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ABSTRACT 
In a two-layer model of the atmosphere with the upper warm air moving from the 
west relative to the cold air below the long waves are unstable and have a rather simple 
symmetric structure and behavior when the following approximations are used: (a) 
The latitude variation of the depth of the layers is ignored. ( b )  The motion is quasi- 
geostrophic. ( c )  The planetary @-gradient of the earth’s vorticity is ignored. (d )  The 
tropopause is a rigid horizontal surface. When these approximations are removed one 
by one the wave structure and growth rate are modified Somewhat, but the essential 
features of the wave mechanism remain unchanged. 

1. The undisturbed balanced state of the 
model 

The model consists of two isentropic layers 
with a cold lower layer bounded by a level 
ground, and a warm upper layer also bounded 
by a rigid surface (tropopause) ten kilometers 
above the ground. The upper warm air with the 
potential temperature 8 = moves from the 
west with the speed 2U relative to the cold air 
(0 = 0,) below. We shall consider conditions 
near a reference latitude where both layers have 
the same depth h =5 km, and for the moment 
we ignore the variation of the Coriolis para- 
meter f with latitude. The frontal interface 
which separates the layers has a balanced 
meridional Margules slope 

dh fU e - e  a=-=--’ g=L= 
dY 89’ 61 + or  

such that the torque of the Coriolis forces across 
the front is balanced by the proper “over- 
weight” of the sloping front. 

If the rotation and the frontal wind shear are 
removed from the model, the frontal surface 
is level, and long quasi-static gravity waves 
propagate along the surface with the phase 
speed 

C,= v&. 
This velocity parameter may be taken as a 
measure of the static stability of the model. 

1 The research reported in this paper was spon- 
sored by the National Science Foundation under 
grant G 22557. 

~~ 

We choose the temperature difference 20 deg K 
between the layers which in this sense reflects 
the average observed tropospheric temperature 
stratification in middle latitudes in winter. The 
phase speed of the gravity waves in our model 
is then about 40 ma-’. 

An important length parameter is the wave 
length Lo of the gravity wave which has the 
inertial frequency. It has in middle latitudes 
the value 

Lo = 2nCL/f =2500 km. 

This wave marks the boundary between the 
short stable and the long unstable waves for all 
values of the wind shear. 

2. The stability boundary 
Consider the following long (L -Lo) non- 

tilting wave disturbance introduced in this 
two-layer model. The wave components have 
no variation with latitude. The meriodional 
velocity (the vorticity wave) has the same am- 
plitude and phase in both layers, so the wave 
trough of the resultant motion has no tilt from 
the lower to the upper layer. The motion is 
quasi-static with no wind shear inside the isen- 
tropic layers. Vertical air columns remain ver- 
tical at all times and their potential vorticity 
is conserved. We give the air columns every- 
where the divergence which leaves the frontal 
interface undeformed: In  the region of south 
winds the warm upper air columns have diver- 
gence and shrink as they ascend northward over 
the sloping non-deformed frontal surface, the 
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cold air columns below have convergence and 
stretch as they move north. In  this state of the 
wave the frontal surface may be solidified 
without disturbing the motion, and the waves 
in each layer may be considered separately. 
They are in fact a t  the moment simple Rossby 
waves, driven by the equal and opposite po- 
tential vorticity gradients in the layers, 

where a denotes the Margules slope. Both 
waves move intrinsically upwind through the 
air with the well known Rossby-velocity 

This propagation of the wave is caused by the 
convergence and vorticity generation upwind 
from the wave trough. The wave with the wave 
length L, is 8tat.ionm-y in this non-tilting state. 
We note that the Coriolis forces of the meridio- 
nal motion and the accelerations of the zonal 
motion have no torque across the front so the 
front remains undeformed, and hence the 
(L =Lo)-wave remains stationary and neutrd 
at all times when it is put inta this non-tilting 
b-state with an undeformed interface. How- 
ever, shorter waves move downwind and longer 
waves upwind from this state. 

