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ABSTRACT 

The liquid water content of the atmosphere is studied on the basis of the differential 
equations of eddy exchange of total heat content (sensible plus latent heat) and total 
water content (vapour plus liquid water in form of droplets). We arrive at an equation 
of liquid water content which permits quantitative comparisons between different 
atmospheric processes of liquid water concentration, some of these being well known 
-for instance the adiabatic cooling, and the radiative cooling-others being mostly 
disregarded-such as the turbulent mixing and the vertical variation of the intensity 
of eddy exchange. We obtain support for the theory, as it relates to the distinction 
between the effects of mixing and radiation, by means of statistics of fogs. Finally, 
8 classification of fogs is shown on the basis of our conclusions. 

Introduction 

The discussion of cloud and fog formation in 
text-books of meteorology is mostly focussed 
upon the condensation of vapour into drops and 
upon the role played by condensation nuclei. 
Much less interest is paid to the equally im- 
portant question of how vapour attains the 
saturation pressure, and how the concentration 
of liquid water found in fogs and clouds is 
produced. As regards clouds, the prevalent idea 
about these refers to the effect of adiabatic 
cooling associated with convection and large 
scale upward motion. No doubt that  is the way 
of growth of for instance cumulus. In  addition 
we note that the vertical variation of the coef- 
ficient of eddy exchange, 6K/6z,  has the dimen- 
sion of velocity. From the theoretical point of 
view this term ranks equal with the mean 
vertical motion and is effective in stratus as 
well as fogs. The eddy exchange is concerned 
with the irregular motions of turbulence. And, 
to the above-mentioned procedures we add the 
increase of liquid water content that  happens 
when eddies of different temperatures are mixed 
up (TAYLOR, 1917; BRUNT, 1935). 

Paying my attention to fog formation, I in 
1962 presented the idea of the fundamental role 
played by turbulent mixing in a simple mathe- 
matical way. The effect of vertical pressure 
distribution was disregarded and so the rela- 
tionship between clouds and fogs did not stand 

out. The theory is outlined in the following sec- 
tions, and there indeed appear some progres- 
sive aspects on the effect of turbulence in 
clouds as well aa fogs. The magnitude of the 
effect corresponds with those of convection, 
radiative cooling as well as fall-out of precipita- 
tion. 

The equation of eddy  exchange 

The effects of atmospheric turbulence are 
mathematically summarised by the differential 
equation of eddy exchange. Applied to the heat 
content iz per unit mass of dry air, it  reads 

The last term of the equation, Q ,  refers to the 
net gain (positive) or net loss of heat of radiation 
in a volume containing a unit mass of the dry-air 
component. 

The physical basis of the equation is that  
there are short-range fluctuations h’ of heat 
content, 

h =h +h’,  (2) 

and that the mean value involved in the equa- 
tion covers a period long enough for numerous 
fluctuations to occur. The fluctuations appear 
in the coefficient of eddy exchange which is a 
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product moment of the fluctuations of the 
vertical velocity component w‘ and the mixing 
length l,, 

(3) 

The mean of the vertical velocity component 
is found in the derivative of the left part of 
equation (I), which we may rewrite in such a 
form that the terms of horizontal advection and 
vertical displacements are distinguished, 

The horizontal x- and y-components of velocity 
are signed u and w. They enter in (4) as mean 
values over the period concerned. Their fluctua- 
tions u‘ and w‘ should be included in (4) in 
terms of the corresponding eddy coefficients 
K ,  and K,, if we were not convinced that the 
effect of the vertical gradient of heat content 
far exceeds the horizontal one. Mostly we are 
-but apropos (14) we shall later review the 
horizontal gradients and find conditions when 
we might expect them having an apparent ef- 
fect. 

We find in (4) the mean vertical velocity 
component and the gradient - 6Kh/6z within 
the same brackets and consequently equally 
effective on the vertical distribution of heat 
content. For instance, the upward increase of 
stratification at  the base of an inversion results 
in cooling in the same way as upward motion 
in terms of W. 

Applied to the total water content r -i.e. 
vapour. or vapour plus droplets-per unit mass 
of the dry-air component (in the case of un- 
saturated air r is called the mixing ratio of 
vapour and dry air), the differential equation 
of eddy exchange reads in the same form as (4) 
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Distinction is here made between the coefficient 
of heat exchange in (4) and that of water ex- 
change in (5). The term P refers to the fall-out 
of precipitation and is negative. 

There are limitations imposed upon the 
amount of any property entered like and P 
into the equation of eddy exchange. The 
quantity must not represent a property whose 
measures are changed by delay or by transporta- 
tion to a new level. Thus, the contents of aen- 
sible heat and latent heat each satisfy these 
conditions in unsaturated air, but so does only 
the total content of heat-sensible plus latent- 
in clouds and fogs as well as in saturated air. 
The same rule is valid to the contents of vapour 
and liquid water in form of droplets. None of 
these components alone but well the total 
content of water-vapour plus liquid water- 
are retained constant in a closed volume of fog 
or cloud being subject to vertical transporta- 
tions. 

The total  heat content 

Following NORMAND’S Proposition I (BRUNT, 
1944) we get the total heat content in terms of 
the wet-bulb temperature: “The heat content 
of the air is equal to the heat content of the 
same air saturated a t  the wet-bulb temperature, 
minus the heat content of the additional water 
required so to saturate it.” 

In  mathematical form the proposition reads, 

T and T ,  refer to the dry-bulb and wet-bulb 
temperatures, p to the atmospheric partial pres- 
sure of dry air, r, to the saturation mixing 
ratio of vapour and the dry-air component, 
and c to the specific heat of liquid water. 
In  unsaturated air, r is smaller than r ,  and T 
is greater than T,. But a t  supersaturation as 
well as in clouds and fogs, r exceeds r,. At 
supersaturation, T is slightly less than T,. In  
clouds and fogs, we might put T ,  equal to T.  
We disregard the effects of the curvatures and 
the salt-nuclei contents of the droplets upon 
vapour pressure. So the total heat content of 
clouds and fogs per unit mass of the dry-air 
component reads, 

h(T,p,r) =h(T,,p) +c(r  -rv) T,. (7) 
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The equations (6) and (7) are identical. The 
mathematical formulation of total heat content 
is thus the same when the air is unsaturated, 
supersaturated or contains droplets of clouds 
and fogs. 

The liquid water content 

In  clouds and fogs, the difference ( r  -rv)  in 
(7) represents the content of liquid water in 
form of droplets. Under unsaturated condi- 
tions (6), the same difference is found but 
negative instead of positive, and then it indi- 
cates the amount of liquid water required to 
saturate the air in the psychrometer process. 
We put for the content of liquid water per unit 
mass of the dry-air component the symbol r,, 

r =rv +rW. (8) 

By definition, rw is positive in clouds and fogs 
as well as in supersaturated air but negative in 
unsaturated air. 

