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ABSTRACT

An analysis is made of the three-dimensional periodic oscillations in & jet at high
Reynolds numbers. It is shown that there are two physically significant solutions: one
is a symmetric and the other an antisymmetric function of the lateral coordinate;
both involve a Lommel function. In the case of the symmetric solution, the maximum
amplitude of the vertical velocity oceurs near the inflection points of the velocity
profile of the jet, whereas in the case of the antisymmetric solution, it occurs near
the center as well as the inflection points of the jet.

1. Introduction

Analyses of two-dimensional jet flows have
been made by many investigators. SCHLICHTING
(1933) obtained an approximate solution for a
steady jet flow of an incompressible viscous
fluid. Bickrey (1937) showed that an exact
solution exists and that the velocity profile of
the jet is essentially of the form wu =sech?y.
Later, the periodical solutions of the two-di-
mensional disturbances in a Bickley jet were
analyzed (Savic, 1941; Savic & MurpHY, 1943).
The viscous stability problem in the two-dimen-
sional case has also been studied (CurLE, 1957;
TarsumI & Kakurani, 1958; Howarp, 1959;
CrLExsHAW & ELvrrort, 1960). However, no in-
vestigation was made of the three-dimensional
disturbance in the jet, although in view of
Squire’s transformation (SQUIRE, 1933) the
differential equations for a three-dimensional
disturbance can be reduced to those having the
same characteristics as those for a two-dimen-
sional disturbance. Benney and Lin have re-
cently examined the problem of the three-
dimensional disturbance in a parallel flow with
a velocity profile of tanhy (BENNEY & LiIN,
1960; BENNEY, 1961). The purpose of this paper
is to extend their study to the case of the three-
dimensional disturbance in a jet.

2. The governing equations

We consider a three-dimensional flow of an
imcompressible homogeneous fluid at high
Reynolds numbers. Let v denote the veloeity,

q the vorticity, p the pressure, g the gravity
acceleration, R the Reynolds number. The equa-
tions of motion, continuity, and vorticity may
respectively be written

v 1
—+(V-V)V=-V +=v'Y 1
o { ) prgt g , (1)

V.-V=0, (2)
M, v.vra(a- 1o
at+ (V-V)q=1(q V)V+RV q, (3)

where all quantities are expressed in dimension-
less form, V2 is the three-dimensional Laplacian
operator.

We may suppose that v, q, and p are ex-
panded as perturbation series of the following
form

V=V94aV¥+*V® ...,

q=q%+aq®+d’q®P+..., (4)

p=p®+ap® +a’p® +...,

where the numerals in the superscript denote
the order of the perturbation motion, the
symbol a denotes a perturbation amplitude.
Hence, v and q'® are respectively the velocity
and vorticity of the basic undisturbed flow,
v and q'V are those of the primary flow, etc.,
p'®, p and p'® are the pressure distributions
respectively associated with the basic, primary
and secondary flows.

Let (u, v, w) and (&, 5, {) denote respectively
the velocity and vorticity components along
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the rectangular coordinates (%, y, z). Further-
more, let the z-axis be oriented along the verti-
cal, the velocity of the basic flow be parallel to
the z-axis and be denoted by u{’(y), and k

denote the wave number of the primary flow.

associated with the z-direction. We may express

vO (2, y,2,t)
H* -
=v{"(y, 2, 1) ¥ 4 v (y, 2, 1) e T2,

5
PP (2, 4,2, 1) ©)

= p(ll) (3/, 2z, t)e

z

1)* -

+ P1
where an asterisk is used to denote a complex
conjugate.

‘We suppose that the primary flow composes
of two- and three-dimensional oscillations: the
velocity components of the former will be
denoted by capital letters, whereas those of the
latter by letters of lower case. Furthermore, we
assume a sinusoidal spanwise variation of
amplititude associated with the three-dimen-
sional wave. We express

u(ll) (¥, 2 t) = [ﬂ,?:tl (y) cos ﬁz 3 7[}1 (y)}e—ikct’

v (y, 2, t) = [AB,(y) cos Bz+y P (y)le™ ", ©
w{ (y, 2, ) = Afv,(y) sin ﬂze_”“’t,

20 (y, 2, 1) = (AP, (y) cos Bz + P (y)]e ¥,

where ¢ i8 the phase velocity, f is the wave
number along z, the ratio y/4 is a measure of
the relative importance of two- and three-
dimensional oscillations.

