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ABSTRACT 

A mathematical model describing the effects of forces acting on two spherical droplets 
immersed in a viscous medium is described. The model includes the interaction of the 
droplets with an externally applied electric field. The collision efficiencies between 
pairs of droplets ranging in size from 5 to 70 microns in radius are given as results of 
computations of the grazing trajectories of the smaller droplets relative to  the larger 
drops in electric fields up to 10,000 volts per centimeter. 

The collision efficiency for a given pair of droplets increases as the applied electric 
field increases. For example the collision efficiency of a 30 micron drop in relation to 
a 5 micron droplet increases 34.5 times when the horizontal field is changed from 0 to 
3 600 volts per centimeter. Results of calculations are given to show how collision 
efficiencies vary as the orientation of the electric field is varied in relation to  the axis 
of droplet motion. The results show that the maximum and minimum collision effi- 
ciencies occur with field orientations of 90 and 42 degrees respectively. 

Introduction 

The study of the all-water process of pre- 
cipitation initiation has led to  the concepts of 
collision, coalescence, and collection efficiencies 
between droplets of varying size. The collision 
efficiency is defined as the ratio of the cross- 
sectional area through which a droplet must 
pass for a collision to occur with a second drop- 
let to the collision cross-section of the droplet 
pair. The coalescence efficiency is the fraction 
of colliding droplets which merge to form a 
larger drop. The collection efficiency is the pro- 
duct of the collision and coalescence efficiencies. 

By the very definition of the coalescence ef- 
ficiency, it can never exceed but may acquire 
any value less than or equal to unity. On the 
other hand, the collision efficiency, theoretically, 
is unbounded. 

The collision efficiency of a pair of droplets 
is determined by the trajectories of the droplets 
while they are subjected to gravitational, aero- 
dynamical, and electrical forces. To make the 
problem tractable for computing collision ef- 
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ficiencies in the presence of electric fields, the 
coordinate system for tho calculation is fixed 
to  the larger droplet (hereafter called the drop). 
Also i t  is assumed that the presence of the smal- 
ler droplet (hereafter called tho droplet) does 
not disturb the fluid flow around the drop, 
since the drop-droplet interacting forces are 
not included. The trajectory of the droplet is 
determined by integrating the equation of 
motion 

dV 
dt 

ms -' = Fa + F, + F,, 

where m, is the mass of the droplet, V ,  is its 
velocity, Fa is the aerodynamical force, F, is the 
electrical force, and F, is the gravitational force. 
Theoretical methods are presented whereby each 
of the forces are determined and the collision 
efficiencies are obtained as a function of applied 
electric field. 

Definition of collision efficiency 

The collision efficiency is a measure of a 
cross-sectional area such that if the center of a 
droplet of radius a, passes through this area the 
two droplets will collide. The diameter of t.he 
cross-sectional area is ascertained by computing 
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FIU. 1. The grazing trajectories in the half-planes (y > 0 and y < 0 )  for a 30 micron drop and a 5 micron 
droplet in an electric field oriented at #?= 135’. 

a pair of droplet trajectories which graze the 
collector drop on opposite sides of the axis of 
fall. The area through which droplets must pass 
to collide with a drop of radius al is given by 

where yc is the initial horizontal separation of 
droplet centers for the grazing trajectory in the 
upper half-plane of Fig. 1 and yc’ is the initial 
horizontal separation of droplet centers for the 
grazing trajectories in the lower half-plane. The 
definition of the collision efficiency, E,, adopted 
in this work is the cross-sectional area, deter- 
mined above, normalized by the collision cross- 
section of the droplet pair, n(aI+a,)*. By this 
definition the collision efficiency is given by 

4Yc - Y6P Ec = 
4n(q + a,)* 

This definition takes into account non-sym- 
metrical conditions which may occur when 
electrical forces act on the droplets. In  addition, 
a collision efficiency of unity has a true physical 
meaning in the above definition. A drop of 
radius a1 will collide with all droplets of radius 
a, when their centers lie within the drop-droplet 
pair collision cross-section. 

Aerodynamics 

The aerodynamical force, Fa, in equation (1) 
is the drag force on a moving sphere in a vis- 
cous medium, 

Fa = - &~pa,(V,  - U) D,, (3) 

where p is the viscosity of air, a, is the radius 
of the droplet, V, is the droplet velocity at  a 
point in the fluid with velocity U, and D, ia a 
coefficient to adjust the force for non-Stokesian 
droplets. The droplet is assumed to be of suf- 
ficiently small dimensions so that its effect on 
the fluid is negligible. The coordinate system 
is fixed to the drop so that the motions of the 
droplet and fluid are determined relative to the 
drop. Fig. 2 illustrates the coordinate system 
and the components of the forces and velocities 
shown are directed in the positive direction. 

