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ABSTRACT 

The classical picture of one-dimensional diffusion in a homogeneous fluid results in a 
symmetrical distribution of the conservative property around the peak concentration 
while the latter remains fixed in space. This paper examines the asymmetry and move- 
ment of the peak resulting from mixing in a non-homogeneous fluid. 

A one-dimensional model comprising 21 boxes permits the diffusive flux across the 
wall of each box equal to the coefficient of eddy diffusion times the air density multi- 
plied by the gradient of (mixing ratio) concentration. The end boxes are half the volume 
of the others and there is no flux across the ends of the model. The divergence of this 
flux creates the change in concentration in each box. 

With constant diffusion coefficients and density, the peak (mixing ratio) concentra- 
tion initially in the center of the model remains fixed and symmetry exists for all times 
as theory predicts. Firstly, placing the point source near either edge produces asym- 
metry due to  reflection of the Gaussian curve, also in accord with theory. The peak 
concentration actually shifts with time, its movement depending on the magnitude of 
the eddy diffusion coefficient and proximity to the edge. 

Secondly, the peak concentration initially in the middle of the model moves upward 
for the case of a constant diffusion coefficient but with density decreasing as in the 
standard atmosphere. For example, for a coefficient of lo4 cm* sec-l. The rate of rise 
increases with an increasing coefficient and vice versa. When the model contains a 
strong diffusion regime, or a troposphere, to  about 9 km and a transition to smaller 
coefficients above 17 km, the stratosphere, then the rate of rise of the peak concentra- 
tion increases (rising from 20 to  40 km in 24 rather than 30 months for a stratospheric 
coefficient of lo4 cm' sec-1). The removal of tracer material from below also increases 
the ascent rate of the peak concentration. 

Thirdly, models with constant density but variable coefficients of diffusion produce 
considerable asymmetry and some drift of the peak concentration with altitude. 

Finally, the one-dimensional model may be adapted to  a spherical earth with constant 
horizontal air density. Material added at the equator diffuses symmetrically into both 
hemispheres as expected. But injections at other latitudes produce asymmetries such 
that, for example, the peak concentration shifts from 45" to  the pole in 30 months if the 
coefficient of horizontal diffusion is loo cma see-l. 

An attempt will be made to  explain the asymmetries and try to  distinguish between 
possible real atmospheric effects and those due to the model simulation. The artificial 
substitution of a three dimensional world by a one dimensional model must be recog- 
nized. 

Introduction 
Classical diffusion theory in  a homogeneous 

fluid predicts a peak concentration which re- 
mains at the same place in  time. Material (or 
conservative properties) diffuses away from the 
source producing a symmetrical picture. It is 
the purpose of this paper to present illustrations 
of the movement of the maximum concentra- 
tion and the development of concentration 
asymmetries in  a non-homogeneous fluid. 
These results may help interpret the findings of 
more complex two or three dimensional models. 
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First, it is appropriate t o  describe the  nu- 
merical model. Twenty-one equi-spaced boxes 
are arranged along a straight line. The bottom 
and top boxes are one half the volume of the 
other 19 boxes, as is evident i n  Fig. 1. The flux 
across the interface between each box is calcula- 
ted from the formula. 

B = -Keaq/aa 

where P is the flux (grams of matter per unit 
area per uni t  time); K, the diffusion coefficient 
(in cm-* sec-l); e,  the density (grams of air 
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FIG. 1. The one-dimensional diffusion model. 

~ m - ~ ) ;  q ,  the concentration (grams of matter 
per gram of air); and 8, the direction of the 
coordinate system. In the one dimensional 
model, either or both the eddy diffusion coeffi- 
cient or the density can vary. The differcnce 
between influx and efflux determines the change 
of concentration in each box. In all the exam- 
ples but one, a fixed input is placed only in one 
box at  the initial time, the changes are com- 
puted in each box in time steps and after a 
given number of such iterat.ions, one views the 
new concentration distribut.ion. 

As in most numerical calculations, the sub- 
stitution of finite differences for continuous 
functions introduces errors. Fig. 2 illustrates the 
magnitude of these errors for a very simple 
case of a tracer added to the middle of the 
model and in which the space and time steps 
have been successively reduced. The continuous 
line depicts the theoretical distribution, a 
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FIG. 2. A comparison of theoretical profiles with 
model computed profiles using successively finer 
time and space grids. 

Gaussian curve with a standard deviation equal 
to the square root of twice the eddy diffusion 
coefficient multiplied by the elapsed time. It 
is clear that as the time and space steps become 
smaller, the fit to the theoretical curve impro- 
ves. The reason for the lack of fit below 18 and 
above 22 kilometers for the smallor time and 
space step profile is the proximity to the bo- 
undary for these runs. Despite the errors in- 
troduced by the 2 kilometer space and one day 
time step, this grid has been used in all subse- 
quent illustrations in order to permit the model 
to extend from the ground to 40 km. One might 
note that the error attributed to coarse grid 
becomes smaller with time. 

