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ABSTRACT

The difficulties of determining the particle spectrum of the atmosphere aerosol are
considered. The transparency and scattering pattern methods which allow one to
determine the particle size distribution function of an arbitrary system are described.
The requirements which these methods present to initial optical information are
indicated. The examples of the inversion of the transparency and scattering pattern

are given.

1. Introduction

Investigation of the atmospheric aerosol is
one of the actual problems in physics of the
atmosphere. The aerosol effects the important
processes in the atmosphere: condensation of
the water vapour, scattering of the radiation
over a wide spectral interval, transfer of the
radioactivity, formation of the electrical field
etec. However, we know little about the atmo-
spheric aerosol. The main reason of this is the
lack of reliable and simple methods of measuring
the aerosol particles. We meet difficulties as
soon as we try to sample because the radii of
these particles are about 0.1 u. The particles
are so small that they in fact do not deposite
on the plate flowing from it together with gas.
If we nevertheless deposite them it is impossible
to examine the obtained sample by the optical
microscope. The diffractive parameter g for
these particles in visual range will be

2ar 6-0.1

0= "o
(r = the particle radius, 1 = the wavelength).
This parameter is too small to obtain the
image. The light spots which particles give in
the microscope field of vision are the parts of
their scattering patterns. It is not clear how
one can determine the true sizes and shapes of
the particles by the scattering patterns. The
difficulties arising from diffraction disappear
when one uses very short wavelengths, in
particular, when one observes the particles by
an electronic microscope. Such measurements

being very complicated, the assurance that the
observed particles are just the same which really
present in the atmosphere disappears. It is pos-
sible to avoid both difficulties (the distortion of
the spectrum during the sampling and the impos-
sibility of utilizing the optical microscope) when
for the determination of the particle spectrum
one uses the data on light scattering. In such
cases the diffraction may help us. Note that
the particles of the atmospheric aerosol rela-
tive to the visual radiation lie in the range of
sizes where the maximum scattering takes place
[la, ch. 7].

The light scattering methods or methods of
the optical sounding are reduced to analysing
the peculiarities of the light scattering and to
restoration of the particle spectrum by this
information. This is an indirect problem. The
questions which are very important for the
investigators are as follows: how to carry out
the optical experiment in order that the optical
data should contain microphysical information
and then how to treat the data of the optical
measurements, how to inverse them to obtain
an accurate information. Very often the scat-
tered flux does not contain the necessary
information on the material properties we search
for and which cannot be found by means of
the mathematical devices. For example if one
uses the long wavelengths, in Rayleigh region,
the data on light scattering would contain the
sixth moment of distribution only. And, natur-
ally, we are not able to restore the whole
distribution according to these data. In general
we often obtain only separate moments of the
distribution and strictly speaking know nothing
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about the complete one. This must be taken into
account when comparing the results of measur-
ing the same system by the different methods.
It is no wonder that in taking systems as
quasi monodisperse we obtain different values
for the ““mean’ particle size.

However, in recent years, some methods of
solution of indirect problems have been devel-
oped. These methods allow one to obtain the
whole spectrum of particles from the light
scattering data only. The techniques considered
are the small angle, spectral transparency and
scattering pattern methods. We have obtained
in all these methods analytical solutions and
simple calculational schemes for the determina-
tion of the particle spectrum from the light
scattering data. The experiments on light
scattering appear to be very simple and the
accuracy requirements of photometry are not
high.

Thus using the optical radiation one can
include the range of spherical particle radii from
approximately 0.01 x to 100 x by means of
these three methods.

The short review of all the three methods is
given in [4f].

In the present paper we have studied in de-
tail the transparency method [4a—g] and the
scattering pattern method [4f-h]. We have not
studied the method of small angle here because
it does not suit for the atmosphere aerosol.
The reader can find our analysis on the method
of small angle in [1, 5, 6].

2. General statement of the problem. Full
and limited problems

In the case of “dilute” systems when it is
possible to restrict oneself to examining single
scattering, the problem is reduced to the inver-
sion of integral equation of the first kind:

@ (®) =f F(z,r)f*(r)dr. (1)
1)

Here f*(r) is the particle size distribution curve;
FP(x,r} is the kernel of equation known from
the Mie theory; ¢(x) is the function determined
experimentally. The kernel F(z,r) may be, for
example, the scattering pattern of a mono-
dispersed system with particle radii »; in this
case p(x) would be the polydispersed scattering
pattern, describing scattering at the angle f =x
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etc. In all the cases the task of inversion theory
is to find a calculational method for determining
the unknown distribution function f*(r) by a
function of F(x,r) and ¢(z).