The saturation mixing ratio of vapour and 
dry air depends only upon the wet-bulb tem- 
perature and the partial pressure of dry air, 

The sensible heat content of r,-that is the 
last term in (7)-is a relatively small part of the 
total heat content of the air, about 0.01 to 
0.05%. If we drop the term there remains 

h -h(T,,zJ), (10) 

which is a good and reliable approximation of 
(7). 

Thus T, and h depend on the same variables, 
and the liquid water content in (8) is a function 
of total water content and total heat content, 

r, = r  -rv(h). (11) 

In  an appendix to this paper, the differential 
relations between rv and h are discussed. 

The eddy exchange of liquid water content 

Now, we replace P in the equation of eddy 
exchange ( 5 )  by F, and F, in using (11). We ar- 
rive a t  derivatives of P ,  which we replace by 
derivatives of % found in part ( b )  of the appen- 

dix. In  doing so we should refer the formulae 
(53), (54) and (55) to mean values of the 
variables and in the case of (55) be reminded 
that - 

and 

- 
where T, = T ,  + Ti and T i  = 0. The term (6T;/6z)' 
is the square of the standard deviation of 
6TU/6z,  @,/& is the mean value. 

Proceeding in this way, we obtain the fol- 
lowing equation of eddy exchange of liquid 
water content, 

Both terms of the left-hand side of the equation 
(14) represent the form of the profile of the 
liquid water content. They are merely de- 
scriptive and do not give any insight into the 
variation of the liquid water content. The 
"active" terms which "produce" the profile are 
found on the right-hand side. When the right- 
hand terms together make a sum that is greater 
than zero, the first of the left-hand terms indi- 
cates that this implies an increase of the liquid 
water content. In  the steady state, 6VW;/6z2 
preponderates and then a positive sum on the 
right-hand side implies that there is a maximum 
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of P, between two levels where the values of 
fw are equal. 

At the base as well as at the top of a cloud or 
a fog the liquid water content is zero. Some- 
where in between there is of course a maximum 
of liquid water content. The right-hand side of 
(14) should therefore be greater than zero during 
cloud and fog conditions. Indeed, each term of 
this side implies a mechanism of concentration 
of liquid water in the atmosphere. Before going 
into a discussion of them one by one, we should 
say something about the magnitude that they 
should attain in order to be significant. 

Say, the magnitudes of the terms are lo-@ 
sec-I. That means that in nascent fog and clouds 
%,/at corresponds to an increase of 1 x 
grams of droplets per gram of air during 17 
minutes. This seems quite realistic in the light 
of the fact that r, in fog and stratus is about 

Secondly, say that K ,  in fog is about lo3 cmp 
sec-1. Then -62Pw/Sz2 should be about 
cm-'. I f  we assume the vertical distribution of 
r, to vary according to the square of the 
distance z above the base of the fog and r, is 
further assumed to be zero a t  the base as it is 
a t  the top, then the depth of the fog must be 
about 10 metres in order that the maximum 
content of liquid water in the middle part of 
the fog layer becomes the known degree of 
amount, 0.1 x Even on this basis, there- 
fore, the assumed magnitude of the terms (10-o 
sec-l) seems to be rather realistic. 

Thirdly, P in (14) denotes the net fall-out of 
precipitation. We put N for precipitation, of 
course positive and increasing in downward 
direction. Then, 

0.1 x 10-3. 

eP = +6N/Sz < O ,  (15) 

where e is the density of the dry-air component. 
We unfortunately lack data about the vertical 

variation of fall-out of precipitation. It seems 
impossible to make reliable measurements of 
the difference between simultaneous precipita- 
tion a t  two points, one of them being a t  some 
height vertically above the other. Say, for 
instance, a cloud or a fog being 100 metres deep 
produces 0.5 mm precipitation per hour. This 
is indeed a rather large amount of drizzle. Or, 
suppose the depth of the cloud is 1OOOmetres 
and the amount of N at the base of the cloud 
is 5 mm per hour. This is a plausible rate of 
precipitation. In  both examples P is sec-l. 
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We shall find that the other terms in (14) 
except the last two surely attain the mentioned 
magnitude under conditions which are specific 
for each term. So we may reasonably base a 
discussion of production of clouds, fogs and 
precipitation upon (14). As a matter of fact, P 
would make clouds and fogs to dissolve if it 
were not balanced by other terms being positive 
in (14). It seems apparent that precipitation is 
neither always nor only a matter of vertical 
motion of air but may also be due to radiation 
effects, temperature gradients in inversions and 
frontal zones and to vertical variations of K,. 
All the terms are likely to combine so as to 
bring about clouds and fogs as well as precipita- 
tion. 

The te rm of advection 

+.g. of moving clouds- 

is analogous to the corresponding terms in the 
equations (4) and (5) of the eddy exchanges of 
total heat and water contents. It is the product 
of two vectors, the horizontal gradient of liquid 
water content and the wind velocity. Suppose 
that the magnitude of the gradient is 0.1 x 
per 100 metres, and of the wind velocity, one 
metre per second. Then the effect of advection 
is about sec-l. 

The term of convection 

includes the well-known effect of vertical dis- 
placement upon the liquid water concentration 
in a closed volume, 

The derivative in (18) is defined in the appendix 
(69). It depends on temperature and pressure 
as shown in Table 1. When w = 1 m sec-I, (18) 
is about sec-*. 

Now, (17) reveals that the effect of vertical 
motion upon the distribution of liquid water 
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TABLE 1 

f ( T , , p )  = 6;) . (See (69).) 
ad 

T v  p = 1000 mb 700 mb 

+ 30°C 
+ 20 
-t 10 

0 
- 10 
- 20 
- 30 
- 40 

+ 2.96 x lo-* 
2.47 
1.94 
1.38 
0.87 
0.48 
0.23 
0.10 

+ 3.27 x 10-8 
2.79 
2.27 
1.70 
1.12 
0.65 
0.32 
0.14 

content depends upon the vertical gradient in 
terms of 

We usually say that upward displacements by 
convection lead to cloud formation. But then 
we take for granted that the vertical gradient 
of liquid water content is relatively small, 

The opposite case, 

implies that clouds are dissolved by upward 
displacements. This indeed happens when 
stratus formed at  night is dispersed in the morn- 
ing owing to the drying effect of solar heating 
near the ground level and the consequent in- 
crease of ~ , J S z  in the layer up to the cloud. 