The vector stream velocity U in equation (3) 
may be written in component form as 

(4) u = uz& + U,Q, 
where 2 and are unit vectors. The flow is 
assumed to be symmetrical about the x-axis. 

FIG. 2. Motion of E droplet in an electric field, E, 
relative to a fixed drop. 
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The r -  and 8- components are obtained from 
the following relationships 

U,= - U ,  cos 8i Uo sin Q, 
U,  = U ,  sin 8 +  UB cos 8, 

where 8 is measured positively in a clockwise 
direction from the negative x-axis. The angular 
and radial components of the velocity in terms 
of a stream function cy are 

The stream function derived by PROUDMAN 
and PEARSON (1957) as a compromise between 
the OSEEN (1910) solution which satisfies the 
farfield boundary conditions and the STOKES 
(1851) solution which satisfies the no-slip con- 
dition a t  the surface of the sphere is used in 
this work. The stream function in terms of the 
Reynolds number, Re, of the drop is given as 

(7)  

where r is the radius vector to the point (r, 8) 
in the fluid, and U ,  is the undisturbed fluid 
flow. The Reynolds number is defined as 
2eaU,a , /p  where ea is the density of air at 
20°C and standard pressure, and the other 
symbols are as defined previously. When the 
partial derivatives of this expression are sub- 
stituted in equation (6), the velocity components 
are found to be 

The aerodynamical force necessary to obtain 
the trajectories from equation ( 1 )  is obtained 
by substituting equation (8) into the angular 
and radial component form of equation (3). The 
x- and y- components are given as 

F,, = - F,, cos 8 +Pea sin 8, 

Fya = F,, sin 0 + F,, cos 8 ,  

which is the form most convenient for computer 
use. 

As discussed in the foregoing, the problem of 
two moving spheres was simplified by assuming 
that the fluid containing the droplet was flowing 
around a stationary drop. To solve the two-body 
problem, it was necessary to determine the flow 
of the fluid around the droplet. HOCKING (1959) 
estimated that the ratio of droplet radius to 
drop radius should be approximately one-tenth 
or less so that the mutual interaction of the 
flow patterns could be neglected. A comparison 
of the collision efficiencies of the present work 
with Hocking’s and with SHAFRIR and NEI- 
BURGER’S (1963) is presented in Fig. 3 and shows 
that the ratio of one-tenth is more conservative 
than necessary for most cloud physics con- 
siderations. 

Electrostatics 

If water droplets are considered to be con- 
ducting spheres, the derivation of the electro- 
static forces acting on them is simplified. Since 
the droplets to be considered are small and 
travel at moderate velocities, the assumption 
of the droplets being spheres will introduce only 
a small error in the results. From t,he equation 
of continuity of charge, V * J +&,,/at = 0, where 
J is the current density and ew is the charge 
density in the water, the relaxation time of the 
charge distribution in water can be derived in 
the following manner. Since J = aE where a is 
the conductivity of water, then the continuity 
equation reduces to aV . E + aew/at = 0. But 
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V * E = e w / &  where E is the permittivity of water; 
therefore, uew 1s + aew/at = 0. The charge density 
is proportional to exp (-at/&) where the time 
constant, 810, is the relaxation time for charge 
transfer in the material. For distilled water, the 
relaxation time is of the order of 100 micro- 
seconds. The charge density, thus the electric 
field intensity within the drop, decreases rapidly 
to zero with increasing time. This expresses the 
well-known fact that the field within a conduc- 
tor is zero and justifies the assumption that 
water can be considered to be a conducting 
material. 
DAVIS (1964) solved for the forces acting on 

two conducting rigid spheres when a uniform 
electric field, E, is present. He used a bispherical 
coordinate system as described by MORSE and 
FESHBACH (1953) and determined the surface 
charge densities, us and ul, on the conducting 
spheres. The force acting on the droplet in the 
MKS system of units waa computed by inte- 
grating the surface stress u z / 2 ~ ~  over the sur- 
face of the droplet where E~ is the permittivity 
of free space. 

The force on the droplet written in a con- 
venient form for programming on a digital com- 
puter is given by 

- 

- 

- 

- 

- 

- 

OO 

where F ,  = - Fr,  COB 8 + Foe sin 0, 

FUe = F,, sin 8 +Foe cos 8. 

U.Y I I 1 I I I 

PLUYLEE (L SENONIN - -----. 

