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ABSTRACT

In & progressive wave system, the meander of the jet-stream axis typically exceeds
the amplitude of the streamlines. This feature is shown to be required by both kine-
matic and energetic considerations. The specific energy (sum of stream function and
kinetic energy) varies along the jet-stream axis, being greatest at the troughs and
smallest at the ridges, in proportion to the celerity and amplitude of the wave pattern.
In a synoptic example, it is demonstrated that the jet-stream axis is essentially advected
by the wind in an isentropic surface, with satisfaction of energy requirements. Sche-
matic illustrations are given, of some relationships between the jet-stream axis and

the contour field.

1. Introduction

It is well-known that there is a tendency for
the jet-stream axis to deviate across the iso-
baric contours when there are appreciable
variations of wind speed along the current. In
the most familiar instance, the jet axis crosses
toward lower contours where the wind speed
increases downstream, and vice versa. This is in
accord with what is expected from energy
considerations, a gain in kinetic energy of the
air parcels taking place at the expense of a
loss of potential energy (see MURRAY &
DanieLs, 1953; RiEHL, 1954; RAETHJEN, 1958;
NewToN, 1959).

In many instances, however, this relationship
is not so straightforward. Fig. 1 shows an
example wherein it is apparently satisfied over
southern Canada and the northern United
States. Over the central and south-eastern
States, on the other hand, the jet-stream axis is
inclined toward higher contours despite a
rather marked wind-speed ¢ncrease in the down-
stream direction. Thus it is not apparent from
a single map how energy relationships are

1 Present affiliation: Dept. of Geophysics,
Faculty of Science, Hokkaido University, Sapporo,
Hokkaido, Japan.

Tellus XVII (1985), 4

satisfied for air particles near the jet stream
A related feature is that the overall amplitude
of the wave in the jet-stream axis is appreciably
greater than the amplitude of the contours
(by about 25 per cent, in this case). These
aspects of wave structure will be shown to be
essentially linked with progression of the wave
pattern.

2. Distribution of specific energy

In the following discussion, an attempt will
be made to demonstrate that air parcels do
not cross the axis of the jet stream, or at any
rate that such a crossing is not discernible
during short periods of time.

In partial support of this proposition, one
might consider the distribution of wind in
Fig. 2, and of the isentropes in Fig. 3 (loeation
of cross section shown in Fig. 5), these being
fairly typical of the jet-stream region. On the
left flank of the jet stream, the absolute vor-
ticity is large and the stability is great, while on
the right flank the opposite is true. Evidently
the lateral movement of air parcels from the
right flank to the left, or vice versa, would
require a marked change of the potential vor-
ticity.
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Fia. 1. 250-mb chart, 00 GCT 24 March 1961. Thin lines, geopotential contours (labelled in hundreds

of meters); dashed lines, isotachs, labelled in m/sec (region with wind speed between 50 and 60 m/sec
stippled). Wind symbols: flag, 50 kt; full barb, 10 kt (dashed where level of chart was not reached).

It is instructive also to look at the distribu-
tion of specific energy,!

E=y+ V22, (1)

where y = (¢, T +gz) is the Montgomery potential
or isentropic stream function. This is shown in
Fig. 3 in the eastern trough, and in Fig. 4 in the
ridge upstream.z The isopleths of E are seen

1 Specific energy is defined, in the Qlossary of
Meteorology (HuscHKE, 1959) according to usage in
hydrology wherein only potential energy and kinetic
energy of fluid motion are considered. In a com-
pressible fluid the enthalpy and the latent heat
energy must be included. Here the latter is omitted
because its influence is negligible at high levels.

2 In order to eliminate the overpowering varia-
tion of E in the vertical, the quantity (K — E) is
portrayed, E being the mean value at a given
isentropic surface, for all stations in each of the
cross sections. The lateral gradient of (E — E) along
isentropic surfaces is the same as that of E.

to be strongly packed in the neighborhood of
the jet stream. Thus for an air particle to cross
the jet stream laterally, a large change of
specific energy would be required.