In  (17) the derivative SK,/Sz is found within 
the same brackets as the mean vertical velocity 
w. We have already seen that this is specific 
not only to equation (14) of eddy exchange of 
liquid water content but also to (4) and ( 5 )  
referring to the total contents of heat and water. 
It means that the vertical variations of the 
coefficients of eddy exchange have the same 
effects as the mean vertical velocity. Surely, 
cloud sheets at the base of inversions are more 
likely explained to be caused by the upward 
increase of stability of stratification and the 

5 
4 
3 
2 

0-5 

5 
4 
3 
2 

06 

I 
- I  . I  0-8 

FIG. 1. The variations of the coefficients A ,  B and 
C in (20) and A,, B, and C, in (25) with tempera- 
ture. In order to get the coefficients into a common 
diagram, B and B, are multiplied by 104, G and 
C, by lo8. 

_____ .  , the variations at 700 mb; 
-, the variations at 1000 rnb. 

consequent decrease of turbulent exchange, 
than by mean vertical motion. A decrease of 
K ,  from lo5 cme sec-l to lo4 or less in a layer 
that is 10 metres deep is equivalent to % = 1 m 
sec-'. We recall that we in (18) referred the 
vertical velocity to this magnitude in order that 
(17) should attain about lo-* sec-l. 

The effect of turbulent mixing 

is shown by the term 

K ,  [ A r;Ia+ -' 

It is always greater than zero and has nothing 
corresponding in the equations (4) and (5) of 
the eddy exchange of the total heat and total 
water contents. It depends upon the vertical 
gradient of wet-bulb temperature and upon the 
coefficient of eddy exchange. The coefficients 
A ,  B and C depend mainly upon temperature 
and only slightly upon pressure. Their variations 
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are shown in Fig. 1. The term that includes A 
and the square of the temperature gradient, 
predominates when the lapse or the inversion 
is greater than lo-* "C cm-l. Suppose that the 
vertical gradient of temperature is about 1°C 
per metre and that K ,  is about 10' cmr sec-'. 
Then, the effect of turbulent mixing is about 
10-6 sec-I. 

Of course, K ,  may happen to be smaller than 
108 cm* sec-1. But a decrease of K ,  is generally 
accompanied by an increase in the inversion. 
Since (20) varies with the square of the tempera- 
ture gradient but only with the first power of 
K,, the effect of K,-variation upon (20) is ex- 
pected to be counterbalanced by the co-varia- 
tion of the temperature gradient. It should ad- 
ditionally be noted that in the steady state K, 
drops out, 

Thus, fogs and clouds may prevail independently 
of stratification in a temperature transition 
zone. 

Equation (21) implies that there is a level of 
maximum liquid water content in a layer of in- 
version or temperature lapse, 

fw (max) & A (TI - To)'. 

T, and T o  are the temperatures at the top and 
the base of the fog or cloud layer, and there 
rw = 0. Say, the temperature difference between 
the top and the base is 8°C. Then fw(max) is 
about 0.1 x lo-'. (At 0°C and 1000 mb, A is 

The mean square of the fluctuations of the 
temperature gradient appears in (20) and (21). 
So it is very interesting to note that any vertical 
variation of the turbulent fluctuations of the 
total heat content operates to increase the mean 
concentration of liquid water. Unfortunately we 
do not know much about the magnitude of these 
fluctuations and their vertical variation but 
we may suppose the latter to be considerable in 
inversions and zones of temperature lapse, for 
example in cold air above a warm water surface. 

The effect of the term (6T;/6z)' seems to 
help us to explain why fog is formed not only 
in the lowermost part of the surface boundary 
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layer where 6T/& is mostly greater than else- 
where, but also in the upper part where this 
mean gradient often seem insufficient for fog 
formation by course of (20). Due to eddies, the 
square of the standard deviation, (6T&)s pre- 
sumably attains the conditional magnitude for 
fog formation even in the upper part of the 
surface boundary layer. 

Furthermore, it is interesting to note that if 
we had not disregarded the terms of K,, and 
K ,  in (5), we should in the right-hand sides of 
(20) and (21) find also 

The magnitudes of these terms of the horizontal 
fluctuations may be considerably greater than 
those of the mean horizontal conditions, which 
one had in mind when the horizontal turbulent 
transfer was excluded from the equation of eddy 
exchange. Maybe (23) has the same magnitude 
as (20) under specific conditions and conse- 
quently sometimes is essential to the process of 
fog formation. 

Experimental verification of these ideas 
about the effect of turbulent fluctuations on 
liquid water concentration in the atmosphere is 
highly desirable. 

When sT&%z is -B/2A, the effect of tur- 
bulence (20) has a minimum which reads 

K , [ A ( ~ T : / ~ Z ) *  - (Bx/4A - C ) ] .  (24) 

We give in Table 2 the magnitudes of the terms 
concerned. It is obvious firstly that the mini- 
mum occurs very close to isothermal conditions, 
secondly that it differs so very little from zero 
that we may disregard this difference and 
persist in our statement above where we pointed 
out that (20) does not attain any significant 
value below zero. 

The sensible heat content of the air varies in 
linear proportion to the dry-bulb temperature. 
The total heat content, which involves the 
sensible heat plus latent heat contents, is related 
to the wet-bulb temperature, instead. But, this 
dependence is not a linear one. The reason is 
that the specific heat written in terms of the 
wet-bulb temperature, 
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TABLE 2 

f,(T,,P) = - B / W  f a ( T u ,  P) = -(B2/4A -0 

f l  f a  
7 - - 

700 mb 1000 mb 700 mb 1000 mb TU 

+ 30" 
+ 20 
+ 10 

0 
- 10 
- 20 
- 30 
- 40 

- 0.16 x 10-4 
- 0.18 
- 0.18 
- 0.18 
- 0.18 
- 0.17 
- 0.16 
- 0.16 

- 0.15 x 10-4 
- 0.17 
- 0.18 
- 0.18 
- 0.18 
- 0.17 
- 0.16 
- 0.15 

- 0.35 x 
- 0.32 
- 0.28 
- 0.22 
- 0.15 
- 0.08 
- 0.04 
- 0.02 

- 0.50 x lo-'& 
- 0.30 
- 0.28 
- 0.26 
-0.18 
-0.11 
- 0.06 
- 0.00 

(see (48) in the appendix) depends upon tem- 
perature and is considerably greater the higher 
the temperature. This is shown in Table 3. 
Consequently, the vertical distribution of wet- 
bulb temperature in (20) does not indicate how 
this term (20) varies under constant conditions 
of vertical gradient of total heat content with 
temperature, say, from warm weather conditions 
to cold. 

In  order to illustrate this we replace the 
derivatives of temperature in (20) by those of 
heat content and write for the new coefficients 
the symbols A,, B, and C,, 

The relations between the coefficients in (20) 
and (25) are given in the appendix, (63) to (65). 