0.2 0.3 0.4 0.5 I 
RATIO OF DROPLET TO DROP, 0 x 4 103 

FIG. 3. Comparison of collision efficiencies as calcu- 
lated by various authors. 

From the rearranging of Davis’ solutions of the 
smaller sphere, the components of the force &c- 

ting in the r -  and 8- directions are given by 

I 00 

+ 8 n ~ o A P E P s i n P w ~ n ( n + 1 ) T , { ( 2 n + 1 )  Tn-(n+2)[exp (2p,)+1]Tn+1} exp[(2n+l)psl ,  (12) 
n-o 

The coefficients are given as 

E(2n+l )coso  { exp[(2n+l)pl+l]-  (:))exp[(2n+l)pl]+ (2) 
s, = 

exp [(2m+ 1)poI- 1, 
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The potentials of each sphere due to both the 
induced charges, Q1 and Q,, and the net charges, 
qI and q,, are 

4, = - 8ne, ,~P EQ, cos o) + P,, 

4, = P,, (q, - an&, A’ EQ, COB o) + P,, 

- (q,- 8 n e o ~ * ~ ~ ,  cos o), 

. (q, - an&, A’ EQ, cos o). 

The coefficients of induction are 

cs, ~ 

CII c,, - CT, ’ PI, = 

where the coefficients of capacitance are 

The induced charges are 

m 

Q,= -8ns0Aa 2 ( 2 n +  1 )  
n =O 

where 

In  the above equations, E is the applied elec- 
tric field, o is the angle between the electric 
field and the line joining the centers aa illu- 

strated in Fig. 2, and qI and q, are the net 
charges on the drop and droplet respectively. 
For the work reported here, th t  droplets are 
uncharged and qf and q, are zero. 

Equations of motion 

The various forces acting on tfhe droplet are 
determined from the foregoing analyses. Since 
the negative x-axis is selected as the direction 
of vertical fall, the gravitational force, m,g, acts 
on the droplet in the negative x-direction as 
shown in Fig. 2. 

The equations of motion including the various 
forces are written in component form as 

These equations of motion were solved by the 
use of a digital computer and a numerical inte- 
grating routine first described by NORDSIECK 
(1962) .  The routine incorporated automatic 
starting and automatic selection and revision 
of the integration step. To start the integration, 
only the initial conditions, a specified accuracy 
of integration, and a logical elementary inte- 
gration step are necessary. At small distances 
from the drop where changes in the motion of 
the droplet are greatest, the integration step 
is automatically shortened to obtain a solution 
of the given accuracy. 

The initial velocities of the drop and droplet 
are determined by computing the terminal velo- 
city of each when gravity acts on the masses. 
Since the center of the drop is assumed as the 
origin of a fixed coordinate system, the initial 
velocity of the droplet is the difference between 
the terminal velocities of the two droplets. The 
initial vertical separation for each trajectory is 
taken aa 100 drop radii. At this separation, 
there is very little interaction between the dis- 
turbed fluid around the drop and the droplet. 
The initial horizontal separation of the first 
trajectory is taken aa one drop radius. 
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Discussion of results 

The collision efficiencies for pairs of droplets 
when either a horizontal or a vertical electric 
field is present are shown in Figs. 4, 6, and 6. 
The increase in the collision efficiency due to 
an applied electric field is a result of an induced 
nonuniform charge distribution on the surfaces 
of the two droplets. The interaction of the two 
charge distributions can either be attractive or 
repulsive depending on the orientation of the 
applied field and the relative position of the 
droplets. If only the dipole interaction is con- 
sidered, the regions of attraction and repulsion 
can be determined aa illustrated by LINDBLAD 
and SEMONIN (1963). 

The results given in Figs. 4, 5, and 6 show 
that the influence of the fair weather atmos- 
pheric electric field C B M O t  contribute to the 
collision efficiency of the drop-droplet paire con- 
sidered in this study. The normal fair weather 
electric field is of the order of one volt per cen- 
timeter whereas the major changes in the ef- 
ficiency of collision occur at electric field inten- 
sities which are orders of magnitude great,er. 

The trajectories for the 30 and 6 micron 
droplet pair are shown in Fig. 7. The effect of 

VERTICAL ELECTRIC FIELD 
0.8 

HORIZONTAL ELECTRIC FIELD 

0.6 

O*:: 4’ s.oo/r 

100 200 400 600 1000 2000 4000 

ELECTRIC FIELD. E, VOLTS PER CENTIMETER 

FIQ. 4. Collision efficiency curves for e 30 micron 
drop with 5, 10, and 12 micron droplets. 