3. The quasi-geostrophic b-state 
To see what happens to a (L+L,)-wave after 

it leaves the non-tilting b-state with the unde- 
formed interface, we assume provisionally that 
the resultant wind shear across the front is 
geostrophically balanced at  all times, so the 
torque of the Coriolis force across the front is 
balanced by the overweight of the proper 
Margules slope. This means that the wind 
shear across the front is parallel to the frontal 
height contours. This approximation, as we 
shall see, is fairly good if the static stability is 
larger than the wind shear across the front 

If  the air columns have the divergence which 
leaves the front non-deformed, a wave longer 
than Lo movea upwind through the non-tilting 

(C, > 2U) .  

b-state with the speed ( I  - 1 )  U ,  where 

I - (L/Lo)'. 
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A little later the wind shear across the front 
makes an angle with the non-deformed con- 
tours, so this evolution is non-geostrophic. 
To make it geostrophic the divergence must be 
reduced so that a warm sector forms in the 
region of south winds and the contours and 
streamlines turn at  the same rate a t  the frontal 
nodes. A simple calculation1 shows that this 
condition is satisfied when the divergence am- 
plitude is reduced by the factor 2 / ( I  + 1 )  below 
the value which would leave the frontal surface 
undeformed. The speed of the wave through the 
air is reduced by the same factor, so the wave 
moves upwind through the geostrophic b-state 
with the speed 

In this evolution the air columns have no diver- 
gence at  the frontal nodes where they move along 
the contours. The wave trough moves upwind into 
the region of stationary convergence and starts 
growing. At the same time the wave slows 
down because of the diminishing convergence 
upwind from the wave trough. 

4. The stationary tilt of the growing wave 

The final growing state of the unstable quasi- 
geostrophic wave may now be anticipeted if we 
consider a second non-tilting state (a-state) 
where the upper and the lower wave have 
opposite phase, so the streamlines in both layers 
are parallel to the geostrophically balanced 
frontal contours. 

Here the air columns have no divergence. 
The wave drifts downwind with the air through 
the geostrophic a-state, 

C, = U .  (all wave lengths) 

From either of these non-tilting states the 
wave approaches asymptotically the same tilting 
state which is nearer the b-state since Cb <C,. 
In fact, it can be shown that the asymptotic 
phaso difference 20 between the upper and the 
lower wave trough is given by the formula 

1 See appendix A. 
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FIQ. 1. Fastest growing wave in a two layer atmosphere. 

In  the stationary growing state all wave am- 
plitudes grow a t  the same exponential rate. 
The growth rate depends upon the position of the 
wave trough inside the region of convergence. 
It is given by the simple formulaa 

n = k U  tan 8. 

With the value of the phase substituted, the 
growth rate, in units of f = k,CL, is 

If we choose values which reflect observed 
conditions, namely the temperature difference 
20 deg K (C,  = 40 ma-l) and the wind shear 
2U = 30 ma-', the wavelength of the gravity 
wave which has the frequency f in middle lati- 
tude is about 2500 km. The fastest growing wave 
is about 50 per cent longer (4000 km). Itsgrowth 
rate, n. =0.15 f ,  doubles the wave amplitude 
every 13 hours. 

The growth mechanism is clearly exhibited in 
Fig. 1. The wave keeps on growing because the 
air columns in the wave trough, which have the 
fastest rotation, are inside the region of con- 
vergence. They are stretched, and their rotation 
speeds up. As the wave grows, the frontal de- 

* See appendix B. 

formation grows a t  the same relative rate to 
readjust to the geostrophic balance a t  the fron- 
tal nodes, such that the streamlines and con- 
tours remain parallel at all times at these nodes. 

A number of approximations have been made 
to obtain this simple symmetric theoretical 
model of a frontal wave, namely: (a )  The latitude 
variations of the depth of the layers is ignored. 
( b )  The motion is assumed to be quasi-geostroph- 
ic. ( c )  The planetary gradient of the earth's 
vorticity is ignored. ( d )  The tropopause is 
replaced by a rigid horizontal surface. We shall 
remove these approximations one by one and 
examine how these factors modify the structure 
of the model. 