TABLE 3 

T, p=lOOOmb 700 mb 

-k 30' 
+ 20 
+ 10 

0 
- 10 
- 20 
- 30 
- 40 

1.136 
0.758 
0.531 
0.397 
0.321 
0.279 
0.258 
0.247 

1.571 
0.995 
0.660 
0.466 
0.355 
0.296 
0.265 
0.250 

The coefficients A,, B, and c,, depend upon 
temperature as is shown in Fig. 1. Each coef- 
ficient has a maximum value. It is remarkable 
that the maxima occur at almost the same 
temperature, as is shown in Table 4. This means 
also that (25) has a maximum that occurs a t  a 
definite temperature mostly independently of 
the gradients &/6z and ah'/&. In  Figs. 2-4 
curves are presented which show how (25) 
varies with temperature under different condi- 
tions of vertical heat-content distribution and 
pressure. For &/6z we have substituted 
in Fig. 2, 2 cal g-' cm-' 
in Fig. 4. Further, we have put = 1000 and 
700 mb, and deleted 

We see that (25) mainly depends upon A,, 
much less on B, and C, when the vertical 
gradient of heat content or the lapse is greater 
than For information some data on the 
relation between &/Sz and 6 T,,/Sz are presented 
in Table 5. The basic formula is found in the 
appendix, (50). 

The fact that (25) depends upon temperature 
because of the coefficients Ah, Bh and C,, sug- 
gests that there may be a correlation between 
fog frequency and temperature. We shall now 
verify this by classifying observations of fog 

in Fig. 3 and 

TABLE 4, Wet-bulb temperatures at the maximum 
points of A,, B, and C,. 

P Ah Bh ' h  

1000 mb - 6.4 - 6.7 - 6.8'C 
700 - 11.5 - 11.6 - 12.0 
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12 

10 

a 

6 

4 

2 

-40 -30 -20 - f O  0 +I0 Y O  t30'C 

when &/6z = f 10-4 cal 9-1 cm-l, and p = 700 mb 
( . - - - -  ) and 1000 mb (--). 

when &/6z = k 10-3 cal g-I em-', and p = 700 mb 
(- - - - -) and 1000 mb (---). 

in five-degree intervals - 40" to - 35", - 35" to 
- 30°, etc. to  + 25" to + 30°C. For each day 

when fog occurred, a mark is assigned to all 
tomperature intervals that prevailed during the 
fog. In  addition we sample the daily tempera- 
ture frequency P within each interval by means 
of daily readings of maximum and minimum 

temperatures. We thus obtaii for each interval 
the probability of fog, f / P  by dividing the fog 
frequency f by the temperature frequency. 

We group the places of fog observations into 
two classes, let us call them I and 11. Class I 
includes ordinary places but in class 11, the 
places are near rivers which do not freeze over, 

TABLE 5 

~ 3 l ' ~ / S z  =f[(&/&),Z'v,p = 1000 mb]. h in cal/g, z in cm. 

pv SE/& = + 10-2 + 10-3 + 10-4 

+ 30" + 0.88 x 10-2 + 0.84 X lo-* + 0.51 X lo-' 
+ 20 + 1.31 + 1.27 + 0.88 
+ 10 + 1.88 + 1.83 + 1.34 

0 + 2.51 + 2.45 + 1.86 
- 10 + 3.11 + 3.05 + 2.35 
- 20 + 3.58 + 3.50 + 2.72 
- 30 + 3.88 + 3.79 + 2.96 
- 40 + 4.04 + 3.94 + 3.09 

P V  61i/6z = 0 - 10-4 - 10-3 - 10-a 

+ 30" 
+ 20 
+ 10 

0 
- 10 
- 20 
- 30 
- 40 

- 0.37 x 10-4 
- 0.44 
- 0.55 
- 0.66 
- 0.77 
- 0.86 
- 0.92 
- 0.95 

- 1.25 x 10-4 
- 1.76 
- 2.43 
-3.18 
- 3.89 
- 4.45 
- 4.81 
- 5.00 

- 0.92 x 10-3 
- 1.36 
- 1.94 
- 2.58 
- 3.20 
- 3.67 
- 3.97 
- 4.14 

- 0.88 x lo-* 
- 1.32 
- 1.89 
- 2.52 
- 3.13 
- 3.59 
- 3.89 
- 4.06 
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when 6E/& = k 10-2 cal g-' cm-l, and p = 700 mb 
( -  - - - - )  and 1000 mb (--). 

TABLE 6. Relation between fog probability and 
temperature. 

I :  Places other than those of class 11. 
11: Places adjacent to ice-free rivers. 

Interval Class I 

- 40'- - 35' 
-35 - -30 
-30 - -25 
-25 - -20 
-20 - -15 
- 15 - - 10 
- l o - -  5 
- 5 -  0 

0 - +  5 
+ 5 - + 1 0  
+10  - +15  
+l.5 - +20  

- 
- 
- 

3.4 % ? 0.5 
3.6 0.5 
4.8 0.5 
7.4 0.8 

11.8 1.2 
13.5 1.0 
10.0 0.7 
5.9 0.5 
1.5 0.2 

Class I1 

99.1 % k 0.9 
85.0 2.8 
63.9 1.9 
52.1 1.9 
33.3 1.7 
18.7 1.2 
10.3 0.9 
9.2 1.5 
9.2 1.5 
6.7 1.0 
3.5 0.2 
0.7 0.2 

even in cold winters, because of the rapid cur- 
rents. In class I we have 45 places, in class I1 
eight. 

The fog probabilities within each class are 
given in Table 6. The first figures of each column 
are mean values within the classes, the second 
figures are the standard errors of the means. 
I n  Figs. 5 and 6 are plotted the data of Table 6. 
The curve of Fig. 5 appears to be composed of 
two parts separated a t  0°C. Above the freezing 
point the form of the curve shows a similarity 
to the variation of ( 2 5 ) ,  Figs. 2-4. The other 
part of the curve shows a sudden decrease just 
below 0°C. This decrease is due to the fact that 
below 0°C the ground surface is either frozen or 
covered by snow or ice, and therefore not wet. 
Close to a snow or ice surface the vapour pres- 
sure is lower than close to a water surface under 
equal temperature conditions. Consequently, 
the boundary condition of fog (rw =0)  is not 

fulfilled there. PETTERSSEN (1940) points out 
this fact as a reason for fog dissipation. He 
proves his idea in the statistical way shown in 
Fig. 5. 

Over the surface of a river that is prevented 
from freezing by rapid currents, we find condi- 
tions of steam fog formation. The temperature 
and also consequently the vapour pressure of 
such a water surface does not decrease below 
the freezing point of water. The lapse rate, 
- 6T',/Sz, therefore increases as the air tempera- 

ture decreases below 0°C. The consequent in- 
crease of (20) indicates a parallel increase of fog 
frequency. In  column I1 of Table 6 mean values 
of the probabilities of fog are given for eight 
places along rivers which do not become covered 
by ice even in very cold winters. The resulting 
curve is shown in Fig. 0. It shows that the 

16 
f. 