From both of the above considerations, the
lateral movement of air across the jet stream,
in the vieinity of the ‘“‘tropopause break”,
appears not to be favored. It must be recogni-
zed, however, that these arguments apply to
conditions in a given cross section, and that
changes of potential vorticity or specific energy
along the direction normal to the sections are
not allowed for. It is perhaps more appropriate
to inspect the distribution of E at a particular
isentropic surface. Fig. 5 shows this quantity,
for the surface § =320°K which was on the
average near the level of the polar-front jet
stream.

If » is a normal toward the right of a stream-

Tellus XVII (1965), 4
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2. Cross section along trough line in Fig. 5 (dotted line), showing isotherms (dashed, deg C)

and isotachs (mjsec). Winds plotted with respect to north at top of figure.

line, and the wind speed greatly exceeds the
speed of trough and ridge movement,

(QI_B) = Vi, (2)
o /e

where {, =(K,V +8V/on +f) is the absolute vor-
ticity in an isentropic surface. This follows from
the operation a/on on Eq. (1), observing that
fV,=oyjon, KV ={(V, - V), and K ~ K, where
K is the curvature of a trajectory and K, that
of a streamline.! Eq. (2) expresses the condition,
apparent from the isopleths of Figs. 3 and 5,
that the gradient of E across the current is
large near the jet stream and on its cyclonic
flank, where both V and {, are large.

1 Note that distant from the jet stream where
KV and oV/on diminish, {, approaches f and E
approaches y, so that Eq. (2) becomes approxi-
mately the geostrophic wind equation &p/én=fV .
Thus except near the jet stream, the fields of £
and y are similar (cf. Fig. 8¢).
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Taking the derivative along the direction & of
the wind, and observing that in an isentropic
surface

av eV )%
—_— = — 4 V_
at ot 28

and dV /dt= — oy /os,

B 2%
we find that or_ —. (3)
o8 ot

Let Fig. 6 be a portion of the jet stream, west
of a trough which progresses eastward without
change in configuration of the velocity field.
The wind speed then inereases locally with time
on the cyclonic flank of the jet stream, and
decreases with time on its anticyclonic flank.
The isopleths of E are arranged in the only form
compatible with Eqs. (2) and (3). Eq. (2) states
that if there is a discontinuity of vorticity
(in the form of an abrupt change of shear)
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Fig. 3. For section of Fig. 2, the distribution of potential temperature (dashed lines, deg K) and
relative distribution of specific energy (solid lines; see text). Units of latter are 103 m?/sec?.

across the jet, there must be a discontinuity of
oK [on. In order to satisfy Eq. (3), the wind must
blow toward higher values of £ on the anti-
cyclonic flank and toward lower values of F
on the cyclonic flank, in this portion of the
wave pattern, as indicated by the streamline
in the sketch. This shows that ¢n a progressive
jet stream wave, the streamlines must cross toward
the cyclonic-shear side of the jet axis upstream
from a trough, and toward the anticyclonic-shear
side downstream from a trough.! It is evident that
in a sStattonary system, the specific-energy
isopleths as well as the streamlines are parallel
to the jet stream.

1 More generally, a local change of wind speed
may take place partly as a result of movements of
isotach maxima and minima along the direction of
the jet stream. Immediately next to the jet-stream
core, the contribution from this influence on 8V /ot
and 8E/os is the same on the cyclonic- and anti-
cyclonic-shear sides. It can be shown that the itali-

cized statement is valid regardless of the configura-
tion or progression of the velocity field.

Eq. (3) is simply a statement, in another form,
of the energy equation developed by V. BJERK-
NEs (1917; see also HaurwiTz, 1941),

dE 2
— @)
t ot

This is valid for adiabatic frictionless motion.

3. Jet stream-streamline amplitude
relationship

The preceding considerations suggest that,
near the level of maxtmum wind, the jet-stream
axts should be essentially a material curve which
moves with the velocity of the horizontal wind.
SAWYER (1950) cited observations which indi-
cated, in agreement with this proposition, that
the jet axis moves approximately with the
component of wind normal to it.