VERTICAL ELECTRIC FIELD 

as=I5.Op 

0.6 

0.4 

O L  I I I I I l 1 1 l  I 1  
100 200 400 600 1000 2000 4ooo 

ELECTRIC FIELD, E. VOLTS PER CENTIMETER 

FIQ. 6. Collision efficiency curves for a 40 micron 
drop with 6, 10, and 15 micron droplets. 

VERTICAL ELECTRIC FIELD 
as= 1 5 . 0 ~  

0.6 0, = 10.og 

0.4 
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b Y ’  
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1 
0.6 :::I I I a, = I 5 . 0 0 ~  , I ,  ,,dl 

0 
100 200 400 600 1000 2000 4ooo 

ELECTRIC FIELD, E. VOLTS PER CENTIMETER 

FIQ. 6. Collision efficiency c w e s  for a 50 micron 
drop with 6, 10, and 15 micron droplets. 
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a region of repulsion about the y-axis on the 
trajectories is illustrated for the case of verti- 
cally applied electric fields. Thc initial trajectory 
of the droplet is toward the drop but it changes 
its direction of travel after entering this region 

of repulsion. The horizontally applied electric 
fields have a region of attraction about the 
y-axis and result in pulling the droplet into the 
back side of the drop for certain initial con- 
ditions of the droplet. 

It is observed from Figs. 4,  5, and 6 that 
the horizontally applied electric fields produce 
the largest increase in collision efficiencies and 
the efficiencies are greatest for the 30 and 5 
micron droplet pair. A horizontal electric field 
of 3 600 volts per centimeter increases the col- 
lision efficiency of a 30 and 5 micron pair by 
a factor of 34.5 compared to 5.6 for the 40 and 
5 micron pair and 5.0 for the 50 and 5 micron 
pair. Thus, the collision efficiency curves flatten 
as the collector drop increases in size. This is 
due to the large difference between the relative 
velocities of the drop and droplet which does 
not allow a sufficient time for the electrical 
force ho bring the pair together. 

The effect of the orientation of the applied 
elecrric field is seen in Figs. 8 and 9 which show 
the change in the collision efficiency for various 
droplet pairs as a function of the angle B be- 
tween the electric field, E, and the x-axis. The 
angle ,!?, in Fig. 2, is measured positively in the 
counterclockwise direction and the effects are 
symmetric for an orientation about the y-axis 
where B is equal to either 90" or 270". The lar- 
gest collision efficiencies occur approximately 
in the rang? 50" < 84 90" and the lowest collision 
efficienzy occurs for p approximately equal to 
42". The maximum collision efficiency occurs 

2 t 1 
20 40 60 80 

ANGLE OF ELECTRIC FIELD, 8, DEGREE 

FIG. 8. Change in collision efficiency of droplet pairs 
for various orientations of electric fields. 
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TABLE 1. Collision efficiencies for droplets for strong electric fiehis. 

Vertical Field Horizontal Field 
Droplet 

Pair 3 6OOV/cm 6 000V/cm lO,OOOV/cm 3 6OOV/cm 6 OOOVjcm 10,0OOV/cm 

30,u and 5p 0.6475 0.9624 1.7316 0.8540 1.4935 2.747 
40p and 5,u 0.4038 0.6433 1.0923 0.5368 0.8854 1.5190 
6Op and 5p 0.3433 0.5095 0.8200 0.4316 0.6729 1.0974 

- - 
I -  - 
0 J ' ' I ' I ' I  

FIG. 9. Change in collision efficiency of droplet pairs 
for various orientations of electric fields at 3600 
volts per centimeter. 

for /? equal to 90°, i. e., a horizontally applied 
electric field. 

Collision efficiencies for electric fields of 6 000 
and 10,000 volts per centimeter are given in 
Table 1. For these very large electric fields, 
collision efficiencies greater than unity are cal- 
culated. Although such large fields are not com- 
monly measured in clouds, i t  does seem rea- 
sonable that they may exist in very active clouds 
where lightning is present. 

Conclusions 

The collision efficiencies for uncharged cloud 
droplets of the sizes considered increase with an 
applied electric field. The maximum increase 
results for /? equal to 90°, i.e., a horizontally 
applied electric field and the minimum increase 
results for /? equal to 42". For a given droplet 
size with or without electric fields present, the 
collision efficicncy decreases as the drop size 
increases. However, for a given drop size the 
collision efficiency increases as the droplet size 
increases. If the strength of the applied electric 
field becomes high enough, the collision of cloud 
droplets can exceed unity. 
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