Boundary effects 

The first type of asymmetry to be discussed 
exists even for a fluid with both constant den- 
sity and constant eddy diffusion coefficients. If 
the insertion takes place close to the edge of 
model and if one assumes reflection a t  either 
boundary, then obviously an asymmetry will 
result. This is illustrated in Fig. 3 in which the 
input occurs at 4 kilometers (between 3 and 5 
kilometers), with a diffusion and density field 
identical with the previous case. The saw- 
tooth profiles after 1 and 4 months illustrate the 
computed asymmetry. The displacement of the 
peak concentration after 4 months brings i t  to 
the ground. It is to be noted that the highest 
concentration a t  the ground is only slightly 
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FIG. 3. The migration of peak concentration to the 
lower boundary of the model. 
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greater than that in the next higher box. The 
movement of the peak toward the boundary 
can be determined theoretically using the con- 
ventional methods of images. In  fact, the con- 
tinuous curves on Fig. 3 show the theoretically 
determined profiles. The discrepancy between 
the theoretical and model computed profiles 
results from the coarse finite difference grid in 
the latter. 

Fig. 4, a graph determined from theory, 
shows the time, along the abscissa, it takes for 
the peak concentration to reach a boundary 
from an initial source at a distance from the 
boundary given in kilometers on the ordinate 
and in a field of constant eddy diffusion given 
by the sloping lines. Thus, at  a distance of 4 
kilometers from the boundary, using a coeffi- 
cient of diffusion of lo4 cmp/sec, it takes about 
three months for the peak to reach the boun- 
dary. The previous figure showed that a month 
later, at  four months, the machine computation 
already brought the peak to the ground. 

This migration of the peak concentration 
probably possesses little significance in the real 
atmosphere because one is rarely interested in 
the position of the peak concentration after 
extended times, that is, months in the tropo- 
sphere. But it may introduce misleading results 
for models in the stratosphere where a source is 
introduced near the upper artificial boundary 
and then followed for long times. 

Variable density 
Fig. 5 plots the altitude of the peak concentra- 

tion as the ordinate vs time, expressed as months, 
along the abscissa. The numbers adjacent to 
the dots signify the percentage excess of the 
peak, concentration over the average concentra- 
tion on either side of the peak or the peakedness. 
Thus, if the peak concentration is 100 units at  
22 kilometers and the concentration at 20 kilo- 
meters is 97 and that at  24 kilometers is 99 
units then the percentage excess will be denoted 
MI 2.0%. In all cases, except as noted, concentra- 
tions are expressed as mixing ratios not as con- 
centration in per unit volume. 

The horizontal dashed line and dots corres- 
pond to the previous c w  of lo4 cmslsec for the 
diffusion coefficient and a contant density. The 
solid line corresponds to the same diffusion coef- 
ficient but with density decreasing with altitude 
in accordance with the standard atmosphere. It 

Tellus XVIII (1966), 2 

23 - 662895 

KILOMETERS 

110.')001 10.. 

l1.0001 1 -  

I1001 I U d  

(; *1.0 or t . .' 2 ) o  

2 1 4 5 L ?  L 1 4  D 4 6 121(11024 
DAYS WEEKS MONTHS 

T I M E  FOR PEAK CONCENTRATION TO REACH BOUNDARY T O  
REFLECTION OF G A U S S l b N  D ISTRIBUTION 

FIQ. 4. A nomogram to determine the time it takes 
for the peak concentration to migrate to a boundary. 
This nomogram is obtained from theoretical cal- 
culations. 

is clear that the peak concentration rises in 
altitude with time and at a significant rate; 
reaching the top of the model in about 30 months. 
The reason for the non-smooth curve on this 
and successive figures lies in the fact that the 
vertical profile from the machine output hap- 
pens to be printed out at three month intervals. 
Fig. 6 shows that the increase in height will 
occur at  either nearby altitudes with the same 
rate of rise when the density decreases with alti- 
tude. Finally, the la& of this series of figures, 
Fig. 7, demonstrates the dependence of the rate 
of rise on the coefficient of diffusion. The rate of 
ascent increases with increasing diffusion coef - 
ficients and vice versa. 