Fig. 7 shows schematically two successive

Tellus XVII (1965), 4
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F1c. 4. Same as Fig. 3, section in ridge, along dotted line in Fig. 5.

positions of a streamline and of the jet-stream
axis. If the streamline wave system is pro-
gressive, the jet-stream wave can only progress
with it if there is a non-parallelism of the two
systems of lines in the manner shown. This is
compatible with the discussion of Fig. 6 above.
It is clear from Fig. 7 that if the jet-stream axis
18 displaced with the air trajectories, it must
have an amplitude greater than that of the stream-
line system, as in Fig. 1.

According to the postulated condition that air
particles remain in the jet axis, a particle ori-
ginating on a crest of the jet-stream wave
would follow a trajectory to the downstream
trough of the jetstream wave at some later
time. The amplitude of the air-particle trajec-
tory would thus also be the amplitude 4,
of the jet-stream wave (Fig. 7). If V is the wind
speed in the jet axis, C the phase speed and A
the streamliine amplitude of the wave, we may
then write :

14

4V
v-c'

A, (5)

by analogy with the familiar expression for the
trajectory-streamline = amplitude ratio emp-
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loyed by RossBy (1942) and by BJERKNES &
HoLMBOE (1944) in a different but related
context.

If air particles move along the jet-stream axis
at constant speed (the speed in the jet core
being the same at trough and ridge), then in
the neighborhood of the jet axis the stream-
lines are parallel to contours of an isobaric
surface. In that case, it may be inferred that
the jet-stream axis meanders about the con-
tours in the same manner as it meanders about
a streamline.l

This conclusion is also reached if one con-
siders the energetic requirement stated by
Eq. (4), which may be written

/)

1 This is more properly said of the stream-
function isopleths in an isentropic surface; however
near the level of maximum wind the same is true
of the isobaric contours. In the middle troposphere
where there is appreciable vertical shear and vertical
motion, the streamlines may deviate appreciably
from the isobaric contours (see, for example, the
discussion by NEwron & PaLmiN, 1963).

d

Vz
— +
dt

(_

2

oy

P (4a)
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Fia. 5. Specific energy (units 10® m?/sec?) at 320°K isentropic surface, 12 GCT 24 March 1961. Heavy

line is jet-stream axis.

From inspection of the central trajectory in
Fig. 7, it is seen that a particle undergoing no
speed acceleration between times ¢, and ¢, +dt
would undergo an individual increase of po-
tential,! consistent with Eq. (4a), by virtue of
movement of the system which results in a local
increase of y in this region.

Integrating over the time t required for an
air parcel in the jet axis to travel from ridge
R to trough T (see discussion by DANIELSEN,

1961),

1 Hereafter for convenience, ‘‘potentiai’” will
denote either the isentropic stream function or the
isobaric geopotential, depending on the context.
The unit 10®* m?2/sec? or 107 erg/gm for E or y
corresponds closely to 100 m dynamic height.

VS

Here the bar signifies a time-average over the
path followed by the particle. Eq. (6) shows that
in a progressive wave system with no change of
wind speed along the jet axis, the jet axis must
meander between lower potential in ridges and
higher potential in troughs. Since about 24 to
36 hrs are required for an air particle in the jet
axis to pass from ridge to trough or trough to
ridge in a large-amplitude long-wave system,
and the local potential change may amount to
several hundreds of meters in this time, the
cross-contour deviation of the jet axis between
ridge and trough is similarly large. The corres-
ponding geometrical deviation may be several
hundreds of kilometers.

4. Trajectories and movement of jet axis

Three igsentropic charts at the surface 320°K,
at 12-hr intervals, are shown in Fig. 8. These

Tellus XVII (1965), 4



ENERGY DISTRIBUTION NEAR JET STREAM

F16. 6. Schematic distribution of specific energy.
See text.

illustrate the varying amounts of data avail-
able, particularly with regard to wind informa-
tion, and give some impression of the un-
certainties in analyzing the wind and stream
function fields. For example, it is clearly pos-
sible to establish that the jet stream has a
much larger amplitude than the streamlines,
but at the same time the jet axis could be mis-
located by 100 km in some regions such as

Fio. 7. Showing relation of a streamline (thin line)
to the jet stream axis (heavy line). Solid curves
correspond to an initial time ¢,, and dashed lines
to a time Jt later. Arrows on left side are particle
trajectories.

