a. u , " / 2 , 2 / 2  and TI2 me 
denoted by the heavy solid, thin solid and dashed lines respectively. 
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This situation may be seen more clearly in 
Fig. 4, where the energies are shown as a func- 
tion of b for a = 0 ,  1, 2 and 4. The geostrophic 
potential energy n i l 2  (dashed line) has also been 
included in Fig. 4, but n 2 / 2 = 1 / 2 ( n i / 2 )  and 
u'a/2w 1 /2(v"/2)  for b z 2 ,  have been omitted. 
These figures show that there is a tendency for 
a maximum of ageostrophic kinetic energy (and 
minimum of geostrophic kinetic energy) for a 
value 6 - a .  When b - a ,  the wave number of 
maximum initial energy density ( 3 . 2 1 )  is 
k- (a* +be)'". The figures also show that, for a 
given a, an increasing amount of energy goes 
into u i / 2  as b increases. However a large value 
of b implies an initial spectrum with a very 
broad maximum or, in other words, the initial 
field of motion becomes more randomly distri- 
buted (uncorrelated). This means that the char- 
acteristic scale of motion must decrease, the 
earth's rotation becomes less important and 
(2 .11)  reduces to the classical wave equation for 
pure gravity waves. Therefore u i / 2  must attain 
a maximum then drop off monotonically as 
b is increased further, approaching zero as 
f -0 .  When b is held constant and a increases 
the wavelength of maximum energy density is 
approximately L,,, w22nla ( 3 . 2 1 )  and the argu- 
ments presented above concerning a maximum 
u2,/2 again apply. 

- 
- - 

- - 

- 

- 

- 

6. Steady-state spectra 
The initial energy density spectrum Y ( k ) / 2  

and the correlation function in (3 .3)  are Fourier 
cosine transforms of each other (Yaglom, 
1962) .  Similarly the steady-state energy density 
spectra of the geostrophic and ageostrophic 
components may be obtained from ( 3 . 6 )  and 
( 3 . 9 )  through ( 3 . 1 2 ) ;  or more simply, these 
spectra are just the integrands of the cor- 
responding time-independent integrals in ( 3 . 1 5 )  
through (3 .19) .  

The spectra of u 2 / 2 ,  v 2 / 2 ,  u i / 2  and 4 / 2 =  
2(nj2/2) will be denoted by A@), @(k), T(k)  and 
II(k) respectively. They are given by: 

- - -  - 

and 

A(k)  =[2'"(1 + k 2 ) ] - 2 Y ( k ) / 2 ,  ( 6 . 1 )  

@(k) = [ 2 ( 1  + k 2 ) ] - l Y ( k ) / 2 ,  ( 6 . 2 )  

r ( k )  = k 4 ( 1  + k 2 ) - 2 ~ ( k ) / 2  ( 6 . 3 )  

n(k) = k 2 ( 1  + k z ) - z Y ( k ) / 2 ,  (6.4) 

BLUMEN 

I- +(k) I 

0-0 b.4 k 0.4 b.4 k 

0.0 b-8 k a.4b.8 k 

Fig. 5. The energy density spectra, defined in the 
text, as a function of wave-number k. The initial 
energy density spectrum Y ( k ) / 2  has been included 
for comparison. At  a = 0, b = 1, Y ( k  = 0)/2 = 2@(k = 0). 

where Y ( k ) / 2  ( 3 . 2 0 )  may be rewritten more 
compactly as 

b ke + as+ be 
( 6 . 5 )  t y ' (k )  - k4 + 2(be - a') ks + (ae + , I ) * *  

Since the mean (k = 0 )  potential energy does 
not change in this simple model, II(k = 0 )  = O  
and i t  follows from ( 2 . 9 )  that T(k = 0 )  = O .  
(In the case of a homogeneous ocean, the mean 
depth H ,  remains constant.) At k = 1, the wave 
number which arbitrarily separates the process 
of wave dispersion principally by gravity- 
waves from that of inertia-type waves, thcre is 
an equipartition of energy density 

q k  = 1 )  = r ( k  = 1 )  = rr(k = 1 )  

= A(k = 1 )  + tn(k = 1 )  

for all a and b. 
Some of the spectra are displayed in Fig. 5 .  

The range of values of a and b chosen are 
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representative of both ageostrophic and geo- 
strophic steady-state motion (see Fig. 4). These 
diagrams show quite clearly that when the 
initial energy is concentrated in a small band of 
wave numbers ( b  small) the wave number of 
maximum energy density is practically the 
same m the wave number of maximum initial 
energy density. When a is small the maximum 
energy density appears in the energy of the 
ageostrophic motion; and when a is large it 
appears in the energy of the geostrophic motion. 
However, in both cases the energy density of 
the geostrophic motion and initial motion are 
practically equal for large k .  The magnitude 
of these latter spectra would begin to diverge 
from each other for sufficiently large k ,  when 
the earth’s rotation is of secondary importance. 
We note also that the wave number of maximum 
H ( k )  near or a t  k = 1 remains relatively insensi- 
tive to a and/or b while the wave number of 
maximum T ( k )  is quite sensitive to changes in 
a and to a lesser extent to changes in b, when 
a = O .  This circumstance arises because the 
n(y) field is the space integral of the velocity 
field, which means that small scale variations 
in the velocity field are essentially smoothed 
out. Finally, the maximum value of @ ( k )  is 
always at k = 0, except for an additional maxi- 
mum in the cme of a = 4, b = 1. Since the motion 
can only be of the inertia-type at k =0 ,  a 
maximum of energy density at this wave number 
would be expected. 

7. Concluding remarks 
On the basis of the present results some 

additional statements may be made concerning 
the adjustment of an initially unbalanced cur- 
rent in a barotropic atmosphere. Obukhov’s 
(1949) conclusion concerning the rapidity of 
the adjustment process (three to four hours) 
and the amount of initial energy going into the 
balanced geostrophic current (approximately 
95 per cent) depends critically on the charac- 
teristic scale of the initial motion and to a lesser 
extent on the wave number of maximum initial 

energy density. Over a wide range of initial 
conditions Obukhov’s conclusions are valid. 
However, if the energy density is concentrated 
in a fairly narrow band in the low wave number 
part of the initial spectrum the adjustment 
process is slow (Fig. 1) and the final state con- 
tains a significant amount of inertia-wave 
energy. The potential energy remains small 
for most initial conditions and vanishes for 
pure inertia-motion. Likewise the energy con- 
tributed by gravity-type motion is less than 
about 10 per cent of the total energy. Therefore, 
even in the steady-state, the total motion is 
never purely geostrophic since the initial 
conditions are not confined to a limited region. 

The limitations on this model imposed by the 
linearization could be quite significant, since 
non-linear energy transfer between wave num- 
bers is precluded. Meecham & Siege1 (1964) 
have investigated Burgers’ ( 1950) one-dimen- 
sional non-rotating model for large Reynolds 
numbers, i.e. when the non-linear inertial 
transfer is important. Their results indicate 
that the energy density spectrum of the velocity 
field approaches an equilibrium value, in- 
dependent of very different initial conditions. 
I f  the non-linear terms were taken into account 
in the present inviscid model it is felt that the 
steady-state spectrum would be modified but 
that the dependence on initial conditions would 
still be retained since energy dissipation does 
not occur. In  order to understand the effect 
of non-linear processes in this model, a further 
investigation is being undertaken. 
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