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ABSTRACT

The present article summarizes the research work on cloud physics in the Institute of
Geophysics and Meteorology, Academia Sinica, which began only in 1960. In recent
years we set forward the statistical theory of precipitation process on the basis of anal-
ysing data of cloud microstructure observed in our country. This theory shows that
water content and air current etc. in the cloud all undergo great fluctuations and the
process of growth of cloud drops is stochastic in a fluctuating environment, which can
only be tackled by the methods of probability. This paper presents the general method
of statistical theory of precipitation process, discusses the questions on the precipita-
tion from thin clouds and the formation of hail ete., and gives better results which
agree closer with actual conditions than those of earlier theoretical calculations.

The formation of precipitation or the micro-
physics of the precipitation process is a problem
old enough but still not fully solved. During
the thirties, Bergeron and Langmuir formulated
their theories of precipitation process respec-
tively. And the formation of a large part of
the precipitation may be thus explained. But
there are also important features which re-
mained unexplained.

1. Frequently warm convective clouds give
rain even within half an hour or one after their
appearance. This process is too quick to be
explained by Langmuir’s theory by which
several hours are needed for precipitation for-
mation. Clouds with glaciation on the top
sometimes also produce rain in a very short
time which is also difficult to explain by Ber-
geron’s process, considering the time of falling
of the crystals as well as the cloud-drops.

2. Hail forms often rather quickly and it
forms even in a cloud not too thick, say 5-6 km
or less, while according to the theory, hail
could be formed only as thick as 10 km or more,
in a period of one or two hours.

3. There are cases in which clouds as shallow
as 1-2 km, and even warm shallow clouds give
also precipitation. But a thickness of more
than 2 km is required for precipitating warm
cloud according to the theory accepted.

So it is rather evident that the existing
theories of the precipitation process get diffi-
culties when explaining these important facts.

It thus appears that the whole essence of the
precipitation process is not yet fully revealed.

During the past decades or so, many scientists
have tried to improve the theory of the precipi-
tation process by considering different factors
involved. But their results are either effective
under rather special conditions or improved
only very little in one or the other aspect.
The basic principles of these theories remain
fundamentelly the same. In fact, it is not
enough to just make some small improvement
of the old theories.

If we examine the actual conditions of preei-
pitation in cloud, it is, however, easy to notice
that they are very different from the conditions
assumed in these theories in the following im-
portant aspects:

1. The air current in the cloud is assumed
to be uniform and without fluctuation in
theories of precipitation process, while the
obgervation shows that the air current is
fluctuating in the cloud. The precipitation
element is assumed to be brought upward at
first and then to fall down after growing, while
in fact, it may very likely move up and down
with fluctuations until it falls out.

2. The concentration of cloud drops or the
water content in the cloud is assumed to be
uniform, so is the electric charge of the cloud.
In fact, these fields and other meteorological
and physical fields should be fluctuating as the
field of air motion is fluctuating in the cloud.
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Fia. 1. Comparison of frequency distribution of

cloud-drop concentration fluctuation with normal
distribution.

In recent years, the cloud physics observation
on mountain has been developed in our country.
We have obtained some data about the fluctua-
tion of ecloud-drop concentration and water
content in the stratus cumulus and cug. cumulus.

The two actual examples of the fluctuation
spectra of cloud concentration observed in the
stratus cumulus are given in Figs. 1 and 2,
where n is the mean concentration and & the
concentration deviation (which equals to the
ratio of the value of mean square difference
to the average value) whose values are 26 %
and 13 % respectively, whereas the fluctuation
spectra of cloud-drop concentration approxi-
mate the normal distribution (see the dashed
curves in these figures).