Tt can be shown that the equations governing
the basic undisturbed flow are

3[7(0) 1 32 ugl)

= TR @
ap(o)
0= == "9 (8)

and that the amplitude equations governing the
two- and three-dimensional osciallations in the
primary flow are

. duy, |
th(ug—c) By + d_y By

AR Y SR AY
=—1kp1+—1% -k-p +d—y—, iy,

. di’1 1 2 2 dz
klu, —e)D, = — ~— + — -k +__‘,
kel =€)y dy R( B dy’ Y1 (9)
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. a Py 1 2 3 da -
@k(uo—c)wl=ﬂp1+E -k -8 +('l? Wy,

. GV
’Lku1+ -d—y- + ﬁwl—O,

é1=’ —1+ By,

S| . ).
= —’LICP1+'— -k +d_:l/2 Ul,
R ¢ (10
) , dp, 1 . 4. (10)
zk(uo—c)V1= - 7:[]4_5 -k +d‘—y2 Vl’

. dV
z'IcU1+—V‘=O,
dy

where u, is the abbreviation of u\’.

A study of the secondary flow of the fluid
will be given in a later paper. In this paper we
shall analyze the periodic solutions of the three
dimensional -disturbances in the primary flow
at high Reynolds numbers.

For flows at high Reynolds numbers the
velocity field may be approximated by the in-
vigeid equations, except within the critical
layer regions, where viscous correction would be
needed (Lin, 1955). In this case #, can be shown
to satisfy the following equation

' 2 ). dz“o.
(uy—c) ;i;l—z—k—ﬂ vl——@z-vl=0. (11)

For given boundary conditions, the above
differential equation may be solved for #,,
@y, Wy, and p, may then be expressed in terms
of &, as follows:

. G _[ ﬂz d_qu kzd_'i’l] 12

T e ) -y T gy P

) B [ 1 du,, d@,]

W= 73 4 s Sl (13)
(6" +87) L{uy—c) dy dy

. ik [duo - ) di;l] (14)

1= Tz oo | Y1 Wy —C)

P Ly dy
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3. Flows in a jet current

We consider a three-dimensional motion in a
basic flow of a jet of the following expression

uy{y) =sech?y

which is symmetric with respect to the y-axis.

For a finite jet Kuo (1949) has shown that if
u, =¢ at some point, y =y, for neutral waves,
then d%u,/dy? =0 at that point. We shall first
find the phase velocities of the neutral waves
for which ¢= 0.

(15)

dzuo 2 2
2 = — 6sech” y (sech” y—%)
dy
= —6(uy—cy) (Ug—Cy), (16)
where ¢, =0, c,=%.

The differential equation (11) becomes
dzi}l 2 2 24 o .
d—yz— + [6(sech” y—c;)-k - f]9,=0, 7=1,2, (17)
either subscript on ¢ may be valid, depending
on the value of the phase velocity.

We consider the following boundary condi-
tions:

9 (Foo0)=0, #,(0)=0, (18)
- di}l
D (to0)=0, ay y=o=0 (19)

respectively for the antisymmetric and sym-
metric solutions of ;.

It can be shown that for the antisymmetric
solution (for example, Savic & MurrHY, 1943)

¥, =sech y tanh y,
g1,
c=%

and that there are two symmetric solutions (for
example, Savic, 1941; HormBOE, 1962):

(20)

0= sech® ¥,
K+ =4,
o=}

& =sech’ Y,
F+g=0,
c=0.

and
(22)

Since the last solution has no physical signifi-
cance, we shall consider the solutions (20) and
(21).

. KAO

For the antisymmetric solution of #,, it can
be shown that the solution for an inviseid fluid is

)

Y

{sech y(2 sech® y—1)

& @

/.‘Zsech y(sech2 y—2)
3  (sech®y—%) ’

4, =sech y tanh y,

_ fBsech y(sech2 y—2)
Wy = 3 (sech y—3%)

b

(sech 2y - %) L (23)

k
D= zé sech y(sech® y—2),

Uu =4 sech y(2 sech® y — 1),

V,=sech y tanh y,

PlI

1
= zg sech y(sech’ y —2).

For the symmetric solution of #,, the solution
for an inviscid fluid is

1
@p= ~ 2% sech® y tanh y

sech® Y
" [4 * /32 (sech2 - % B

a 2
¥ =sech” y,

).