12 

I 

4 

-40 -30 -20 -10 0 +I0 +20Z 

FIQ. 6. Fog-probability curve referring to places 
which are not in the vicinity of rivers which do not 
freeze over in winter. 

FIG. 6. Fog-probability curve referring to places 
adjacent to water which remains ice-free even in 
cold spells during the winter. 
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probability of the occurrence of fog abruptly 
increases when the temperature drops below 
- 10°C. At higher temperatures, the form of the 

curve is similar to that in Fig. 5. In  order to 
ascertain that the part of the curve below - 10°C 
is related to (20), we examine the mean values 
of class I1 in relation to the function 

which is based upon the variation of the coef- 
ficient 

A =A[T,,pl 

in (20). 
We put p = 1000 mb. The temperature T,, is 

a parameter to which we may attribute a value 
so that (26) fits the empirical data in Table 6. 
&(Tv -273) is the mean in degrees centigrade 
of the air temperature and the water surface 
temperature (aasumed to be close to the freezing 
point). Using the method of least squares, we 
find that T,, -273 is 39°C. We see that the 
curve in Fig. 6 which follows (26) for the condi- 
tions mentioned, runs very close to all the 
points which mark the empirical values. Thus 
i t  supports the theoretical approach which 
leads to (20). 

The term of radiation 

f v  Q -xy: 

is one of the very important in (14). It refers 
to the effect of radiative emission in the atmos- 
phere, or when the sign is reversed, to absorp- 
tion. For explanation of x ,  see (59) in the ap- 
pendix. L is the latent heat of evaporation of 
water. 

We put I for the net flux of radiation, posi- 
tive in the upward direction. Then 

@Q = -61/6z, (28) 

where e is the density of dry air. Usually I is 
noted in terms of mcal em-* min-l. Measuring 
L in cal/g, (27) reads 

-t x f v  61 10-3. 

60eL 11 Sz 

The variation of the coefficient xl60eL is shown 
in Table 7. It greatly depends upon temperature 
and pressure, so the effect of radiative cooling 
is much smaller at low than at high tempera- 
tures. Moreover, it is greater in high than in low 
altitudes. In order that (29) should attain 10-6 
sec-l under temperature conditions above O'C, 
i t  seems necessary that 6 I / S z  is at least 0.1 mcal 
cm-s min-l. Such a vertical change of net flux 
of radiation does occur in the region of long- 
wave radiation during conditions of great 
temperature inversions. It is most likely to 
occur at  the top of clouds and fogs because 
water droplets have a greater emissivity than 
water vapour. Measurements made by KRAUS 
(1958) give some information on the variation 
of (27) during a night of fog formation, see 
Fig. 7. I have discussed KRAUS' measurements 
in a previous paper (1962) and therefore refer 
for details to this discussion. The diagram of 
Fig. 7 verifies that there is a maximum of (27) 
in the upper part of the fog layer, which in this 
caae was two metres deep. The maximum at- 
tains 0.2 to 0.6 x sec-'. Radiation measure- 
ments are unfortunately not reliable under fog 
conditions because the deposit of B water film 
on the instrument greatly affects incoming and 
outgoing radiation. KRAUS was forced to base his 
conclusions upon estimations as regards the ef- 
fect of fog droplets upon radiation. 

Special attention should be paid to the fact 
that Q does not refer to the radiative cooling of 
the ground surface but to the direct radiative 
cooling of the atmosphere. The radiative cooling 
of the ground surface brings about a tempera- 
ture gradient next to the surface and then a 
convective cooling of the atmosphere. However, 
this kind of cooling is not implicit in Q but in 

in (4). On the other hand, the temperature 
gradient thus formed next to the ground is a 
direct factor in fog formation, but in terms of 
(20). Consequently, in radiation fog, Q and (20) 
are both closely related to outgoing long-wave 
radiation. Because of this common relationship, 
they are so highly correlated that it is not pos- 
sible to get separate evidence on their effects by 
means of statistics. 

Unlike that in radiation fog, the temperature 
gradient in steam fog over a warm water surface 
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TABLE 7 

f,(T,,p) =x.  (See (59) in the appendix.) 

fe(T,,?J) =x/60&. 

f l  f e  -- 
T, p=lOOOmb 700 mb 1000 mb 700 mb 

+ 30°C 
+ 20 
+ 10 

0 
- 10 
- 20 
- 30 
- 40 

0.848 
0.733 
0.586 
0.422 
0.268 
0.148 
0.072 
0.031 

0.910 
0.814 
0.681 
0.517 
0.345 
0.199 
0.100 
0.044 

2.117 x 10-2 3.247 x 
1.754 2.782 
1.340 2.227 
0.922 1.615 
0.560 1.028 
0.295 0.565 
0.137 0.270 
0.055 0.111 

is not a direct result of radiation. The separate 
effects of Q and (20) are consequently expected 
to be easily distinguished in the case of steam 
fog. Figs. 8 and 9 prove this. 

In  Fig. 8, the diagram of fog probability 
against air temperature is found in the form 
described above, but there are also two other 
curves, one of them referring to clear sky 
conditions, the other to overcast conditions. 
The diagram is based upon observations made 
at Lycksele in winter from November to Feb- 
ruary. Lycksele is situated in the northern part 
of Sweden at latitude 64.6"N. During the 
months mentioned the sun there does not rise 
more than 17" above the horizon. The condi- 

tions of clear sky consequently imply a ten- 
dency for a net loss of radiative heat. 

There is nowadays at Lycksele a hydro- 
electric power station which has thoroughly 
changed the character of the river Umealv. 
The series of observation refer to the original 
conditions, before the station was built. In  that 
time there was in the river a cataract with such 
a rapid current that the water was prevented 
from freezing even in very cold weather situa- 
tions. As extremely cold conditions do not occur 
in overcast weather, the curve which refers to 
overcast sky, ends at about - 25°C. 

The actual point of interest in Fig. 8 is that 
fog is much more frequently formed under 

I I I I I 1 I 

FIQ. 8 
FIQ. 7. The variation of the net loss of radiation (27) according to KRAUS (1958) during 8 night of radia- 
tion-fog formation, October 12, 1956. The curves refer to the following heights above the ground: 
50-75 cm, 75-100 cm, 100-200 em, 200-350 cm and 350-600 em. 