The two actusl examples of fluctuation
spectra of water content of the same cloud are
in Figs. 3 and 4, where ¢ is the mean water
content, J, the fluctuation of water content
whose values are 68 % and 21 % respectively,
while the fluctuation spectra of water content
are positive skew distributions and the skew
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F1a. 3. Comparison of frequency distribution of
water content fluctuation with normal distribution.
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Fie. 2. Comparison of frequency distribution of

cloud-drop concentration fluctuation with normal
distribution.

coefficients are 1.9 and 1.4 respectively. It
should be mentioned that in these cases the
clouds had not fully developed and the data
were obtained from the lower part of cloud.
We believe that in the fully developed nimbo-
cumulus the value of fluctuation must be more
larger than that we obtained.

3. It is assumed that each of the cloud-drops
(or crystals) of certain size will grow into a
precipitation particle. This implies that the
concentration of the rain drops and that of
large cloud-drops should be the same. Actually,
the concentration of the cloud-drops is 10%-10°
no./m® while that of the rain drop is 10%-10°
no./m? and even less in showers. So only a very
small part of the large cloud-drops is allowed
to grow into rain drops.

Now, as the condition in the cloud is fluctuat-
ing and the formation of precipitation requires
the growth of only a very small part of the large
cloud-drops, the problem should be a problem
of parbaility. The process of precipitation for-
mation should be some sort of stochastic
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F1a. 4. Comparison of frequency distribution of
water content fluctuation with normal distribution.
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process. The spectral distribution of the eloud-
drops of various size and the fluctuation of the
cloud-drop spectra with space and time show
clearly that the growth of the cloud-drop should
be of statistical nature.

From this point of view, we regard the growth
of the cloud-drop in a fluctuating environment
as a stochastic process. A stochastic theory of
the cloud-drop growth is thus formulated. A
large part of our theoretical works on micro-
structure of the cloud and the precipitation
process are along this line.

Let us turn to the general theory of the sto-
chastic growth of the cloud-drops. Based on the
characteristics of the different processes of
growth CHOU Hs1u-CHi (1963, 1964) has clas-
sified the processes into 3 categories:

1. Stochastic process of discontinuous growth
of cloud-drops defined over a discontinuous or
continuous domain. Let us consider a group of
water drops coagulating with a polydispersive
cloud, with the coagulation between the water
drops themselves neglected. Due to the random
space distribution of cloud and the fluctuation
of microstructure environment in clouds, the
growth of the water drops is fluctuating and
the change of drop radius is discontinuous.
In this case, as pointed out by Chou Hsiu-chi,
after the fluctuating coagulation the radius
of the water drop has a probability distribution.
The density of distribution satisfies the Kolmo-
gorov-Feller stochastic integro-differential equa-
tion:

af(%;t) = _f nog(wv t) K(U, w, Au) f(v’ t) dw
0

+J‘ n'og(v_y9 t) f(?/, t)K(ys v-Y, Au) dy9
0
(1)

where v is the volume of water drop, w that
of cloud-drop n, the concentration of cloud-

3 3
drops K(», o, Au) = n(V3v/4n + V3w /4n) EAu,
E is the collision efficiency, and Au is propor-
tional to the acceleration.
The solution of equation (8) could be given
as a series which converges uniformly (Koamo-
ropoR, 1938; FELLER, 1936, 1946, 1945).

o, 0= 2 fa(v, 0)

fu(v, t)=exp {— Jf neg(w, t) K(v, w, Au) dwdt}
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X [J‘J‘o nog('vhy, t) K(”» U_y)fn-—l(t’ .7/)

X eXp (ff nog{w, t) K (v, w, Au))}dt + Cu] , (2)
0

where Cu depends upon initial conditions.

As n, and the acceleration are fluctuating,
f should be a function defined on the two-
dimensional probability space.

Consider now the fluctuating coagulation of
a group of water drops in a mono-dispersive
cloud. The water drop changes from initial
state (volume ?) to a state j then the volume of
the water drop becomes ¢ +jw after coagulation,
where w is the volume of the cloud drop
(7 =1, 2, ...). The probability of such transition
satisfies a system of stochastic equations of
Markov

dpy _
dt

dp;, 101

~Apis; dt

=A;py—-4i01p i+, (3)

where

3 3
3v 3w
A,=n ;1+ E E,,Au=A,+,.

