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ABSTRACT 

In this paper a finite difference scheme for solving the primitive equations for a baro- 
tropic fluid is proposed. This scheme is an extension of a method investigated tho- 
roughly by the author in a recent paper (1966). It has certain advantages againat the 
commonly uaed leap frog scheme insofar as it occupies less space in the computer 
and avoids fictitious numerical solutions. To test the finite difference scheme compu- 
tations are performed with an ocean model where the circulation is generated by a 
prescribed rneridional distribution of zonal winds. The /?-plane approximation has been 
applied. The solutions behaved well and showed no instabilities. 

1. Introduction 

In  a recent paper, “A survey of finite diffe- 
rence approximations to the primitive equa- 
tions” the author (FISCHER, 1965) has investi- 
gated the accuracy and stability properties of 
several finite difference approximations to the 
primitive equations. The primitive equations 
were used in a simplified linearized form for a 
one-dimensional barotropic fluid on a non- 
rotating earth. Among the different schemes, 
the scheme denoted l b  had some interesting 
aspects, that makes it worth-while to study it 
in more detail. It has also been investigated by 
KASAHARA (1965). 

The advantages against the commonly used 
leap frog scheme lie in the fact that the future 
fields a t  time t + A t  are only dependent on the 
past fields a t  time t ,  whereas the leap frog 
scheme requires the additional knowledge of the 
fields at time t -At;  the order of accuracy is 
the same in both schemes. Moreover, I b  exclu- 
des the occurrence of fictitious solutions which 
may be generated in the leap frog scheme, since 
this approximates also a differential equation 
of higher order in time than the original one 
(PLATZMAN, 1968). In  the simplified form it 
could be shown that I b is stable in the sense of 
von Neumann and possesses for long waves a 
slight damping proportional to Ua/m4, where U 
is the particle velocity and m =L/Aa is the 
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number of grid intervals Aa representing the 
wave length L. The stability condition can be 
written: 2 U2At2/AaB + y2Ats/Aas 4 1 where y is 
the phase velocity of gravity waves. For the 
shortest possible wave length L = 2  Aa the 
amplification factor becomes equal to: 1-2 
UsAt*/Aaa. 

Thus there is an artificial damping of the 
shortest wave length, the damping decreases, 
however, sharply with increasing m. According 
to RICHTMYER (1963) this artificial damping 
will probably help to avoid the non-linear in- 
stability observed by PHILLIPS (1959) in the 
neutrally stable leap frog scheme, since it re- 
moves the wave energy from the short waves 
where it is accumulated by passing from longer 
to shorter wave lengths. 

2. The mathematical model 

I n  this paper the main object is to describe 
an extension of I b  to a system of equations 
that govern the motion of a non-linear barotro- 
pic fluid in a rotating frame. In  order to prove 
that the scheme works satisfactorily examples 
are presented for the development of wind- 
induced currents in a /?-plane ocean of simple 
rectangular shape, simulating a similar model 
treated by BRYAN (1963). 

It is hoped that a consistent extension of I b  
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to two dimensions in space including the corio- 
lisforces and forcing functions will retain the 
stability properties, though it  was not possible 
to give an exact analytic proof because of the 
complicated nature of the difference equations. 

The system of differential equations which 
govern the motions of a barotropic viscous fluid 
reads as follows: 

CU 

zt  ax h '  
= - v - ~ u + / v - ~ i - ~ ~ 2 u + I '  ( l a )  

!!?= - v .  (v+)-gZV ' V ,  
C t  

v is the vector for the velocity of the fluid 
with the components u and v in the x- and 
y-direction respectively; + denotes the geopo- 
tential of the fluid surface relatively to the 
mean height z; z1 and T~ are the windstress 
components in the x- and y-direction respecti- 
vely; A is the coefficient of lateral diffusion, 
f the coriolis parameter dependent linearly on 
the latitude. The bottom stress is assumed to 
vanish. V is the horizontal del-operator. 