FIU. 8. The fog-probability curve under clear-sky (0-3/10) and overcast-sky (9-10110) conditions. LycbeZe,  
Nov.-Febr. in 1956-62. 
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clear-sky than under overcaat conditions. Under 
overcast-sky conditions, Q is negligible. The fog 
is then mostly attributable, in terms of (20), to 
the temperature difference between the atmos- 
phere and the ice-free water surface. But under 
clear-sky conditions, the net radiative heat loss, 
Q ,  takes an active part with such a high ef- 
ficiency that for instance between - 5  and 
- 15°C the fog probability is more than three 

times greater than under overcast conditions. 
Since we do not find this remarkable increase 

of the fog probability under cold weather condi- 
tions in places away from ice-free rivers, the 
fog-producing efficiency of net radiative heat 
loss seems to be caused by the black-body 
emissivity of the droplets initially formed in 
terms of (20) in the temperature-gradient zone 
immediately above the ice-free water surface. 
Thus, (20) initiates the fog in the zone next 
above the water surface, but Q reinforces the 
production of droplets and increases the height 
of the fog above this often very narrow zone 
-thanks to the radiative emissivity of the 
droplet8 themselves. 

Fig. 9, too, proves this interpretation of the 
different effects of (20) and Q. The histograms 
of the figure are baaed on 71 observations of 
steam-fog conditions a t  different places in 
northern Sweden. All the observations refer to 
ice-free water conditions a t  air temperatures of 
-10°C or lower. They are grouped firstly in 

rows with reference to the air temperature, 
secondly in classes according to the sky condi- 
tions, clear, cloudy, and overcast. Thirdly the 
height and the density of the fog is noted in 
columns, involving the categories 
1. Dense and deep steam fog 
2. Moderate steam fog 
3. Light steam fog 
4. Patches of steam fog only close to the water 

surface. 

The first column of Fig. 9 refers to fog frequency 
in all the categories 1 to 4. In the second column, 
the observations of low patches are excluded, 
i.e. this column involves steam fog in the cate- 
gories 1 to 3. In the third column, only the 
observations of moderate and dense fog in the 
categories 1 and 2 are sampled. The last column 
illustrates the frequency of dense and deep 
steam fog, category 1. The histograms of Fig. 9 
confirm the information just obtained from the 
preceding Fig. 8, as follows. 
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btME DEEP S T E M  FOG 1 
MODERATE S T E M  FOG 
LIGHT STEAM FOG _j 

I 
LOU P A T 9  __ 

-12 

TOTAL n-71 

FIG. 9. Histograms of steam-fog development 
under clear-sky ( 0), cloudy (a) and overcast ( 0 )  
conditions at various temperatures. T h e  heights 
of the columns represent the numbers of observa- 
tions within the cstegories, the shaded arem refer 
to the occurrence of fog as specified in the top row. 
(n = The number of observations.) 

1. Under overcast-sky conditwna, only patches 
of steam fog are produced, in very cold weather 
a t  the most, light steam fog. 

2 .  Under clear-sky conditiona, light and mode- 
rate steam fog is formed already a t  about 
- 10°C. When the temperature is below - 16", 

the steam fog becomes dense and deep. 
The difference between clear-sky and over- 

cast-sky conditions is very outstanding. There 
seems to be no doubt that the atmosphere is 
brought to saturation primarily because of the 
effect of the temperature gradient in (20). Be- 
cause of the high long-wave emissivity of the 
droplets there follows an effective net loss of 
radiative heat, Q, so resulting in dense and deep 
steam fog under clear-sky conditions. The com- 
bined contribution of Q and (20) surely exists 
in radiation fog as well, but in this cam we 
cannot prove it by means of statistics aa is 
done in Figs. 8 and 9. But we may permit our- 
selves to generalize our conclusions and suppose 
that the temperature gradient in (20) is the 
initial cause of fog formation thus bringing the 
atmosphere to saturation in a very narrow zone 
next to the ground surface. Long-wave radia- 
tion immediately becomes very effective in 
terms of Q when the first droplets are condensed, 
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and then the production of fog droplets is ac- 
celerated and the height of the fog is increased 
above the surface boundary layer within which 
the original temperature gradient is found. A 
temperature inversion is established at the top 
of the fog while the temperature distribution 
within a deep fog layer becomes moist-adiabatic. 
The role preliminarily played in (20) by the 
temperature gradient next to the ground surface 
is taken over by the temperature gradient in the 
inversion at  the top of the fog. 

The term involving (Kr - Kh) 

Several investigations indicate a difference to 
exist between K ,  and Kh next to the ground, 
e.g. PASQUILL (1949). Others lead to the con- 
clusion that the eddy coefficients of heat and 
moisture are the same (CRAWFORD, 1965). All 
refer to the surface boundary layer under un- 
saturated conditions. PASQUILL found Kh to be 
significantly greater than K ,  under unstable 
condition@, which should imply that (30) is 
negative when 6%/6z2 > 0. The results of CRAW- 
FORD’S investigation prove on the contrary that 
(30) is of no account in (14). Maybe that is true 
also in fogs and clouds, we do not surely know. 

The term involving T,/T, 

Both derivatives of this term are discussed in 
(70) to (73) in the appendix. Say, Kr = lo3 cma 
sec-’. Even under very extreme vertical distri- 
butions of fV and Tv /T ,  we may conclude from 
the results of the discussion that (31) hardly 
exceeds 10-8 sec-l, which is a very small part 
of the other terms in (14). In clouds and fogs it 
is zero because there is T v / T = l .  Thus, this 
term may be deleted in (14). 

The effect of the  boundary conditions 

The differential equation (14) points out the 
terms which operate to increase or decrease the 

liquid water content within a layer of the 
atmosphere. The question of whether clouds and 
fogs are formed or not, is settled not only by 
the intensities of the terms in (14) but even by 
the boundary conditions at the base and the top 
of the layer concerned. In  the case of fog i t  is a 
matter of the temperature and moisture condi- 
tions a t  the ground or sea level and in the 
atmosphere. I f  the boundary conditions are in- 
sufficient, Fw remains negative and clouds or 
fogs are not formed even when the terms in (14) 
show a strong evidence to be positive. 

Conclusions 

We finish the paper in proposing a classifica- 
tion of fogs on the basis of the terms in (14). We 
recall that fog is generally a product of more 
than one of the processes enumerated in (14). 
Mostly, two or more act simultaneously. A term 
in (14) is not specific to one type of fog only. 
For example, the effect of long-wave radiation 
is specific to radiation fog, but radiative heat 
loss in the top layer of fog plays a very im- 
portant role in maintaining advection fog, too. 

Most of the terms in (14) refer to fog-produc- 
ing as well as fog-dissolving processes. The alter- 
native is settled by the gradient conditions. 
Turbulent mixing (20) has, however, only a fog- 
producing effect. The last two items of the 
classification-sublimation on a snow surface 
and fall-out of precipitation-are only fog-dis- 
solving. 

Classification of fogs 

(P = fog-producing processes, D = fog-dissolving 
processes.) 