Solution of the equation (3) can be written
in sories:

k-1
k k-1 HApH
p.w(t):rzop,-;,(m;r P— @)

kl:‘[#l(ApH—l“AHk)

This is one of the special cases considered by
TeELFORD’s theory (1953).

2. The increase of volume of the large drops
by collision with a much smaller cloud drop
is very small and thus the volume change could
be regarded as continuous. In this case sto-
chastic process of continuous growth of the
cloud-drops is defined over a continuous domain.
According to the equation of cloud-drop growth,
the rate of change of the cloud-drop radius is

dR EqAu DAc 5

dt 4p R’ (%)
where g is the water content, Au the relative
velocity of the drops, g the density of the water,
D the coefficient of diffusion of the water vapor,
E the collision efficiency and Ac the degree
of supersaturation of the water vapor.
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As Au, g, Ac are fluctuating, so equation (5)
is the stochastic ordinary differential equation
for a stochastic variable R in the form:

ax
E;_m<X) T Y @), (6)

where X is a stochastic variable, m(X) and
T(t) are given non-stochastic functions, Y(¢)
is the stochastic variable described the fluctuat-
ing environment,.

A linear stochastic ordinary differential equa-
tion can be regarded as a linear transformation
of a certain stochastic function. Its solution is
the result of linear transformation of a given
stochastic function by a linear integral operator
(Pyraves, 1960). If now Y(f) is normally
digtributed, it is easy to find, according to the
theory of stochastic function, the normal distri-
bution of the variable Z = [ dX/m(X), i.e.

1 Z - o)
f(z)=5— exp (~———~( %) ) 1)
0o,

z 20,

where the mathematical expectation «, and
the square deviation o} are respectively

t
= f T(t) ar(t) dt: (8)

tﬂ
t t

- f f H(y —¢")T@)T@")dedy”,  (9)
ty J to

where H is the correlative function. The solu-
tion is obtained therefrom.

If Y(t) does not satisfy normal distribution,
but if the moments from the first up to the Sth
degree are known, we can approximately deduce
the distributional function density values f(z,),
Hzs) ... f(z5) from the following algebraic equa-
tion group

S
a= 2 ZnfZ,) AZ,

S
= 2 (Zy=a) f(Zy) A,

ds=§:(Z -
{ 2 EEA n

(10)

“z)sf(zn) AZ;
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- f T(S) , dS,
0

t
gl = f f o, B, )T T(t")dtde”,
« ° (11)

.................

'U fafH(t’ S)T@) Tty

LTESydrde .

3. Stochastic process of cloud growth of
mixed type. Considering all the factors men-
tioned above and regarding the cloud as an
entirety, then not only the larger drops will
collide with the smaller ones but the larger
drops will also collide with themselves. The
cloud-drop spectrum will thus satisfy the
following stochastic equation:

o, 9) +div (Vn)+— (Z: n) =div (DVn)

v
+ f nv~v, ) n, ) K(»',v—v', Au)dv’

0

- f nw, &) n(v’, t) K(v, v’, Au)dv’, (12)
0

where V is the cloud-drop velocity, D the
coefficient turbulent diffusion, K(v, »’, Au) the
collision efficiency of cloud-drops, and dv/dt
the condensational growth rate. All the quanti-
ties as V, Au, Ac are stochastic variables, and
n(v, t, Au, Ac, V) is a function defined in the
5 dimensional probability space.

1. As mentioned above, our observations
show that the water content fluctuates strongly
in certain cases. For ordinary cases, the fluctua-
tion is large enough so that & =¢/2 =}. This
should have a certain effect on the growth of
the cloud-drop. To investigate the effect of the
water content we may keep the acceleration
constant and take ¢ in equation (5) as stochastic
with mean values of «, and the square devia-
tion due to the fluctuation o%. Applying the
general result presented above to the equation
of the growth of cloud-drop

dR E(Ve-V,)
dit 4p 1
and taking H =1, we find the spectral density

of the distribution for the stochastic quantity
R to be (Koo CHEN-CHAO & Tsa1 Li-sax, 1962).