Why should the peak concentration rise? 
Table 1 illustrates the sense and reasons for the 
asymmetry. At the initial time, we consider a 
mixing ratio concentration of 1000 marked 
atoms per gram of air in one box and zero in all 
other boxes. The second and third columns pro- 
vide the constant values of the coefficient 
of diffusion and the decreasing values of air 
density with altitude. The fourth column con- 
verts the concentration per gram of air into 
atoms per cma by multiplying the mixing ratio 
by the air density in each box and assuming the 
boxes to have a cross section area of one cm'. 
The fifth column indicates the number of atom 
in each box, obtained from column four by 
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FIG. 5. The time history of peak mixing ratio concentration for a model with a constant coefficient, of 
diffusion and decreasing density. 

Fro. 6. The time history of peak mixing ratio concentration for a model with a constant coefficient of 
diffusion and decreasing density; source altitude at 16, 20 and 24 kilometers. 

multiplying by 2 kilometers, the depth of the 
box. The sixth column provides the flux across 
each interface using the indicated formula and 
allowing the flux to act over a period of lo6 
seconds or a little over one day. This flux re- 
moves atoms through each interface reducing the 
number of atoms in the source box by exactly 
the number added to the adjacent boxes. These 
atoms per box are then converted back to con- 
centration per cm3 in column 8 and to concen- 
tration per gram in column 9. In  column 9, 
it is evident that even though more atoms 
moved downward (column 6), the concentration 
per gram is considerably higher above than be- 

low the source. Carried through many itera- 
tions, the peak concentration of mixing ratio 
act,ually migrates upward. However, one may 
also note that when the concentration is ex- 
pressed per cm3, as in column 8, the higher 
values are at a lower altitude and the peak 
concentration per cms moves downward. Thus, 
figure 8 shows the relative vertical distribution 
of concentration expressed per unit mass or the 
mixing ratio illustrating the upward movement 
of the peak mixing ratio concentration after 
10 months and the downward movement of the 
peak concentration of the concentration in per 
unit volume under the same conditions. 
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FIQ. 7. The time history of peak mixing ratio concentration for a model with a constant (but different for 
each case) coefficient of diffusion and decreasing density. 
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In  some problems, meteorologists assume that 
the Austausch ( K e )  rather than the coefficient 
of eddy diffusion remains constant with height. 
Fig. 9 shows that the rate of ascent of the peak 
concentration (of mixing ratio), the dashed line, 
is very rapid if the Austausch is kept constant. 
The Austausch in this example corresponds to an 
eddy diffusion coefficient of lo4 cmz/sec and the 
density a t  20 kilometers. The rate of ascent 
can be compared with the rate of rise of the 
peak concentration with a constant coef- 
ficient of eddy diffusion (the solid line). It is 
thus seen that if one desires to avoid the rising 
peak concentration, substitution of a constant 
Austausch in lieu of a constant eddy diffusion 
coefficient is not the solution. In  fact there is 
no way of keeping the peak a t  exactly the same 
altitude or of maintaining a symmetrical dis- 
tribution in the presence of a decreasing density 
field. Low rates of diffusion slow the rate of 
ascent. A decrease of the coefficient with alti- 
tude also tends to maintain symmetry and can 
alter the ascent as seen below. 

Variation of diffusion coefficient with alti- 
tude 

It is evident that a model in which the coef- 
ficient of diffusion changes with altitude will 
also introduce asymetric distribution from a 
point source. In  this paper, the patterns of 
vertical distribution will primarily be limited 
to cases on non-uniform diffusion coefficient in 
a field of decreasing density. There are a num- 
ber of peculiar or unexpected findings in the 
model containing constants density with vary- 
ing coefficients of diffusion. An example appears 
as the dashed curve on Fig. 10. This figure com- 
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FIG. 8. A comparison of vertical profiles expressing 
the concentration as per unit mass and per unit 
volume. 

pares the rate of rise for 8 model with constant 
density and with decreasing density. For both 
cases, coefficient of diffusion decreases linearly 
with height from 20 x 108 cm3/sec a t  1 kilometer 
to 1 x 1 0 s  cms/sec a t  39 kilometers. The coeffi- 
cient of diffusion in the vicinity of the source 
input at 20 km, again, is 1 x lo4 cmz/sec. Pre- 
viously, it was shown that the peak concentra- 
tion rose to 40 kilometers in about 30 months 
but in the case of decreasing coefficients of 
diffusion of Fig 10, the peak does not reach the 
top of the model by five years. 

Of greater interest might be the case of try- 
ing to simulate a troposphere and stratosphere 
in a one dimensional model. Both examples of 
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FIQ. 9. A comparison of the history of the peak mix- 
ing ratio concentration for an atmosphere with de- 
creasing density but with either a constant coeffi- 
cient of diffusion or constant Austausch. 
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FIG. 10. The history of peak mixing ratio concentration for a model with linearly decreasing coefficients 
of eddy diffusion; a comparison between constant and decreasing density. 