12002

23 Mar 96l

F10. 8(a). Stream function (units 10* m?*fsec?) and isotachs (m/sec) on 320°K isentropic surface. 12 GCT

23 March.

Tellus XVII (1965), 4




456

C. W. NEWTON AND Y. OMOTO

00002 =

] 24 Mar. 1961
| [ !

Fic. 8 (b). Stream function (units 10®m?2/sec?) and isotachs (m/sec) on 320°K isentropic surface. 00 GCT

24 March.

southern Canada.l It may also be noted that
the configuration of the polar-front jet stream
is very similar to that on the isobaric chart of
Fig. 1 (although the isentropic surface lies
below the level of the subtropical jet seen on
the isobaric chart).

The locations of the jet axis, taken from Figs.
8b and 8c, are shown at 00 GCT and 12 GCT
24 March in Fig. 9a, along with 12-hr trajec-
tories starting on the jet axis at the earlier
time. These trajectories were constructed from
isogon and isotach charts. Winds were inter-
polated each 3 hr between charts, the directions
being laid out with a protractor and the length

1 In locating the jet axis, use was made of con-
tinuity and also of cross sections such as Fig. 4,
which shows that the baroclinity was greatest
between Trout Lake and The Pas so that the general
location of the jet axis is correct in Fig. 8c.

of each 3-hr segment being consistent with the
wind speeds at its beginning and end.
Although the terminal points of some trajec-
tories are satisfyingly close to the jet axis at
the second time, others either overshot or
undershot the jet location. This is believed to
be due to random errors. Such trajectories were
constructed for the five 12-hr periods between
00 GCT 23 March and 12 GCT 25 March. The
deviations of the terminal points toward the
right or left side of the jet axis were approxi-
mately normally distributed, with a root-mean-
square deviation of 0.96 deg lat from the arith-
metic mean of zero. Considering that the aver-
age length of a 12-hr trajectory is about 15 to
20 deg lat, this size of error in location would
correspond to an average error in direction of
the trajectory of about 3°. This probably does
not exceed the accuracy with which the isogon

Tellus XVII (1965), 4
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Fig. 8 (c). Stream function (units 10®m?/sec?) and isotachs (m/sec) on 320°K isentropic surface, 12 GCT

24 March.

field can be analyzed. Contributions to the
error can also result from uncertainties in wind
speed, and uncertainties in location of the jet
axis both at the beginning and end of the
trajectories. Thus it appears justifiable to infer
that, over short periods of time, an air particle
initially in the jet-stream axis remains in it.

Accordingly, as a next step the trajectories
such as those in Fig. 9a were adjusted so that
their terminal points lay on the jet axis. The
adjusted trajectories were then tested against
Eq. (6), applying this formula over lengths of
the 12-hr trajectories,

AE=Y .12 b, 7
ot

where A is the specific-energy change between
beginning and end of the trajectory. The 12-hr
potential change over the period covered by
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Fig. 94 is shown in Fig. 9b, illustrating that the
southwesterly trajectories were in regions of
decreasing y, and the northwesterly trajectories
in regions of increasing y. From computations
based on the y gradients and the speed of pro-
gression of the pattern, it was verified that
the 12-hr changes provide a close estimate of the
instantaneous tendencies in this case.

The tendency dy/d¢t was interpolated between
successive charts, for 3-hr segments of each
trajectory, and the resulting values were sum-
med to obtain the right side of Eq. (7). Values
of V and y were then read off at the beginning-
and end-points of each trajectory, and the
quantity on the left of Eq. (7) computed.