1. Maintenance of a temperature gradient, (20), 

a. by advection of air over a warm or cold 
surface: Advection fog, steam fog, sea smoke. 

b. by advection of warm air over a thawing 
snow surface: Advection fog. 

c. by radiative heat loss on the ground, snow 
covered or not: Radiation fog. 

d. by the gain of solar heat on a wet black 
surface, for instance the pavement of a road, 
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the bark of a tree etc. Only patches and 
traces of fog are produced, often observed 
shortly after sunrise or a t  break-up after a 
rain shower. 

e. by the effect of warm (general case) or cold 
raindrops falling in the air. The surface of 
each drop constitutes a boundary surface 
and the fog is the total effect of the tempera- 
ture gradients a t  all drops together: Frontal 
fog. 

4. Large-scale vertical motion, (17), 
a. upward, &,/Sz < (dr,/dz)& (general case): P 

Upslope fog; 
downward, SF,/& > (drw/dz),d. P 

b. upward, Sf,/& > (dr,/dz)&. D 
downward SFw/Sz < (dr,/dz),, (general case). D 

5. Vertical change of the coefficient of eddy ex- 
change, (17), 

6% 2. Radiative heat loss (a )  and solar heat gain a. - < 0, 6fw/6z< (dr,/dz)& (general case): P 
sz ( b )  in the topmost layer of the fog, (27), 

Fog and stratus a t  the base of inversions. 

T Q  P 6Kr - > 0, SF,/& > (dr,/dz)&. 
6z 

a. - x - ' ~ -  > O  T L  
Effective in advection jog as well as radia- 

P 

tion fog. 
D 6Kr b. - < 0, SFw/Sz> (dr,/dz)&. 

sz 
D 

6% 
- > 0, &,/SZ < (dr,/dz)& (general case). D 
Sz 

3. Advective supply (a) and withdrawal ( b )  of 

6. Sublimation on a snow surface, Fig. 5, liquid water content, (16), 

r, < 0 a t  the surface. D 
a. - (ii&,/Sx + &Fw/Gy) > 0 Advection fog. P 

b. - (ii&,/dx + &fw/Sy) < 0. D 7. Fall-out of precipitation, P (15). D 

A P P E N D I X  

The differential relations between ru and h 

a. In  the psychrometer process, sensible heat 
is removed from the air and added to the wet 
bulb for evaporation. The total heat content 
-sensible plus latent-is retained constant in 
the air but there is a gain of entropy because 
of the jump of temperature T - T ,  between the 
air that enters the psychrometer and the wet 
bulb. 

In  formation of convective clouds, as well as 
in the turbulent transfer of eddies, individual 
volumes of air are subject to continuous 
changes of pressure and consequently undergo 
temperature changes. These processes of con- 
vection and turbulence are theoretically best 
approached by the idea of reversible processes, 
well-known in the form of adiabatic cooling and 
heating of the air. We shall in the next sections 
replace the wet-bulb temperature T,  by Tiu,  the 
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definition of which will be based on a reversible 
process that is subdivided into three stages, two 
of which remind us of the adiabatic formation 
of convective clouds. In  the whole, the process 
is analogous to the psychrometer process and 
we aim at information about the magnitude of 
the difference between Ti, and T,. 
First stage. We keep the total content of 

water constant, but bring the vapour pressure 
to the point of saturation by reducing the pres- 
sure of the air volume. During this procedure, 
the partial pressure of vapour is decreased in 
proportion to the reduction of total pressure, as 
well as to the reduction of the partial pressure 
of the dry-air component. Let us assume that 
saturation is attained at the temperature T,, 
and the dry-air pressure p,,, 

cp( 1 + rcUD/cp) log T - R( 1 + r / c )  logp 

= CJ 1 + T ~ ~ ~ / c ~ )  log T,, - R( 1 + r/&) logp,,. (32) 
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We recognize T,, and p,, as the temperature 
and pressure at the level of the base of convec- 
tive clouds. The specific heat of dry air is signed 
cp, and that of vapour cup. The term E is identical 
with m,/md where mu is the molecular weight of 
water, and md the mean molecular weight of 
dry air. R is the specific gas constant for dry 
air. In (32) there are two terms within brackets, 
differing only a few tenths of a percent from 
each other since 1 / ~  = 1.61, cup/cp = 1.94 and 
r = 10-8 to lo-*. 

Second stage. We add (r,,  - r )  units of cloud 
droplets per unit maas of the dry-air component, 
the droplets having the temperature T,,. 

Third stage. We restore the original partial 
pressure p of the dry air of the volume. Because 
of the liquid water added in the second stage, 
the vapour content now remains fixed under 
saturation conditions. The final temperature TI, 
thus differs from the original T, 

cp(l +rc/c,)log T,, +Lr/T,, - Rlogp,, 

‘ ( ‘ 1 ,  -r)C1ogT,U 

=cP( l  +r,,c/c,)logT,, +Lrlu/Tl, - Rlogp. (33) 

The first terms enclosed in brackets in the left- 
hand and right-hand parts of (33) are some per 
cent greater than the corresponding terms of 
(32) because c/cp is 4.17 while cuP/cp is 1.94; c is 
the specific heat of liquid water. L is the latent 
heat of evaporation of water. 

There is no change of entropy in the first and 
third stages but in the second there is an in- 
crease because of the liquid water added. Thus, 
the amount of entropy of the original volume 
is given by the right-hand part of (33) minus 
the entropy of the liquid water added, or 

S is the entropy per unit mass of the dry-air 
component. 

NORMAND (see BRUNT, 1944) simplifies the 
matter and puts TI, = T,, = T,. His well-known 
Proposition I1 reads, “The entropy of air is 
equal to the entropy of the same air saturated 
a t  the wet-bulb temperature, minus the entropy 
of the additional liquid water required so to 
saturate it” (Brunt, 1944). However, the wet- 
bulb temperature is strictly fixed by the fol- 

lowing formula which leads to Normand’s Pro- 
position I (see equation (6)), 

cp( 1 + rcuP/cp) (T  - T,) = L(r, - r ) .  (35) 

In order to find the degree of approximation 
which is involved in Normand’s Proposition 11, 
let us firstly delete the above-mentioned t e r m  
within brackets of (35), (32) and (33), 

cp(T - T,) =L(r, - r ) ,  (36) 

c,lOg T - Rlogp =c,log T,, - Rlogp,,, 

c,lOg T,, - Rlogp,, =CplOg TI, - Rlogp 

(37) 

+Lrl,ITi, -LrIT,,. (38) 

Secondly, we disregard the terms of the second 
and higher powers in the logarithm functions of 
the left-hand side of (37) and the right-hand 
side of (38) which are equal, 

cp(T - ‘18) = L ( r l U  - r T 1 t I / T 3 U ) ’  (39) 

After elimination of the original temperature 
T in (36) and (39), we get 

C J T i ,  - T,) +wi, - r v )  --wTitl/Tsu - 1 ) .  (40) 

Since 

we get 

where 
(ary/aTy), is the variation of the saturation mix- 
ing-ratio at  constant pressure, 
(dr,/dT,)ad is the corresponding variation along 
the moist adiabat, see (66) and (67). 