The inversion of equation (1) by means of
substituting it by the algebraic system of equa-
tions results in diffienlties characteristic of
integral equations of the first kind. The result-
ing algebraic system is ill conditioned and small
inaceuracies in determining ¢(zx) and F(z,r)
inevitably arising due to errors of the measure-
ment and caleulation cause great errors in f*(r).

The cause of these difficulties lies in peculia-
rities of equation (1). For example, if the kernel
is degenerating, i.e.

F (2, 7)= 2 a;(@)byr).
i=1

equation (1) either has no solution or an infinite
number. If, however, the kernel is of the form
exp (vxr) (a Fourier kernel), a simple inversion is
known. In general, if the kernel depends only
upon the product of arguments

F(x,r) = F(zr), 2)

the formal solution of equation (1) can be
obtained with the help of Mellin’s or Titch-
marsh’s transformations.

Errors inevitably present in ¢(z) make the
inversion problem (1) incorrect. This means that
the solution f*(r) is determined accurate to an
arbitrary function which, for example, is of
the form Af* = Cexp (¢wr).This function will add

oo
Ap= C’f F(z,r)e'* dr

[

in the left part of equation (1).

If F(x,r) as function of r changes slowly, A¢
being a Fourier coefficient will decrease with
the enchancement of frequency w. When w has
a large enough value, Ag varies in the limits
of a fluctuation range of ¢, which is defined by
the errors of measurement. Thus both solutions
f* and f* + Af* appear to be indistinguishable
whereas practically they can differ as much
as possible by suitable choice of C. Errors in
function @(z) cut off the Fourier spectrum of
the sought answer at some critical frequency
w,. Fourier components which frequencies are
higher than w, cannot be determined.

Difficulties which one meets inverting the
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equation (1), often cause to examine a limited
problem instead of full one and be satisfied
with separate characteristics of distributions
obtained from (1).

If besides optical information described by
equation (1) we have extra information on the
nature of the unknown distribution f*(r) one
can use the results of measuring @(x) to deter-
mine parameters of some distribution chosen
beforehand. In many cases it is convenient to
use an extended I'-distribution

f*(r)= ArteF” (3)
suggested in [1d] or its particular form at y =1
frr) =Arte P (4)

(see in detail in [le]). For the atmosphere
aerosol a Junge distribution can also be used:

0 r<r,

Ar" ®)

*(p) =

frin { rzr, n=4

or Junge types (n=3,5,6...) or a logarithmic
normal distribution etc. In all the cases the
amount of necessary experimental data must

not be less than the number of parameters.

3. The transparency method

The main idea of the method is the determina-
tion of the particle spectrum according to the
spectral transparency g¢*(v) associated with
diffraction. This is possible if the variation of
the transparency (in the investigated interval
of wavenumbers v =1-1) associated with the
change of the refractive coefficient m is small
or can be separated from the diffraction band
of attenuation.

The transparency method for soft particles
is developed in [4a—d] (see also [4e—g]). We call
the particles soft if their scattering cross sec-
tion 2K(5) is determined by Van de Hulst
formule [2]

sin 20 1-—cos 28

K(d)=1- 5 + PYPR

8=(m-1)g. (1)

The basis of the transparency method is the
utilization of Mellin's transformation [3] to
obtained integral equation

g*(v) =f 2nreK(8) f*(r) dr. (2)

0
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The accurate inversion formula (2) has been
obtained in [4a].

In the case of the tabulated transparency
the approximate inversion formula (2) has been
found in [4¢]. It has been shown that the
inversion is quite possible when a sufficient
amount of the transparency values of g*(») in
the range (0,7*) of its essential variation and
asymptotic behaviour of g*(») in the field of
the geometric optics [4f, g] are known.

The inversion formula of the tabulated trans-
parency contains the following functions (fig. 1)
as factors

oly) =ysiny +cosy — 1,
siny
we(y) =cosy —2—= +1,
Y
w,(y) =cosy — 1. (3)

If the particle spectrum f*(r) has been found
in the range (0,r*), then % from (3) varies in
the range (0, Y), where

Y =4n(m - 1)r*r*. 4)

It is proved in [4d] that the inversion of the
tabulated transparency can be made as accurate
as possible if simultaneously one would increase
the spectral interval =¥, the number of samples
n and rise the accuracy of calculations. Besides,
the amplitudes of oscillation w(y) increase
rapidly and when Y ~10 —20 they become (on
an average) several orders greater than the
results of calculations. All these force to in-
crease the accuracy of optical measurements
that results in sufficient difficulties.