3. The finite difference equations 

In  approximating the differential system to 
a system of finite difference equations the fol- 
lowing symbols are used: 

uj:L E u( iAx,  kAy,  nAt): A x  = A y  = As, 

W e  want to apply both a time- and space- 
staggered scheme, where the velocity and thc 
geopotential are prescribed a t  different time 
levels and at  different grid points. We shall 
prescribe u and v a t  integer times and at  grid 
points for which i + k have integer values. On 
the other hand + is specified a t  half odd integer 
times and grid points for which j + k have half 
odd integer values. We shall compute the new 
fields u("+'), d" '') from the old fields dn) ,  d n )  
and +(nt*) .  Thereafter the new field +(n+*) is 
obtained from +("+&) and the just before deri- 
ved u("+'), v("+'). This procedure is quite eco- 
nomic as it uses the latest information. Conse- 
quently Iess fields have to be stored in the com- 
puter than is the case for the leap frog scheme. 
It is essential that all terms on the right hand 
side of (1 a), (1 b) and (1 c) appear, when trans- 
formed into finite difference form, a t  the central 
time with respect to each equation. Only in 
this case the required accuracy and computa- 
tional stability can be ascertained. Since the 
variables given at the respective central times 
do not correspond directly with our basic 
values u ( ~ ) ,  dn)  and we have to introduce 
some additional techniques in order to achieve 
this effect indirectly. 

We write first our finite difference equation 
in the following form: 
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Note that the coriolisforces have been intro- 
duced in a semi-implicit way in order to appoint 
them at the central time. They have been writ- 
ten as fwjn i t )  =+ j (wjn l ,  +w;"')); -fu;"*) = -+ 
f(u;,")c +uj"')) and the "unknowns" -+ f A t  
wj":"; 4 fAt uj"') have been added to the left 
hand side of (2a) and (2b). Excluding the non- 
linear terms denoted by a ++ -superscript, which 
shall be treated later separately, i t  is now pos- 
sible to deduce from the basic values ~ ( " 1 ,  

and +("'*), assumed to be known, the right hand 
sides of (2a) and (2b) thus Gjyzl) and &i:z'" are 
known. Since uinll), w;::" are given at  the same 
grid points they can easily be derived from (2a) 
and (2b) by solving an inhomogeneous equa- 
tion. This yields: 

Thus u;"') and wj"') are computed (in the 
linear case!) and serve in the last equation (2c) 
to evaluate the new field for the geopotential 
4(ntf). Thus in the linear system our require- 
ment is fulfilled, namely that we only need the 
knowledge of the fields at one distinct time in 
order to compute the new fields. It can be shown 
that the linear system with A = 0, tl = t, = 0 and 
f = const. has neutral stability, provided: 

In  certain respects this finite difference scheme 
is very similar to one employed by the author 
(FISCHER, 1959) in tidal computation. The main 
difference which is quite important, is the diffe- 
rent formulation of the coriolisterm and the 
gridsystem. 
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So far the non-linear terms have not been 
considered. They have also to be introduced 
into our finite difference system at the respec- 
tive central time. Unfortunately, however, our 
variables are not specified directly-as was the 
case for the coriolisterms-at this time and we 
have therefore called these fictitious values 
u * ( ~ + * ) ,  w * ( n t t ) ,  +*("+l). It shall be stressed once 
more that it is important to evaluate all terms 
--except the frictional terms+n the right hand 
side of the system (1) in finite difference form 
at the central time, even though the time level 
is not the same in the u-, v- and +equation res- 
pectively. The only exception is the frictional 
term which should be applied, as is well known, 
at  the old time. 