The resulting values for the left and right
sides of Eq. (7) are plotted respectively as
ordinate and abscissa in Fig. 10. It must be
recognized that even though the trajectory
end-points were adjusted to lie on the jet axis,
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Fi1a. 9. (a) Locations of jet axes on 320°K isentropic surface, at 00 GCT (heavy solid line) and 12 GCT
24 March (dashed). Thin lines show 12-hr trajectories based on wind analyses.

inexact location of the jet axis itself can con-
tribute to errors in the evaluation of AE. For
example, in the map of Fig. 8¢, an error of
only 0.5 deg lat in placing the jet axis would
result in an error in evaluating v, of 200 to
400 m?/sec?, depending on the place in the wave
system. Also, errors of perhaps 200 to 300 m3/
sec® may be present in the analysis of y, due to
inaccuracies of observations (a mean tempera-
ture error of 0.5°C, between the ground and
the 300-mb level, would result in an error of
200 m?/sec?). The wind speed in the jet core is
also considered to be uncertain, in places, by
as much as 3 to 5 m/sec, and this could result
in an error up to 300 m?/sec® in V?2/2,
Considering the possible errors noted above,
the scatter in Fig. 10 is thought to be largely
due to uncertainties in observations and ana-
lysis. Allowing for this, it may be concluded that
since the points cluster about the 1:1 line, the

energy relationship s satisfied for particles on the
assumption that they remain in the jet axis.

Trajectories constructed for other cases (for
example, the case described from other view-
points by NEwToN & PALMEN, 1963), utilizing
isobaric analyses near the level of maximum
wind, further indicated that the jet-stream
core is advected with the air trajectories. The
jet axis-contour relationship implied by Eq.
(6) is usually evident in moving wave patterns,
whenever there are enough observations to
establish the velocity field reliably.

5. Conclusion

It has been shown that near the level of
maximum wind, the axis of the jet stream must
exhibit a systematic meandering across the
streamlines, in order to satisfy energetic as
well as kinematic requirements in a moving

Tellus XVII (1965), 4
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F1c. 9 (b) 12-hr change of stream function (units 10* m?/sec?).

wave system. This meandering is different in
nature from, and may augment or diminish,
the cross-contour meandering norinally as-
sociated with wind-speed variations along the
jet axis. The synoptic cases support the notion
that although there may be a slow drift of air
across the jet axis, that axis near the level of
maximum wind is essentially advected with the
wind, when short time periods are considered.

Fig. 11 summarizes, in schematic fashion,
some possible configurations of the jet-stream
axis relative to the contour pattern. In Fig. 11a,
a stationary wave with no speed variation along
the jet axis, the jet would be parallel to the
contours. In a progressive wave pattern (Fig.
11b), the jet axis meanders with a greater
amplitude than the contours. Height rises to
the west of and falls to the east of the troughs
go hand-in-hand with a deviation of the jet
axis toward higher geopotential west of the
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trough and toward lower geopotential on its
east side, in accordance with Eq. (6).

Referring to Fig. 7, the jet-stream wave can
only move if there is a component of wind nor-
mal to the jet axis; from Fig. 115 this component
(with the geostrophic approximation) would be
measured by the potential gradient along the
jet axis. The eastward component of this wind
advecting the jet-stream axis would in turn be
given (for the case of Fig. 11b) by

Llyr-va) .
24,

Thus (y; —yg)~2fCA,, showing that the dif-
ference in potential between jet-axis trough
and ridge is greatest when the wave amplitude
itself is large and the wave system is fast-
moving. The same conclusion could be arrived
at from Eqs. (5) or (6), which are based on
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independent considerations and are shown in
the Appendix to be mutually compatible.

The patterns in Figs. 11¢ and 114d correspond
to the same systems, when a wind-speed maxi-
mum is superimposed near the inflections of the
wave pattern. In Fig. 11d, the cross-contour
deviation due to wind-speed variations along
the current is accentuated downstream from
A and upstream from B. Upstream from A4
and downstream from B the deviation due to
this influence is diminished (compare Fig. 11b),
in accord with Eq. (6). The most extreme mean-
dering of the jet axis relative to the contours is
naturally to be expected when the strongest
winds are located in the wave crests, and the
least when the strongest wind is in the troughs.