The magnitude of (ri, - r )  is almost that of 
( r ,  - r ) .  Thus, we put (42) together with (36) 
and get the approximate relationship 
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TABLE 8 of dry air. The heat of evaporation L depends 
upon the wet-bulb temperature only. Since rv 

rL. varies inversely with pressure, 1 
f ( T V 9  P) = 

(46) I + ?  C P  (%) aTv P TV($Id' f i v  

T, p-1OOOmb 700 mb 

+ 30' 
+ 20 
+ 10 

0 
- 10 
- 20 
- 30 
- 40 

0.023 
0.028 
0.034 
0.040 
0.045 
0.048 
0.049 
0.048 

0.019 
0.023 
0.029 
0.035 
0.041 
0.045 
0.047 
0.046 

In  Table 8, the right-hand side of (43) is eva- 
luated for the conditions of the 700 and 1000 mb 
levels. We see that the difference between Ti, 
and T, is 2-5% of the difference between the 
dry-bulb and the wet-bulb temperatures. 

b. By disregarding the difference between 
T, and T,,, NORMAND undoubtedly simplifies 
the theory relating to the entropy of air within 
reasonable limits of approximation. We follow 
his line of approach and drop the index i of 
T,, and riu. In addition, we disregard the small 
amount of entropy that is included in the liquid 
water content of the air. After these approxima- 
tions, (34) reads 

On the other hand, the partial pressure of dry 
air is coupled to the height above the ground 
level by the hydrostatic equation, 

gdz = - RTdpIp. (47) 

In consequence, equation (45) may be written 
in the following form, 

By means of this differential equation we obtain 
some derivatives which were fundamental in 
the main part of the present paper. 

(49) 

S=c,logT,+Lr,~T,-Rlogp (44) SPh 

which means that with a small degree of ap- - 
proximation we regard the entropy of air aa a 
function of two variablea only, i.e. the wet-bulb 
temperature and the partial preaaure of dry air. 

A reversible change of total heat content is 
related to the simultaneous change of entropy 
(34 or 44) by the equation 

+ -- 

dh = TdS. 

Thus, (44) leads to a relation between reversible 
variations of total heat content and variations 
of wet-bulb temperature and partial pressure 

The derivatives of rv are easily derived on 
the bzsis of the differential of the first order 

of dry air, 

dh =c,TdT,IT, +Td(Lr,lT,) -RTdplp. (45) 

ar d?, 
aT, P 

dr, = d T ,  - r v - ,  

The saturation mixing-ratio rU is fixed by the 
wet-bulb temperature and the partial pressure 
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the partial derivative (46) and the hydrostatic 
equation (47). 
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Thus, A ,  B and C are coefficients of a quadratic 
polynomial in 6T,/Sz. The same polynomial may 

dr,  ar,, dT ,  !? also be written in terms of ah/&. The trans- 
dt aT, dt  RT (53)  formation is done by means of (50) .  We sign 

the new coefficient,s Ah, Bh and C,. These are 
related to the former as follows, 

+ rv-  w, - = _ _ -  

6r, ar, 6 T v  g 
6z aT, 6z  RT' + r,- (54 )  - = - _  

We substitute the derivatives of total heat 
content for those of temperature b y  means of 
(491, (50)  and (51) ,  

L - =  dr, x-'-- T d h  [ ~ R T , - ( ~ - ~ ) L ~ , ] - w ,  9 (56)  d t  T dt RT 

6r T , 6 h  9 
6z  T 62 RT ' L 2 =  2 -  -- [ ~ R T , - ( l - x ) L r , ] -  (57 )  

The following abbreviations are introduced 
in (56)  to (58)  for the substitution of terms 
which almost only depend upon T ,  and p ,  

C. If we put 6h/6z = 0, the derivative (50 )  
leads us to t.he well-known moist-adiabatic 
lapse rate of temperature, 

The change of saturation mixing-ratio along the 
moist adiabat follows if we put 6h/6z = O  in (57 ) ,  

= - -  1 [ x R T v - ( l - ~ ) L r , ] - - .  9 (67)  
ad L RT 

A closed volume of air, which is lifted adia- 
batically and retains its total content of water, 
changes its liquid water content accordingly, 

Thus, 

1 9 rz)ad = [xRT, - ( 1  - X) Lr,] RT --. (69 )  

The derivative (dr,/dz),d is tabulated in Table 1. 
d .  We got in (14 )  the term (31 )  because of the 

factor T/T, in formula (48 )  for the total heat 
content. Two derivatives are involved in (31) .  
The first one reminds of (54) ,  which we rewrite, 
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TABLE 9 

T, p=lOOOmb 700 mb 

+ 30°C 
+ 20 
+ 10 

0 
- 10 
- 20 
- 30 
- 40 

13.3 x 10-3 19.7 x 10-3 
7.9 11.5 
4.6 6.6 
2.6 3.7 
1.4 2.0 
0.7 1.0 
0.3 0.5 
0.1 0.2 

is the wet-bulb temperature gradient which cor- 
responds to constant saturation mixing-ratio 
of vapour and dry air along the vertical. 

The second derivative found in (31) is easily 
transformed into a derivative of r, if we make 
use of (37) and (38) and recall that we in (44) 
and the following sections introduced Tsv= 
T,, = T,. We get 

Thus, (31) reeds 

When rw >0, (31) is zero and (73) is not valid. 
The reader finds in Table 9 values of the first 

part of (73)--Kr is excluded, and in Table 10 he 
finds data illustrating the derivative (71). For 
comparison, values of the moist adiabat are 
added in the latter table. In  the case of an 
adiabatic distribution of temperature (Sz /Sz  = 0) 
as well as humidity (&/Sz =0),  information on 
6.Fw/Sz is found in Table 1. From the figures in 
the Tables 1, 9 and 10 we see that (31) under 
these conditions is about - 10-16 x K ,  sec-1. 

+ 30°C 
+ 20 
+ 10 

0 
- 10 
- 20 
- 30 
- 40 

~ ~ _ _ ~  ~~ 

- 0.188 x 10-4 -0.366 x lo-' -0.184 X 
-0.184 - 0.444 -0.182 
- 0.178 - 0.546 -0.177 
-0.171 - 0.662 -0.171 
-0.164 - 0.775 -0.164 
-0.156 - 0.863 -0.156 
- 0.149 - 0.921 - 0.149 
- 0.141 - 0.952 - 0.142 

-0.317 x 10-4 
- 0.384 
- 0.476 
- 0.592 - 0.716 - 0.824 - 0.899 
- 0.942 
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