Consequently our next aim is to express the 
non-linear terms through our basic values. To 
achieve this we could employ an implicit me- 
thod. It is more convenient, however, to follow 
a procedure by LAX & WENDROFF (1960) and 
expand u*fnt &), v*fnt t )  and 9*fn+') into a Taylor 
series around t = n At and t = (n + i) At respec- 
tively. We retain only those terms which gua- 
rantee the desired accuracy and approximate 
the values in finite difference form with respect 
to the gridpoints for the basic variables. This 
gives for u*(~+*), for example: 

Here <au/at)j:$ denotes an appropriate finite 
difference approximation to aup t  in (la). A 
corresponding procedure is used for w * ( " + t )  and 
d*(n+l). This gives the following by-equations, 
which are only employed to evaluate the non- 
linear terms: 
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x = j A x  

Fro. 1. Coordinate system and distribution of grid- 
points in the 2, y-plane. u, z1, +* are prescribed at 
integer-times at .-points; 4, u*, #* are prescribed 
at half odd integer times at  + -points. 

u fT f f ) ,  wfyi *)  shall be specified a t  gridpoints 

j +  k =  k&, t;, . . . and +;?+') a t  gridpoints 

j + k = O ,  + 1 ,  + 2 ,  . ... 

Now our goal has been reached, namely to 
express U ( n + l )  by U(n), .(n), + ( n + & ) ;  w ( n + l )  b y u ( n ) ,  

+("+*). That this is really so can best be seen 
when the variables u*, w*, +* in (2a), (2b), (2c) 
are eliminated through (2f), (2g), (2h). But this 
has not been done in favour of a clearer repre- 
sentation, because in practice it is certainly 
more convenient to apply the finite difference 
equations in several steps. To avoid unneces- 
sary storage the equations (2f), (2g) and (2h) 
should really be used as by-equations in order 
to evaluate the non-linear terms when they are 
needed for a certain gridpoint; i.e. not the whole 
u*, w*, +*-fields should be stored in the com- 
puter. 

To repeat briefly the procedure that should 
be obeyed in order to arrive at the future fields: 
Stored in the computer are the basic fields dn), 
dn), +(n+t) ;  then (2a) and (2b) together with 
(2d) and (2e) allow with the aid of (2f)  and (2g) 

w("), + ( n + * )  and finally + ( n + @ )  by u(n+l), o("+') 

to compute d n + l )  and d n  'I). These new values 
replace the old values for the velocity since the 
latter are not needed anymore. Now we have 
stored u("+'), dn+'), +(l t+*)  and are thus able to 
derive from (2  c) with the aid of (2  h)  +(n+ *). This 
new value for the geopotential replaces the old 
value and we arrive thus at  the new basic fields: 
dntr), dn+'), +fn'f)  and can repeat whole the 
procedure in order to get the values a t  any de- 
sired time. 

The distribution of gridpoints shows Fig. 1. 
Accordingly u, w, +* are prescribed a t  grid- 
points where j + k have integer values and +, 
u*, w* are prescribed a t  gridpoints where j + k 
have half odd integer values. This distribution 
of gridpoints permits a good approximation of 
space derivatives. Unfortunately the x, y-coor- 
dinates do not point parallel or perpendicular 
to those grid points for which j + k is either an 
integer value or a half odd integer value. For 
specifying the boundary values which are con- 
straints on the velocity or the geopotential it  
would have been more convenient to place the 
x-axis and y-axis parallel and/or perpendicular 
to the boundaries, which in any case should 
only run through points where either u, w, +* 
or +, u*, z1* are prescribed. Otherwise there arise 
difficulties in evaluating the boundary condi- 
tions in the numerical scheme. This shortcom- 
ing could easily be eliminated by turning the 
coordinate system by 45" and by transforming 
the finite difference equations to this new sys- 

FIG. 2. The horizontal configuration of the model 
ocean with distribution of gridpoints. The compu- 
tations are performed in the x, y:coorddinate system 
(see also Fig. 1). At all boundaries non-slip condi- 
tions were applied. The right hand side shows the 
meridional distribution of the zonal windstress. 
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FIG. 3. Variation of mean kinetic energy with time for varying model assumptions under the influence 
of a constant windstress, when the system is initially at rest. 

tem. This is, however, not necessary and has 
not been done in the present computations, i.e. 
the coordinate system has an angle of 45" aga- 
inst the rectangular boundaries. 