5. The latitude variation of the depth of 
the layers 

Some idea of the importance of this factor 
may be obtained by comparing the two layer 
model with an "equivalent" model with con- 
tinuous distribution of temperature and wind, 
which have no latitude variation. The conti- 
nuous model was studied by EADY 1949. 
The models may be regarded as equivalent when 
they have the same static stability in the sense 
that the long gravity waves propagate with the 
same speed, and the kinetic energy of the zonal 
wind is the same. The simple two layer model 
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FIG. 2. Fastest growing wave in a two layer model (above) and in the equivalent continuous model (below) 

from Fig. 1 and the corresponding equivalent 
continuous model of Eady are shown in Fig. 2. 
The longest waves have precisely the same 
growth rate in the two models. The wave which 
marks the boundary between the stable and the 
unstable waves is about 30 per cent longer, 
and the maximum growth rate is about 30 per 
cent less in the continuous model. The fastest 
growing wave in each model are shown in the 
figure. Their structures are similar. At the 
"equivalent levels" where the zonal wind in the 
continuous model is the same as in the two layer 
model, the wave structure is the same in both 
models. The wave trough tilts about a sixth of 
a wave length upwind from the lower to the 
upper equivalent level, and the divergence 
wave tilts half a wave length upwind. A new 
Jeature in the continuous model is the gentle 
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downwind tilt of the temperature wave. This 
is necessary to provide for the stretching of the 
stationary air columns in the wave trough at the 
center level and the resulting inflation of the 
isentropic lamella at this point. (A similar 
downwind tilt is found in a three layer model 
where the frontal interface is replaced by a 
transition layer.) The growth mechanism is in 
principle the same in the two models. 

6. The non-geostrophic model 
Next let ua examine the error which is in- 

troduced by the geostrophic approximation. 
It will be recalled that this approximation as- 
sumes balance between the torque of the Coriolis 
force and the overweight of the sloping front, 
and hence does not allow for the growth of the 
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FIQ. 3. Feateat growing wave from geostrophic theory (above) and from non-geoatrophic theory (below). 

zonal wind shear across the frontal nodes, see 
Fig. 3. The overweight must evidently be a 
little stronger than the Coriolis torque to provide 
for this growth. According to the non-geostroph- 
ic theory this requirement is met very simply 
by a reduction of the overall upwind tilt of the 
wave with no appreciable change of the wave 
amplitudes. The reduced tilt means that both 
the Coriolis torque and the zonal wind shear at 
the frontal node are reduced, while the over- 
weight is unchanged. The geostrophic approxi- 
mation underestimates the growth rate a little. 
According to the theory the error depends upon 
the ratio between static stability and wind shear 
CL/U, and becomes insignificant when this 
ratio is much larger than unity. In  the example 
shown in the figure the error is about seven per 
cent for the fastest growing wave. I f  the wind 
shear is reduced to 20 ms-1 the error is less than 
three per cent. However if the ratio C,/U 
approaches unity the resulte derived from the 

geostrophic theory are even qualitatively 
wrong. But so large values of the wind shear 
are never observed in the atmosphere. 

7. The planetary vorticity gradient 

The dynamic importance of this so-called 
p-effect was firat recognized by J. BJERKNES 
1937. The principle was developed further by 
ROSSBY 1939 who, as mentioned already, sho- 
wed that the p-gradient drives the wave 
westward through the air with the speed /Ilk'. 
The modification of the simple symmetric wave 
in figure 1 when the /?-gradient is introduced is 
shown in Fig. 4. The adjustments may be 
anticipated by qualitative reasoning: When the 
/?-gradient is suddenly introduced in the ( B  = O ) -  
model both the upper and the lower wave has at 
the moment an additional westward propaga- 
tion with the speed p/ka. As a consequence 
the upper wave trough penetrates further into 
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Fra. 4. Modification of the fastest growing wave by the /?-gradient. 