It has been shown in [4g] that the enhance-
ment of v* must be accompanied by simultane-
ous increase in n. It is evident from the point
of view of physics. If r* increases and n is
constant (or even increases insignificantly) then
almost all values of wavenumbers v for which
the transparency is measured, fall in the field
of the geometric optics. This field contains
little information about the disperse system.
At the same time it is shown in [4f, g] that the
inversion formulas of the tabulated transpar-
ency gives a satisfactory result if g*(v) is meas-
ured accurate to 1-2 %, the number of samples
n~10 -20 and

Y ~20 - 25. (5)
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F16. 1. Funetions used in the transparency method.

The length of the interval of wavenumbers 7*
depends on the concrete physical system. How-
ever in all the calculated examples (both for
the inversion of experimental transparency and
for the inversion of different models) it appeared
that practically the distribution curve f*(r)
completely falls inside the limits of the interval
(0,7*), where 7* is determined by the equations
(4) and (5). When the last condition is broken
it i necessary to increase essentially the
accuracy of the measurements and calculations
and to improve the precision of the calculation
formula [4b, ¢, g]. All these are illustrated by
the calculations and graphs given in [4e, f, g].

Experimental check of the transparency
method was carried out on two plane models:
1, microerystals of AgBr in gelatine (particle
radius is about 0.3 ) and 2, Spores of Calvatia
(particle radius is about 2.5 u). In spite of
great values of m (m ~1.5) and roughly spheri-
cal form of the particles the agreement is satis-
factory (see in detail [4f]).

4. The scattering pattern method
The relation between the light scattering
pattern of a single particle J(8,r) the particle

size distribution function f*(r) and the polidis-
perse scattering pattern J(f) is of the form

J(B) =fo J(B,r) f*(r)dr. 1)
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Let us consider the particle system optical
properties of which differ very little from that
of their environment and at any rate

olm-1)<1, |a|<L. (2)

In such a case the monodisperse scattering
pattern J(f,r) is expressed by a simple formula
[1a] (Rayleigh-Gans approximation)

J(B,ry=I,p(B)K(g)r:, g=2psin g, (3)

. K@) - <sinq—qq cos q)’; "

here f§=scattering angle
I, =intensity of incident light,

3 m+1 _ 2 l_]ﬂgé
0(=G;n7+—é(m_l)’ V’(ﬂ)‘2n |a| (l_coSﬂ)’.
(5)

The scattering pattern method for such “very
soft” particles is developed in [4h] (See also
[47]). The solution of the integral equation (1)
is analogous to the solution (1) from § 3. The
accurate inversion formula (1) has been ob-
tained. The equation good for approximate cal-
culation of the distribution function f*(r) in
case of tabulated scattering pattern J(8) has
been found,



Fi16. 2a. Functions used in the scattering pattern
method.

4
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(6)

Function x(y), x»,(y) and x,(y) (fig. 2)! represent
functions

8 8 4y . 1
x(y)={l-=jcosy+|—-~——|siny+ ,
y ¥y 3

2(y) — w,(y)

x(y) = 3

(7
A) - 0ly) !

%,(y) = 4

It is highly essential that all these functions
have limited amplitudes of oscillation. Thus in
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distinction from the transparency method the
enhancement of y here does not result in rapid
growth of errors.

In formula (6) the following designations are
introduced:

x=ysin_, y=4g,, Q=2’mi) T=y8in Praax.
2 A 2’
(8)
z ﬂ)
e "(2) o 1, @

where 7, = (arbitrary) linear scale of the prob-
lem. Values of x; correspond to scattering
angles f;, for which the scattering pattern J(B)
was measured, f =fmay i8 the largest of such
angles. We have

n
2 Azy=1,
j=1

0 < Brmax <7 (10)

O<z<,

The coefficients C, and C, are determined from
the relationship
C,
gi3z) = C, +— {11)
which approximates “the tail” of the function
g(3x) when z >7. But on the basis of the physical
content of the problem the function g(4x) can
! In Fig. 2a the deshed curve represent the
function cosy -+ 3.

A

25

Fic. 2b
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be measured when x <v. Thus the formula (6)
can be used when the following main condition
is fulfilled: the extrapolation of the expression
(11) from the interval (1,r) to the interval
(t,00) is correct.

It has been shown in [4h]' that in the case
of the Bmax =7 monomodal scattering pattern
g(3z) formula (6) gives a satisfactory result if
the condition

Bmax

7= 4p, sin > (1.6 -2.0) xp, (12)

is fulfilled.