4. Discussion of the numerical model 

Regarding the computations for a wind-indu- 
ced ocean circulation which were performed 
with the finite difference equations a rectangu- 
lar ocean with the width L in zonal direction 
and a meridional extension of 2L has been app- 
lied. At all boundaries non-slip conditions were 
prescribed, i.e. both the tangential and normal 
component of the velocity shall vanish at the 
boundaries; this implies that u = e, = 0. In  order 
to facilitate the explanation of the model we 
shall adopt a coordinate system where the x'- 
axis points eastward and the y'-axis northward. 
Correspondingly we shall designate u', w' and 
T;, T; as the x', y'-components of the velocity 
and windstress respectively. Note, however, 
that the computations were performed with the 
x, y-coordinate system; the shape of the ocean, 
the coordinate systems and the sinusoidial dist- 
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ribution of the windstress are shown in Fig. 2. 
The mean depth of the ocean is assumed to be 
200 m and should be interpreted as the depth 
of the main thermocline rather than the actual 
depth of the ocean, because the main circulation 
is concentrated above the thermocline. The 
boundaries cross those points where u, v, +* 
are prescribed. Since u = v = 0 no computations 
of the flow were applied at the boundaries, 
neither is it necessary to compute +* at the 
boundaries as its value appears in the equation 
(2c) multiplied with the velocity, which vani- 
shes there. The only difficulty arises in connec- 
tion with the evaluation of the differences & 
and & in the equations (2f) and (2g) at grid- 
points next to the boundaries. This requires the 
knowledge of #-values outside the boundaries. 
To get these values a linear interpolation from 
values inside has been employed. The coriolis- 
parameter is a linear function of latitude, thus: 
f = fo + By'. The numerical values are as follows: 

L =2500 km, 
7i =200 m, 
f,, =0.975 lo-' sec-', 

= 1.5 10-ls sec-l cm-l, 
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FIG. 4. Patterns of the surface height +/g for A = lo0 
cmz sec-' derived from the linear equations after 
the equilibrium state is reached ( t  = 2560 At).  The 
non-linear solution is about the same. 

A = lo9 or 108 cm? sec-', 
T; = -4.5 sin n y ' / ~  cm2 sec-* - L  <yf  < +L,  
Ti =o, 
As' =L/12 or L/24, 
At =+ (9 z)-* Ass. 

This model is very similar to one employed 
by BRYAN (1963) .  There the main weight was 
placed on the physical aspects of the model with 
respect to the gulf stream. Our main concern 
is to illustrate more the technical bearings of 

the finite difference scheme and the computa- 
tions shall only serve to show the feasibility to 
get stable solutions. The differences against 
Bryan's model are that he used a windstress pro- 
portional to sin IIy'/2 L in the range - L < y' < 
+ L  and a slip condition a t  the northern and 

southern boundary, i.e. v' = 0, au'/ay' = 0 at 
y' = +L. Another difference refers to t,he nume- 
rical scheme: Bryan employed the non-diver- 
gent barotropic vorticity equation in finite dif- 
ference form to compute the stream function 
for the wind-induced flow. 

The computations start from a state of rest; 
then the prescribed windstress sets up a circu- 
lation. After a certain number of time steps a 
steady state is expected to be reached when the 
energy input by the windstress compensates the 
energy loss by frictional dissipation. In  the 
linear case this steady state should obey the 
equations: 

This equation was studied by MUNK 1950 with 
the famous result that under the influence of 
zonal winds the B-term together with the late- 
ral diffusion generates a boundary current along 
the western boundary whose width is dependcnt 
on the parameter (Alp)*.  Mrink's solution for 
the meridional component w' was assumed to 
be proportional to - aT;/ay'. Unfortunately this 
solution does not apply to our model since it 
does not satisfy the boundary condition a t  the 
northern and southern boundary. In our model 
- at;/ay' does not vanish a t  y' = + L  whereas the 

velocity component v' is forced through the 
boundary conditions to do so. An exact com- 
parison between the linear Munk solution and 
our linear numerical solution is therefore not 
possible. In fact, it turned out that along y' = 0 
our numerical solution for the linear case showed 
differences against the Munk solution even 
though the deviations were relatively small. 
Because our numerical solution did alter only 
slightly when the net was refined it is believed 
that truncation errors play a minor role and 
cannot be attributed for the observed diffe- 
rences. 
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FIG. 5. Patterns of the surface height +/g for A = lo8 cm' sec-l; (a) solution obtained from the linear 
equations; (b) solution obtained from the non-linear equations ( t  = 2560 At) .  