A Bsech® y tanh y
T 7 (oot y 1)
soen ¥ (24)
k
D= —ig sech® y tanh vy,
Uu = -4 sech® y tanh y,

5 2
vV, =sech y,

. 1
P = —-@'5 sech® y tanh y.

It may be noted that, although 4, is a regular
function, however, for inviscid fluid

N 4 52 duo . 2di)ll
R S btk ——,
k(K 4 ) Lwy-0)dy T dy

. ﬂ 1 duo 11
- P — 25
T @) - ay T ay]
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have poles at y =y, where u,(y,) =c. The sub-
script I has been added to emphasize the fact
that these solutions are purely inviscid solutions,
and therefore will be reliable solutions for flow
of a real fluid at high Reynolds numbers,
provided we are not close to the critical layers
(¥ =y,). It is important to note that the ampli-
tude functions u,; and w,; exhibit singularities
at y =y, which would be absent in any real
fluid. That is, when viscosity is included these
poles would not be present.

Since in the problem at hand %, does not
contain a pole, to consider #,; and @, it is
convenient to consider the y-component of the
vorticity which contains both #,; and w,;. Let

ou (1) aw(l)
7D = a—: . = - (i)l(y)l sin fze %, (26)
. 1 d
where o = 5 “o 27

1 I;(uo—c) dyv

which has a pole at u,(y ) =c.

It is well known that the critical layer has a
thickness of order (kR)™** and it is within this
region that the solution ®; will be modified by
a correction of the boundary layer type.

In the critical layer, we take into account of
the frictional effect and consider the complete
differential equation for ¢, which may be
obtained from the general equation of motion.
We have

A kR (uy—c) + 11D ﬂRd“"'
= [tkR(uy— = — b,.
dyz [ 0 + dy vy

(28)

It may be noted that formally putting R infinity
in the above equation we have differential equa-
tion for ‘i’p (27).
For the solution (20) or (21), equation (28)
becomes
25
‘Zy? — [ékR(sech® y— %)+ 1]

= —2fRo, sech® y tanh y. (29)

Formally putting R infinity, we have the in-
viscid solution

2/9 gech’ y tanh Y. ]

q’(y)“[ k (sech’ y—4)
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First we shall consider the general solution
of the homogeneous equation

— [ikR(sech® y— %)+ 11§=0, (30)

dy2

then extend it to the non-homogeneous dif-
ferential equation (29).

To find an asymptotic representation of the
solution of (30) we shall apply the Langer
method (LANGER, 1949). First consider the fol-
lowing differential equation

d'y, 1d°8].
& ~ |ikR(sech® y — §)+Bd— ?,=0 (31)

which has a solution
.(y) =8 h(2), (32)

where

3 ] 1/6
S(y) = [5 f (sech’ y—&)”zdy] (sech’y —3)" 1",
Yo
(33)

Z(y,kR)=1iY (y,kR)=i(kR)"*
3 v 2/3
x [—J (sechsy—gt)wdy] s (34)
2 Ye

d'h

i Zh=0. (35)

Equation (31) may be considered as the ap-
proximating differential equation for (30) and
is correct to order (kR)™'*; we may write ¢ =,.

The solution of (35) are the modified Hankel
functions of order one-third. That is

hyZ)= G2 H3 27,

hy(2)= (3 2°") " HI3(3 2. (36)
The general solution is therefore
P =[A ;(Z) + A, hy(Z)]S(y), (37)

where 4, and A4, are arbitrary constants.
Returning to the non-homogeneous problem,

7o kR (sech’ + & )
il KC R R

= —2BR sech’ y tanh yi, (38)
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the solution ®(y) is required to approach the
inviscid solution ®,(y) for {¥R)"*large. An appli-
cation of the method of variation of parameter
shows that this solution is

o= _i_2_ﬁsech' y tanh yd,

E  (sech’y—%) ZL2),

(39)

where L(Z) is a Lommel function, and is the
solution of the differential equation
d'L

— S+ ZL=1,

7 (40)

¥4 V4
h,(Z)J~ hl(C)dC—hl(Z)f hy(£)dC.