726

J. JEOU-JANG

400 500 600

n (no.jcm?)

Fra. 5. Fluectuating concentration: distribution of cloud-drop.

fB)= ——
V2Ro Et(Vg-V,)

ox (JI%,dR/(VR—V,)—<aq/4)Et)”
’ 205 ((50)/4)

(13)

Assuming that there are cloud-drops of two
sizes initially, the larger ones with radius 12.6 u
and centration 10 no./cm® and the smaller ones
with radius 10 u, the water content is 1 g/m3,
the collision efficiency E =%, the mean square
deviation of the fluctuation of the water con-
tent o/x =3, then the calculation shows that
there are drops of radius 40-60 x with a con-
centration 100 no./cm3, 2000 sec after, and
small rain drops of radius 300-400 u with a
coneentration 100 no./cm?, after 3000 see, and
rain drops of radius 400-500 x with a concentra-
tion as large as 70/liter after 4000 sec. But when
the fluctuation of the cloud-drop coneentration
or water content is absent, the cloud-drops of
radius 12.6 u grow only to a radius of 26 u.
Besides, the concentration of large cloud-drops
obtained by us is quite near to the observed
value and the relation of the concentration of
large cloud-drops and the water content is
also in broad accordance with the observation.

According to the actual observation data, the
fluctuation of water content is generally not
necessary of normal distribution; but it is mostly
positive skew distribution. What should be
the growth rate of cloud-drop in such a fluctuat-
ing circumstance? To answer this question we
calculate the growth rate taking into account
the positive skew distribution of actual fluctuat-
ing cloud-drop concentration shown in Fig. 5
in comparison with the normal distribution.
As mentioned above, we study only di-disper-
sional clouds, in which the primitive radius
of a great drop is 12.6 u, the concentration is
10 no./cm?, the radius of a cloud-drop is 10 4,

the mean concentration is 250 no./cm? (in
such conditions the water content is 1 g/m?)
and the mean square deviation of fluctuation
is 0.334. For simplicity, we divide the spectrum
which is formed after the great drops have
grown, into 3 intervals: (1) 12.6 u-21.5 u,
(2) 21.5 u-62.5 p, (3) 62.5 u—600 x. In this
case with numerical calculation of equation
(10)-(11) we obtained the values of the density
function of cloud-drops concentration distribu-
tion after 3000 seconds in each interval. The
values of the density function under the same
conditions but the concentration of cloud-drops
is normally distributed are also obtained. The
results are shown in Table 1.

Table 1 shows that the number of great drops
with radii larger than 600 x4 in actual positive
skew distribution is larger than that in normal
distribution by one order. Thus we may con-
clude that the positive skew distribution is
favourable to the growth rate in a fluctuating
cloud. As to the growth rate in the negative
skew distribution, it is still a question to be
investigated. Thus the fluctuation of cloud-
drop concentration or water content has con-
siderable effect on the formation of large cloud-
drops and rain drops. In the same way, the
fluctuation in acceleration due to turbulence
has also much effect on the precipitation process.

TasLE 1

Interval 126 u-21.51 21.5u—-62.51 62,5600
F(R)
for positive skew

distribution 125 179 2.03
F(R)
for normal

distribution 724 100 0.10
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F1a. 6. Distribution of rain-drop in a fluctuating
vertical air motion.