5. Discussion of the solutions 

Several cases with varying magnitude of the 
coefficient of viscosity A and varying mesh 
length were studied; both the linear and non- 
linear version were computed in order to show 
how the fields are changed through the incor- 
poration of the non-linear terms. Only those 
cases which may deserve some interest are 
selected to be presented in this paper. 

Fig. 3 displays the evolution in time of the 
mean kinetic energy for A =loo  cm* sec-l and 
A = 108 cm* sec-l; it is clearly seen that in both 
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cases a near equilibrium state is reached. That 
was not possible anymore for a coefficient of 
viscosity as low as lo7 em* sec-l for a grid 
As' =L/24; there the mean kinetic energy in- 
creased all the time (up to 2560 time steps) and 
the flow waa broken up into several small cells. 
Using Bryan's definition for the Reynolds num- 
ber Re and the Rossby number E,  the valuas for 
our model become Re =47 108IA (A measured 
in cmn sec-l) and E = 2 Bryan too was not 
able to reach a steady state for such high Rey- 
nolds number as A = 10' cm4 sec-l would give. 
Maybe a further refinement of the net that 
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could represent the rather narrow boundary 
current whose width should be in the order of 
1 As’ would deliver a more plausible solution. 
More probably, however, there exists no real 
steady state anymore for such a low number of 
lateral diffusion. For A =lo8  cma sec-l the 
equilibrium level for the mean kinetic energy is 
a little higher for the non-linear case than for 
the linear both curves show smaller fluctua- 
tions. Also the grid distance has some influence 
on the solution as can be seen for the energy 
curves for A = 100 cm2 sec-’. Unfortunately 
there are no values which allow a comparison 
of different grid distances for the energy curves 
for A = lo8 em2 sec-l. 

Fig. 4 shows the height field dig in cm (height 
relative to the mean sea surface) for A = loe om2 
sec-l (Re =4.7; E = 2  and As’ =L/24.  I n  
this case there exists nearly no difference bet- 
ween the linear and non-linear solution, there- 
fore only the linear field has been presented. 
The flow is quasi-geostrophic, thus the lines of 
constant height can approximately be conside- 
red as streamlines. Apart from the regions near 
the northern and southern boundaries the solu- 
tion corresponds qualitatively to  Munk’s solu- 
tion; the boundary current near the western 
boundary is strongest where -at;/ayf has its 
maximum value, i.e. at y’ = 0. The width of the 
boundary current was about 5 As’. 

More interesting is the height field for A = lo8 
cm2 sec-l (Re =47; E = 2  Fig. 5a gives 
the linear solution, whereas Fig. 5 b  shows the 
non-linear solution. Here clearly distinguishable 
differences occur between the two height fields. 

The linear solution for dig is more or less symmet- 
ric around the line y‘ = 0. This symmetry is lost 
in the non-linear case which gives a strong coun- 
tercurrent with a wave-like form north of the  
region of maximum wind curl at y’ = O .  The 
center of maximum height is shifted northward 
and possesses an  elongated form. This result 
corresponds very well with Bryan’s numerical 
solution for the same magnitude of Re and E ,  

though the two models are not quite identical. 
I n  this case the width of the boundary current 
is represented by 3 As‘. 

It would have been desirable to repeat the 
computations with Bryan’s model assumptions 
in order to get the possibility of an  exact com- 
parison; moreover the linear Munk solution 
could have been applied in this case. Unfortu- 
nately, for personal reasons, this was not pos- 
sible and we must be satisfied with the results 
presented here. They show in any case that the 
finite difference method described in this paper 
can well be applied to solve the non-linear pri- 
mitive equations. 
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