Fig. 11 are based on a density decrease with 
altitude. The first, solid line, repeats the ascent 
rate of peak concentration for a diffusion coef- 
ficient equal to a constant lo4 cme/sec. The 
second, the dashed line, depicts the rise in 
altitude of peak concentration in a model with 
a tropospheric mixing coefficient of 5 x 1 0 6  
cm*/sec to 9 kilometers, a stratospheric coeffi- 
cient of 1 x lo4 cme/sec beginning at 17 kilo- 
meters and a transition between 11 and 15 
kilometers. Note that in both curves the coef- 
ficient is 104 cma/sec in the region around and 
above 20 kilometers, the input altitude. It is 
evident that the presence of a troposphere in- 
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FIG. 11. The time history of a model with decreasing 
density but a simulated troposphere and strato- 
sphere; a comparison with a model containing a 
constant coefficient of eddy diffusion. 

creases the ascent rate of the peak concentra- 
tion. It also increases the descent rate for the 
peak concentration expressed as per unit volume. 

Sink at the ground 
The reason for the enhanced upward migra- 

tion of the peak concentration when one in- 
troduces a troposphere lies in the more rapid 
downward movement of the tracer material 
which “eats away” the material in the lower 
stratosphere. This is further illustrated by in- 
troducing a sink a t  the ground in a model with 
a troposphere and stratosphere a~ shown in 
Fig. 12. One finds that the rate of ascent of the 
peak increases when a sink is present in the 
troposphere. Thus, in this example, the peak 
reaches the model top almost a year earlier 
with a sink than without one. 

Spherical earth 
The one dimensional model just described 

may be modified and scaled to simulate north- 
south horizontal diffusion on a spherical earth. 
One finds that the convergence of the meridians 
as well as the boundaries a t  the poles introduces 
assymmetry and migration of the peak con- 
centration towards the poles. Thus, Fig. 13 
illustrates north-south profiles after 13 months 
for a coefficient of eddy diffusion equal to 
10’0 cma/sec. The distribution about the equa- 
torial source is symmetrical, as expected, but 
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FIQ. 12. The time history of a model with decreasing density for a simulated troposphere and strato- 
sphere; a comparison with and without a sink at the ground or at the bottom of the model. 

as the source moves from 9" to 45" to 72"N, 
the resulting pattern becomes more and more 
distorted and in each case the peak has shifted 
from the source latitude to the north pole. It is of 
interest to note that the boundary effect alone 
would have shifted the peak from 9"N to the 
pole in about 16 months, whereas the sphericity 
of the earth speeded up this displacement to less 
than a year. 

Discussion and conclusion 
Certain of the model features producing 

asymmetry may be artifacts while others must, 
in part, be viewed as  real atmospheric features. 
1. Asymmetries due to the lower boundary are 

real but those due to the upper are artificial. 
2. The decreasing density must be viewed as a 

real cause of asymmetry but when one uses 
a more realistic eddy diffusion coefficient in 
the stratosphere of about 5 x lo3 rather than 
the lo4 cmg/sec used for most of the exam- 
ples, the rate of development of the asym- 
metry, although still present, may be too slow 
to be significant. 

3. The presence of a troposphere and especially a 
' ground level sink tends to enhance the asym- 
metry and upward motion of the peak 
concentration in the stratosphere and is a real 
feature of the atmosphere for some tracers. 

4. The convergence of the meridians on a 
spherical earth in creating asymmetries 
must also be viewed as a real atmospheric 
feature. 

On the other hand, many of the exact details 
of the asymmetry illustrated in this paper may 
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be quantitatively in error because of too large 
a grid spacing. One should also consider that the 
magnitude of many of the features of asym- 
metry may easily be lost in the real and in- 
strumental noise of the tracer measurements. 
In  conclusion, this paper has illustrated models 
of atmospheric diffusion in one dimension con- 
taining asymmetrical distributions from point 
sources. 

A final caution should be noted. The atmos- 
phere is three dimensional, not one dimensional 
as treated in the paper. In  the case of vertical 
mixing, the sources should be contained in a 
horizontally uniform area. In  the case of dif- 
fusion on a spherical earth, the results are most 
applicable if the tracer material is quickly 
spread in the vertical and in the east-west plane 
compared with north-south diffusion. 

1 
C O N C L N T R l T l O N  

Fro. 13. North-south concentration profiles for an 
atmosphere on a spherical earth; a comparison of 
distributions from different source latitudes. 
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HEKOTOPbIE ACIIEKTbI MOAEJIBPOBAHBR KPYnHOMACIUTABHOrO 
IIEPEMEIIIBBAHBH ATMOCQEPbI 

Tellus XVIII (1966), 2 