2. To explain the precipitation of shallow
cloud the fluctuation of the vertical air-current
should be taken into consideration. As pointed
out above, turbulent motion of almost all
scales, which is responsible to the fluctuation in
other fields, is present in the clouds. The drops
grow up not only in this current by coagulation
but also move upward and downward with the
current. In this case, the cloud-drops could be
regarded as moving with the mean field of the
motion and at the same time being diffused
by the fluctuation of the air-current. A part of
the cloud-drops gets out of the cloud earlier
as a result of diffusion, but on the other hand,
another part of the cloud-drops linger longer
in the cloud and thus have the chance to grow
up into larger drops. The spectral density =
of the cloud-drops initially with the same size
could be described by the equation

%i: +div (Vn) =div (DVn), (14)
where D is the coefficient of turbulent diffusion
for the cloud-drop, V=W —w is the velocity
of cloud-drops, W, the velocity of the air and
w, the terminal velocity of the drops, which is
a function of the drop radius supposed to
increase under gravitational coagulation. To
compute in a somewhat simpler way, a dif-
ferent scheme has been adopted (Hsu-Hua-
viNg & Koo CHEN-CHAO, 1963; Hsu Hua-viNg,
1963, 1964). Let the air-current possess only
vertical component with probability distribu-
tion

f(w, z, t) =————— €X (__ Mz)
V27w(z, t) 202(2, t)

Tellus XVIII (1966), 4

727

We may solve the finite-difference equation
equivalent to (14). For the case of % =const., a
series of computations is completed. The fol-
lowing example is enough to show the effect
of the fluctuation of the vertical current. For
water content of cloud to be 1 g/m3, @ =0.5
m/sec, 0, =0.5 m/sec, initial radius of larger
drops to be 25 u and that of the smaller drops
to be 6 u, precipitation with drop spectrum
from 350 to 700 x4 can be formed in a cloud
2 km thick only (Fig. 6) while a cloud 1.7 km
thick will give drizzle of radius (300-500 ).
In this case a cloud of 3.0 km thick at least is
required to form rain drops of radius 700 u if
the air current is uniform with the same w.
Besides, the concentration of the rain drops
becomes unreasonably large and no rain drop
is formed.

The result is even more striking if the vertical
velocity of the air current decreases upward
(or with a parabolic distribution in the vertical)
(Hsu-Hua-vIiNg, 1963, 1964), since then the
cloud drops are now difficult to get out from
the cloud top. Taking #@/6z = — 0.5 m/5 km the
thickness of the cloud 600 m (we divide the
cloud into 6 layers), the mean ascending speed
of the air 0.2 m/s, the speed in the lower layer
0.35 m/s, the water content 0.2 g/m?3, still the
initial radius of larger drops 25 u and smaller
ones 6 u, a computation is carried out, and the
result obtained is given in Fig. 7. In this case
the largest drop obtainable has a radius of
115 u, the drops with a radius larger than
100 1 amount to 5 % of the larger drops initially

relative concentration

60 80 100 120

radius (p)

Fig. 7. Distribution of rain-drop: cloud thick-
ness is 500 m, the vertical velocity decreased with
height; — — cloud thickness is 1 km, the vertical
veloeity is uniform with height; ——- cloud thickness
ness is 600 m, the vertical velocity is uniform with
height.
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FiG. 8. The formation of hail stone.

present. If the air current is still fluctuating
but the mean motion does not decrease upward,
with o, =, then the final radius of the large
drop will be 95 u or so, and at the same time the
concentration is much less (dotted line in Fig.
7). In order that one still gets drops of radius
115 u the cloud thickness should increase to
1 km. If the air is not fluctuating and w is
kept to be 0.2 m/sec at all height, then no
precipitation will be formed as the final drop
radius becomes then as small as 57 u. Through
this example, it is clear that the fluctuation of
the vertical current, especially when the mean
current decreases upward, is very favourable
to the formation of precipitation.

3. The formation of hail could be explained
in the same way (Kur CHEN-MUO & Koo
CHEN-CHAO, 1963, and CHoUu Hsiu-cu1, 1963).