the region of convergence, so it grows faster 
and its westward propagation slows down. 
The lower wave trough moves toward weaker 
convergence. It's growth is retarded and its 
westward propagation slows down. After this 
adjustment, as predicted from geostrophic 
theory with the /?-effect included, the upper 
wave is about 20 per cent stronger than 
the lower wave, and the wave aa a whole 
moves west with a somewhat slower speed than 
the Rossby speed. The fastest growing wave is a 
little shorter and grows a little slower. The 
/?-effect is a stabilizing factor which becomes in- 
creasingly important the longer the wave. It is 
the dominating factor and the wave is stable if 
the /?-gradient moves the wave westward faster 
than the wind shear amom the front (,!Ilks> 
2U). Fig. 5 shows the stability boundaries as 
a function of the wind shear in a middle lati- 
tude model with the Rtatic Stability C, =40 
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ms-1. The spectral interval of instability de- 
creases with decreasing wind shear, and the 
model is stable for all wave lengths when the 
wind shear is less than the critical value U - 
/?/k,a. This stability criterion haa a simple 
physical interpretation in terms of the potential 
vorticity gradients in the layers: 

( + ) Upper layer; 
( - ) Lower layer. 

The /?-ascendent is directed north in both layers, 
while the ascendent from the frontal slope is 
directed north in the upper layer, and south in 
the lower layer. The two-layer model is stable 
when the frontal slope is so gentle that the /?- 
gradient dominates and the vorticity gradient 
has the same direction in both layers. This is a 
generalization of the stability criterion of Lord 
Rayleigh for two-dimensional shear flows. 
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FIG. 5.  Stability diagram for a geostrophic two layer atmosphere. 

8. Statically soft tropopause 
Finally let the rigid tropopause in the two 

layer model be replaced by a statically softer 
boundary in a three layer model with the stra- 
tosphere represented by a third isentropic 
layer which has the same zonal motion as the 
upper tropospheric layer. In this three layer 
model a certain amount of the unstable wave 
energy will penetrate into the stratospheric 
layer, so the waves should be expected to grow 
at a slower rate. This is confirmed by the geo- 

strophic theory for the three layer model. The 
reduction of the growh rate from the two layer 
value depends upon the static stability of the 
tropopause and the height of the stratosphere. 
For example if the frontal interface and the 
tropopause have the same static stability and 
the stratosphere and the troposphere have the 
same heights we find that the stability boundary 
wave is about ten per cent longer than in the two 
layer model, and the maximum growth rate is 
about eighteen per cent less. 

A P P E N D I X  A 

With the notations: A =streamline ampli- the streamline Ak2Cb and for the contour 
tude, D =divergence amplitude, Do =diver- Ak2U(1 - D/Do) .  These are the same when the 
gence amplitude which leaves frontal surface divergence amplitude has the value DIDo == 

undeformed, and C, ==upwind phase velocity 1 - Cb/U.  But this divergence gives the vorti- 
of vorticity wave through the b-state, the local city wave the upwind speed cb/u = ADID, ~- 

rates of turning at  the contour nodes are for 1 = 1 -DIDO, which give D/Do = 2 / ( A +  1). 
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APPENDIX B 

In an arbitrary state of the wave the velocity 
components in the upper layer are 

a av au 
- f -  at ax ax' 

- _ =  

u = - D  COB kx; v = V sin ( k ~  t 8 ) .  
gives d( V cos @)I& = 0. In  the stationary growing 
state (d8/dt =kU) the vorticity wave grows at 
the rate d ( l n  V)/dt  = n  = kU tan 8. 

The local vorticity change relative to the air, 
namely 
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POCT 3APOXAAIOIIJEnCFI mPOHTAJIbHOn BOJIHbI 

HUM B - r p a n a e H T o m  BMXPH n p e ~ e 6 p e r a m ~ ,  (r) 
T p O n O n a y 3 a  CWlTaeTCH TBePAOfi  r O P H 3 0 H T a J I b -  
HO# IIOBepXHOCTbIO. E C J I H  3 T H  n p ~ 6 n a m e ~ ~ ~ i  
HCKJIIOqaTb IlOCJIeAOBaTeJIbHO OAHO 38 A P Y r H M ,  
TO BOJIHOBaR C T P Y K T y P a  H CKOpOCTb p O C T a  
HeCKOJIbKO MOAH@MUUPYmTCR, HO C y q e C T B e H -  
HbIe  Y e p T b I  BOJIHOBO# K a p T B H E J  OCTaIOTCR H e -  
H3MeHHbIMH. 
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