Knowledge of the probable relationships
between jet-stream and contour amplitudes, as
developed above, can be of assistance in ana-
lyzing the wind field where, as frequently
happens, this is adequately defined by the ob-
servations in part but not all of the wave sys-
tem. These relationships are compatible with
the considerations discussed by BJERKNES
(1951) and the illustrations by ParLmen (1951),
which indicate that the polar-front zone is
farther poleward in ridges and farther equa-
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Fic. 11. Schematic relations between jet-stream
axis and contours. In (¢) and (d), dashed lines are
isotachs. a = Stationary wave, V constant along jet
axis; b = Progressive wave, V constant along jet axis;
c = Stationary wave, V variable along jet axis;
d = Progressive wave, V variable along jet axis.

torward in troughs, than a given contour
describing the upper-tropospheric flow pattern.

Since for practical reasons only short time
periods can be dealt with, and even the most
exacting analysis cannot resolve the velocity
field with an accuracy greater than 1 to 3

Tellus XVII (1965), 4
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m/sec, the above analysis does not preclude the
possibility of a slow drift of air across the jet-
stream axis. Such a drift is, for example, indi-
cated by the northward upper branch of the
Hadley cell, which extends north of the mean
latitude of the subtropical jet stream in winter
(KrisHNAMURTI, 1961). It is also suggested by
the circulation in experiments with a rotating
dishpan (RienL & FuLrz, 1957). However, the
mechanism by which the drift takes place has
not been investigated in detail. It is possible
that it occurs, for example, in places where the
jet stream is not continuous around the hemi-
sphere but where the segments of strongest
wind have an overlapping structure.

In any event, the high correlation between
potential vorticity and radioactivity concentra-
tion, found by DANIELSEN, BERGMAN & PavL-
soN (1962), suggests a reluctance for material
to find its way from the polar stratosphere to
the troposphere through the ‘“tropopause break’’
at jet-stream level. The analyses by StaLEY
(1960) and REITER (1963) demonstrate how
radioactive material may be transferred across
the jet stream, by becoming incorporated into
a frontal layer or the upper troposphere of the
cold air, and descending in trajectories crossing
beneath the jet-stream axis at a lower level.
PaLMEN (1951) was the first to point out clearly
that trajectories in subsiding air masses differ
greatly from horizontal trajectories, making
possible an exchange in this manner.

APPENDIX

Compatibility of kinematic and energetic
requirements

Eq. (5) is strictly applicable to a wave system
of small amplitude which moves without change
of shape, and in which the wind speed is uniform
along the current. With the latter condition,
Eq. (6) reduces simply to

oy
—Yr=_T. 8
Yro¥RT o, (8)

Referring to Fig. 7 where the thin lines may
now be taken as an isopotential, we may write

op
WT"Wsz(AI"AS)EI’

where gy/oy is the y gradient in ridge or trough,
between the isopotential whose amplitude is
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A, and the jet axis whose amplitude is A,.
Employing the geostrophic approximation,

Yr—Yp~ —2fV(A; - 4g). (9)
For a wave moving with speed C,

w_ o
2--0?, (10)
at ox

where the bars correspond to space averages
between ridge and trough. In a small-amplitude
system with constant wind speed along the
current, ay/at is also the time-averaged w
tendency for a particle moving between ridge
and trough, consistent with the meaning in
Eq. (6). With the geostrophic approximation,
if ¥ is the mean south-north component of
wind between ridge and trough, Eq. (10) may
be written

w_ Cfo.

ot (1)

Since 7 is the time required for an air par-
ticle to go from ridge to trough, p7 =24,
On insertion into Eq. (11),

o

i 2004 (12)

Substitution for the terms of Eq. (8) from
Egs. (9) and (12) gives Eq. (5). Thus for a
wave system of small amplitude, the expressions
based on kinematic and energetic requirements
are compatible. For large amplitudes, the above
treatment is not strictly valid, partly because
the geostrophic approximation has been used.
However, it may be noted that the potential
gradient would be overestimated by the
geostrophic assumption in ridges, and under-
estimated in troughs; these two influences
would tend to compensate each other in deriving
Eq. (9) from the previous expression.
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