J. JEOU-JANG

Up to now, there are but a few theories dealing
with the rapid growth of the hail in a small
cumulonimbus. Considering fluctuation of verti-
cal air current, we have computed the growth
of hail with the terminal velocity of hail given
by Macklin and Ludlam. We take a case in
which the thickness of cloud is 5 km (divide
into 5 layers), the water content 1 g/m?3,
Qice =0.45 gfcm?®, E =0.85, o, =%/3, w has a
maximum and equals to 10 m/s in the middle
of the cloud and decreases to 1.5 m/s at the
cloud top and the initial radius of larger-drop
is 25 u. The result shows that quite a part of
the drops grows into hail of radius 1.5 cm, the
maximum radius amounts to 1.7 em (Fig. 8).
This is rather considerable. Using the model
of Biblashvili and Sulakvilitze (without fluctua-
tion in vertical current), hails of such size could
only be formed in a cloud of 7 km thickness,
and w as large as 15 m/s. And a cloud of 10 km
thickness is necessary if the vertical current
does not change along the vertical. We may,
then, conclude that the fluctuation of vertical
current is favourable to the formation of hail.
Without the fluctuation of vertical current the
mechanism of hail formation cannot be easily
understood. Of course, there is still much to be
done. For example, though the necessary high
concentration of hail given by other theories
is much reduced in our computation, a satis-
factory result can only be obtained by consider-
ing the balance of water in the cloud as a whole.

According to the discussion given above and
our other results (CHou Hsiu-cHI, 1964), the
mechanism of precipitation process in a warm
cloud may be outlined as follows:

nuclei up to radius 10 u)

Fluctuating growth by condensation (from small

(10-20 )

Turbulent electric coagulatisn

Growth started on giant nu-
clei (1-30 1)

Gravitational coagulation under fluctuating wa-
ter content {(or drop concentration) and turbu-
lent acceleration (20-2000 u)

|

Formation of precipitation
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Fra. 9. Scheme of precipitation mechanism.

In a word, the growth of the cloud element
will greatly speed up, if all of these factors are
operating. The precipitation from warm cloud
may then be explained reasonably. In fact, such

a mechanism will also operate even in a mixed
or ice cloud. Thus the process of precipitation
may be revised to a large extent as shown in
Fig. 9.
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CTATUCTUYECKAA TEOPHUA OCAJKOB

B nacroAmeii cTaThe CyMMHUPYIOTCA Pe3YJIbTATH
uccaeaoBaHuii no guanxe o6JaK0OB, IPOBOTUMBIX
B HHcTuTyTe reopuavuu u mereoposnoruum Axa-
nemun Hayk KHP rtonpko ¢ wauama 1960 r. B
MoCJefHMe TroABl HAa OCHOBe aHaJM3a JAHHHIX
HabaoneHNH 0 MUKPOCTPYKType 00JaKOB, NpO-
BeJleHHBIX B Halllelt cTpaHe, MH pAasBUIM cCTa-
THCTHYECKYI0 Teopuio ocagkoB. CormacHo aroi
TeOpUH, BOAHOCTh, BO3JAYIIHEIE TOKU U ApyTHe
BeJIMYMHE B 06JaKaX HCHIHTHBAIT O0OJbliHe
daykryanuu, mpouece pocra obJauHHIX Kanelb

B cpele ¢ OGIYKTyUPYIOUIMMH NapaMeTpaMn
ABJAETCA CAYYAHHBIM IIPOLECCOM, KOTOpPHIH
MOMET M3Y4YaThCHA TOJLBKO BEPOATHOCTHLIMU
merogamMu. B maHHO# cTarbe ONUCHIBAETCA 00-
M MEeTON CTATHCTHYECKON TEOPUH OCaJKOB,
00CyKIal0TCS BONPOCHL O0CAaJKOB U3 TOHKUX
ofnaxos, o0pasoBanne rpaja 4 T.O. U HAKOTCA
pesyabTare, Jy4dlle COrJacyoliuecA C pealib-
HBIMI  YCJIOBMAMHU, 4YeM peayubraTthl Gomee
PAHHUX TEeOPeTHYeCKUX PACYETOB.
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