Lz - hZ) ) ’
i, a,
az iz (41)

provided — § n <arg (Z) <4 ~. In the above equa-
tions

L(Z) = L(Y) +4Ly(Y), (42)

where
3 (v 2/3
Y - (kR)'? {E f (sech® y §)”2dy} . (43)
Ve

In dealing with the case of high Reynolds
numbers we shall retain the leading terms in
kR for all quantities in the subsequent analysis.
The viscous corrections, which apply for ¥ =
0(1) or y=0(kR) ', remove the singularities
obtained by the inviscid analysis.

From (40) and (42) the differential equations
for the Lommel function may be written

a'r
dY’r+ YLi‘" b 1,

44
&L (44)
o YL,=0.

It can be shown that L, is an even and L; an
odd function of Y, and that

x en Nl
L= ) +1 4
2 @reny T (4
n=6,1,2

X (4 T)...(n+3r~2)[a,]| Y37H"

S.-K.

KAO

-0 LidY)
Fia. 1. The real and imaginary parts of Lommel
funection.
with
a,=137°T(3),
273758
a. =
org
3 7
Qg = = 5,
[
=i —2= for n>3.

ap
L nin-—1)

The graphs of L(Y) and L(Y) are shown in
Fig. 1.

It can also be shown that for large values of
Z, L(Z)~Z-1.

For the antisymmetric solution of ¢, the
longitudinal, lateral and vertical components
of the primary oscillation are, therefore,

w® = 2% [sech y(2 sech® y— 1)

+ # sech y(sech® y — 2)
3(sech® y— %)
— L,(Y) cos k(x—ct)] Y cos fz—2y sech y
x (2 sech® y — 1) sin k(x - ct),

] [L(Y) sin k(x—ct)

»® =2 gech y tanh y(4 cos z +y) cos k(x —ct),

_ 2 4 sech y(sech’ y-2)Y
3 (sech® y— %)

x (x—ct) + Li(Y) cos k(x—ct)] sin fz,

wh =

[LAY)sink

p® = — 3 sech y(sech® y— 2) (Ak cos fz + y)8ink
x (x—ct).
For the antisymmetric solution of #,; the
Tellus XVIII (1966), 1
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¥ y
k(x-ct)=2nm Kix-ct=(2n+ Fim
A ¥

Amplitude of w® for antisymmetric solution of ¥,
at spanwise position fz=(2n+})7,A=1

Kk{x-ct}s2nm * K(x-ct}={2n ¢ $iw
2 ?

Amplitude of &V for antisymmetric solution of ¢,
at spanwise position fz=(2n+ })7,A=1

Fi1a. 2. The amplitudes of the vertical velocity and the x-component of the vorticity for the antisymmetric

solution of #,.

amplitudes of the vertical velocity and the z-
component of the vorticity are shown in Fig. 2.
It may be noted that the amplitude of the
vertical velocity is symmetric with respect to
the jet axis with its maximums occurring near
the points of inflection of the velocity profile of
the jet.

For the symmetric solution of #, the longi-
tudinal, lateral and vertical components of the
primary oscillation are

A sech® y

ud = A sech’ y tanh y[4+ﬂ’(sec]l,——-—-7_—§ - 1)]
X [L{Y) cos k(x—ct) - Ly(Y) sin k(x —ct)]
x Y cos Bz + 2y sech’ y tanh y sin k(x —ct),

k(x-¢t)=2nm

¥
klx-ctz(2ne 407 %

Amplitude of ®® for symmetric solution of v, at
spanwise position fz=(2n+ §)m,A=1

o™ = 2 sech” y(4 cos Bz +y) cos k(z —ct),

o _ 218 sech® y tanh y

WV =2 I
3 (sech’y-%)

+ Ly(Y') cos k(x—ct)] Y cos Bz,

[L(Y) sin k(z - ct)

p® = % sech® y tanh y(1k cos z + 2¢) sin k(x — ct).

The amplitudes of the vertical component of
the velocity and the z-component of the vorti-
city for the symmetric solution of #, are shown
in Fig. 3. The former appears to be antisym-
metric with respect to the jet axis with its
maximums occurring near the inflection points
of the velocity profile of the jet.

k(x-ct)z2nT

j
&
|
G -
i
: .

1 N
Amplitude of & for symmetric solution of #; at
spanwise position fz=(2n+3})7,A=1

kix-et)=(2n+ $)m

Fi6. 3. The amplitudes of the vertical velocity and the x-component of the vorticity for the symmetric

solution of #,.
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