Here the mode x3 of the function g(x) is
taken in the scale r, (4 is fixed).

The necessity for the extrapolation (11) arises
in connection with the utilization of apparatus
of integral transformation for inversion (1).
However there are reasons to suppose that
this requirement is conditioned by the essence
of the problem. In fact it is equivalent to the
requirement that all peculiarities of the beha-
viour of the function g{}z) must be concentrated
in the interval (0,7) beyond which g(ix) is a
decreasing function. Physically it can be ac-
counted for the fact that the scattering pattern
differs from a Rayleigh one when ¢ is large
"enough and only then the inversion is possible.
Thus, on the one hand ¢ must be large enough
(for the sake of inversion, otherwise optical
information is not complete), on the other hand
condition (2) must be fulfilled (only then the
monodisperse scattering pattern is of the form
(3), (4)). All these operations can be carried out
for ‘““very soft’” particles, for which m —1 is
little.

Let us rewrite formula (12) as an equality,
supposing that the coefficient of x) is equal to
2 and r, =7 (7 is mean radius of particles). We
have

z,
sin Prmax = Azy (x is the scale of 7).

2 47

(13)

Let us consider, for example, I'-distribution
(N is the volume concentration of particles)

ut1

T(u+1)

He o1,

fatr)=N (14)

1 Formulae in [4k] are written for the case
lgmax =7.
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F16. 3. Inversion of seattering pattern {(# =2). I, an
exact curve; II, III, IV, curves obtained when
7 =8, 5, 3 respectively.

Fig. 3 gives the inversion for y =2 (when 7 =
8, 5, 3). It is quite possible to show, that z) <4
(in the seale r, =7), if u =0, 2, 4, 6. The equality
(13) in this case gives

ﬂmax _ &
2

21

. 1
sin - (15)
F

For the specified 4 the relationship (15) deter-
mines the upper limit of the angle fn,; up to
which one must measure the scattering pattern
in order that the reliable inversion should be
obtained. For example, 1 =0.55 u. In this case

we shall obtain the dependence between fmax
and 7 which is illustrated in Table 1.

TABLE 1
7 02 04 06 1 2
Bmax (deg) 130 55 35 20 10
Bmin (deg) 30 15 10 6 3 1

The limiting angle of measurement of 180°
corresponds to 7 =0.175 u. For #<0.175 u it is
impossible to satisfy the equation (15). We also
see that the small scattering angles (f<20°)
practically contain all the information on the
particle spectrum for 7>1 u. It is very impor-
tant to estimate the minimum angle By, of
which the data on the scattering pattern are
necessary. This minimum angle we shall deter-
mine by the minimum admissible values of z,.

To make it more certain we shall take u =2,
7 =2x,. Then having the error of 2 % we shall
find z, =1.2. We shall get for S, values which
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are shown in the third line of the table. As for
the number of the points in the sum of the
formula (12), the analysis of the different vari-
ants shows that in the scattering pattern method
the value of n=10-20 gives an adequate
accuracy.

6. Conclusion

The main drawback of the light scattering
methods is the hypothesis on sphericity of the

K.S. SHIFRIN AND A.Y.PERELMAN

haze particles and their homogeneity. Often
these conditions are not satisfied. In this case
data obtained by the light scattering refer to
some ‘‘effective’” spheres. But the light scat-
tering methods have the essential advantage
they can be easily automatized and allow to
obtain information on rapid processes and to
follow the dynamics of the aerosol reconstruc-
tion.
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OIPEJEJEHHNE CHHEKTPA YACTULl ATMOCO®EPHOTI'O A3P0O30JIA C
ITIOMOIIbIO PACCEAHINA CBETA

PaccMaTpuBaoTCA TPYXHOCTH IPH ONpefeleHun
CIIeKTpa 4YacTul| aTMocdepHoro asposonsa. Onu-
CHBAIlOTCA MeTOAB MNPO3PAYHOCTH M HHAMKA-
TPHUCHI, KOTOpHIE MO3BOJAT ONpefenuTh GyHK-
U0 pachmpenelleHWA YacTHI[ 1O pa3MepaM.

VrasaHst TpeGoBaHUA, KOTOpPHE NPENBABIAIOT
9TU MeTOAB K HayaJibHO#t omTuyeckoil MHPOP-
mapunu. JlaHel npuMepnl oOpallleHNsA MeTOJ0B
NPO3PAvYHOCTH U MHIMKATPHUCHL.
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